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1.1 Interpret Given Bar Graphs
In this concept, you will learn how to recognize and how to interpret the data displayed on a bar graph.

Let’s Think About It

Katie is a member of the Young Entrepreneurs and she must present a proposal for a summer job. She decides to
operate an ice cream stand during summer vacation. If her proposal is chose as the one “most likely to succeed” then
her startup costs will be covered by the Young Entrepreneurs. Katie begins by asking people to name their favorite
ice cream flavor.
The results of her survey are displayed on the following bar graph.

2
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What information can Katie present to the Young Entrepreneurs from this graph? If the ice cream freezer holds ten
gallons of ice cream, how can the chart help Katie when she has to place her first order?
In this concept, you will learn how to recognize and interpret the data displayed on a bar graph.

Guidance

In the real world, you are expose to data every day. If you watch the weather forecast on TV you are presented with
information about the weather for the day as well as information about the weather for the entire week ahead. When
you receive your report card you are given data about your marks and your attendance.
Data is simply collected information. This information often takes the form of a collection of numbers which can
be visually displayed in a table or on a graph.
When you conduct a survey, measure how changes occur over time or study changes in trends, the recorded
information is data. The data should be analyzed, organized and visually displayed. One type of visual display
is a bar graph.
A bar graph is probably the type of graph that you have worked with most often over the years. Do you remember
what a bar graph is and what purpose it serves as a visual display of information?
A bar graph is a visual way of showing information in which quantities corresponding to particular categories are
represented by rectangular bars of equal width. The lengths or heights of the rectangular bars compare the quantities
in different categories.
If you are going to display your recorded data using a bar graph then the graph must have a title clearly stating what
the graph is about. One axis of the chart must be labeled so as to show the categories being compared and the other
axis must have a label and a suitable scale to represent the quantity being displayed. A bar graph can have either
vertical bars or horizontal bars.
Below is a bar graph representing the average monthly rainfall in the capital city for the first six months of the year
2014.

In the above bar graph the title is clearly shown above the graph and both axes are labeled. The vertical bars compare
the average amount of rainfall for each of the six months. This same bar graph can also be displayed using horizontal
bars as shown below.
3

1.1. Interpret Given Bar Graphs

www.ck12.org

Remember that a bar graph displays collected data and this data can lead you to discussions and allow you to draw
conclusions. Let’s use the above bar graph to answer some questions.
In which month did the most amount of rain fall?
First, look at the horizontal bars on the graph and find the longest bar. The longest bar is the one that extends farthest
to the right.
Then, look to the left of this longest bar to see the month represented by this bar.
The answer is May.
What was the average rainfall for the month of February?
First, look on the vertical axis and find the month of February.
Next, follow the horizontal bar for this month to the right until you reach the end of the bar.
Then, find the value on the horizontal axis labeled ’Rainfall (mm)’ that corresponds with the end of the bar.
The answer is 65 mm.
Which month had the lowest average rainfall?
First, look at the horizontal bars on the graph and find the shortest bar. The shortest bar is the one that extends least
to the right.
Then, look to the left of this longest bar to see the month represented by this bar.
The answer is June.

Guided Practice

Use the bar graph below to answer the questions presented below the graph.
The bar graph below compares the lunch options available in the school cafeteria to the number sold during one
week.
4
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Which item was purchased the least from the cafeteria?
First, look at the vertical bars on the graph and find the shortest bar. The shortest bar indicates the item that was
bought the least.
Next, look below this bar and find the name of the item represented by this bar.
The answer is Caesar Salad.
The Daily Special is always available in the cafeteria. The remaining items will only remain on the menu if 75 or
more of that item are sold. Which items will remain on the menu?
First, look at the vertical bars on the graph and find the numbers above each bar. This number represents the number
of sales for the item.
Next, find all the bars that have a top number equal to or greater than 75.
The answer is Soup and Chicken Burger.
How many items were sold in the cafeteria altogether?
First, look at the vertical bars on the graph and record the numbers above each bar.
Then, calculate the sum of the numbers you have recorded.
The answer is 475.

Examples
Example 1

A bar graph is often drawn with two or more bars in each category. These bars compare same quantities in one
category. The following bar graph displays the temperature in degrees Fahrenheit for the third week of May for the
years 2000 and 2015 respectively. Use the bar graph to answer the questions presented below the graph.
5
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What was the highest recorded temperature in the year 2000?
First, look at the bar graph to determine which color bar represents the year 2000.
Next, look at the temperatures above each bar for the year 2000 and record the highest number.
The answer is 70 degrees Fahrenheit.
What is the lowest temperature recorded for the year 2015?
First, look at the bar graph to determine which color bar represents the year 2015.
Next, look at the temperatures above each bar for the year 2015 and record the lowest number.
The answer is 60 degrees Fahrenheit.
What is the average daily temperature for the week displayed on the bar graph for each year?
First, begin with the year 2000 and record the seven temperatures displayed on the bar graph.
Next, calculate the sum of the recorded temperatures.
Then, divide the sum by the number of days to determine the average daily temperature.
The answer is 61.1 degrees Fahrenheit for the year 2000.
Next, repeat the steps for the year 2015.
The answer is 65.7 degrees Fahrenheit for the year 2015.

Example 2

The bar graph below compares the air travel costs to fly to various U.S. cities from Oakland, California on three
different Airlines. Use the information displayed on the bar graph to answer the questions presented below the
graph.
6
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For which cities did all three Airlines have a similar price?
First, look at the tops of the bars. The numbers displayed represent the cost in US dollars charged by each of the
Airlines to fly from Oakland, California to the city named below the vertical bars.
Next, subtract the lowest value displayed above the group of bars from the highest value to determine the range in
US dollars between the costs of the three airlines. Remember to record your results.
The answer is Las Vegas and Atlanta.
Which Airline had the lowest price for three of the five cities?
First, look at the three vertical bars above each city. Record the value displayed above the shortest bar for each city.
Next, record the name of the airline that corresponds to the value above each of the shortest bars.
Next, determine which airline name appears most in your list.
Then, match the name of the city with the airline offering the lowest price.
The answer is Coast to Coast Airlines.
For which city did Western Airlines and Coast to Coast Airlines have a difference in price of forty dollars?
First, look at the three vertical bars above each city. Use the legend presented above the bar graph to find the vertical
bars for Western Airline and Coast to Coast Airlines.
Next, record the cost values above these two vertical bars for travel to each of the cities.
Next, subtract the values to determine the difference in cost charged by each of the two airlines.
Then, match the difference of forty dollars with the corresponding city named below the bars.
The answer is Orlando.

Follow Up

Remember Katie and her presentation to the Young Entrepreneurs?
7
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Remember Katie and her presentation to the Young Entrepreneurs? Using the bar graph, what will Katie’s first order
for ice cream look like?

The tallest vertical bar is above ’Bubble Gum’ ice cream and it is the favorite flavor. The second tallest bar is the
vertical bar above ’Cotton Candy’ and it is the second favorite flavor. She should order three gallons of each of these
flavors. The third tallest vertical bar is the one above ’Hoof Prints’. She should order two gallons of this flavor. The
last two flavors of ’Chocolate’ and ’Vanilla’ are the least favorite flavors so one gallon of each of these should be
ordered.

Video Review

8
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/163899

Explore More

The following bar graph compares the average price of gasoline in five US states. Use the information displayed in
the graph to answer the questions that follow.

1. What was the average price of gasoline in Hawaii?
2. What was the average price in Florida?
3. Which state had the lowest average price per gallon?
4. Which state had the highest average cost per gallon?
5. If the average cost in Missouri is $3.00 per gallon, what would 15 gallons cost you in Missouri?
6. Would it be cheaper to buy ten gallons in Hawaii?
7. How much would it cost you to purchase the ten gallons in Hawaii?
8. If the average cost is $3.40 per gallon in California, what would be the difference between ten gallons in Hawaii
and ten gallons in California?
9. What is the average price per gallon in Washington State?
10. Based on the bar graph, which state has a cheaper price per gallon, Florida or Washington?
The following bar graph shows how the number of teams participating in the Iditarod has changed over time. Use
the information displayed in the bar graph to answer the questions presented below the graph.
9
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11. About how many teams participated in 2006?
12. Which year had the highest participation?
13. If the number of teams in 2008 had doubled in 2010, how many teams would have participated in 2010?
14. True or false. There has been a steady increase in participation from 2007 to 2010.
15. If the participation in 2011 increased 10 mushers from the number counted in 2010, how many mushers would
be participating?
16. True or false. There were less mushers participating in 2006 compared with 2007.
17. Which statement best describes the participation in 2009?
a.
b.
c.
d.

10

It was better than in 2007.
There were less than 80 mushers registered.
It was the smallest number of mushers recorded on the graph.
Both B and C.
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1.2 Understand and Interpret Frequency Tables and Histograms
In this concept, you will learn what histogram is and how to interpret the information displayed on this type of graph.
Let’s Think About It

Scott has been buying one lottery ticket for every draw since the lottery began. After many years, he has finally won
the bonus draw of one million dollars. Scott contacted the Lottery Commission for an up-dated histogram by ages
of bonus draw winners over the past years. Scott has become a millionaire at the age of 42, and would like to know
how many others have won the million dollar bonus draw and what percentage of the winners were in their forties.
11
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How can Scott use the histogram to figure this out?

In this concept you will learn what a histogram is and how to interpret the information displayed on this type of
graph.
Guidance

A histogram is very similar to a bar graph. It is a visual display of data in which equal intervals of data values are
shown on the horizontal axis and the frequency associated with each interval is represented by vertical rectangular
bars. There are no spaces between the bars of a histogram.
You will also learn to organize data by creating a frequency table. A frequency table organizes the data in three
columns by displaying the intervals, a tally of the number of values within the interval, and a numerical value of the
tally.
A tally is a mark made to keep count of the number of values within the interval. These tally marks are often grouped
together in fives (@
||||).
@ The frequency table shows how often the values within the interval occur. The interval and
frequency columns of the table are used to draw a histogram.
Let’s use the ages of the lottery winners to create a frequency table such that each interval is a size 10.

TABLE 1.1:
23
64

74
52

32
59

63
36

40
78

51
45

79
53

66
65

53
68

45
57

37
37

27
54

76
47

First, determine the range of the data values by subtracting the smallest value from the largest value.

79 − 23 = 56

12

35
56

42
48
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Next, determine the number of intervals of size 10. Divide the range by the interval size.

56
= 5.6 = 6 intervals
10
You cannot have part of an interval so the number is rounded to 6.
Next, draw and label a table with three columns. Note: even though there are no values between 0 and 19, include it
as an interval so it will be displayed on the histogram.

TABLE 1.2:
Interval
0 - 19
20 - 29
30 - 39
40 - 49
50 - 59
60 - 69
70 - 79

Tally

Frequency
0
2
5
6
8
5
4

||
||||
@
@
||||
@
@|
||||
@
@ |||
||||
@
@
||||

The following frequency table represents the years that teachers from a small town have been employed in the
teaching profession. Let’s use the data displayed in this frequency table to create a histogram.

TABLE 1.3:
Interval
Frequency

1-5
11

6 - 10
9

11 - 15
12

16 - 20
14

21 - 25
7

26 - 30
10

31 - 35
12

Drawing the histogram on grid or graph paper will make the task easier for you to complete
First, draw the horizontal (x) axis and the vertical (y) axis.
13
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Next, label the horizontal axis and place the intervals below the line.
Next, label the vertical axis and place the values to the left of the line.
Next, label the graph with an appropriate title.
Then, above each interval draw the vertical bars the height of the corresponding frequency.

From the histogram you can see that the largest number of teachers have been teaching for 16-20 years. The fewest
number of teachers have been teaching for 21-25 years. The total number of teachers teaching in this town is the
sum of the numbers above the bars.
14
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11 + 9 + 12 + 14 + 7 + 10 + 12 = 75.
Let’s look at an example.
A manufacturer of AAA batteries had their quality control department test the lifespan of their batteries. Forty-two
batteries were randomly selected and tested, with the number of hours they lasted listed below.

TABLE 1.4:
108
168
148
147
138
115

125
163
153
119
126
124

137
121
169
124
149
165

110
134
154
145
168
152

167
146
156
167
151
159

158
135
142
161
129
144

142
163
160
155
157
163

a. Using an interval of size 10, construct a frequency table for the given data.
b. Draw a histogram to display the data.
First, calculate the number of intervals for the frequency table.

Range = Largest value − Smallest value
Range = 169 − 108
Range = 61

# of intervals =

Range
Interval size

# of intervals =

61
10

= 6.1

# of intervals = 7
Next, draw and label the frequency table to display the data. The smallest value is 108 so the first interval could be
from 100 – 109. Remember to insert the empty interval from 0 – 99.

TABLE 1.5:
Intervals
0 - 99
100 - 109
110 - 119
120 - 129
130 - 139
140 - 149
150 - 159
160 - 169

Tally
|
|||
||||
@
@|
||||
||||
@
@ |||
||||
@
@ ||||
||||
||||
@
@@
@|

Frequency
0
1
3
6
4
8
9
11

15
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First, draw the horizontal (x) axis and the vertical (y) axis.
Next, label the horizontal axis and place the intervals below the line.
Next, label the vertical axis and place the values to the left of the line.
Next, label the graph with an appropriate title.
Then, above each interval draw the vertical bars the height of the corresponding frequency.

Guided Practice

The following histogram indicates the various weights of dogs entered at the annual Canine Obedience Olympics.
Use this histogram to answer the questions presented below the histogram.

16
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What is the size of the interval?
First, look at the numbers at the beginning and end of the interval. These numbers and those between are all included
in the size of the interval.
Then count the numbers in the interval from 10 - 19.
10, 11, 12, 13, 14, 15, 16, 17, 18, 19.
The answer is 10.
How many dogs were entered in the Olympics?
First, look at the numbers above each of the vertical bars. These values represent the number of dogs with a weight
that fell into the interval below the vertical bar.
Next, calculate the sum of these values.

5 + 15 + 24 + 35 + 16 + 6 + 4 = 105
The answer is 105.
Within what weight interval do the greatest number of dogs fall?
First, look at the histogram and locate the tallest vertical bar. Notice the number above the bar.
Next, look below this bar to find the corresponding weight interval.
The answer is 30-39 kg.
Examples
Example 1

The following data displays the height in centimeters of a group of Math 8 students.

TABLE 1.6:
158
169
156
174

177
167
179
181

175
161
174
176

183
157
165
174

159
162
163
180

172
164
170
167

160
168
173
182

168
176
180
169

Complete a frequency table and create a histogram for the data using an interval of size 5. Include all relevant
information on your histogram.
First, calculate the number of intervals for the frequency table.
Range = Largest value − Smallest value
Range = 183 − 156
Range = 27
Range
# of intervals = Interval size
# of intervals = 27
5 = 5.4
# of intervals = 6
17
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Next, draw and label the frequency table to display the data. The smallest value is 156 so the first interval could be
from 155 – 159. Remember to insert the empty interval from 0 – 154.

TABLE 1.7:
Intervals
0 - 154
155 - 159
160 - 164
165 - 169
170 - 174
175 - 179
180 - 189

Tally
||||
||||
@
@
||||
@
@ ||
||||
@
@|
||||
@
@
||||
@
@

Frequency
0
4
5
7
6
5
5

You can use the information displayed in the frequency table to construct the histogram to represent the given data.
First, draw the horizontal (x) axis and the vertical (y) axis.
Next, label the horizontal axis and place the intervals below the line.
Next, label the vertical axis and place the values to the left of the line.
Next label the graph with an appropriate title.
Then, above each interval draw the vertical bars the height of the corresponding frequency.

18

www.ck12.org

Chapter 1. Using Algebra

Follow Up

Remember Scott and his million dollar lottery win?
Scott can use the histogram to figure out the number of people who won the draw and the percentage of winners in
their forties.
First, record the number of winners that corresponds to the top of each vertical bar on the histogram.
2, 5, 6, 8, 5, 4
Next, find the sum of the recorded winners.

2 + 5 + 6 + 8 + 5 + 4 = 30
The answer is 30.
Scott can use the histogram to find out the percentage of winners in their forties.
First, find the number of winners that corresponds to the top of the vertical bar above the 40-49 interval.
Next, express this number as a fraction of the total number of winners.
6
30

Next, express the fraction as a decimal by dividing the denominator (30) into the numerator (6).

0.2
6
=30) 6.0
30
−6.0

0

19
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Then, express the decimal as a percent.

0.2 × 100% = 20%
The answer is 20%.
Only 20% of the recorded lottery winners have been aged between 40 and 49.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167091

Explore More

The following frequency table shows the student scores on a History test. Use the frequency table to answer the
questions presented below the table.

TABLE 1.8:
Score (%)
[50 - 60)
[60 - 70)
[70 - 80)
[80 - 90)
[90 - 100)

Tally
||||
||||
@
@|
||||
||||
@
@@
@|
||||
|||
@
@
||||

Frequency
4
6
11
8
4

For the above scores the last number in each interval counts in the next interval.
1. How many students total took the test?
2. How many students scored between 70% and 80%?
3. What fraction of the students scored between 70% and 80%?
4. What percent of the students would that be?
5. How many students scored between 90% and 100%?
6. What fraction of the students scored between 90% and 100%?
7. If failing is below 60%, how many students did not pass the test?
8. True or false. The same number of students received the highest scores as did not pass the test.
A group of people were randomly selected and asked how many siblings they had. The results of the survey are
displayed in the following histogram. Use the information shown on the histogram to answer the questions presented
below the histogram.
20
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9. How many people surveyed have two siblings?
10. How many people surveyed have three siblings?
11. How many people are only children?
12. How many people have ten siblings?
13. How many people combined have four or five siblings?
14. How many people have only one sibling?
15. How many people have nine siblings?

21
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1.3 Represent Real-World Problems Using
Bar Graphs, Frequency Tables, and HisIn this concept, youtograms
will learn how to draw different types of graphs to display data.
Let’s Think About It

Andrei’s school has announced that they will be cancelling wood shop because not enough students are interested.
Over the next few weeks, Andrei and his friends gathered data about wood shop. They learned that in 2008, there
were 30 out of 100 seventh graders and 40 out of 100 eighth graders who had participated in wood shop. Then in
2009, the numbers had increased. There were 40 seventh graders and 58 eighth graders who had participated. Andrei
and his friends believe the data suggests that wood shop is increasing in popularity and should not be cancelled. How
can the students clearly show the information they have gathered on a chart?
In this concept, you will learn how to draw different types of graphs to display data.
Guidance

Real-world data can be easily and accurately represented by using bar graphs, frequency tables and histograms.
Although the actual data values are lost when data is shown using one of the displays mentioned here, what the data
represents is visual and clear to an observer.
The data table below depicts the ages of twenty of our nation’s presidents at the time of their Inauguration. Create a
bar graph, frequency table, and histogram to display the data.

TABLE 1.9:
President
22
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TABLE 1.9: (continued)
George Washington
John Adams
Thomas Jefferson
James Madison
James Monroe
Jon Quincy Adams
Andrew Jackson
Martin Van Buren
William Henry Harrison
John Tyler
Dwight D. Eisenhower
John F. Kennedy
Lyndon B. Johnson
Richard Nixon
Gerald Ford
Jimmy Carter
Ronald Regan
George W. Bush (1989 - 1993)
Bill Clinton
George W. Bush (2001 - 2008)

57
61
57
57
58
57
61
54
68
51
62
43
55
56
61
52
69
64
46
50

A bar graph consists of rectangular bars and a corresponding category. The above table of the ages can be used to
create the bar graph.
To create the bar graph:
First, draw the horizontal (x) axis and the vertical (y) axis.
Next, label the horizontal axis (President’s Name) with their last names.
Next, label the vertical axis in increments of 10 with the Age (Years).
Next, draw a vertical column with a height corresponding to the president’s age above each of the names.
Then, enter the data value (age of the president) above each of the bars.
Your bar graph should display the information shown below:
23
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Now that you have created a bar graph, you can create a histogram to represent the data. To create a histogram
the data must be displayed in a frequency table. Remember to include the three columns in your frequency tableInterval, Tally and Frequency.
First, calculate the number of intervals you need for your table. Determine the range of the data by subtracting the
smallest value from the largest value. Then divide the range by the interval size. For this table use an interval of size
4.

Range = largest value - smallest value
Range = 69 − 43
Range = 26

# of intervals =

Range
Interval Size

# of intervals =

26
4

= 6.5

# of intervals = 7
Next, draw and label the frequency table.

TABLE 1.10:
Interval(Ages)

24
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Next, fill in the table with the correct information.

TABLE 1.11:
Interval(Ages)

Tally

0-42
43-46
47-50
51-54
55-58
59-62
63-66
67-70

||
|
|||
||||
@
@ ||
||||
|
||

Frequency (Number of Presidents)
0
2
1
3
7
4
1
2

Then, use the interval and frequency columns to draw the histogram.
First, draw a horizontal (x) and vertical (y) axis.
Next, label the horizontal axis with the intervals displayed on the frequency table.
Next, add a title to the horizontal axis.
Next, label the vertical axis by ones.
Next, add a title to the vertical axis.
Next, draw a vertical column to the appropriate value for each interval on the horizontal axis.
Then, add a title to the histogram.

Displaying data using bar graphs, histograms and frequency tables can help us to understand information in a visual
way. For people who are visual learners, a picture is worth a thousand words.
Now let’s practice interpreting a histogram to answer questions with respect to the histogram “Age of President at
Inauguration.”
25
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How many of the presidents were sixty-one years of age or older at the time of Inauguration?
First, locate the age of each president displayed at the top of each vertical bar.
Next, record the data values that are greater than or equal to sixty-one.
61, 61, 68, 62, 61, 69, 64
Then, count the number of values you have recorded.
The answer is 7.
What was the most popular age for a president at the time of inauguration?
First, locate the age of each president displayed at the top of each vertical bar.
Next, record the data values that appear more than once.
57, 57, 57, 57, 61, 61, 61
Then, count the number of each value you have recorded.
The answer is 57.
What was the age of the youngest president? Who was it?
First, locate the age of each president displayed at the top of each vertical bar.
Next, find the shortest vertical bar displayed on the graph.
43
Then, record the number at the top of the bar.
The answer is 43.
Then, look below this vertical bar and record the last name of the president that corresponds with the shortest bar.
The answer is President Kennedy.

Guided Practice

The following histogram shows the data obtained in a survey regarding the time in hours that students spend studying
each day.
26
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Use the information displayed on the histogram to determine how many students spend between one hour and one
and one-half hours each day studying.
First, look at the horizontal axis to determine the increments of time used to display the hours spent studying.
Next, look at the vertical axis to determine the increments used to display the number of students.
Next, locate the interval on the horizontal axis from 1.0 – 1.5 hours.
Then, move to the top of the bar above this interval and look to the vertical axis to determine the value that
corresponds with the top of this vertical bar.
The answer is 35.
Examples
Example 1

A company is considering advertising in local movie theatres. In order to determine if this is a worthwhile endeavor,
the company collected the following data:

TABLE 1.12:
Movies
Attended
in Past
Two
Years
Number
of
People

0-4

5-9

10-14

15-19

20-24

25-29

30-34

35-39

40+

51

87

131

96

68

37

19

8

3

Using the information displayed in the frequency table, create a histogram to display the data.
First, draw a horizontal (x) and vertical (y) axis.
Next, label the horizontal axis with the intervals displayed on the frequency table.
27
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Next, add a title to the horizontal axis.
Next, label the vertical axis by ones.
Next, add a title to the vertical axis.
Next, draw a vertical column to the appropriate value for each interval on the horizontal axis.
Then, add a title to the histogram.

Example 2

The histogram below shows the weekly earnings of students ages 13 – 17 who have part-time jobs. Use the histogram
to answer the questions presented below the graph.

How many students earned $50 - $60?
First, find the interval [50-60) on the horizontal axis labelled Weekly Earnings.
Next, go to the top of the vertical bar above this interval and record the number.
28
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The answer is 6.
How many students had part-time jobs?
First, look at the top of each of the vertical bars. These numbers represent the number of students with earnings in
the corresponding intervals.
Next, record the numbers at the top of each bar.
7, 9, 10, 9, 8, 6, 4, 2, 1, 1, 2
Then, add the recorded numbers.

7 + 9 + 10 + 9 + 8 + 6 + 4 + 2 + 1 + 1 + 2 = 59
The answer is 59.

Follow Up

Remember the students trying to save wood shop?
Andrei and his friends need to clearly show the data they collected. In 2008, 30 out of 100 seventh graders and 40
out of 100 eighth graders participated in wood shop. In 2009, 40 out of 100 seventh graders and 58 out of 100 eighth
graders participated.
First, draw the horizontal axis and the vertical axis.
Next, label the horizontal axis with the years 2008 and 2009.
Next, label the vertical axis with a scale to represent the number of students. Since there are 100 students in grade
seven and 100 in grade eight use increments of 10 for your scale.
Next, label the bar graph with a suitable title that tells what the bar graph represents.
29
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Next, include a legend with your bar graph showing the color of the bar for 7th grade and the color of the bar for 8th
grade.
Then, draw the bar graph such that each year has two bars displayed above it.

This bar graph will show the administration that the student interest in wood shop is increasing each year.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167087

Explore More

Use this histogram from the Guided Practice to answer the questions presented below.
30
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1. How many students spend less than 30 minutes studying?
2. How many students spend greater than 60 minutes studying?
3. How many students spend greater than 90 minutes studying?
4. How many students spend between 2 and 2 12 hours studying?
5. If this histogram is the result of a survey, was the number of students surveyed greater than 100?
The recreation director in a small community asked children between the ages of 13 to 16 to name their favorite
sport from a list of six choices. The results of the survey are displayed on the following bar graph according to the
selections made by boys and girls.
Use the information shown on the graph to answer the questions presented below.
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6. If each girl could only vote once, what was the total number of girls surveyed?
7. If each boy could only vote once, how many boys were surveyed?
8. What fraction of the girls surveyed chose track as their favorite sport?
9. What fraction of the girls surveyed chose soccer as their favorite sport?
10. What percentage of the girls surveyed chose track and soccer as their favorite sport? You may round to the
nearest whole percent.
11. What fraction of the boys chose football as their favorite sport?
12. How many boys and girls were surveyed in all?
13. True or false. Basketball is the least popular sport among girls.
14. True or false. It is also the least popular among boys.
15. What is the most popular sport among girls?
16. What is the least popular sport among boys?

32
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1.4 Evaluate Numerical and Variable Expressions Using the Order of Operations
In this concept, you will learn to use the order of operations to solve numerical and variable expressions.

Let’s Think About It

Jeb enters his name into a draw to win a handheld game system from his local electronics megastore. A week later
he visits the store for the draw and his name is picked! In order to claim the prize, he must correctly answer a skill
testing question.
The question is:
4
[30 − (4 × 2 − 3)]
5
Jeb has to answer the skill testing question without the use of technology. How can Jeb answer this question correctly
to claim the prize?
In this concept, you will learn to use the order of operations to solve numerical and variable expressions.

Guidance

In mathematics, you will often hear the word evaluate. Before you begin, it is important for you to understand what
the word evaluate means. When you evaluate a mathematical sentence, you figure out the value of the number
sentence. Often times you think of evaluating as solving, and it can be that, but more specifically, evaluating is
figuring out the value of a sentence.
33
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In mathematics, you can evaluate different types of number sentences. Sometimes you will be working with
equations and other times you will be working with expressions. First you need to know the difference between
an equation and an expression.
An equation is a statement that two mathematical expressions have the same value. An equation has an equal sign
such that the quantity on the left side of the equal sign is equal to the quantity on the right side of the equal sign.
This means both sides of the equation stand for the same number.5x = 30is an equation. It states that 5x and 30 have
the same value.
An expression is a general term in mathematics for a group of numbers, symbols and variables representing numbers
and operations. You evaluate an expression to figure out the value of the mathematical statement itself, you are not
trying to make one side equal another, as with an equation.3a − 2b + 8 is an expression. There is no equal sign.
Let’s start with an example of evaluating expressions.
Two eighth grade math students evaluated the expression 2 + 3 × 4 ÷ 2. Macy’s answer was ten and Cole’s answer
was eight. The students you are asked to write their step by step solutions on the board.
Macy’s Solution:

= 2+3×4÷2
= 5×4÷2
= 20 ÷ 2
= 10
Cole’s Solution:

= 2+3×4÷2
= 2 + 12 ÷ 2
= 2+6
=8
It appears that each student performed the indicated operations in different orders. Of course, there cannot be two
correct solutions for the same expression. There is actually a specific order in which operations must be performed.
The order of operations is a rule that tells you which operation you need to perform and the order in which it
must be done to achieve the correct answer. The order of operations is often called PEMDAS and each of the
letters represents one part of the rule. P: parenthesis and grouping symbols; E: exponents; M: multiplication; D:
division; A: addition; S: subtraction. MD are performed in the order they appear in the expression from left to right.
AS are performed in the order they appear in the expression from left to right.
Looking at the two solutions for evaluating the expression 2 + 3 × 4 ÷ 2 , who has the correct answer?
Macy

Cole
Macy evaluated the expression by performing the addition, multiplication and division. Cole performed the multiplication, division and addition. Macy simply completed the operations as they appeared from left to right. Cole
completed the multiplication and division as they appeared from left to right and then performed the addition as his
final step. Cole used the order of operations rule, PEMDAS, and his answer is correct.
Working in this way is called evaluating a numerical expression. A numerical expression is an expression made up
only of numbers and operations.
34
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In addition to numbers, expressions can also have letters. The letters in an expression are called variables. These
variables represent an unknown quantity. When an expression is written with a variable in it, you call it a variable
expression.
A variable expression is evaluated using the order of operations in the same way as a numerical expression is
evaluated. In this concept there will be a value given for the variable and you will substitute it into the variable
expression before evaluating the expression.
Evaluate the variable expression:
First, substitute the given value of ’a’ into the expression.

The parenthesis mean you are multiplying 2 times (5).
Next, apply the order of operations (PEMDAS) and continue to evaluate the expression.
First, multiply: to clear the parenthesis and write the new expression.
Next, divide: and write the new expression.
Next, multiply:30 · 10 = 300 and write the new expression.
Next, add: and write the new expression.
Then, subtract:
The answer is 312.
Now let’s add in the grouping symbols. The grouping symbols that you will be working with are brackets [ ] and
parenthesis ( ). According to the order of operations (PEMDAS), you perform all operations inside the grouping
symbols BEFORE any other operation in the list.
Evaluate the numerical expression

7 + 4 (15 ÷ 5) − 6.
First, perform the operation in the parenthesis: and write the new expression.
Next, multiply: to clear the parenthesis and write the new expression.
Next, add: and write the new expression.
Then, subtract:
The answer is 13.
Brackets can be used to group more than one operation. When you see a set of brackets, remember that brackets are
a way of grouping numbers and operations.
Evaluate the numerical expression:
Start by performing the operations inside the brackets.
First, perform the operation inside the parenthesis.
Multiply: and write the new expression.
Next, perform the operation inside the brackets.
Add: and write the new expression.
Next, add: and write the new expression.
Then, subtract:
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The answer is 18.

Guided Practice
Evaluate the numerical expression:

3+9·2÷3+8
First, multiply:9 · 2 = 18 and write down the new expression.
Next, divide: and write down the new expression.
Next add: and write down the new expression.
Then, add
The answer is 17.
Examples
Example 1

Evaluate the variable expression
First, substitute into the expression.
Next, perform the operation inside the parenthesis.
Multiply: and write the new expression.

Next, multiply: to clear the parenthesis and write the new expression.
Next add: and write the new expression.
Then, subtract:
The answer is 85.
Example 2

Evaluate the numerical expression

Start by performing the operations inside the brackets.
First, perform the operation inside the parenthesis.
Multiply: and write the new expression.
Next, perform the operation inside the brackets.
Add: and write the new expression.
Next, add: and write the new expression.
Then, subtract
The answer is 12.
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Example 3

Evaluate the variable expression:
First substitute into the expression.
Next, multiply: to clear the parenthesis and write the new expression.
Next, multiply: and write the new expression.
Next, divide: and write the new expression.
Next, add: and write the new expression.
Then, subtract :
The answer is 36.
Follow Up

Remember Jeb and his (almost) prize?
Consider the short hand expression PEMDAS is given to the order of operations. When solving a problem, like the
skill testing question, you need to complete the indicated operations in the order of PEMDAS.
Notice there is parenthesis within the brackets. You need to work from the inside out. So let’s start with the
parenthesis. According to PEMDAS multiplication comes before subtraction.
First, multiply: and write the new expression.
Next, subtract: and write the new expression.
Next, subtract: and write the new expression.
Next, multiply: and write the new expression.
Then, divide:
The answer is 20.
Jeb needs to answer 20 to claim his prize.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167139

Explore More
Evaluate each numerical expression using the order of operations.
1. 4 + 5 × 2[U+0088][U+0092]3
2.6 + 6 × 3 ÷ 2[U+0088][U+0092]7
3. 5 + 5 × 8 ÷ 2 + 6
4.13[U+0088][U+0092]3 × 2 + 8[U+0088][U+0092]2
5.17[U+0088][U+0092]5 × 3 + 8 ÷ 2
6.9 + 4 × 2 + 7[U+0088][U+0092]1
7.8 + 5 × 6 + 2 × 4[U+0088][U+0092]3
8.19 + 2 × 4[U+0088][U+0092]32 + 10
9. 12 + 4 × 4 ÷ 8[U+0088][U+0092]3
10. 12 × 2 + 6 ÷ 2 − 12
Evaluate each variable expression. Remember to use PEMDAS when necessary.
11.4y + 6[U+0088][U+0092]2, when y = 6
12.9 + 3x[U+0088][U+0092]5 + 2, when x = 8
13.6y + 2y − 5, when y = 3
14.8 + 3y − 5, when y = 4
15.7x − 2 × 3 ÷ 3 + 12, when x = 5
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1.5 Connect Variable Expressions and the Order of Operations with Real-World ProbIn this concept, youlems
will learn how to write a real world problem as a variable expression and how to evaluate the
expression you have written using the order of operations.
Let’s Think About It

For her birthday, Sara received a ticket to go to the ballet to see The Nutcracker. Sara needs to figure out the cost for
the tickets for her friends, but she isn’t sure exactly how many of her friends will be going, it could be three or four.
The cost for one ticket is $35.00, and there is a $2.00 one-time fee for the ticket purchase. Sara needs to know the
price if she buys three tickets and also if she buys four tickets. If Sara could write a variable expression to model her
problem, how could she use it to figure out the cost of the tickets?
In this concept, you will learn how to write a real world problem as a variable expression and how to evaluate the
expression you have written using the order of operations.
Guidance

When you have an unknown quantity in a problem, you can use a variable to represent the unknown quantity and
then use it to evaluate the problem. In the real world there are many scenarios to which you can apply what you
know about variable expressions and evaluating them.
Let’s look at an example.
Many events require that you purchase a ticket for admission. Tickets can have various prices if tickets are sold for
adults, seniors or children. If you know the number and type of tickets being purchased and the price for each ticket,
then you can figure out the total cost of the tickets.
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An amusement park charges each person eight dollars admission and one dollar and fifty-cents per ride. Write a
variable expression to model this situation and use it to find the cost of admission and five ride tickets.
First, notice there is a cost of eight dollars for admission. You can start with the number $8.00
Next, notice there is a charge of $1.50 per ride. Therefore you would have to add 1.50 x, where is the number of
rides, to the admission cost.
Then, write a variable expression you can use to determine the cost of going to the amusement park and enjoying
the rides.
Remember the variable ” represents the number of rides. You can now evaluate the variable expression to find the
cost of going to the amusement park and going on five rides.
First substitute into and write the new expression.
8.00 + 1.50(5)
Use the order of operations to evaluate the expression.
Multiply: to clear parenthesis and write the new expression.

Next, add:
The answer is $15.50.
Let’s look at one more problem.
An ice cream cone costs $3.50 plus an additional $1.25 for chocolate dip. Write an expression to model the cost of
two chocolate dip ice cream cones.
You must write a numerical expression to model the real-world problem.
Use the order of operations to evaluate the expression.
First, perform the indicated operation inside the parenthesis.
Next, add: and write the new expression.
Then, multiply:
The answer is $9.50.

Guided Practice

Harriet is making an almond cake for her sister and needs some ingredients. When she arrives at the store, Harriet
sees that a can of evaporated milk costs $1.99 and almonds are $3.99 per pound.
Write a variable expression to model this problem so that Harriet can calculate her total cost based on how many
pounds of almonds she purchases. Use your variable expression to calculate the cost of her purchase if Harriet buys
3 pounds of almonds.
First, determine the variable. The variable is going to be the number of pounds of almonds purchased since that is
the changeable amount. Let ” be the variable.
Remember the price of must be included with the variable.
Next, write this part of the expression .
Harriet isn’t only purchasing almonds; she is also buying a can of evaporated milk. You must include this cost in
your variable expression.
Then, add the cost of the can of milk to the first part of your expression:
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The answer is
First, substitute and write the new expression.
Use the order of operations to evaluate the expression.
Next, multiply: to clear parentheissi and write the new expression.
Then, add:
The answer is $13.96.

Examples
Example 1

The cost for three people to fly from Sydney, Nova Scotia to Calgary, Alberta is $1535.75. The airline also applies
an additional charge of $25.00 for each piece of checked luggage. Write an expression to model the problem.
You must write a variable expression to model the problem.
where ’’ represents the number of pieces of checked luggage.
Use your variable expression to figure out the total cost of the trip if 5 pieces of luggage are checked.
First, substitute into and write the new expression.
Use the order of operations to evaluate the expression.
Next, multiply: to clear parenthesis and write the new expression.
Then, add:
The answer is $1660.75.

Example 2

Maria wants to sew a new valence for her living room window. The window used to be one pane of glass 5 feet wide
but the new window has a center section that is 5 feet wide and two smaller sections on either side. The new sections
are each 3 feet long. The length of the valence must be double the width of the window. Write a variable expression
to model the problem.
where ” represents the width of two smaller sections of the window.
Since the width of each of the smaller window sections is 3 three feet, evaluate the variable expression when .
First, substitute the value x = 3 into the expression.
Use the order of operations to evaluate the variable expression.
Next, perform the operations inside the parenthesis.
Multiply: and write the new expression.
Next, add: and write the new expression.
Then, multiply to clear the parenthesis.
The answer is 33.
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Follow Up

Remember Sara and her ballet tickets? She needs to know the prices to purchase three tickets and four tickets. The
price of one ticket is $35.00 and there is a $2.00 processing fee.
To determine the cost of the tickets Sara has to write a variable expression.
First, determine the variable. The variable will be the number of tickets purchased since that is the changeable
amount. Let ” be the variable.
Remember the price of $35.00 of must be included with the variable.
Next, write this part of the expression.
Then, include the onetime fee of $2.00 and write the variable expression.
The answer is .
Sara needs to use the variable expression and the order of operations to calculate the cost of 3 tickets and of 4 tickets.
First, substitute into and write the new expression.
Next, multiply: to clear parenthesis and write the new expression.
Then, add:
The answer is $107.00
First, substitute into and write the new expression.
Next, multiply: to clear parenthesis and write the new expression.
Then, add:
The answer is $142.00
Sara will have to pay $107.00 for three tickets or $142.00 for four tickets.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167244

Explore More

Write a variable expression for each situation described below.
1. A pound of apples costs $4.50. Kelly isn’t sure how many pounds she is going to purchase.
2. Each touch down at a football game is worth 7 points. Write a variable expression where the number of
touchdowns scored can change.
3. Alex bought several bunches of bananas. Each bunch costs $.89. Write a variable expression to describe this
situation.
4. If an ice cream cone costs $3.20 and hot fudge is an additional $.45, write a variable expression where the
number of ice cream cones can change.
5. There are six children in the Smith family. If each child gets a haircut, write a variable expression to show the
cost of the haircut so that the total cost can be calculated.
6. A turkey costs $6.75 per pound. Write a variable expression where the weight of the turkey is the changeable
amount.
7. The car wash charges $15.00 per car. Write a variable expression that can be used to calculate the number of
cars washed in one hour.
8. Kelly bought a pair of sneakers for $35.00. She also bought a pile of different laces. Each set of laces costs
$3.00. Write a variable expression to show how Kelly could calculate her total cost.
Now go back to each of the variable expressions that you have written as the answers for the above questions and
evaluate each expression using 4 as the given value for the variable. These are your answers for numbers 9–16.
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1.6 Evaluate Numerical and Variable Expressions Involving Powers
In this concept, you will learn how to evaluate numerical expressions involving powers.

Let’s Think About It

Casey missed three days of school this week because of a nasty cold. When he returned to school on Thursday he
asked his math teacher what he had missed. Miss Brown wrote a problem on a sheet of paper and handed it to Casey.
When he arrived home from school Casey looked at his homework which was the following problem:
Casey didn’t know what to do with and . How can he rewrite the problem so that he understands what operations to
perform?
In this concept you will learn how to evaluate numerical expressions involving powers.

Guidance

A numerical expression is an expression made up only of numbers and operations but an expression written with a
variable in it, is called a variable expression.
Both a numerical expression and a variable expression can include powers.
A power is the result of multiplying a number by itself one or more times. The number 16 is the fourth power of 2.
. The ’fourth power of 2’ or ’2 to the power of 4’ can be written as . The number raised to the power is called
the base and the number expressing the power is called the exponent. The exponent tells you how many times to
multiply the base times itself..
Let’s look at an example.
Evaluate the following expression:
44

www.ck12.org

Chapter 1. Using Algebra

First, expand the powers to see the operations you need to perform.
Next, write the expression in expanded form.
Next, apply the order to operations (PEMDAS) to evaluate the expanded expression.
Then, in order from left to right, multiply: and write the new expression.
Then, multiply: and write the new expression.
Next, from left to right, add: and write the new expression.
Then, add:
The answer is 266.
Let’s look at another example.
First, expand the powers to see the operations you need to perform.
Next, write the expression in expanded form.
Next, apply the order to operations (PEDMAS) to evaluate the expanded expression.
Then, in order from left to right multiply: and write the new expression.
Then, multiply:and write the new expression.
Next, from left to right, add: and write the new expression.
Then, add:and write the new expression.
Next, subtract:
The answer is 67.
Guided Practice

Evaluate the following variable expression when.
First, substitute the value into the expression.
Next, expand the power
Next, write the expression in expanded form.
Then, perform the operation in the parenthesis.
Multiply:and write the new expression.
Next, multiply: and write the new expression.
Then, subtract:
The answer is 116.
Examples
Example 1

Evaluate the following numerical expression:
First, expand the powers:

Next, write the expression in expanded form.
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Then, in order from left to right multiply: and write the new expression.

20 − 16 + 1 + 3 × 3 × 3
Next, multiply: 3 × 3 × 3 = 27and write the new expression.
Then, in order from left to write, subtract: and write the new expression.
Next, add: and write the new expression.
Then add:
The answer is 32.

Example 2

Evaluate the following variable expression when and.
First, substitute andinto the variable expression.
Next, expand the powers:
Then, write the expression in expanded form.

2 × 2 × 2 × 2 × 2 + 3(3 × 3) − 15
Then, perform the operation in the parenthesis.
First, multiply: and write the new expression.
Next, multiply: 3(9) = 27to clear the parenthesis. Write the new expression.

2 × 2 × 2 × 2 × 2 + 27 − 15
Next, multiply: 2 × 2 = 4 × 2 = 8 × 2 = 16 × 2 = 32Write the new expression.

32 + 27 − 15
Next, add: 32 + 27 = 59and write the new expression.

59 − 15
Then, subtract: 59 − 15 = 44
The answer is 44.
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Follow Up

Remember Casey and his confusing homework?
Casey needs to expand the powers so he can see what operations he has to do to evaluate the expression.
First, evaluate the two powers given in the problem
54 = 5 × 5 × 5 × 5 = 625 and (−2)4 = −2 × −2 × −2 × −2 = 16
Next, replace the powers in the expression with their values.
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625 + 16 + 12
Then, add:

625 + 16 = 641 + 12 = 653
The answer is 653.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167135

Explore More

Expand and evaluate each power.
1. 33
2. 42
3. (−2)4
4. (−8)2
5. 53
6. 26
7. (−9)2
8. (−2)6
Evaluate each numerical expression. Remember to apply PEDMAS to evaluate the expression accurately.
9. 62 + 22
10. (−3)3 + 18
11. 23 + 16 − 4
12. (−5)2 − 19
13. (−7)2 + 52 − 2
14. 18 + 92 − 3
15. 22 − 33 + 7
Evaluate each variable expression using the given values.
16. 6a + 42 − 2, when a = 3
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17. a3 + 14, when a = 6
18. 2a2 − 16, when a = 4
19. 5b3 + 12, when b = −2
20. 2x2 + 52, when x = 4
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1.7 Use the Order of Operations to Evaluate
Powers
In this concept, you will learn to evaluate variable expressions with powers by applying the order of operations.
Let’s Think About It

Shirley is a math tutor and is working with middle-schooler Marcus once a week. One day, Marcus arrived with a
problem that not even Shirley knew how to answer.

(−11)2 + 7y2 + 3x − 19 for x = 2 and y = −1
How can Shirley and Marcus work out the correct answer to this problem? Are there any rules they need to follow?
In this concept you will learn to evaluate variable expressions with powers by applying the order of operations.
Guidance

The order of operations is a necessary tool to use when evaluating expressions. Remember the order in which the
mathematical operations are performed affect your answer. You can recall the order of operations using the shorthand
form PEDMAS.
P parentheses or grouping symbols
E exponents
DM division and multiplication in order from left to right
AS addition and subtraction in order from left to right
50
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Let’s look at an example.
Evaluate the following variable expression.
8h2 + [51 ÷ (4 · 4.25)] − 52 ÷ 5when
First, substitute the value into the expression.
Next, expand the power:and write the new expression.
Remember−52 = −(5 × 5)since the base is 5. However,since the base is.
Next, perform the operations inside the grouping symbols.
First, multiply: and write the new expression.

8(4 × 4) + [51 ÷ 17] − (5 × 5) ÷ 5
Then, divide: and write the new expression.
Next, multiply: and write the new expression.
Then, multiply: and write the new expression.
Then, multiply: 8(16) = 128 to clear the parenthesis. Write the new expression.
Next, divide: and write the new expression.
Next, add: and write the new expression.
Then, subtract:
The answer is 126.
Let’s look at one more example. This example will be a variable expression with two different variables. There
will be a value given for each of the variables. You simply substitute the given values for each variable into the
expression and evaluate the new numerical expression.
Evaluate the following variable expression:
when and
First, substitute and into the expression. Write the new expression.
Next, expand the power: (3)3 = (3 × 3 × 3). Write the new expression.

4(3 × 3 × 3) − (3 · 9 ÷ 9) + 12
Then, perform the operations inside the parenthesis.
First, multiply: 3 · 9 = 27and write the new expression.

4(3 × 3 × 3) − (27 ÷ 9) + 12
Then, divide: and write the new expression.
Next, multiply: (3 × 3 × 3) = 27and write the new expression.
Then, multiply: to clear the parenthesis. Write the new expression.
Next, subtract: and write the new expression.
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Then, add:
The answer is 117.
When you have powers included in variable and numerical expressions, you must use the order of operations to
evaluate the expressions. No matter how complicated the problem seems to be, applying the order of operations as
defined by PEDMAS will guide you to a correct answer as you evaluate the expression.
Guided Practice

Evaluate the following variable expression: when. First, substituteinto the variable expression. Next, expand the
power: 23 = 2 × 2 × 2and write the new expression.
2 × 2 × 2 + 4(3) + 12
Next, multiply: 4(3) = 12to clear the parenthesis. Write the new expression.
2 × 2 × 2 + 12 + 12
Next, multiply:2 × 2 × 2 = 8and write the new expression.
Then, add:
The answer is 32.
Examples
Example 1

Evaluate the following variable expression.
when.
First, substitute into the variable expression.
Next, expand the power: and write the new expression.
Next, multiply: to clear the parenthesis. Write the new expression.
Next, multiply: 5 × 5 × 5 = 125and write the new expression.
Then, subtract: and write the new expression.
Then, add:
The answer is -92 .
Example 2

Evaluate the following variable expression:
when x = 4andy = 6
First, substitutex = 4andy = 6into the variable expression.

6(4) + 7(6) + 32
Next, expand the power:and write the new expression.
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Next, multiply: 6(4) = 24to clear the parenthesis. Write the new expression.

24 + 7(6) + 3 × 3

Next, multiply: 7(6) = 42to clear the parenthesis. Write the new expression.

24 + 42 + 3 × 3

Next multiply: 3 × 3 = 9and write the new expression.

24 + 42 + 9

Then, add:

24 + 42 = 66 + 9 = 75

The answer is 75.
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Follow Up

Remember Shirley and Marcus and their brain-bending problem?
They need to figure out the correct answer to the following problem.
(−11)2 + 7y2 + 3x − 19forx = 2and y = −1
Shirley and Marcus must apply the order of operations to evaluate the problem correctly.
First, substitutex = 2andy = −1into the expression.

(−11)2 + 7(−1)2 + 3(2) − 19
Next, expand the powers.
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(−11 × −11) + 7(−1 × −1) + 3(2) − 19
Next, do the multiplication inside the parentheses.

121 + 7(1) + 3(2) − 19
Next, do the multiplication to clear the parentheses.

121 + 7 + 6 − 19
Then, in order from left to right, perform the addition and subtraction.

121 + 7 = 128 + 6 = 134 − 19 = 115
The answer is 115.
Video Review

https://youtu.be/ClYdw4d4OmA

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167246

Explore More

Evaluate each numerical expression. Remember to follow the order of operations.
1. 32 + [(5 × 2) − 3] − 8 × 2
2. 52 + (3 + 5) − 62 + 2
3. 63 + 52 + 25
4. 16(12)3
5. 82 − (2(33 ) ÷ 2) + (16 × 5)
Evaluate each variable expression by substituting the given value into each expression. Remember to follow the
order of operations.
6. −23 + 7y + 1 for y = 6.
7. −12 + 7x2 − 8 for x = 6.
8. 14 + 7y2 + 22 for y = 3.
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9. 18x + 7y + 12 for x = 3, y = 6.
10. −63 + 7x2 − 18for x = 5.
11. 45 + 8y + 33 for y = 5.
12. −33 + 8x − 22 for x = 7.
13. (−12)2 + 7y − 42 for y = 6.
14. −43 + 9x + 11for x = 4.
15. (−7)2 + 7x2 + 122 for y = 2.
16. −45 + 72 − x3 for x = 4.

56

www.ck12.org

www.ck12.org

Chapter 1. Using Algebra

1.8 Evaluate Variable Expressions with Given
Values
In this concept, you will learn to evaluate variable expressions with given values for the variables.
Let’s Think About It

Jenny is making cookies for the school bake sale. One dozen cookies will be sold for $3.50 and one dozen muffins
will be sold for $4.50. To quickly calculate the amount of money raised, Jenny has written the following variable
expression:
where the number of dozens of cookies sold and the number of dozens of muffins sold.
At the end of day, Jenny knows that 311 dozen cookies and 235 dozen muffins were sold. How can she use the
variable expression to determine the total amount of money raised?
In this concept, you will learn to evaluate variable expressions with given values for the variables.
Guidance

Before you can evaluate a variable expression with a given value for the variable, you must be able to identify a
variable expression.
A variable expression is a group of numbers and mathematical operations that contains one or more variables. A
variable expression does not contain an equal sign.
A variable is a letter used to represent an unknown quantity.
The variable expression contains the variables and the constant six. A constant is a term in an expression that is
simply a number.
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When values for the variable or variables are given and substituted into the expression, the values should be written
inside parenthesis. This will allow you to see what operations have to be performed to evaluate the expression.
Let’s look at an example of evaluating a variable expression when you have been given a value for the variable.
Evaluate the variable expression:
To evaluate this variable expression you may have to review performing mathematical operations with decimals.
First, substitute into the variable expression.
Next, multiply: to clear the parenthesis. Write the new expression.
Then, add:
The answer is 35.1
Let’s look at an example of evaluating a variable expression that has more than one variable.
Evaluate the variable expression:
when a = 2 and b = 4
First, substitute the values a = 2 and b = 4 into the variable expression.

5(2 × 4) + 2(2) − 7
Next, multiply: (2 × 4) = 8 and write the new expression:

5(8) + 2(2) − 7
Next, multiply: 5(8) = 40 to clear the parenthesis. Write the new expression.

40 + 2(2) − 7
Next, multiply: 2(2) = 40 to clear the parenthesis. Write the new expression.

40 + 4 − 7
Next, add: 40 + 4 = 44 and write the new expression.

44 − 7
Then, subtract:

44 − 7 = 37
The answer is 37.
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Guided Practice

Evaluate the following variable expression:
5a + 2b − 17 when a = 3 and b = 4
First, substitute the values a = 3 and b = 4into the expression.

5(3) + 2(4) − 17

Next, multiply:5(3) = 15 to clear the parenthesis.

15 + 2(4) − 17

Next, multiply: 2(4) = 8 to clear the parenthesis.

15 + 8 − 17
Then, add and subtract, in order from left to right:

15 + 8 = 23 − 17 = 6
The answer is 6.
Examples
Example 1

Evaluate the following variable expression:
6xy + 2x − 7 when x = 4 and y = 5
First, substitute the values x = 4 and y = 5 into the variable expression.

6(4)(5) + 2(4) − 7

Next, multiply:6(4) = 24 to clear the parenthesis.

24(5) + 2(4) − 7

Next, multiply:24(5) = 120 to clear the parenthesis.
120 + 2(4) − 7
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Next, multiply: 2(4) = 8 to clear the parenthesis.

120 + 8 − 7
Then, add and subtract, in order from left to right.

120 + 8 = 128 − 7 = 121
The answer is 121.

Example 2

Evaluate the following variable expression:
9x + 18y + 5 when x = −6 and y = 2
First, substitute the values x = −6 and y = 2 into the variable expression.

9(−6) + 18(2) + 5

Next, multiply:9(−6) = −54 to clear the parenthesis.

−54 + 18(2) + 5

Next, multiply:18(2) = 36 to clear the parenthesis.

−54 + 36 + 5

Then, add and subtract, in order from left to right.

−54 + 36 = −18 + 5 = −13

The answer is -13.
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Follow Up

Remember Jenny and her bake sale?
Jenny wrote a variable expression where represents the number of dozens of cookies and represents the number of
dozens of muffins.
There were 311 dozen cookies and 235 dozen muffins sold.
First, substitute the values and into the variable expression.
Next, clear the parentheses by multiplying.
Then, add:
The answer is $2146.00
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167252

Explore More

Evaluate each variable expression using the given values for each variable.
1. when a is 8
2. 9x[U+0088][U+0092]y when x is 2 and y is 4
3. 5a + b2 when a is 12 and b is 4
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4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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x



+ 2 when x is 4
6x + 2.5 when x is 2
y2 + 4 when y is 9
7x + 2y when x is 3 and y is 5
9xy + x2 when x is 4 and y is 2
3ab + b3 when a is 9 and b is 2
16xy2 + 14 when x is 3 and y is 4
6xy + 4x when x is 2 and y is 7
16y + 8xy when x is 3 and y is 4
3x2 + 24y when x is 3 and y is 4
[U+0080][U+0093]xy + 8xy when x is 3 and y is 4
22x + 4y[U+0088][U+0092]3xy when x is 3 and y is 4
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1.9 Translate Verbal Phrases into Variable Expressions
In this concept, you will learn to change words into variable expressions.

Let’s Think About It

Twins Larry and Terry want to buy their dad a great gift for his upcoming birthday. Both boys have been saving all
of their dimes and quarters for several months. “I count 928 dimes,” Larry announces. “Great! I count 515 quarters,”
Terry says. “But how do we go from knowing the number of coins to the amount of money?” How can Larry and
Terry use a mathematical expression to figure out how much money they have in total?
In this concept, you will learn to change words into variable expressions.
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Guidance

Many problems can be solved using mathematical methods. In order to do this, you must be able to translate words
into mathematical expressions. More often than not, the words can be expressed as a variable expression which can
be evaluated to solve a problem.
You know the symbols, represent the four most commonly used mathematical operations. The operation of multiplication can be represented by the symbolor byor. Division can be represented by the symbolor.
In addition to the words add, subtract, multiply and divide, there is a variety of other words that also correspond to
these mathematical operations.
Let’s start by creating a list of words that could translate into each of the mathematical operations.

TABLE 1.13: Mathematical Operations
Addition
Add
Increased by
Plus
Sum
Total
More

Subtraction
Subtract
Decreased by
Minus
Difference
Reduced by
Less than

Multiplication
Multiply
Product
Times
Twice
Of

Division
Divide
Quotient
Shared
Split between
Divided by

Let’s look at an example of translating words into a variable expression.
Remember that a variable expression has one or more variables (letters) that represent an unknown quantity.
Write the following as a mathematical expression with one variable:
A number increased by four.
First, name the variable. Let ” represent the number.
Next, represent the mathematical operation by its symbol.
Then, insert the constant after the symbol.

A
by four
| number
{z } increased
|
{z
} |{z}
n

+

4

The variable expression is .
Let’s look at one more example.
Write the following as a mathematical expression with two variables:
Twice the length less three times the width.
First, name the variables. Let ” represent length and let ” represent width.
Next, represent any operations performed on the variables.and
Then, represent the mathematical operation by its symbol.

The variable expression is.
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Guided Practice

Write the following as a mathematical expression with one variable:
One-half of Adam’s age six years ago.
First, name the variable. Let ” represent Adam’s age.
Next, represent any operation performed on the variable.
Then, represent the mathematical operation by its symbol.

The variable expression is.
Examples
Example 1

Write the following as a mathematical expression with two variables:
Four times the number of dimes less twice the number of quarters.
First, name the variables. Let ” represent the number of dimes. Let ” represent the number of quarters.
Next, represent any operation performed on the variables.
and2q
Then represent the mathematical operation by its symbol.[U+0080][U+0093]

Four
times the {z
number of dimes} |{z}
less twice the number of quarters
|
|
{z
}
−

4d

2q

The answer is.
Example 2

Write the following as a mathematical expression with two variables:
The total tax from the first purchase at 5% and the second purchase at 9%.
First, name the variables. Let ” represent the first purchase. Let ” represent the second purchase.
Next, represent any operation performed on the variables.and .
Then, represent the mathematical operation by its symbol.

The total
form the first purchase at 5% and the second purchase at 9%
|{z} tax
|
{z
}
|
{z
}
+

5%a

9%b

The answer is+5%aand 9%b.
This answer is incorrect. You must multiply by the percent expressed as a decimal. The total is the sum of the taxes
on each of the purchases.
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5
= 0.05
100
9
= 0.09
9% =
100
5% =

The total
form the first purchase at 5% |{z}
and the second purchase at 9%
|{z} tax
|
{z
}
|
{z
}
0.05%a

+

0.09%b

The answer is0.05a + 0.09b.
Follow Up

Remember Larry and Terry and all their dimes and quarters?
Larry and Terry need to write a variable expression to show the value of ” dimes and ” quarters.
First, name the variables. Let ” be the number of dimes. Let ” be the number of quarters.
Next, express the value of the coins as decimals. Ten cents isand twenty-five cents is .
Next, represent any operation performed on the variables. and 0.25q
Then, represent the mathematical operation by its symbol.+
The variable expression is0.10d+0.25q
How can Larry and Terry use this variable expression to figure out how much money they have?
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They have counted the coins and they know they have 928 dimes and 515 quarters.
They have to evaluate the variable expression0.10d + 0.25q whend = 928 and q = 515.
First, substitute the valuesd = 928 and q = 515into the expression.

0.10(928) + 0.25(515)
Next, multiply to clear the parenthesis:
0.10(928) = 92.80 and 0.25(515) = 128.75
Then, add:

92.80 + 128.75 = $221.55
The answer is$221.55
Larry and Terry can spend$221.55on their dad’s gift.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167366

Explore More

Write a variable expression to represent each of the following:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

The sum of a number and twelve.
The difference between a number and eight.
Three times a number
A number squared plus five
A number divided by two plus seven
Four times the quantity of a number plus six
A number times two divided by four
A number times six plus the same number times two
A number squared plus seven take a way four
A number divided by three plus twelve
A number times five and another number times six
Sixteen less than a number times negative four
A number times eight divided by two
A number divided by six and another number times negative five
A number divided by four plus another number divided by sixteen
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1.10 Write and Evaluate Variable Expressions
for Given Situations
In this concept, you will learn to write and evaluate variable expressions for given situations.
Let’s Think About It

Josephine, a local artist, has been commissioned to enlarge a quilt hanging. The new quilt cannot exceed 7.5 feet
in length or 6.5 feet in width due to the space available for hanging. After much thought, Josephine has decided to
increase the size of the 4 foot by 3 foot quilt by adding a uniform, quilted strip around the existing one. Josephine
thinks that a 1.25 feet wide strip will work, but how can Josephine use a variable expression to figure this out?
In this concept, you’ll learn to write and evaluate variable expressions for given situations.
Guidance

Words can be translated into mathematical expressions to represent real-world problems. Then, mathematical
operations can be used to solve the problem. You must be able to recognize the operations being presented by
the words and be able to use symbols to display them. All unknown quantities can be represented by variables.
Let’s look at an example.
Complete the following table with variable expressions having either one or two variables as needed.

TABLE 1.14:
Words to be Translated
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TABLE 1.14: (continued)
“Six times a number decreased by
7”
“The sum of Sam’s age and Joe’s
age”
“The value, in cents, of dimes”
“Three times the length less twice
the width”

TABLE 1.15:
Words to be Translated
“Six times a number decreased by
7”
“The sum of Sam’s age and Joe’s
age”
“The value, in cents, of dimes”
“Three times the length less twice
the width”

Translations

Variable Expression
6n − 7

The
age and Joe’s age
| sum
{z of} Sam’s
| {z }
| {z }
+

s

j

Once you have written a variable expression to represent the words, you can evaluate the expression for a given value
of the variable or values of the variables.
Let’s look at this problem.
Evaluate “Four times a number reduced by “five” when the number is 4.
First, write a variable expression.
There are two operations presented by the words. The word “times” tells you there is multiplication and the words
“reduced by” tells you there is subtraction.
The variable expression is 4n − 5.
First, evaluate the expression when .
Next, substitute the value into the expression.

4(4) − 5
Next, multiply 4(4) = 16 to clear the parenthesis. Write the new expression.

16 − 5
Then, subtract:

16 − 5 = 11
The answer is 11.
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Guided Practice

Grace is saving money to purchase a new bike that costs one hundred eighty-five dollars. She has twenty-five dollars
saved already and plans to save twenty dollars of her babysitting money each week. Write a variable expression to
model the problem.
First, name the variable. Let ” represent the number of weeks she has to save twenty dollars.
Next, include the dollar value with the variable.
Next, add the money she has already saved. +25

20w + 25
Then, evaluate the variable expression
20w + 25 for w = 7 and w = 8.
If one of these given values result in the variable expression being $185.00, then you know that Grace has to save
twenty dollars for that number of weeks to have enough money to buy her new bike.
First, substitute w = 7 into the expression.

20(7) + 25
Next, multiply: 20(7) = 140 to clear the parenthesis.

140 + 25
Then, add:

140 + 25 = 165
The answer is $165.00
First, substitute w = 8 into the expression.

20(8) = 25
Next, multiply: 20(8) = 160 to clear the parenthesis.

160 + 25
Then, add:

160 + 25 = 185
The answer is $185.00.
Grace must save $20.00 for eight weeks to have enough money to buy the bike.
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Examples
Example 1

Write a variable expression to model “Twice the length increased by three times the width” and evaluate it when the
length is 12 and the width is 9.
First, name the variables. Let “” represent the length. Let “” represent the width.
Next, include any operations on the variables.
and 3w
Next, represent the operation between the variables by its symbol. +
Then, write the variable expression.

Twice the length
|
{z
}
2l

increased by
|
{z
}
+

three
times
|
{zthe width}
3w

The answer is 2l + 3w.
First, substitute the values l = 12 and w = 9 into the expression.

2(12) + 3(9)
Next, multiply 2(12) = 24 to clear the parenthesis.

24 + 3(9)
Next, multiply 3(9) = 27 to clear the parenthesis.

24 + 27
Then, add:

24 + 27 = 51
The answer is 51.
Example 2

Jake and his Uncle Mark were sitting on the front step discussing what Jake was learning in Math this year. Jake
looked up at his uncle and said, “Uncle Mark, do you know what one-fourth my age will be eight years from now?”
First, name the variable. Let “” represent Jake’s age now.
Next, write the expression to represent “a” eight years from now.
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Then, include any operation performed on the variable. 41 ( )
1
(a + 8)
4
Evaluate the expression when a = 16.
First, substitute the value a = 16 into the expression.

1
(16 + 8)
4
Next, perform the operation in the parenthesis. 16 + 8 = 24

1
(24)
4
Then, multiply 14 (24) = 6 to clear the parenthesis.
The answer is 6.
Follow Up

Remember Josephine and her quilt enlargement?
In order to enlarge the quilt she has to add two strips of the same width to the width of the quilt and two more strips
of the same width to the length of the quilt. To figure out if a strip 1.25 feet wide will work, Josephine has to write
two variable expressions – one for the length and one for the width.
For the length of 4 feet:
First, name the variable. Let “” represent the width of the strip.
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Next, include any operation on the variable.
Next, include any constant associated with the variable: 4
Next, represent the operation between the constant and the variable by its symbol. +
Then, write the variable expression for the length.
The answer is .
For the width of 3 feet:
First, name the variable. Let “” represent the width of the strip.
Next, include any operation on the variable.
Next, include any constant associated with the variable: 3
Next, represent the operation between the constant and the variable by its symbol. +
Then, write the variable expression for the length.
The answer is 3 + 2x.
The space for hanging the quilt is 7.5 feet in length and 6.5 feet in width.
First, substitute x = 1.25 into the variable expression for the length.

4 + 2(1.25)
Next, multiply 2(1.25) = 2.50 to clear parenthesis.

4 + 2.50
Then, add:

4 + 2.50 = 6.50
The answer is 6.5.
First, substitute x = 1.25 into the variable expression for the width.

3 + 2(1.25)
Next, multiply 2(1.25) = 2.50 to clear parenthesis.

3 + 2.50
Then, add:

3 + 2.50 = 5.50
The answer is 5.5.
Josephine can hang her enlarged quilt in the available space.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167254

Explore More

Evaluate each verbal phrase.
1. The sum of a number 12 and twelve.
2. The difference between a number 12 and eight.
3. Three times a number 12.
4. A number 12 squared plus five.
5. A number 12 divided by two plus seven.
6. Four times the quantity of a number 12 plus six.
7. A number 12 times two divided by four.
8. A number 12 times six plus the same number times two.
9. A number 12 squared plus seven take away four.
10. A number 12 divided by three plus twelve.
Evaluate each expression when x = 2 and y = −4.
11. 4x + 6y − 4
12. −6y + x − 9
13. −4xy − 6xy
14. 9xy + 8
15. −8x − 12y + 15
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1.11 Solve and Check Single-Variable Equations Using Mental Math and Substitution
In this concept, you will learn to solve and check single variable equations using mental math and substitution.
Let’s Think About It

Maria and her mother are shopping for a dress for Maria’s school dance. The dress Maria likes the most is $120.
She asks her mom, “If I give you my cleaning money for the next six weeks, will you pay the other half?”
Maria is paid the same amount of money each week to clean her neighbor’s house. How can you use the information
given here to determine how much board money Maria earns each week?
In this concept, you will learn to solve and check single variable equations using mental math and substitution.
Guidance

An equation is a statement of equality of two mathematical expressions. The quantity on one side of the equals sign
must have the same value as the quantity on the other side of the equals sign. For example, , , , and are all equations
with a single variable. Remember, a variable is a letter that represents a quantity.
When working with an equation involving a single variable, you are looking for the number that gives a true statement
when you replace the variable by the number. This process is referred to as solving the equation. The number that
gives the true statement is said to “satisfy” the equation and is called the solution or root of the equation.
Let’s look at an example of solving an equation with a single variable.
Solve the equation x + 4 = 12.
You can solve this equation using mental math.
Ask yourself, “What number added to 4 gives 12 or what is the result of subtracting 4 from 12?” Either way, the
solution is 8 because 8 + 4 = 12 and 12 − 4 = 8. You have solved the equation and can express your solution as
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x = 8.
To check your answer, return to the equation you were given to solve and substitute x = 8 into the equation.
x + 4 = 12
8 + 4 = 12
Then, add the numbers on the left side of the equals sign.
8 + 4 = 12
12 = 12
The solution of x = 8 gives a true statement.
Let’s look at one more example.
Solve the equation 3x = 18.
You can figure out this solution by using mental math. Ask yourself, “What number times 3 gives 18 or how many
times 3 divides into 18?” Either way, the solution is 6 because 3 × 6 = 18 and 18 ÷ 3 = 6.
The solution is x = 6.
To check your answer, return to the equation you were given to solve and substitute x = 6 into the equation.
3x = 18
3(6) = 18
Now multiply the numbers on the left side of the equals sign.

18 = 18
The solution of x = 6 gives a true statement.
Guided Practice

Solve the equation 3x − 6 = 9.
The equation is asking you to find 3 times what number (x) take away 6 equals nine.
You can use mental math to solve this equation.
First, ask yourself, “What number subtract 6 equals 9?”
The answer is 15.
Next, ask yourself, “Three times what number (x) equals 15?”
The answer is 5.
x=5
To check your answer, return to the equation you were given to solve and substitute x = 5 into the equation.
3x − 6 = 9
3(5) − 6 = 9
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First, multiply 3(5) = 15 on the left side of the equals sign.

15 − 6 = 9
Next, subtract the numbers 15 − 6 = 9 on the left side of the equals sign.

9=9
The root is x = 5.
Examples
Example 1

Solve and check the equation

x
2

= 12 using mental math.

First, determine what the equation is asking you to find.
The equation is asking you to find what number (x) divided by two equals 12.
The number is 24 because 24 ÷ 2 = 12.
The root is x = 24.
CHECK:
First, substitute x = 24 into the equation.

24
= 12
2
Then, divide 24 by 2 on the left side of the equals sign.

12

2)24
−2
04
−4
0
12 = 12

Example 2

Determine whether x = 6 is the solution to the following equation:

3x − 8 = 12
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First, substitute x = 6 into the given equation.

3(6) − 8 = 12

Next, multiply 3(6) = 18 to clear the parenthesis.

18 − 8 = 12

Then, subtract the numbers on the left side of the equals sign. 18 − 8 = 10

10 = 12

This is not a true statement.
The answer is NOT x = 6.
78

www.ck12.org

www.ck12.org

Chapter 1. Using Algebra

Follow Up

Remember Maria and her beautiful dress?
You want to know how much board money Maria earns each week, if six weeks worth of pay is equal to half the cost
of the $120 dress.
First, divide $120.00 ÷ 2 to figure out how much Maria and her mom are each paying for the gown.
120
= 60
2
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Next, write an equation to show that Maria is paying 6 times some amount of money (x) equal to $60.

6x = 60
Then, ask yourself, “Six times what number equals 60?”
The answer is 10.
The solution is x = 10 dollars.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167256

Explore More

Solve each equation using mental math. Be sure to check each answer by substituting your solution back into the
original problem. Then simplify to see if the equation expresses a true statement.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
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x + 4 = 22
y + 8 = 30
x − 19 = 40
12 − x = 9
4x = 24
6x = 36
9x = 81
y
5 =2
a
8 =5
12
b =6
6x + 3 = 27
8y − 2 = 54
3b + 12 = 30
9y − 7 = 65
12a − 5 = 31
x
2 +4 = 8
x
4 +3 = 7
10
x + 9 = 14
5a − 12 = 33
7b − 9 = 33
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1.12 Solve Real-World Problems by Writing and
Solving Single-Variable Equations
In this concept, you will learn to solve real-world problems by writing and solving single-variable equations.
Let’s Think About It

Sheldon is watching his sister, Tracie, build triangles with red popsicle sticks. Tracie challenges him to tell her how
many triangles she can build with 21 popsicle sticks. How can Sheldon use a table and an equation to figure this
out?
In this concept, you will learn to solve real-world problems by writing and solving single-variable equations.
Guidance

Writing an equation to model a real-world problem is often easier when you take the information given in the
problem and express it in verbal form by using a few key words. This is very similar to translating verbal phrases
into variable expressions. The difference is you will be translating a verbal sentence into an equation. Then, you can
solve the equation using inverse operations.
Let’s look at an example.
Monica purchased a pair of tennis shoes that had this sticker on the bottom of the shoe.



$99.00


$65.99
Use a verbal model to write and solve an equation to determine the amount of money Monica saved by purchasing
the shoes on sale.
First, write a verbal model to represent the problem.
Verbal Model: Sales Price + Amount Saved = Original Price
Next, name the variable.
Let ” represent the amount saved.
Next, express the verbal model as an equation.
Next, solve the equation you have written. Remember an equation is like a balance scale. To keep the scale balanced,
what you do to one side of the equation you must also do to the other side. When solving an equation your goal is to
isolate the variable on one side of the equation and the numerical terms on the other side. This is done by performing
inverse operations.
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65.99 + s = 99.00

First, isolate the variable ” by subtracting 65.99 from both sides of the equation. Subtraction is the inverse of
addition.
Next, simplify each side.

s = 33.01

The answer is $33.01.

Guided Practice

Determine the number of cattle using a single-variable equation.
Six times the number of cattle less 87 is 999.
First, name the variable.
Let ” represent the number of cattle.
Next, express the statement as an equation.
Next, isolate the variable by adding 87 to both sides of the equation. Addition is the inverse of subtraction.

6c − 87 + 87 = 999 + 87

Next, simplify both sides of the equation.

6c = 1086

Then, divide both sides of the equation by 6 to determine the value of ”. Division is the inverse of multiplication.
The answer is 181.

Examples
Example 1

A privacy fence around a swimming pool has a rectangular gate entrance to the pool area.
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If the perimeter of the triangle outlined in dark blue is 12 yards, write and solve an equation to determine the lengths
of the sides of the triangle.
First, name the variable.
Let ” represent the unknown length.
Next, write an equation to represent the perimeter of the triangle. Remember the perimeter is the sum of the lengths
of the three sides of the outlined blue triangle.
Next, simplify the left side of the equation by collecting like terms.

3x + 3 = 12
Next, isolate the variable by subtracting three from both sides of the equation.

3x + 3 − 3 = 12 − 3
Next, simplify both sides of the equation.

3x = 9
Next, divide both sides of the equation by 3 to solve for ”.
The answer is 3.
Then, substitute x = 3 into the length for each of the three sides of the triangle.

x + (x + 1) + (x + 2)
3 + (3 + 1) + (3 + 2)
x
x+1
x+2

=
=
=
=
=

12
12
3 yd
4 yd
5 yd
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Example 2

Jonas is working with his Uncle Tim as an apprentice electrician wiring a new house. For each job that Jonas works,
he is paid a one-time service fee of $50.00 plus $25.00 an hour. When the house was completely wired, Uncle Tim
paid Jonas $2250.00.
Write and solve an equation to determine the number of hours Jonas worked wiring the house.
First, name the variable.
Let ” be the number of hours Jonas worked.
Next, write a verbal model to represent the problem.
Verbal Model: 25 times the number of hours worked plus the service fee is 2250.
Next, write a single-variable equation to represent the verbal model.
The single-variable equation is

25h + 50 = 2250

Next, isolate the variable by subtracting 50 from both sides of the equation.

25h + 50 − 50 = 2250 − 50

Next, simplify both sides of the equation.

25h = 2200

Then, divide both sides of the equation by 25 to solve for ”.
The answer is 88.
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Follow Up

Remember Sheldon’s red popsicle stick challenge?
Sheldon needs to tell his sister how many triangles she can make with 21 popsicle sticks.
To figure out the number of triangles, Sheldon has to write an equation to represent the pattern.
First, create a table of values.

TABLE 1.16:
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TABLE 1.16: (continued)
Number
of Triangles (n)
Number of
popsicle
sticks

1

2

3

4

3

5

7

9

...

Next, write down the information in the table.
For the first triangle n = 1 and p = 3.
For the second triangle n = 2 and p = 5.
For the third triangle n = 3 and p = 7.
For the fourth triangle n = 4 and p = 9.
Next, model the information by writing a verbal model.
Verbal Model: Twice the number of triangles plus 1 equals 21.
Next, write and solve a single- variable equation to model the problem.

2n + 1 = 21
Next, isolate the variable by subtracting one from both sides of the equation.

2n + 1 − 1 = 21 − 1
Next, simplify both sides of the equation.

2n = 20
Then, divide both sides of the equation by 2 to solve for ”.
The answer is 10.
Sheldon can tell his sister she can build 10 triangles with 21 popsicle sticks.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167137
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Explore More

Write an equation for each situation and then solve for the variable. Each problem will have two answers.
1. An unknown number and three is equal to twelve.
2. John had a pile of golf balls. He lost nine on the course. If he returned home with fourteen golf balls, how
many did he start with?
3. Some number and six is equal to thirty.
4. Jessieowes her brother some money. She earned nine dollars and paid off some of her debt. If she still owes
him five dollars, how much did she owe him to begin with?
5. A farmer has chickens. Six of them went missing during a snow storm. If there are twelve chickens left, how
many did he begin with before the storm?
6. Gasoline costs four dollars per gallon. Kerry put many gallons in his car over a long car trip. If he spent a total
of $140.00 on gasoline, how many gallons did he need for the trip?
7. Twenty-seven times a number is 162. What is the number?
8. Marsha divided cookies into groups of 12. If she had 6 dozen cookies when she was done, how many cookies
did she start with?
9. The coach divided the students into five teams. There were fourteen students on each team. How many
students did the coach begin with?
10. A number plus nineteen is equal to forty.
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1.13 Find Perimeter and Area of Squares and
Rectangles Using Formulas
In this concept, you will learn to find the perimeter and area of squares and rectangles using formulas.

Let’s Think About It

Raj has a small patch of land that he wants to turn into a vegetable garden. However, he wants to build a small fence
around it before he plants anything. He knows that the area of the land is 240 square feet and that the length of one
side is 15 feet. In order to build a fence, he needs to know the width of the land too. How can Raj write and solve an
equation to determine the width of his future garden?
In this concept, you will learn to find the perimeter and area of squares and rectangles using formulas.

Guidance

A formula is a method that has been proven to work when solving specific types of problems.
Let’s explore some of those familiar formulas by looking at rectangles, squares, area and perimeter.
The perimeter of a figure is the distance around the figure. Perimeter is the sum of all of the sides in a square or
rectangle. Since a rectangle has two sets of parallel sides, the formula for determining perimeter (P) of a rectangle
is:
and W = width
Let’s look at an example.
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The rectangle above shows its dimensions. Find the perimeter.
First, substitute the values for the width (W ) and the length (L) into the perimeter formula.

P = 2(12) + 2(9)
Next, complete the multiplication and addition to find the perimeter.

P = 2(12) + 2(9)
P = 24 + 18
P = 42
The answer is 42.
The perimeter of the rectangle is 42 inches.
Area is the amount of square units inside the figure. Area is found by multiplying the length × width. The formula
for finding the area of a rectangle is:

A = L ×W
You can use the dimensions from the rectangle above to find the area of this rectangle.
First, fill the values for L and W into the formula for area.

A = L ×W
A = 12 × 9
Next, solve for the area by multiplying.

A = 12 × 9
A = 108
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The answer is 108.
The area of the rectangle is 108 in2 .
Notice that the unit of measurement for area is squared. That is because you multiplied a unit measure times itself:
in × in = in2 . Area is always written in square units.
You can also find the perimeter and area of a square. Remember that a square has four equal sides given the symbol
s. You can use the following formula for finding the perimeter of a square:

P = 4s
Let’s look at an example.
A rectangle has a length of 12 feet and a perimeter of 72 feet. Write and solve an equation to determine the width of
the rectangle.
First, substitute the values for the perimeter (P) and the length (L) into the perimeter formula.

72 = 2(12) + 2W
Next, complete the multiplication.

72 = 24 + 2W
Then, subtract 24 from both sides to get your variable alone on the right side.

72 − 24 = 24 − 24 + 2W
48 = 2W
Then, multiply both sides by the reciprocal of 2 to isolate your variable.

1
2

× 48
1
48
2

W

= 21 × 2W
1
= W
= 24

The answer is 24.
The width of the rectangle is 24 feet.
Guided Practice

A square has a perimeter of 196 inches. Determine the length of one side of the square.
First, substitute the value for the perimeter (P) into the perimeter formula.

196 = 4s
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Next, multiply both sides by the reciprocal of 4 to isolate your variable.

1
4

× 196
1

= 41 × 4s
1
196
=
s
4
s = 49

The answer is 49.

Examples
Example 1

Find the perimeter of the following square if the side length is 4.5 inches.
First, substitute the value for the side length into the perimeter formula.

P = 4s
P = 4(4.5)
Next, multiply by 4 to solve for the perimeter.

P = 4(4.5)
P = 18
The answer is 18.

Example 2

Can you find the area of the square in Example 1?
First, substitute the value for the side length into the area formula.

A = s×s
A = 4.5 × 4.5
Next, multiply to solve for the area.

A = 4.5 × 4.5
A = 20.25
The answer is 20.25.
The area of the square is 20.25 in2 .
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Example 3

A square has an area of 144 sq. meters. What is the side length?
First, substitute the value for the area into the area formula.

A = s×s
144 m2 = s × s
Next, take the square root of the area to isolate s. Remember that the opposite of square is square root.

144
144
s
s

= s×s
2
= s√
=
144
= 12

The answer is 12.
Follow Up

Remember Raj and his garden fence?
He knows that the area of the land is 240 square feet, the length of one side is 15 feet, and needs to know the width
of the land.
First, substitute the values for the area and the side length into the area formula.

A = L ×W
240 f t 2 = 15 f t ×W
Next, multiply both sides by the reciprocal of 15 in order to isolate the variable W .
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1
15

× 240
1
W

1
= 15
× 15
1 ×W
= 16

The answer is 16.
The width of Raj’s garden is 16 ft. Therefore the dimensions of the garden are 16 ft by 15 ft.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167143

Explore More

Find the area and perimeter of each square or rectangle using formulas and the given dimensions. Each problem will
have two answers.
1. A square with a side length of 5 inches.
2. A rectangle with a length of 5 inches and a width of 3 inches.
3. A rectangle with a length of 8 cm and a width of 6 cm.
4. A square with a side length of 11 feet.
5. A rectangle with a length of 9 inches and a width of 4.5 inches.
6. A square with a side length of 7 feet.
7. A rectangle with a length of 12 meters and a width of 11 meters.
8. A square with a side length of 13 meters.
9. A rectangle with a length of 15 feet and a width of 8 feet.
10. A square with a side length of 12.5 feet.
Find the missing side length given the area of each square.
11. A = 64 in2
12. A = 36 in2
13. A = 81 m2
14. A = 100 in2
15. A = 144 f t 2
16. A = 121 cm2
17. A = 4 mm2
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1.14 Use the Formula for Distance to Find Distance, Rate and Time
In this concept, you will learn to use the formula for distance to calculate distances, rates and times.
Let’s Think About It

Kevin and his family are going camping in Yellowstone National Park. Kevin tracked the family’s journey from
Denver on his map and saw that they drove about 540 miles in nine hours. The family only made brief stops along
the way, and Kevin wants to know how fast the car must have been traveling. How can Kevin calculate the car’s
speed based on the information he already has?
In this concept, you will learn to use the formula for distance to calculate distances, rates and times.
Guidance

Formulas can be used to calculate distance, rate and time.
Distance is the measure of how far you travel. The rate is the measure of the speed that you travel. How long you
travel is the measure of time.
When using the formula involving distance, rate, and time, it is essential that you pay attention to the units used in
the problem. If the rate in the problem gives miles per hour (mph), then time must be in hours. If the time is given
in minutes, divide by sixty to determine the number of hours prior to solving the equation.
To find distance, use the formula:

Distance = rate × time
To find rate, divide both sides of the equation by time.
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Rate =

Distance
Time

To find time, divide both sides of the equation by rate.

Time =

Distance
Rate

Let’s look at an example.
The Murphy Family drove for three and a half hours from Manhattan, New York to Providence, Rhode Island at a
rate of fifty-three miles per hour. Determine the distance the Murphy’s traveled.
First, you need to think about what you are asked to solve for. In this problem, you need to figure out the distance
that the Murphy family traveled.

Distance = rate × time
Next, take the given information from the problem and substitute that information into the formula.
Distance = rate × time
Distance = 53 mph × 3.5 h
Then, calculate the distance by multiplying the rate by the time.
Distance = 53 × 3.5
Distance = 185.5
The answer is 185.5.
The distance that the Murphy family traveled was 185.5 miles.
Guided Practice

A train traveled 255 miles in 300 minutes. Determine the rate at which the train was traveling.
First, convert the 300 minutes into hours since rate (or speed) is normally measured in miles per hour.
1 hour
#hours = 300 min × 60
min
#hours = 5 hr

Next, use the rate formula to find the rate.
Rate = Distance
Time
Rate = 255
5
Rate = 51
The answer is 50.
The train was travelling at a rate (or speed) of 51 miles per hour.
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Example 1

Use the distance formula to solve for rate.
Distance = 285 miles
Time = 9.5 hours
Rate = x
First, write down the formula to solve for the rate.

Rate =

Distance
Time

Next, fill in what you know.

x=

285
9.5

Then, solve for .
The answer is 30.
The rate (speed) is 30 mph.

Example 2

Use the distance formula to solve for time.
Distance = 550 miles
Rate = 55 mph
Time = x
First, write down the formula to solve for the time.

Time =

Distance
Rate

Next, fill in what you know.

x=
Then, solve for .
The answer is 10.
The time is 10 hours.
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Example 3

A car traveled 45 mph for 6 hours. How many miles did it travel?
First, write down the formula to solve for the distance.

Distance = Rate × Time
Next, fill in what you know.

x = 45 × 6
Then, solve for .
The answer is 270.
The distance traveled was 270 miles.
Follow Up

Remember Kevin’s family vacation?
Kevin knows that they drove 540 miles in nine hours and wants to determine how fast they were driving, that is, the
rate.
First, consider the formula to solve for the rate.

Rate =

Distance
Time
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Next, fill in what you know.

x=

540
9

Then, solve for .
The answer is 60.
The rate (speed) is 60 mph.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167145

Explore More

Find the number of miles traveled given the rate and time.
1. 4 hours at a rate of 33 mph.
2. 6 hours at a rate of 55 mph.
3. 8 hours at a rate of 65 mph.
4. 12 hours at a rate of 50 mph.
5. 14 hours at a rate of 60 mph.
6. 19 hours at a rate of 50 mph.
7. 11 hours at a rate of 55 mph.
8. 18 hours at a rate of 35 mph.
9. 12 hours at a rate of 70 mph.
10. 10 hours at a rate of 58 mph.
11. 15 hours at a rate of 57 mph.
12. 21 hours at a rate of 66 mph.
Use the given information to figure out each rate or time.
13. A car traveled 450 miles at a speed of 30 mph. How many hours did it take?
14. A car traveled 600 miles in 12 hours. What was the speed of the car?
15. A runner traveled 6 miles in 30 minutes. How fast was the runner going?
16. A car traveled 520 miles at a speed of 65 mph. How many hours did it take?
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1.15 Understand the Problem-Solving Plan
In this concept, you will learn to understand and use a problem-solving plan.
Let’s Think About It

Julien is designing flower gardens with his many nieces and nephews. He has to construct rectangular gardens where
all the kids can plant their flower seeds. Each of the gardens is 6 feet by 12 feet. Each garden will have room for
four kids to plant. How can Julien figure out how much space each of his nieces and nephews will have in the garden
beds?
In this concept, you will learn to understand and use a problem-solving plan.
Guidance

When making a plan to solve a problem, you may choose one of several strategies, including:
•
•
•
•
•
•

Act it Out
Make a Model
Look for a Pattern
Guess and Check
Make a Table
Work Backwards
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• Write an Equation
• Write a Proportion
When you read a problem, it is helpful to underline or highlight any important information. Important information
can include words that identify an operation. You can also identify key words such as distance, time, speed, area or
perimeter. All of these parts help you to identify a problem and what the problem is asking you to solve.
Let’s look at a situation.
Mollie is planning to meet a group of friends at the movies on Saturday night at 6:00 p.m. Mollie is incharge of
driving a few friends to the movies. Mollie lives 15 minutes from Sara’s house. It takes 10 minutes to get from Sara’s
house to Madison’s house. It is another 20 minutes to the movie theatre from Madison’s house. It takes Mollie one
hour to get dressed and ready for the evening. At what time should Mollie begin to get ready for the evening?
First, what is the problem asking you to find out?
The problem is asking you to determine the time at which Mollie should begin getting ready for the evening if she
is to beat the movies at 6:00 p.m. You must take into consideration the amount of travel time to each of her friends
houses and the amount of time it takes for Mollie to get dressed.
This problem involves time. You need to backup the time that it takes for Molly to get to the movie theater.
Next, make a plan.
Mollie needs to beat the movies at 6:00 p.m. Work backward to determine the time Mollie should begin getting
ready. If you work backwards, you will be able to figure out the time that she needs to get there.
Then, solve the problem.
Time of Movie – Time to Dress – Time to Movies – Time to Madison’s – Time to Sara’s
6:00 – 1:00 – 0:20 – 0:10 – 0:15
5:00 – 0:20 – 0:10 – 0:15
4:40 – 0:10 – 0:15
4:30 – 0.15
4:15
The answer is 4:15.
Therefore, with all that she has todo, Mollie should begin getting ready at 4:15 p.m.
Finally, check the results.
If Mollie begins getting dressed at 4:15 p.m. and takes 1 hour, she will be ready to leave at 5:15 p.m.
Since it takes Mollie 15 minutes to get to Sara’s house, she’ll arrive at 5:30 p.m.
10 minutes later at 5:40 Mollie will arrive at Madison’s house.
Since it takes 20 minutes to drive to the movies, Mollie will arrive at the movies promptly at 6:00 p.m.
Therefore, Mollie needs to begin getting ready at 4:15 p.m.

Guided Practice

The bowling alley charges $12 for one person to play, $10 for the second person to play, $8 for the third to person to
play, and so on. What is the total cost for a family of five to bowl? How much money does the family save bowling
together rather than separately?
First, consider what the problem is asking.
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The problem is asking you to analyze the pattern to determine the cost for a family of five to bowl. After determining
the cost of a family of five to bowl, determine the difference between the amount the family is spending and the
amount it would cost for five individuals to play.
Next, make a plan. To better observe the pattern, organize the information on a table. You know that every time you
add a family member, the cost goes down by $2.

TABLE 1.17:
Group size
1st person
2nd person
3rd person

Cost to play
$12
$10
$8

Then, solve the problem. Continue the pattern for the fourth and fifth family members. Add the cost to play for each
family member to determine the total cost.

TABLE 1.18:
Group size
1st person
2nd person
3rd person
4th person
5th person
Total

Cost to play
$12
$10
$8
$6
$4
$40

Then, solve for the amount you save by playing as a family.
To determine the amount saved playing as a family, subtract the total cost for a family of five from the total cost for
five individuals.
To play as an individual it costs $12. Therefore the cost for five individuals is $12 × 5 or $60.
To play as a family, it costs $40.

Cost to Play Individually − Cost to Play as a Family = Amount Saved
$60 − $40 = $20
The answer is $20.
Therefore the cost for a family of five to bowl is $40. A family of five saves $20 playing together rather than
individually.
Examples

Use this situation to answer the following example questions.
For every day that Jesse harvested vegetables in the garden, he collected 4 pounds of vegetables.
Example 1

If Jesse continued this for 45 days, how many total pounds of vegetables will he have collected?
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First, what is the problem asking you to find out?
The problem is asking you to determine the number of pounds Jesse collects in 45 days.
Next, make a plan.
Jesse can collect four pounds of vegetables a day. Set up an equation to solve for the number of pounds he can
collect in 45 days.

# pounds =

4 pounds
× 45 days
day

Then, solve the problem.

# pounds = 4 pounds
× 45 days
day
# pounds = 180
The answer is 180.
Therefore, Jesse can collect 180 pounds of vegetables.
Example 2

If Jesse collects 20 pounds a week, how many days does he work a week?
First, what is the problem asking you to find out?
The problem is asking you to determine the number of days Jesse works a week.
Next, make a plan.
Use the equation from the previous example to solve for the number of days Jesse works in a week.

# 20 pounds =

4 pounds
× x days
day

Then, solve the problem.

× x days
# 20 pounds = 4 pounds
day
day
x days = 20 pounds × 4 1pounds
x days = 5 days
The answer is 15.
Therefore, Jesse works 5 days a week.
Example 3

If Jesse collected vegetables for 90 days, how many pounds would he gather at this same rate?
First, what is the problem asking you to find out?
The problem is asking you to determine the number of pounds Jesse collects in 90 days.
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Next, make a plan.
Jesse can collect four pounds of vegetables a day. Set up an equation to solve for the number of pounds he can
collect in 90 days.

# pounds =

4 pounds
× 90 days
day

Then, solve the problem.
× 90 days
# pounds = 4 pounds
day
# pounds = 360
The answer is 360.
Therefore, Jesse can collect 360 pounds of vegetables.
Follow Up

Remember Julien and the kids’ garden space?
First, find the total area of one of the rectangular gardens. The formula for area is A = l × w.
You know that the length of each garden is 12 feet and the width of each garden is 6 feet. Substitute these values
into the formula and solve for the area of the garden.

A = l ×w
A = 12 × 6
A = 72
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So the area of each garden is 72 f t 2 .
Next, each garden needs to be divided into four equal spaces so that each child can have the same space.
72
4

= 18

The answer is 18.
Therefore, each child will have 18 square feet of garden to plant their flowers.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167152

Explore More

Read each problem and then answer the questions following each problem.
At the end of a phone call home, Brad had $0.85. The initial cost of the phone call was $0.75 plus $0.12 per minute.
If Brad spoke on the phone for 20 minutes, how much money did he have before making the phone call home?
1. Should you use working backwards or writing a proportion for this problem?
2. Why wouldn’t you use a proportion for this problem?
3. You will need to multiply one part of this problem, which part?
4. What equation could you write to solve this problem?
5. How much money did Brad have before making the phone call?
Suppose you have $75 in your savings account. You plan to save an additional $25 per week. After how many weeks
will you have saved $500?
6. Which strategy makes the most sense look for a pattern or working backwards?
7. What is the unknown quantity that you are trying to figure out?
8. What equation can you use to solve this problem?
9. How many weeks will it take to save $500.00?
An online music store charges $1.90 to download 2 songs. Determine the cost of downloading 13 songs.
10. Which strategy would you use look for a pattern or use a proportion?
11. Why would you use that method?
12. What is the cost for the 13 songs?
13. What would be the cost for double the songs?
14. If the cost had been $2.25 per song, how much would 2 songs cost?
15. What would be the cost for 4 songs?
16. If six friends each downloaded four songs, how much would the total cost be?
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1.16 Solve Real-World Problems by Using
Strategies and a Plan
In this concept, you will learn to solve real-world problems by using strategies and a plan.
Let’s Think About It

Cameron is going to visit his grandparents. His flight leaves at 9:00 pm. He must be at the airport two hours before
departure and he lives one hour from the airport. Cameron knows that he will need one and a half hours to pack and
get ready for his trip. Cameron arrives home from school at 4:00 pm. How can Cameron figure out if he will make
his flight in time?
In this concept, you will learn to solve real-world problems by using strategies and a plan.
Guidance

When problem-solving, you will use strategies as part of a plan. For each situation, you will be asked to read and
understand a given problem. You will make a plan to solve by choosing appropriate strategies. There are multiple
ways to solve a word problem. Therefore, you will need to consider and compare different approaches for each
problem given.
First, always read the problem completely. Do not skip words or sections since they may be key to your understanding of what the problem is asking you to do. Make note of the question being asked by highlighting it. Another tip
is to underline or circle all clues that may help you with planning and strategy.
Let’s apply this strategy to an example.
A lizard ate five hundred flies on five consecutive nights. Each night he ate twenty-five more than the night before.
How many flies did the lizard eat each night?
For this problem, you are to determine the number of flies the lizard ate each night. Here is what you are told:
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• You are told that the lizard ate a total of five hundred flies over the course of five nights.
• You are told that the lizard eats twenty-five more flies each night than the night before.
• You should know the word consecutive means a logical sequence or succession. In this case it means one
night after the other.
Next, make a plan to solve the problem. Use the information listed above to create a verbal model and use this model
to write and solve an equation to answer the highlighted question.
Next, write the verbal model.
Number of flies eaten on night one + (number of flies eaten on night one + twenty-five) + (number of flies eaten on
night one + twenty-five + twenty-five) + (number of flies eaten on night one + twenty-five + twenty-five + twentyfive) + (number of flies eaten on night one + twenty-five + twenty-five + twenty-five + twenty-five) = total number
of flies eaten over the five nights (500).
Next, name the variable. Let “” represent the number of flies eaten on night one.
Next, write a single-variable equation to represent the verbal model.
Next, simplify the equation on the left side of the equal sign by performing the addition in the parenthesis.

x + (x + 25) + (x + 50) + (x + 75) + (x + 100) = 500
There is a + 1 understood as being in front of each set of parenthesis.
Next, apply the distributive property to clear the parenthesis.

x + x + 25 + x + 50 + x + 75 + x + 100 = 500
Next, simplify the left side of the equation.

5x + 250 = 500
Next, isolate the variable by subtracting 250 from both sides of the equation.

5x + 250 − 250 = 500 − 250
Next, simplify both sides of the equation.

5x = 250
Next, divide both sides of the equation by 5.

1

5x = 250
5
5
x = 50

Remember “” represents the number of flies the lizard ate on night one.
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Next, substitute into the expression representing each night to determine the number of flies the lizard ate on each
of the five consecutive nights.
Night one = x = 50
Night two = x + 25 = 50 + 25 = 75
Night three = x + 25 + 25 = 50 + 25 + 25 = 100
Night four = x + 25 + 25 + 25 = 50 + 25 + 25 + 25 = 125
Night five = x + 25 + 25 + 25 + 25 = 50 + 25 + 25 + 25 + 25 = 150
Then, check to determine if the solutions make a true statement. Substitute x = 50 into the original equation.

50 + (50 + 25) + (50 + 25 + 25) + (50 + 25 + 25 + 25) + (50 + 25 + 25 + 25 + 25) = 500
50 + 75 + 100 + 125 + 150 = 500
500 = 500
Guided Practice

A train’s caboose is 12 feet long. Each of the train’s eight cars are twice the length of the caboose. What is the length
of the entire train?
First, read the problem. Highlight the question and underline key words that will help you to answer the question
being asked.
Next, confirm what the problem is asking you to do and list the information given in the problem.
You are asked to determine the length of the entire train. You were told some information.
• The caboose is 12 feet long.
• There are an additional eight cars.
• Each car is twice the length of the caboose.
Next, create a plan for solving the problem.
You can draw a diagram and use a verbal model to visualize the information given in the problem. Then, write an
equation to determine the length of the entire train.

Verbal Model: Eight trains twice the length of the caboose + the length of the caboose = length of the entire train
Next, name the variable. Let “” represent the length of the entire train.
Next, write and solve a single-variable equation to represent the verbal model.
First, perform the multiplication is the parenthesis (2 · 12) = 24 and write the new equation.

8(24) + 12 = x
Next, multiply: 8(24) = 192 to clear the parenthesis. Write the new equation.
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192 + 12 = x
Then, add the numbers on the left side of the equation. 192 + 12 = 204

204 = x
The answer is 204.
The length of the entire train is 204 feet.
Examples
Example 1

A ten year old’s heart beats approximately 85 times per minute. How many times does the heart beat in 24 seconds?
First, read the problem. Highlight the question and underline key words that will help you to answer the question
being asked.
Next, confirm what the problem is asking you to do and list the information given in the problem.
You are asked to determine the number of heart beats in 24 seconds. You were told some information.
• The heart beats 85 times per minute.
Next, create a plan for solving the problem.
You are being asked to find an unknown rate (number of heart beats in 24 seconds) which tells you to write a
proportion to solve the problem.
Next, name the variable in the proportion.
Let “” represent the number of heartbeats in 24 seconds.
Next, write and solve the proportion. Remember, there are 60 seconds in one minute.
First, write down what you know and express it over what you want to know (x = 24 seconds).
85 beats 60 seconds
=
x
24 seconds
Next, cross out the seconds on the right side of the proportion. Write the new proportion.

85

beats
x

85

beats
x

=
=




60
seconds

24
seconds
60
24

Next, multiply both sides of the proportion by 24x and write the new equation.

24x
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Then, divide both sides of the equation by 60.

1 60
x
= 

60

34 beats = x

2040

beats

60

The answer is 34.
The answer is x = 34 beats in 24 seconds.

Follow Up

Remember Cameron who has to get to the airport on time?
Cameron needs to figure out if he will get to the airport on time. This is his timeline:

•
•
•
•
•

Cameron arrived home at 4:00 pm.
He needs one and a half hours to pack.
He has a one hour drive to get to the airport.
Cameron must be at the airport two hours prior to his departure time.
His flight leaves at 9:00 pm.

Next, Cameron has to make a plan of what he can do with all of this information.
Working backwards from the departure time will tell him what time he should leave the house.
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Departure Time − 2 hours = Check-In Time
9 : 00 pm − 2 : 00 hours = 7 : 00 pm
Check-In Time − 1 hour drive = Leave home Time
7 : 00 pm − 1 : 00 pm = 6 : 00 pm
Leave Home Time − Pack Time = Time to arrive home
6 : 00 pm − 1 12 hours = 4 : 30 pm
6 : 00 pm − 1 : 30 = 4 : 30 pm
Cameron arrived home at 4:00 pm so he should be able to make his flight.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167250

Explore More

Read each problem and then answer the questions below the problem.
Ted has a collection of rare coins. He already had 34 coins in his collection. The first week, Ted purchases 1 new
coin. During the second week, Ted purchases 4 coins. During the third week, Ted adds 9 new coins to his collection.
At this rate how many weeks will it take Ted to collect 125 coins?
1. Which strategy should Ted use to solve this problem?
2. What could Ted draw to help him with his solution?
3. How long will it take Ted to collect 125 coins?
Savannah wants to buy a pair of jeans that cost $59.00. They are on sale for 25% off.
4. Which strategy could Savannah use to calculate the price?
5. What is the amount of the discount?
6. What is the sale price?
Carlos was in charge of organizing cookies for a bake sale. He organized them into bundles of six cookies. When he
was done, he had 15 bundles of cookies. How many cookies did he start with?
7. Which strategy could you use to solve this problem?
8. Write an equation to describe the problem.
9. Solve the equation.
10. How many cookies did Carlos begin with?
Veronica made brownies. She made twice as many brownies as Carlos had cookies. How many brownies did she
make?
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11. Which strategy could you use to solve this problem?
12. Write an equation to describe the problem.
13. Solve the equation.
14. How many brownies did Veronica make?
If Veronica sold half of the cookies that she made, how many would be sold? If she charged $1.50 per brownie, how
much money would she make?
15. Which strategy could you use to solve this problem?
16. How much money would she make?
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Chapter 2. Using Rational Numbers

2.1 Add and Subtract Decimals
In this concept, you will learn to add and subtract decimals with or without rounding

Let’s Think About It

Hannah and Allison are going out for lunch. They need to estimate their bill before they go to lunch so they can see
if they have enough money or need to go to the ATM. Hannah wants to get a Caesar salad and a pepperoni pizza
with a juice. Allison wants a Caesar salad and chicken wrap along with her milk. Based on the menu above, if each
of the girls has $10.00, will they need to go to the ATM?
In this concept, you will learn to add and subtract decimals with and without rounding.

Guidance

A decimal is a number that uses a decimal point and place value to show tenths, hundredths, thousandths, and so on.
The decimal point divides the whole number portion from the fractional portion of the number.
Looking at the number 35.492, the whole number portion is 35, or 3 tens and 5 ones. The fractional portion is
0.492, or 4 tenths, 9 hundredths, and 2 thousandths. Sometimes there are decimals with both wholes and parts, and
sometimes, there are decimals with only parts.
You can add and subtract decimals by adding according to place value or by rounding the values before adding them.
Let’s look at an example.
Add 48.08 + 6.215.
Decimals can be added the same way whole numbers can: by lining up the place values. For decimals, this means
lining up the decimal points and adding each place value with its common place value. For instance, don’t add
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hundredths and tens, add hundredths and hundredths, and add tenths and tenths.
First, line up the addition problem by lining up the place values.

48.08
+ 6.215

Next, add each place value, remembering to carry when necessary.

48.080
+ 6.215
54.295

The answer is 54.295.
You can also find an approximate sum by estimating. Remember that when you estimate you will find an approximate answer, which means it will not be exact. One way of estimating is by rounding.
You can round each value to the nearest whole number. To determine which whole number to round a number to,
look at the decimal portion of the number. If the decimal part is less than .5, then round down. If the decimal part is
.5 or greater, then round up.
Let’s look at an example.
Round 4.56 to the nearest whole number.
The decimal part (.56) is greater than .5, so 4.56 rounds up to 5.
You can also subtract decimals by using place value or by rounding.
Let’s look at an example.
Complete the subtraction problem 56.93 − 10.14.
First, line up the values according to place value so that one can be subtracted from the other.

56.93
− 10.14

Next, perform the subtraction.

56.93
− 10.14
46.79
The answer is 46.79.
You can also find the difference by rounding to the nearest whole number. You need to round each number to the
nearest whole number and then find the difference between the two values.
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56.93 rounds up to 57
10.14 rounds down to 10
57[U+0088][U+0092]10 = 47
The answer is 47.
Notice that the estimated and actual answers are close.
Guided Practice

Subtract the following decimals with and without estimation: 5.678 − 0.82
Let’s estimate the subtraction.
First, round 5.678 up to 6.
Next, round .82 up to 1.
Then, subtract: 6 − 1 = 5
The estimated answer is 5.
Now let’s calculate the subtraction.
First, line up the values according to place value so that you can subtract one from the other.

5.678
− 0.82

Next, perform the subtraction.

5.678
− 0.82
4.858

The accurate answer is 4.858.
The estimate of 5 is very close to the accurate answer of 4.858.
Examples
Example 1

Round 2.3 to the nearest whole number.
Remember, with rounding, if the decimal is greater than 0.5, you round up and if less than 0.5, you round down.
0.3 is less than 0.5 so you round down.
The answer is 2
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Example 2

Estimate by rounding 48.08 + 7.578
Remember, with rounding, if the decimal is greater than 0.5, you round up and if less than 0.5, you round down.
First, round 48.08 to the nearest whole number. Note that 0.08 is less than 0.5 so you round down. 48.08 now will
be 48 for this example question.
Next, round 7.578 to the nearest whole number. Note that 0.0578 is greater than 0.5 so you round up. 7.578 now
will be 8 for this example question.
Then, complete the addition problem. 48 + 7 = 55
The answer is 55.

Example 3

Subtract 49.45 − 6.234
First, line up the values according to place value so that you can subtract one from the other.

49.45
− 6.234

Next, perform the subtraction.

49.45
− 6.234
43.216

The answer is 43.216.
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Follow Up

Remember Hannah and Allison going out for lunch?
The girls need to know if they need to stop at the ATM first. Let’s add up the bills for both girls to see if they have
enough money for lunch.

Hannah’s order:
Caesar salad. . . . . . ..$1.99
Pepperoni pizza. . . .$5.99
Juice. . . . . . . . . . . . . . . ..$0.99
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Total. . . . . . . . . ... . . ....$8.97
Allison’s order:
Caesar salad. . . ....$1.99
Chicken wrap. . . ..$6.99
Milk. . . . . . . . . . . . ....$1.25
Total. . . . . . . . . . . . ...$10.23
Since each of the girls has only $10.00, Hannah will have enough for her lunch but Allison will have to stop at the
ATM first.
Video Review

https://www.youtube.com/watch?v=Eq4mVCd-yyo

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167085

Explore More

Find the exact sum or difference by adding or subtracting the following decimals according to place value.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
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16.27 + 3.45 =
22.34 + 9.21 =
34.5 + 1.234 =
5.6 + 8.9 =
1.02 + 12.34 =
67.89 + 23.45 =
123.4 + 7.89 =
34.05 + 102.10 =
34.56 − 11.23 =
67.09 − 2.34 =
88.9 − 13.24 =
234.5 − 16.7 =
708.90 − 45.67 =
27.56 − 1.20 =
327.66 − 301.20 =
540.26 − 18.50 =
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2.2 Estimate Sums and Differences Using
Front-End Estimation
In this concept, you will learn to estimate decimal sums and differences using front-end estimation.
Let’s Think About It

Jack and Thomas are going shopping for new school clothes. They each intend to buy two pairs of pants, three
shirts, a new backpack and a lunchbox. They go to the local shopping mall and find all of their new supplies. The
pants cost $49.99 each, the shirts are $24.95 each, the backpacks are on sale for $22.49, and the lunchbox is priced
at $5.65.
Since Jack only has $200 with him, he tries to figure out his bill quickly to see if he has enough money on him.
In this concept, you will learn to estimate decimal sums and differences using front-end estimation.
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Guidance

Front-end estimation is a particular way of rounding numbers to estimate sums and differences. To use front- end
estimation, add or subtract only the numbers in the greatest place value. Then add the decimals rounded to the
nearest tenth.
Let’s look at an estimation problem.
Estimate the sum using front-end estimation: 4.9 + 3.8 + 7.2
First, look only at the whole numbers and add the digits in the ones places.
4 + 3 + 7 = 14
Next, look at the decimals and round them to the nearest whole number.
0.9 + 0.8 + 0.2
0.9 is approximately 1
0.8 + 0.2 = 1
So 0.9 + 0.8 + 0.2is approximately 2.
Then, add the two together.
14 + 2 = 16
The answer is 16.
This is a good estimate but not an exact answer.
Let’s look at another problem using subtraction.
Estimate the difference using front-end estimation: 9.52 − 3.39
First, look only at the whole numbers. Subtract the digits in the ones places.
9−3 = 6
Next, look at the decimals and round them to the nearest whole number.
0.52 − 0.39
0.52 is approximately 0.5
0.39 is approximately 0.4.
So 0.5 − 0.4 = 0.1
Then, add the two together.
6 + 0.1 = 6.1
The answer is 6.1.
This is a good estimate but not an exact answer.
Guided Practice

Estimate the following sum.
4.01 + 6.27 + 18.12 + 11.30
First, look only at the whole numbers and add the digits in the ones places.
4 + 6 + 18 + 11 = 39
Next, look at the decimals and round them to the nearest whole number.
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0.01 is approximately 0.
0.27 is approximately 0.3.
0.12 is approximately 0.1.
0.30 is approximately 0.3.
So 0.3 + 0.1 + 0.3 = 0.7.
Then, add the two together.
39 + 0.7 = 39.7
The answer is 39.7.

Examples
Example 1

Estimate the following sum
3.43 + 6.14 + 4.51
First, add the digits in the ones places.
3 + 6 + 4 = 13
Next, let’s look at the decimals. We want to make these decimals easier to add.
0.43 is approximately 0.4
0.14 is approximately 0.1
0.51 is approximately 0.5
0.4 + 0.1 + .5 = 1.
Then, add the two together.
13 + 1 = 14
The answer is 14.

Example 2

8.238 − 4.596
First, add the digits in the ones places: 8 − 4 = 4
Next, let’s look at the decimals. We want to make these decimals easier to work with.
0.238 is approximately 0.2
0.596 is approximately 0.6
0.2 − 0.6 = −0.4
Then, add the two together.
4 + (−0.4) = 3.6
The answer is 3.6.
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Example 3

4.53 + 6.32 + 7.02 + 3.45
First, add the digits in the ones places: 4 + 6 + 7 + 3 = 20
Next, let’s look at the decimals. We want to make these decimals easier to add.
0.53 is approximately 0.5
0.32 is approximately 0.3
0.02 is approximately 0
0.45 is approximately 0.4
0.5 + 0.3 + 0.4 = 1.2.
Then, add the two together.
20 + 1.2 = 21.2
The answer is 21.2.
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Follow Up

Remember Jack and Thomas who are getting their new school items?
Jack is trying to add up his bill quickly to check to see if he has enough money.
His bill would be: 2 × $49.99 + 3 × $24.95 + $22.49 + $5.65.
First, add the digits in the ones and tens place. Note that there are 2 pairs of pants for $49.99 and three shirts for
$24.95.
49 + 49 + 24 + 24 + 24 + 22 + 5 = 197
Next, let’s look at the decimals. We want to make these decimals easier to add.
Again, remember that there are two pairs of pants and three shirts.
0.99 is approximately 1
0.95 is approximately 1
0.49 is approximately 0.5
0.65 is approximately 0.6
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1 + 1 + 1 + 1 + 1 + 0.5 + 0.6 = 6.1
Then, add the two together.
197 + 6.1 = 203.1.
The answer is 203.1
The estimated cost of the school supplies is $203.10. Therefore Jack did not bring enough money!
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65514

Explore More

Find each estimate by using front-end estimation.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

128

45.67 + 3.04 =
55.10 + 5.6 =
88.99 − 2.10 =
80.09 − 12.78 =
34.75 − 3.05 =
5.67 + 3.87 =
235.56 − 120.45 =
17.8 + 12.3 + 5.3 =
33.1 + 11.4 + 2.8 =
18.11 + 25.4 + 2.1 =
34.1 − 10.123 =
301.1 − 10.2345 =
12.234 + 15.1004 =
2.00987 + 5.0123 + 8.118 =
3.0045 − 1.0008 =
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2.3 Multiply and Divide Decimals With and
Without Rounding
In this concept, you will learn to multiply and divide decimals with and without rounding.

Let’s Think About It

Zachary and Gregory are marine biologists. Their research involves sea trout. They are using a submersible that
dives at a rate of 8 feet every 30 seconds. How deep will the submersible dive in 3 minutes? 5 minutes? 10 minutes?
How long will it take the submersible to reach a depth of 3280 feet?
In this concept, you will learn to multiply and divide decimals with and without rounding.

Guidance

Do you remember how to multiply whole numbers with several digits? Well, you can multiply decimals in the same
way.
When you multiply decimals, just follow these two steps.
First, multiply normally, ignoring the decimal points.
Next, put the decimal point in the answer. The answer will have as many decimal places as the original numbers
combined.
Let’s look at an example.
Multiply: 34.67 × 8.2
First, line up the numbers in order to get ready to multiply.
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34.67
× 8.2

Next, multiply each digit in the top number by each digit in the bottom number, just like whole numbers.

34.67
× 8.2
6934
27736
284294

Then, place the decimal point in the product by counting the number of decimal places in each of the numbers that
were multiplied. The first number has two decimal places, and the second number has one decimal place. So move
the decimal point three places.

2 8 4. 2

9

4

←← ←
3

2

1

The answer is 284.294.
Dividing decimals
When you divide decimals, you have to pay attention to the decimal point. There are also two steps for dividing
decimals.
First, use division or long division ignoring the decimal point.
Next, put the decimal point in the same spot as the dividend (the number being divided).
Note that the dividend is the number being divided so it goes into our division box and the divisor is the number
doing the dividing.
Let’s look at an example.
Divide: 2532.6 ÷ 45
First, set up the long division.

45)2532.6

Next, ignore the decimal point and divide as you would divide whole numbers.
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5628

45)2532.6
225
282
270
126
90
360
360
0

The dividend is 2532.6.
Then, place the decimal point in the quotient directly above the decimal point in the dividend.
The answer is 56.28.
Estimating products and quotients of decimals.
To estimate products and quotients with decimals, you need to first round the numbers so that they are easier to work
with. To round to the nearest whole number, look at the digit in the tenths place. If it is less than 5, round down. If
it is 5 or greater, round up.
Remember that an estimate is an answer that is not exact, but is approximate and reasonable.
Let’s look at an example.
Estimate the product: 11.256 × 6.81
First, round the first number. Since there is a 2 in the tenths place, 11.256 rounds down to 11.
Next, round the second number. Since there is an 8 in the tenths place, 6.81 rounds up to 7.
Then, multiply the rounded numbers. 11 × 7 = 77
The answer is 77.
This is an estimate of the product: 11.256 × 6.81.
Let’s do an example where you need to estimate using division.
Estimate the quotient: 91.93 ÷ 4.39
First, round the first number. Since there is a 9 in the tenths place, 91.93 rounds up to 92.
Next, round the second number. Since there is a 3 in the tenths place, 4.39 rounds down to 4.
Then, divide the rounded numbers.
92 ÷ 4 = 23
The answer is 23.
This is an estimate of the quotient: 91.93 ÷ 4.39.

Guided Practice

Solve the following problem.
Angus bought five new telephones for the school office. They cost $61.35 each. If the price includes tax, estimate
how much Angus spent? What is the exact amount that Angus spent?
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Estimating
First, round the price of each phone to a number that is easy to multiply. 61.35 would round to 61.
Next, multiply by 5.

61 × 5 = 305
The answer is 305 so Angus spent approximately $305.
This is the estimate.
Exact amount.
First, line up the numbers in order to get ready to multiply.

61.35
×

5

Next, multiply each digit in the top number by each digit in the bottom number, just like whole numbers.

61.35
×

5

30675
Then, place the decimal point in the product by counting the number of decimal places in each of the numbers that
were multiplied. The first number has two decimal places, and the second number has no decimal places. So move
the decimal point two places.
The answer is $306.75.

Examples
Example 1

75.25 ÷ 2.15 =
First, set up the long division.

2.15)75.25
Next, ignore the decimal point and divide as you would divide whole numbers.
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35

2.15)75.25
645
1075
1075
0
Then, place the decimal point in the quotient directly above the decimal point in the dividend.
The answer is 35.

Example 2

15.18 ÷ 2.2 =
First, set up the long division.

2.2)15.18
Next, ignore the decimal point and divide as you would divide whole numbers.

69

2.2)15.18
132
198
198
0
Then, place the decimal point in the quotient directly above the decimal point in the dividend.
The answer is 6.9.

Example 3

14.50 × 2.1 =
First, line up the numbers in order to get ready to multiply.

14.50
× 2.1
Next, multiply each digit in the top number by each digit in the bottom number, just like whole numbers.
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14.50
× 2.1
1450
29000
30450
Then, place the decimal point in the product by counting the number of decimal places in each of the numbers that
were multiplied. The first number has two decimal places, and the second number has one decimal place. So move
the decimal point three places.
The answer is 30.45.
Follow Up

Remember Zachary and Gregory and their underwater ambition?
They are trying to determine how deep their submersible will dive in 3 minutes, in 5 minutes, and in 10 minutes. As
well, they want to find out how long it will take the submersible to dive to 3280 feet. Can you help them?
You know the submersible dives 8 feet every 30 seconds which means it dives at 16 feet every minute.
For 3 minutes, the depth would be 16 × 3 or 48 feet.
The answer is 48 feet.
For 5 minutes, the depth would 16 × 5 be or 80 feet.
The answer is 80 feet.
For 10 minutes, the depth would 16 × 10 be or 160 feet.
The answer is 160 feet.
Now, how long will it take the submersible to reach 3280 feet?
You need to divide the depth by the rate the submersible dives.
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First, set up the long division.

16)3280
Next, since there are no decimal points, simply perform the long division.

205

16)3280
32
80
80
0

The answer is 205 minutes.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167141
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Estimate each product using rounding.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

2.67 × 3.10 =
4.15 × 8.09 =
6.67 × 7.10 =
8.21 × 9.87 =
5.86 × 5.13 =
7.24 × 4.63 =
6.35 × 12.01 =
4.13 × 9.87 =
8.12 × 9.15 =
16.21 × 9.94 =

Estimate each quotient using rounding.
11. 21.87 ÷ 2.1 =
12. 32.14 ÷ 8.03 =
13. 36.07 ÷ 8.83 =
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14.
15.
16.
17.
18.
19.
20.

16.20 ÷ 7.92 =
34.87 ÷ 5.03 =
18.08 ÷ 3.14 =
21.10 ÷ 3.17 =
44.82 ÷ 8.60 =
120.02 ÷ 58.72 =
139.87 ÷ 69.81 =

Multiply or divide to find each product or quotient.
21.
22.
23.
24.
25.
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13.64 ÷ 2.2 =
21.35 ÷ 6.1 =
5.2 × 6.3 =
6.7 × 4.3 =
0.437 × 2.1 =
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2.4 Estimate Products and Quotients Using
Leading Coefficients
In this concept, you will learn to estimate products and quotients using leading coefficients
Let’s Think About It

The student’s council received a total of $1,889.90 in donations for the different events going on in the school. This
money was to be shared among the five committee events that were to take place during the school year. How much
money will each event receive from the donations?
In this concept, you will learn to estimate decimal products and quotients using leading digits.
Guidance

In this concept you are estimating using leading digits. The leading digits are the numbers before the decimal place.
For example, the number 12.067 has 12 as its leading digits.
To estimate products and quotients with decimals, you need to first round the numbers so that they are easier to work
with. To round to the nearest whole number, look at the digit in the tenths place. If it is less than 5, round down.
If it is 5 or greater, round up. Remember that an estimate is an answer that is not exact, but is approximate and
reasonable.
Let’s look at an example of estimating a product.
Estimate the product: 11.256 × 6.81
First, round the first number. Since there is a 2 in the tenths place, 11.256 rounds down to 11.
Next, round the second number. Since there is an 8 in the tenths place, 6.81 rounds up to 7.
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Then, multiply the rounded numbers. 11 × 7 = 77
The answer is 77.
Let’s look at an example of estimating a quotient.
Estimate the quotient: 91.93 ÷ 4.39
First, round the first number. Since there is a 9 in the tenths place, 91.93 rounds up to 92.
Next, round the second number. Since there is a 3 in the tenths place, 4.39 rounds down to 4.
Then, divide the rounded numbers.
92 ÷ 4 = 23
The answer is 23.

Guided Practice

Estimate using leading digits.
120.0045 ÷ 6.237
First, round the first number. Since there is a 0 in the tenths place, 120.0045 rounds down to 120.
Next, round the second number. Since there is a 2 in the tenths place, 6.237 rounds down to 6.
Then, divide the numbers.
120 ÷ 6 = 20
The answer is 20.

Examples
Example 1

4.237 × 12.123
First, round the first number. Since there is a 2 in the tenths place, 4.237 rounds down to 4.
Next, round the second number. Since there is a 1 in the tenths place, 12.123 rounds down to 12.
Then, multiply the numbers.
4 × 12 = 48
The answer is 48.

Example 2

16.123 ÷ 4.00012
First, round the first number. Since there is a 1 in the tenths place, 16.123 rounds down to 16.
Next, round the second number. Since there is a 0 in the tenths place, 4.00012 rounds down to 4.
Then, divide the numbers.
16 ÷ 4 = 4
The answer is 4.
138
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Example 3

162.003 × 1.989
First, round the first number. Since there is a 0 in the tenths place, 162.003 rounds down to 162.
Next, round the second number. Since there is a 9 in the tenths place, 1.989 rounds up to 2.
Then, multiply the numbers.
162 × 2 = 324
The answer is 324.

Follow Up

Remember the student’s council and the donations?
Let’s think about the donations made to the student’s council. There are five different groups planning fun events for
the school so each would like a part of these donations. Figure out how much each of these groups will receive from
the $1,889.90 in donations that was received.
First, round the first number. Since there is a 9 in the tenths place, 1889.90 rounds up to 1890.
Next, divide 1890 by 5.
1890 ÷ 5 = 378
The answer is 378.
Therefore each group will receive approximately $378.

Video Review

http://www.ck12.org/flx/render/embeddedobject/65511
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Estimate each product or quotient by using leading digits.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
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35.0012 ÷ 5.678
5.123 × 11.0023
12.0034 ÷ 4.0012
12.123 × 3.0045
48.0012 ÷ 12.098
13.012 × 3.456
33.234 ÷ 11.125
12.098 × 2.987
4.769 × 8.997
14.98 ÷ 7.002
24.56087 ÷ 8.0012
45.098 ÷ 5.0098
9.0987 × 9.0001
34.021 × 4.012
21.0098 × 2.0987
14.231 × 3.7601
144.0056 ÷ 12.0112
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2.5 Identify and Apply Number Properties in
Decimal Operations
In this concept, you will learn to identify and apply number properties in the addition and multiplication of decimals.
Let’s Think About It

Three friends, Sandra, Janet, and Karen decide to go out for submarine sandwiches. They have $27.00 between the
three of them. They each want to get a submarine sandwich and a drink for their lunch. Subs cost $5.89 plus 14%
tax and the drinks are $2.00 with no tax. Do they have enough money?
In this concept, you will learn to identify and apply number properties in the addition and multiplication of decimals.
Guidance

A property is a rule that applies to mathematical statements.
Properties help us to understand certain ways of doing things in mathematics. These rules can always be used in
solving math problems. The first two properties you will work with are the Associative Property of Addition and the
Commutative Property of Addition.
The Associative Property of Addition states that when three or more numbers are added, the sum is the same no
matter what order we add them. For example, 4 + (2 + 8) = (4 + 2) + 8.
The Commutative Property of Addition states that when two numbers are added, the order of the addition does
not matter. For example, 4 + 8 = 8 + 4.
Let’s look at an example.
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Which of the following shows the Commutative Property?
(a) x + 9.5 = 9.5x
(b) x − 9.5 = 9.5 − x
(c) x + 9.5 = 9.5 + x
You need to think about the definition of the commutative property. Remember with this property, the two numbers
need to be added and the order they are added is not important.
Choice (a) has two numbers added on the left but they are multiplied on the right. This is not true.
Choice (b) is subtraction not addition. This is not the commutative property.
Choice (c) does show the commutative property as both sides show addition in different orders. This is the correct
answer.
You can use properties to help you simplify numerical expressions. Using addition properties to reorganize expressions often makes it easier to simplify.
Let’s look at an example.
Simplify: 10.5 + (3.2 + 4.5)
First, apply the commutative property. You notice that there is 10.5 and 4.5 in the problem.
10.5 + (3.2 + 4.5) = 10.5 + (4.5 + 3.2)
Next, apply the associate property.
10.5 + (3.2 + 4.5) = (10.5 + 4.5) + 3.2
Then, use mental math to find the sum.
(10.5 + 4.5) + 3.2 = 18.2
The answer is 18.2
Now, let’s look at multiplication. To work with multiplication of decimals, you are going to use a few other
properties. These properties help in simplifying expressions.
The Associative Property of Multiplication states that when three or more numbers are multiplied, the product is
the same no matter what order we multiply them. For example, 4 × (2 × 8) = (4 × 2) × 8.
The Commutative Property of Multiplication states that when two numbers are multiplied, the order of the
multiplication does not matter. For example, 4 × 8 = 8 × 4.
The Distributive Property states that the product of a number and a sum is equal to the sum of the individual
product of the addends and the number. For example, 3 × (5 + 8) = 3 × 5 + 3 × 8.
Let’s look at an example of the distributive property that includes variables.
Simplify: 2.5(2.1x + 4.3y)
The addends inside the parentheses cannot be combined because two different variables (x and y) are being used, so
you can use the distributive property to help you simplify the expression.
First, multiply the term outside the parentheses with both of the terms inside the parentheses.
2.5(2.1x + 4.3y) = (2.5 × 2.1x) + (2.5 × 4.3y)
Next, simplify each set of brackets:
2.5 × 2.1x = 5.25x
2.5 × 4.3y = 10.75y
Then, combine:
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5.25x + 10.75y
The answer is 5.25x + 10.75y.
Guided Practice

Simplify using the distributive property.
4.5(2x + 3)
First, multiply the term outside the parentheses with both of the terms inside the parentheses.
4.5(2x + 3) = (4.5 × 2x) + (4.5 × 3)
Next, simplify each set of brackets:
(4.5 × 2x) = 9x
(4.5 × 3) = 13.5
Then, combine: 9x + 13.5
The answer is 9x + 13.5.
Examples
Example 1

Simplify the expression: 3.1 + 2.7 + 4.3
First, apply the associate property. Notice that (0.7 from 2.7) and 0.3 (from 4.3) will add to 1.
3.1 + 2.7 + 4.3 = 3.1 + (2.7 + 4.3)
Next, add inside the parentheses.
3.1 + (2.7 + 4.3) = 3.1 + 7
Then, finish the addition problem.
3.1 + 7 = 10.1
The answer is 10.1.

Example 2

Simplify the expression: 6.2(4x − 3)
First, apply the distributive property.
6.2(4x − 3) = 6.2 × 4x − 6.2 × 3
Next, multiply.
6.2 × 4x − 6.2 × 3 = 24.8x − 18.6
The answer is 24.8x − 18.6.

Example 3

Simplify the expression: 6(3 × 4) × 7
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First, apply the associative property.
6(3 × 4) × 7 = (6 × 3) × (4 × 7)
Next, multiply inside the parentheses.
(6 × 3) × (4 × 7) = 18 × 28
Then, multiply to find the answer.
18 × 28 = 504
The answer is 504.

Follow Up

Remember the three girls going out for lunch?
The girls have $27.00 between the three of them. The want to each buy a sub and a drink. Submarine sandwiches
are $5.89 plus tax and the drinks are $2.00 with no tax. Let’s help them figure out their total bill and let them know
if they have enough money.
First, let’s set up the equation to find the total cost.
Cost = subs + taxes + drinks
Cost = (3 × 5.98) + (3 × 5.89) × 0.14 + (3 × 2)
Next, you can use the associative property of addition to reorder these parentheses.
Cost = (3 × 5.89) + (3 × 2) + (3 × 5.89) × 0.14
Then, multiply the numbers inside the parentheses.
Cost = 17.67 + 6 + 17.67 × 0.14
Finally complete the addition and multiplications using the rules of PEDMAS.
Cost = 17.67 + 6 + 17.67 × 0.14
= 23.67 + 2.47
= 26.14
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The answer is $26.14.
The girls have $27.00 so they have enough for lunch.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167248

Explore More

Use the associative and commutative properties of addition to solve each problem.
1. (7.2 + 9.1) + 3.2 =
2. 5.4 + 2.1 + 5.4 =
3. (1.2 + 6.7) + 1.3 =
4. (4.1 + 9.2) + 9.0 =
5. (14.11 + 9.2) + 8.0 =
Use what you have learned to solve each problem.
6. (7 × 9) + 3.2 =
7. 15.4 + 2.1 − 5.4 =
8. (1.2 × 6) + 1.3 =
9. (14.7 ÷ 2) + 9.0 =
10. (11.1 + 2) + 18.0 =
Use the distributive property to simplify each expression.
11. 3.2(2x + 4) =
12. 5.2(3x − 2) =
13. 6.3(4y + 4) =
14. 2.2(9a − 1) =
15. 6.7(8x + 9) =
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2.6 Add and Subtract Fractions and Mixed
Numbers
In this concept, you will learn to add and subtract fractions and mixed numbers

Let’s Think About It

Donna and her friend Andrew work at The Balloon Factory. They are in charge of taking inventory before the big
sale tomorrow. Donna opens the first two boxes and one 12 is full while the other is 31 full. The boxes are the same
size so she empties one box into the other. What does she write on the top for the sum of the contents?
Andrew is working in the stockroom with the helium balloons. He finds 3 14 boxes of red balloons and 2 23 boxes of
green balloons. What does he record as the sum of these two types?
In this concept you will learn to add and subtract fractions and mixed numbers.

Guidance

Let’s begin this lesson with identifying fractions. A fraction is a number that names a part of a whole or a part of a
group. If a rectangle is 13 shaded, it means that if the rectangle were divided into three equal parts, one of those parts
would be shaded.
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Most fractions will represents numbers less than 1, meaning that the numerator is less than the denominator.
To represent a number greater than 1, you use an improper fraction or a mixed number. An improper fraction has
a numerator that is larger than its denominator, such as 35 , or can be written as the mixed, such as 1 23 . A mixed
number is a number that has both wholes and parts, so you will see a whole number and a fraction with mixed
numbers. 1 23 is a mixed number.
Let’s take a look at adding and subtracting fractions.
How do we add and subtract fractions?
The first thing you need to look at when adding and subtracting fractions is the denominator of the fractions to see
if they are the same. Remember that the denominator tells you how many parts the whole is divided into. The
numerator tells you how many parts you have out of the whole. In our rectangle example above, the fraction of
shaded area 31 is because there is 1 part of the 3 parts that is shaded.
When adding or subtracting fractions, the denominators of the fractions must be the same, then you can simply add
or subtract the numerators. For example, notice in the fractions below, both denominators are 8 so you just add the
numerators (1 + 2 = 3).
Subtracting fractions that have the same denominator is the same. In the example below, both denominators are the
same so you just need to subtract the numerators (10[U+0080][U+0093]3 = 7).

3
7
10
−
=
12 12 12
What if the denominators are not the same?
If the denominators are not the same, you need to find a common denominator. You do this by creating an equal
fraction that has the denominator you need. Look at the fractions below.

1 4
=
2 8
These two fractions are equal. This means that they both represent the same part of the whole. The fraction one-half
has simply been renamed in terms of eighths. This is the same thing that we do when finding common denominators.
We rename the fractions in terms of the common denominator.
Let’s look at an example.
Add: 14 + 52
First, find a common denominator by finding the least common multiple of the denominators, 4 and 5.
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The first few multiples of 4 are 4, 8, 12, 16, and 20. The first few multiples of 5 are 5, 10, 15, and 20. So the least
common multiple is 20.
Now, find how to rename each fraction to a fraction with 20 as the denominator.
You need to multiply the denominator by 5 to get a denominator of 20. So, multiply the first fraction by the equivalent
of 1or 55 .
1 5
5
× =
4 5 20
Now do the same for the other fraction.
You need to multiply the denominator by 4 to get a denominator of 20. So, multiply the second fraction by the
equivalent of 1or 44 .
2 4
8
× =
5 4 20
Next, add the fractions.

5
8
13
+
=
20 20 20
The answer is

13
20 .

We can also work with mixed numbers and fractions. There is an added step when working with this combination.
Subtract: 2 87 − 32
First change the mixed number to an improper fraction. To do this, multiply the denominator by the whole number,
then add the numerator.

8 × 2 + 7 = 23
7 23
2 =
8
8
Next find a common denominator.
The first few multiples of 8 are 8, 16, and 24. Since 24 is also divisible by 3, it is the least common multiple. Rename
each fraction as a fraction with the common denominator.

23 3 69
× =
8
3 24
2 8 16
× =
3 8 24
Then find the difference.

69 16 53
−
=
24 24 24
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Notice that the answer is an improper fraction. You need to put your answer into a mixed fraction to finish this
question.
Finally, simplify the difference to a mixed number.

53
5
+2
24
24
5
The answer is 2 24
.

Let’s try a few examples. Be sure your answers are in simplest form.
Guided Practice
Here is one for you to try on your own.

4 5
+ =
6 8
First, notice that these two fractions have uncommon denominators. The lowest common denominator for 6 and 8 is
24.
Next, we rename each fraction with a denominator of 24.

4 4 16
× =
6 4 24
5 3 15
× =
8 3 24
Then, add the two fractions.

16 15 31
+
=
24 24 24
Since the numerator is greater than the denominator you can put you final answer into an improper fraction.

31
7
=1
24
24
7
The answer is 1 24
.

Example
Example 1

Subtract: 49 − 16
First, find a common denominator. The first few multiples of 9 are 9 and 18. Since 18 is also divisible by 6, it is the
least common multiple.
Next, rename each fraction as a fraction with the common denominator.
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4 2
8
× =
9 2 18
3
1 3
× =
6 3 18
Then, find the difference.

8
3
5
−
=
18 18 18
The answer is

5
18 .

Example 2

Add:

10
12

+ 62

First, find a common denominator. Since 12 is also divisible by 6, it is the least common multiple.
Next, rename each fraction as a fraction with the common denominator.

4
2 2
× =
6 2 12
Then, add the two fractions.

10
4
14
+
=
12 12 12
Since the numerator is greater than the denominator you can put you final answer into an improper fraction.
Remember you need to put your answer into simplest form.

14
2
=1
2
12
1
2
1 =1
12
6
The answer is 1 16 .
Example 3

Subtract: 84 + 14
First, find a common denominator. Since 8 is also divisible by 4, it is the least common multiple.
Next, rename each fraction as a fraction with the common denominator.

1 2 2
+ =
4 2 8
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Then, find the difference.

4 2 2
− =
8 8 8
Remember you need to put your final answer into simplest form.

2 1
=
8 4
The answer is 14 .
Follow-up

Let’s go back and help Donna and Andrew with their inventory. Remember Donna combined two boxes of regular
balloons into one box. She wanted to know what to record for her final total. She had 12 box that she combined with
1
3 of a box.
To find the total, Donna must first find a common denominator. Since 2 and 3 are both multiples of 6, it is the least
common multiple.
Next, rename each fraction as a fraction with the common denominator.

1 3 3
× =
2 3 6
1 2 2
× =
3 2 6
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Then, add the two fractions.

3 2 5
+ =
6 6 6
So Donna would write

5
6

on the top of the box of balloons.

Andrew was doing inventory on helium balloons. He wanted to know the total of his two boxes to record on his
inventory. He had 3 14 of one box and 2 23 of another box.
First, change the mixed number to improper fractions. To do this, multiply the denominator by the whole number,
then add the numerator.

4 × 3 + 1 = 13
1 13
3 =
4
4

3×2+2 = 8
2 8
2 =
3 3

Next, find a common denominator.
The first few multiples of 4 are 4, 8, and 12. Since 12 is also divisible by 3, it is the least common multiple. Rename
each fraction as a fraction with the common denominator.

39 32 71
+
=
12 12 12
Then, add the two fractions.
Notice that the answer is an improper fraction. You need to put your answer into a mixed fraction to finish this
problem.
Finally, simplify the solution to a mixed number.

11
71
=5
12
12
So, Andrew should write 5 11
12 as the total number of red and green helium balloons.
Video Review

http://www.ck12.org/flx/render/embeddedobject/57624
Explore More

Add or subtract the following fractions. Be sure that your answer is in simplest form.
Add or subtract the following mixed numbers and fractions. Be sure that your answer is in simplest form.
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2.7 Estimate Sums and Differences of Fractions and Mixed Numbers
In this concept, you will learn to estimate decimal sums and differences of fractions and mixed numbers
Let’s Think About It

3
Harriet and Matt have two identical jars. Harriet’s jar is 10
full of pennies. Matt’s jar is
and Harriet were to combine their pennies into one jar, how full would the jar be?

1
4

full of pennies. If Matt

In this concept you will learn to estimate sums and differences of fractions and mixed numbers.
Guidance

When you estimate fraction sums and differences you will need to work with rounding fractions. You can work with
rounding fractions in a couple of different ways. One way is to look at the relationship between the fraction and a
whole.
Here are some guiding questions:
1. Is this fraction close to one-half or one-whole?
2. If I simplify the fractions that I am adding or subtracting, will they have a common denominator?
3. Is this fraction so close to one-whole that it would make sense to round up to a whole?
You need to use your thinking skills and powers of reason to look at the relationship between the fraction and a
whole or a half and so on.
Now apply this information and estimate the following sum.
11
4
+
25 20
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5
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Next, notice that the second fraction is close to
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or 15 .
12
20

or 35 .

Then, add the two rounded fractions to get an estimate of the answer.
1 3 4
+ =
5 5 5
The estimate of the answer is 45 .
With this problem, it made sense to round the fractions so that you could simplify them. The simplified fractions
had a common denominator. This makes your work easier.
Here is another problem.
Estimate the difference:

24
49

7
− 31

First, notice that the first fraction is close to

25
50

Next, notice that the second fraction is close to

or 12 .
8
32

or 14 .

Then, subtract the two rounded fractions to get an estimate of the answer. Remember you need to have a common
denominator to add and subtract fractions. Since 4 is divisible be 2, the common denominator is 4. So you need to
multiply your first fraction in order to get the common denominator and then subtract the fractions.
1 2 2
× =
2 2 4
2 1 1
− =
4 4 4
The estimate of the answer is 14 .
Guided Practice

Here is one for you to try on your own. Estimate the following difference

5

11
−2
12

12
First look at the mixed number. 5 11
12 is close to 5 12 or 6.

Next, subtract the two numbers. 6 − 2 = 4
The answer for the estimate is 4.
Examples
Example 1

Estimate the sum for the following:
1 6
+
4 7
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First, notice that the second fraction is close to

7
7

or 1.

Next, add the two rounded fractions to get an estimate of the answer.

1
1
+1 = 1
4
4
The estimate of the answer is 1 14 .

Example 2

Estimate the difference for the following:

8 1
−
9 2
First, notice that the first fraction is close to

9
9

or 1 or 22 .

Next, subtract the two rounded fractions to get an estimate of the answer.

2 1 1
− =
2 2 2
The estimate of the answer is 12 .

Example 3

Estimate the sum for the following:

4
9
+
5 10
First, notice that the first fraction is close to

5
5

or 1.

Next, notice that the second fraction is close to

10
10

or 1.

Then, add the two rounded fractions to get an estimate of the answer.

1+1 = 2
The estimate of the answer is 2.
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Follow-up

Remember Harriett and Matt were going to combine their jars of pennies into one? They wanted to know how full
the jar would be.
Let’s look at the addition problem Harriett and Matt have to solve.
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3
1
+ =
10 4
First, you need to get a common denominator. The first few multiples of 10 are 10, and 20. Since 20 is divisible by
4, it is the lowest common denominator.
Next, convert the fractions so that the denominators are 20.

3
2
6
× =
10 2 20
1 5
5
× =
4 5 20
Then, add the two fractions to get the answer.

5
11
6
+
=
20 20 20
The answer is

11
20 .

Therefore the jar will be

11 th
20

full. Harriett and Matt can estimate that their combined jar would be

1
2

full.

Video Review

http://www.ck12.org/flx/render/embeddedobject/65512

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65512

Explore More

Estimate each sum or difference.
1
1. 67 + 22
1
9
2. 2 + 10
1
3. 2 67 + 1 12
8
21
4. 9 + 21
1
5. 16
17 − 22
1
1
6. 2 + 9
21
7. 11
12 − 22
8
1
8. 7 10 − 3 22
4
2
9. 6 + 3
1
10. 11 67 + 14 22
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1
11. 9 17 + 14 22
1
12. 18
20 − 2
16
13. 32 − 12
14. 5 12 − 2 12
6
1
15. 12 12
+ 15 22
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2.8 Multiply and Divide Fractions and Mixed
Numbers
In this concept, you will learn to multiply and divide fractions and mixed numbers.
Let’s Think About It.

The grade 8 students are going to plant flowers around the school. Each grade 8 class is given 6 12 flats of flowers.
The grade 8 classes are then split into groups and each group is given 41 of a flat. How many groups of grade 8
students are going out to plant flowers?
In this concept you will learn to multiply and divide fractions and mixed numbers.
Guidance

To multiply two fractions, simply multiply the numerators to get the numerator of the product, and multiply the
denominators to get the denominator of the product.
Multiply: 27 × 35
First, multiply the numerators and the denominators.
2 3 2×3
× =
7 5 7×5
2 3
6
× =
7 5 35
The answer is

6
35 .

To divide two fractions, you first need to find the reciprocal of the divisor. That means that you need to flip the
second fraction upside down. Then multiply the numerators and multiply the denominators.
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3
Divide: 4 10
÷ 12

First, change the mixed number to an improper fraction.

4 × 10 + 3 = 43
43
3
4 =
10 10
Next, flip the second fraction in order to multiply.
Therefore

1
2

becomes 21 .

Then multiply.

4

3
1 43 2
÷ =
×
10 2 10 1
86
=
10

Then, simplify your answer as a mixed number.

86
6
=8
10
10
3
=8
5
The answer is 8 35 .
Guided Practice

Here is one for you to try on your own.

2 4
×
3 6
First, multiply the numerators and the denominators.
2 4 2×4
× =
3 6 3×6
2 4
8
× =
3 6 18
Next, you need to reduce your fraction.

8
4
=
18 9
The answer is 49 .
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Examples
Example 1

1 1
9 ÷
4 3
First, change the mixed number to an improper fraction.

9 × 4 + 1 = 37
1 37
9 =
4
4
Next, flip the second fraction in order to multiply.
Therefore

1
3

becomes 31 .

Then, multiply.

1 1 37 3
×
9 ÷ =
4 3
4
1
111
=
4
Then, simplify your answer as a mixed number.

111
3
= 27
4
4
The answer is 27 34 .
Example 2

1 5
×
4 6
First, multiply the numerators and the denominators.

1 5 1×5
× =
4 6 4×6
1 5
5
× =
4 6 24
The answer is

5
24 .
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Example 3

1 1
2 ÷
2 3
First, change the mixed number to an improper fraction.

2×2+1 = 5
1 5
2 =
2 2
Next, flip the second fraction in order to multiply.
Therefore

1
3

becomes 31 .

Then, multiply.

1 1 5 3
2 ÷ = ×
2 3 2 1
15
=
2
Then, simplify your answer as a mixed number.

15
1
=7
2
2
The answer is 7 12 .
Follow-up
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Now let’s go back to the beginning problem where you needed to find out how many groups are out planting flowers
around the school.
There are six and one half flats of flowers given to each grade 8 class, and each group in the grade 8 class received
1
4 of a flat to plant.
Therefore you need to divide 6 12 ÷ 41 in order to find out the number of groups in each grade 8 class.
First, change the mixed number to an improper fraction.

6 × 2 + 1 = 13
1 13
6 =
2
2
Next, flip the second fraction in order to multiply.
Therefore

1
4

becomes 41 .

Then, multiply.

1 1 13 4
6 ÷ =
×
2 4
2
1
52
=
2
Then, simplify your answer.

52
= 26
2
The answer is 26.
Therefore there are 26 groups of grade 8 students in each class.
Video Review

https://www.youtube.com/watch?v=_Lhw85H8i0Q

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167291

Explore More

Multiply the following fractions. Be sure to simplify your answer when necessary.
1. 21 × 34 =
2. 43 × 56 =
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3. 61 × 13 =
4. 65 × 10
12 =
5. 87 × 13 =
6. 98 × 13 =
7.
8.
9.

10
2
11 × 5 =
9
4
10 × 6 =
1
4
7×2 =

Divide the following fractions. Be sure to convert any answers of improper fractions to mixed numbers.
10. 34 ÷ 12 =
11. 56 ÷ 13 =
12. 89 ÷ 12 =
14.

15
1
16 ÷ 2 =
8
1
9÷3 =

15.

5
10

13.

÷ 12 =

16. 68 ÷ 34 =
17. 67 ÷ 12 =
18.
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2.9 Estimate Products and Quotients of Fractions and Mixed Numbers
In this concept, you will learn to estimate products and quotients of fractions and mixed numbers.
Let’s think about it

Nisi and Jamie ordered pizza for lunch. They ate 23 many slices did they eat altogether? If Ethan woke up in the
morning and ate half of the remaining pizza, what fraction of the 24 slices did he eat?
In this concept you will learn to estimate products and quotients of fractions and mixed numbers.
Guidance

Estimation is a useful strategy to use to check that your computation is reasonable. It is also a way to find an
approximate answer to a solution.
To estimate products and quotients of mixed numbers, round the fractions to the nearest whole number. If the fraction
is less than 12 round down and if it is more than 12 round up.
Estimate the product:

8
First, since
Next, since

4
11
11
12

4
11
×7
11
12

4
is less than 12 , 8 11
rounds down to 8.

is greater than 12 , 7 11
12 rounds up to 8.
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Then, multiply to find the estimated product.
8 × 8 = 64
The answer is 64.
Here is another one.
Estimate the quotient:

22
First, since
Next, since

3
10
9
13

9
3
÷6
10
13

3
is less than 12 , 22 10
rounds down to 22.
9
is greater than 12 , 6 13
rounds up to 7.

Then, divide to find the estimated product.
22 ÷ 7 = 3.14
The answer is approximately 3.

Guided Practice

Here is one for you to try on your own. Estimate the following quotient.

14
First, since
Next, since

11
1
11
12 is greater than 2 , 14 12 rounds up to
7
1
7
8 is greater than 2 , 2 8 rounds up to 3.

7
11
÷2
12
8

15.

Then, divide to find the estimated product.
15 ÷ 3 = 5
The answer is approximately 5.

Examples
Example 1

1
1
6 ×4
2
8
First, since the fraction is 12 , 6 12 rounds up to 7.
Next, since

1
8

is less than 12 , 4 81 rounds down to 4.

Then, multiply to find the estimated product.
7 × 4 = 28
The answer is 28.
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Example 2

3
1
11 ÷ 2
4
10
First, since
Next, since

3
1
3
4 is greater than 2 , 11 4 rounds up to 12.
1
1
1
10 is less than 2 , 2 10 rounds down to 2.

Then, divide to find the estimated product.
12 ÷ 2 = 6
The answer is approximately 6.
Example 3

3 8
×
4 9
First, since
Next, since

3
4
8
9

is greater than 12 , 43 rounds up to 1.
is greater than 12 , 98 rounds up to 1.

Then, multiply to find the estimated product.
1×1 = 1
The answer is 1.
Follow-up

Remember Nisi and Jamie and their pizza. Of the 24 slices, they had eaten

2
3

of the pizza.
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Therefore multiply 23 × 24 to find the number of slices they had eaten.
First, set up the expression to multiply: 23 × 24
1
Next, multiply the numerator and the denominators.

2 24 48
×
=
3
1
3
Then, simplify.

48
= 16
3
Therefore, Nisi and Jamie ate 16 of the 24 slices.
Now, since they ate 16 of the 24 slices, there were 8 of the 24 slices left. How many did Ethan eat when he got up?
First, remember that Ethan ate

1
2

of the remaining pizza.

Next, set up the expression to solve.

1
8
×
24 2
Then solve and simplify.

8
24

So, Ethan ate

1
6

× 12

8
48

=
=

8
48
1
6

of the original pizza or 4 slices.

Video Review

http://www.ck12.org/flx/render/embeddedobject/65515

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65515

Explore More

Estimate each product or quotient.
1. 78 × 78 =
2. 3 12 × 34 =
168
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6 23 × 54 =
1
× 3 18 =
8 12
4
9 5 × 6 19 =
12 13 × 4 56 =
6 47 × 3 38 =
12 18 ÷ 3 13 =
2
24 10
÷ 3 13 =
1
1
28 9 ÷ 7 10
=
4
2
93 ÷15 =
1
14 21 ÷ 3 10
=
1
3
9 10 ÷ 3 9 =
4
16 15
÷ 2 15 =
1
4
÷ 3 18
=
30 12
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2.10 Identify and Apply Number Properties in
Fraction Operations
In this concept, you will learn to identify and apply number properties in fraction operations.

Let’s Think About It

9
The United States flag is typically 1 10
as long as it is wide. The length of a particular United States flag is 5 feet.
How wide is it?

In this concept you will learn to identify and apply number properties in fraction operations.

Guidance

Now that you are working with fractions, you will have a chance to investigate how the different properties of
addition and subtraction can help you when you work with fractions in expressions.
Here are a few properties you need to keep in mind when applying number properties to fraction operations.
Additive Identity Property
The sum of any number and zero is that number. For example:

3
3
+0 =
11
11
Additive Inverse Property
The sum of any number and its inverse is zero. For example:
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3
3
+ −
=0
4
4
Which of the following shows the Additive Inverse Property?
a. xy + 0 = 0
b. xy + 0 = xy
 
c. xy + − xy = 0
Consider choice a. This equation states that a number added to zero is equal to zero. This is not necessarily correct,
unless xy is also equal to zero.
Consider choice b. This equation states that the sum of a number and zero is equal to that number. This is correct,
but illustrates the additive identity, not the additive inverse property.
Consider choice c. This equation states that the sum of a number and its inverse is equal to zero. This illustrates the
additive inverse property, so this is the correct equation.
Simplify:



1
1 3
+
+
8
4 8
You can use addition properties to reorganize this expression to make it easier to simplify.

First, apply the commutative property: 18 + 38 + 41

Next, apply the associate property: 18 + 38 + 41
Then, simplify to find the sum.

1
8


+ 38 + 41

=

4
8

+ 41

=

4
8

+ 82

=

6
8

=

3
4

Now let’s look at how the properties of multiplication and division can help you when working with fractions. You
have already learned the Commutative Property, the Associative Property, and the Distributive Property.
Multiplicative Identity
The product of any number and one is that number. For example:

3
3
×1 =
11
11
Zero Property
The product of any number and zero is zero. For example:
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4
×0 = 0
7
Multiplicative Inverse
The product of any number and its reciprocal is one. For example:

3 4
× =1
4 3
Which of the following shows the Multiplicative Inverse Property?
a. xy × 0 =

x
y

b. xy × xy = 0
c. xy × xy = 1
Consider choice a. This equation states that the product of a number and zero is equal to that number. This is not
correct.
Consider choice b. This equation states that the product of a number and its reciprocal is equal to zero. This is not
correct.
Consider choice c. This equation states that the product of a number and its reciprocal is equal to one. This illustrates
the multiplicative inverse property, so this is the correct equation.
You could also use properties when working with a variable. Take a look at this one.



2
3
× a×
3
2
First, apply the commutative property: 23 ×

3
2


×a

Next, apply the multiplication inverse property: 23 × 23 = 1
Then, simplify the answer.

2
3

×

3
2


×a = 1×a
= a

The answer is a.
Guided Practice

Here is one for you to try on your own.
Simplify:

4 1
+ +x
5 2
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First, you need to find a common denominator so that you can add the fractions. The lowest common denominator
for 5 and 2 is 10. Let’s rename both fractions in terms of tenths.

8
5
+ +x
10 10
Next, add the fractions.

8
5
13
+ +x =
+x
10 10
10
Then, change the improper fraction to a mixed number.

13
3
+x = 1 x
10
10
3
The answer is 1 10
x.

Examples
Example 1

Name the property: 38 × 0
This is a product of a number and zero. It is the zero property.

Example 2

Name the property: 56 × 56
This is a product of a number and its reciprocal. It is the multiplicative inverse property.

Example 3

Simplify:

3
4

b × 43



First, apply the commutative property: 34 ×

4
3


×b

Next, apply the multiplication inverse property: 34 × 34 = 1
Then, simplify the answer.

3
4

×

4
3


×b = 1×b
= b

The answer is b.
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Follow up

Now, let’s go back and determine the width of this particular United States flag. Remember it is 5 feet long and the
9
length is 1 10
times the width.
First, turn the mixed number into an improper fraction.

10 × 1 + 9 = 19
9
= 19
1 10
10
Next, set up the equation to solve for the width.
19
10

×w = l

19
10

×w = 5

Then, use the multiplicative inverse to isolate w (get it on the left side of the equal sign alone).
19
10



× 19
10 × w = 5

10
19



1×w = 5

10
19



w =
Then put the improper fraction back into a mixed number.

w =

50
19

12
w = 2 19
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The answer is 2 12
19 .
Therefore the width of the flag is 2 12
19 feet.
Video Review

http://www.ck12.org/flx/render/embeddedobject/65516

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65516

Explore More

Identify each of the properties below.
1.
2.
3.
4.

3
3
4 +0 = 4
3
3
4 +−4 =
6
7 ×0 = 0
5
8 ×0 = 0

0

5. 67 × 76 = 1
6. 43 + x = x + 34
7. 41 + y = y + 14
8. 21 × (x + 3) = 12 x + 21 (3)
Simplify each expression.
9. 43 + 14 + x
10. 76 × 13 × x
11. 2 × 48 x
12. 3x × 68
6
13. 45 + 12 + 10

14.
15.

6
1
10 − 3
1
2 × 3x
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2.11 Add and Subtract Integers
In this concept, you will learn to add and subtract integers.
Let’s Think About It

Smith Middle School has started a school store. Opening day was very busy in the store. Pencils, erasers and pens
were sold to sixth, seventh and eighth graders. At the end of the first day, Mallory calculated the total amount of
sales and found that the students had raised $87.00.
On the second day, Trevor worked in the store. He realized that the school store still owed Mr. Janus $20.00 from
the day before, so he took that out of the total sales. Then, he sold $45.00 more dollars in supplies to students.
On the third day, Kelly worked in the store and there were three returns for a total of $3.00. Then, Kelly sold $25.00
in supplies.
When the students met with Mr. Janus on Wednesday afternoon, they were asked to calculate their total earnings for
the week.
In this concept you will learn to add and subtract integers.
Guidance

You are already familiar with whole numbers such as 0, 1, 2, 3 and so on. Well, in this lesson you will learn how to
work with integers. First, let’s look at defining the term integer.
Integers include the set of whole numbers and their opposites: {... -3, -2, -1, 0, 1, 2, 3 . . . }. As you work with
integers you are working with both positive and negative numbers.
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You work with integers when adding, subtracting, multiplying and dividing. In this lesson, you will learn to add and
subtract integers. When working with integers and operations, it’s important to keep track of whether the integer is
positive or negative.
Adding Integers
Take a look at this situation.

−5 + −6 = −11
Notice that the number increases but in the negative direction. If you think about this on a number line, you can see
how your number becomes more negative.
First draw your number line and place your dot on -5 as this is where your problem starts.

Next, move the blue dot six places to the left (left because it is negative).

See how the answer -11.
You can’t always use a number line as your numbers are sometimes just too big or not very friendly for a number
line.
Look at the next problem.
Add:

−623 + 215
To add two numbers with opposite signs, you are really subtracting and adding the sign that occurs with the larger
number.
First, find the difference between the two numbers.

623 − 215 = 408
Next, since 623 is larger and has a negative sign, the answer is negative.
The answer is -408.
Subtracting Integers
Take a look at this situation.
Subtract:
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−412 − 244
First use the subtraction rule in which you know that to subtract b from a is the same as adding the opposite of b to
a. In other words, a − b = a + (−b).
For this problem:

−412 − 244 = −412 + (−244)
Next, since both of the numbers are negative, your answer will be larger but in the negative direction.

−412 − 244 = −656
The answer is -656.
Here is another one.
54 − (−789)
First, add the opposite of −789.
Next, use the rules of addition to evaluate.

54 + 789 = 843
The answer is 843.
Guided Practice

Here is one more for you to try on your own.
Add:
−229 + 563
First, find the difference between the two numbers.

563 − 229 = 334
Next, since 563 is larger and has a positive sign, the answer is positive.
The answer is 334.
Examples
Example 1

−7 + 11
First draw your number line and place your dot on −7 as this is where your problem starts.
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Next, move the blue dot eleven places to the right (right because it is positive).

See how the answer 4.

Example 2

45 + −19
First, find the difference between the two numbers.

45 − 49 = 26

Next, since 45 is larger and has a positive sign, the answer is positive.
The answer is 26.

Example 3

23 − (−12)
First, add the opposite of −12.

23 − (−12) = 23 + 12

Next, use the rules of addition to solve.

23 + 12 = 35

The answer is 35.
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Follow up

Now let’s go back to Mallory, Trevor, and Kelly. You need to help them determine their total earnings for the first
few days of sales at the school store.
First, list all of the sales and debits from the store.
Monday: sales = $87.00
Tuesday: sales = $45.00
debits = $20.00
Wednesday: sales = $25.00
debits = $3.00
Next, write an equation so you can find the total sales.

87.00 + 45.00 − 20.00 + 25.00 − 3.00 =
Then, add to find the total earnings.

87.00 + 45.00 + (−20.00) + 25.00(−3.00) = 134

The answer is 134.
The total sales is $134.
Video Review

https://www.youtube.com/watch?v=rywucgsvDjU
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167420

Explore More

Add the following integers.
1. 6 + 7 =
2. 5 + (−8) =
3. 8 + (−8) =
4. 6 + (−10) =
5. 8 + (−2) =
6. 9 + (−4) =
7. −14 + (−7) =
8. −12 + (−14) =
9. −13 + (−10) =
10. −18 + (−30) =
Subtract the following integers.
11. −9 − 5 =
12. −8 − 7 =
13. −12 − 8 =
14. 6 − 9 =
15. 10 − 15 =
16. 18 − (−5) =
17. 12 − (−4) =
18. 23 − (−9) =
19. −5 − (−2) =
20. −8 − (−5) =
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2.12 Multiply and Divide Integers
In this concept, you will learn to multiply and divide integers
Let’s Think About It

The bald eagle has been estimated to dive at a speed of 75 miles per hour or 110 feet per second. Although the eagle
will normally dive slower than this in order to have a more accurate attack, it is still possible they could dive at such
speed.
a. How far would the eagle be able to go at this speed in 2 seconds?
b. If the eagle sees prey 750 feet below, how much farther must it dive to reach its prey.
In this concept you will learn to multiply and divide integers.
Guidance

Here you will learn how to multiply and divide integers. Because we are working with integers once again, remember
that integers are the values in the set of whole numbers and their opposites, {. . . − 3, −2, −1, 0, 1, 2, 3 . . .}. When you
multiply and divide integers, there are some rules that need to be committed to memory.
Rules
1. When multiplying or dividing a positive integer by a positive integer, the product or quotient is positive.
2. When multiplying or dividing a positive integer by a negative integer, or a negative integer by a positive
integer, the product or quotient is negative.
3. When multiplying or dividing a negative integer by a negative integer, the product or quotient is positive.
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Another way to remember multiplying and dividing integers is to remember if the signs are the same, the answer is
positive. If the signs are different, the answer is negative.
Now let’s look at an example where you can apply these rules.
Multiply:

12(−5)
Notice that this is a multiplication problem. Parentheses are used around a single value to show multiplication.
First, multiply the two values.

12 × 5 = 60
Next, add the sign. Remember rule 2, when you multiply a positive integer by a negative integer, the answer is
negative.
The answer is -60.
Here is another one.
Divide:
−150
−50
First, divide the two values.
150
=3
50
Next, add the sign. Remember rule 3, when you dividing a negative integer by a negative integer, the answer is
positive.
The answer is 3.
Guided Practice

Here is one for you to try on your own.
Multiply:

(8)(−5)(10)
First, multiply the three values.

8 × 5 × 10 = 400
Next, add the sign. Remember rule 2, when you multiply a positive integer(s) by a negative integer, the answer is
negative.
The answer is -400.
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Examples
Example 1

Multiply:

−9(7)
First, multiply the two values.

9 × 7 = 63
Next, add the sign. Remember rule 2, when you multiply a positive integer by a negative integer, the answer is
negative.
The answer is -63.
Example 2

Multiply:

−3(−12)
First, multiply the two values.

3 × 12 = 36
Next, add the sign. Remember rule 3, when you multiplying a negative integer by a negative integer, the answer is
positive.
The answer is 36.
Example 3

Divide:
−169
13
First, divide the two values.
169
= 13
13
Next, add the sign. Remember rule 2, when you divide a negative integer by a positive integer, the answer is negative.
The answer is -13.
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Follow up

So how does this lesson help you solve the problems about the bald eagle? You were given distance (d), speed (v),
and time (t). When we use these three variables together, we use the formula: v = dt .
Now, look at the two questions in the original problem.
ft
,t = 2 sec, d =?
a. v = 110 sec

First, you need to find the distance so rearrange the formula to solve for the distance.
d = v(t)
Next, put the values for speed and time into the formula to solve for the distance.
d = 110(2)
Then, solve for the distance. Remember rule 1, when you multiply a positive integer by a positive integer, the answer
is positive.
d = 220
The answer is 220.
The distance is 220 feet.
ft
b. v = 110 sec
, d = 750 f t,t =?

First, you need to find the time so rearrange the formula to solve for the time.
t=

d
v

Next, put the values for distance and speed into the formula to solve for the time.
t=

750
110

Then, solve for the time. Remember rule 1, when you divide a positive integer by a positive integer, the answer is
positive.
t = 6.82
The answer is 6.82.
The time is 6.82 seconds.
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Video Review

https://www.youtube.com/watch?v=BRSse0xck3A

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167416

Explore More

Multiply the following integers.
1. −6(−8) =
2. 5(−10) =
3. 3(−4) =
4. −3(4) =
5. 8(−9) =
6. −9(12) =
7. 8(−11) =
8. (−5)(−9) =
9. −7(−8) =
10. (−12)(12) =
Divide the following integers.
11. −12 ÷ 2 =
12. −18 ÷ −6 =
13. −24 ÷ 12 =
14. −80 ÷ −4 =
15. −60 ÷ −30 =
16.
17.
18.

28
4 =
−36
4 =
−45
9 =

19. −75 ÷ 25 =
20. −68 ÷ −2 =
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2.13 Identify and Apply Number Properties in
Integer Operations
In this concept, you will learn to identify and apply number properties in integer operations
Let’s Think About It

You need to determine the size of a flower garden so you will know how many rows to plant. The area of your entire
back yard is 59625 f t 2 . If x is the width of the flower garden and your entire back yard is 225 feet long, use the
diagram to determine the unknown width.
187

2.13. Identify and Apply Number Properties in Integer Operations

www.ck12.org

In this concept you will learn to identify and apply number properties in integer operations.
Guidance

There are many properties, the associative property, the commutative property, the additive identity property, and the
additive inverse property. You can use these properties to simplify integer expressions.
•
•
•
•

The associative property states that the grouping of numbers does not change the sum.
The commutative property states that numbers can be added in any order and this does not change the sum.
The additive inverse property states that any number added to its opposite equals zero.
The additive identity property states that the sum of any number and zero is that number.

Let’s look at an example.
Simplify the following expression. Justify each step by identifying the property used.
(−28 + 63) + 28
First, use commutative property to reorganize the expression.

(−28 + 63) + 28 = (63 + (−28)) + 28
Next, use the associative property to reorganize the expression.

(63 + (−28)) + 28 = 63 + (−28 + 28)
Then, apply the additive inverse property.

63 + (−28 + 28) = 63 + 0
Then, apply the additive identity property.

63 + 0 = 63
The answer is 63.
Let’s try another one.
Simplify the following expression. Justify each step by writing the property used.
3 + (−5)(−9x + 6)
First, use the distributive property.

3 + (−5)(−9x + 6) = 3 + (−5 × −9x) + (−5 × 6)
Next, simplify the expression.
188
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3 + (−5 × −9x) + (−5 × 6) = 3 + 45x − 30
Then, combine like terms and then the numbers together. Like terms have the same literal coefficients. For
example 2x and 3x are like terms but 2a and 3b are unlike terms.

3 + 45x − 30 = 45x − 27
The answer is 45x − 27.
Guided Practice

Here is one for you to try on your own.
Name the property illustrated here.

4x + (−5x) + 8y = (−5x) + 8y + 4x
The only difference is the order of the terms.
The answer is the commutative property.
Examples
Example 1

Simplify:
−4(x + 6)
First, use the distributive property.

−4(x + 6) = −4x − 24
The answer is −4x − 24.
Example 2

Simplify:
(−6 − 3) + 3
First, reorganize the expression so that you are only involving addition.

(−6 − 3) + 3 = (−6 + (−3)) + 3
Next, use the associative property to reorganize the expression.
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(−6 + (−3)) + 3 = −6 + (−3 + 3)

Then, apply the additive inverse property.

−6 + (−3 + 3) = −6 + 0

Then, apply the additive identity property.

−6 + 0 = −6

The answer is -6.

Example 3

Simplify:
−8x + 3y + 4x
First, use commutative property to reorganize the expression.

−8x + 3y + 4x = −8x + 4x + 3y

Next, combine like terms.

−8x + 4x + 3y = −4x + 3y

The answer is −4x + 3y.

Follow up

Remember the flower garden problem? You have to figure out the width of the flower garden.
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First, what do you know?
Area of the land is 59625 f t 2 .
Area = Length × Width
Length = 200 f t
Width = 225 + x
Next, use what you know to set up your equation.

59625 = (225 + x) × 225
Next, use the distributive property.

59625 = 45000 + 200x
Next, combine like terms.
59625 − 50625 = 225x
9000 = 225x
Then, solve for x by dividing by 225.
9000 225x
=
225
225
The answer is 40.
The unknown width is 40 feet.
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MEDIA
Click image to the left or use the URL below.
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Explore More

Identify each property illustrated.
1. 3x + 4x + 7y = 7y + 3x + 4x
2. −5 + 7 + 0 = −5 + 7
3. (−6 + 5) + 9 = −6 + (5 + 9)
4. −5 + −x + 8y = −x + 5 + 8y
5. 6(x + y) = 6x + 6y
6. −7y(1) = −7y
7. x(8 + y) = 8x + xy
Simplify each expression.
8. 4(y − 5) + −3y
9. −5(x − 4)
10. −4x + 7x + 7 − 3y
11. −6(y + 4)
12. −3(y − 2) + 2(y + 6)
13. 8(x + 4) − 3(x + 2)
14. −9y(3 + 2)
15. 21 (6 + 4)
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2.14 Use Simple Integer Equations to Solve Real
World Problems
In this concept, you will learn to write equations and solve real-world problems using simple integer equation
Let’s Think About It

A train is hauling 150 freight cars full of grain and corn. Each train car can hold either 90.25 tons of corn or 114
tons of grain. If there are 90 cars full of grain, how much weight is the train hauling?
In this concept, you will write equations and solve real-world problems using simple integer equation
Guidance

Integers are used in everyday life when you solve real-world problems. Let’s look at a real-life problem using
integers.
Kaitlyn borrowed $950 to buy a computer. So far, she has paid back $175. How much does Caitlin still owe?
First, write a simple equation to represent the problem. Let x be the amount that Kaitlyn still owes.
950 = 175 + x
Next, rearrange the equation to isolate x.

x = 950 − 175
Then, solve for x.

x = 775
The answer is 775.
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Kaitlyn still owes $775.
Here is another one.
The population of a certain town in 2002 was 312,980. In 2006, the population increased to 391,740. To the nearest
thousand, what was the population increase from 2002 to 2006?
First, since you are estimating, round the populations in 2002 and 2006 to the nearest thousand.
Round the first number. Since there is a 9 in the hundreds place, 312,980 rounds up to 313,000.
Round the second number. Since there is a 7 in the hundreds place, 391,740 rounds up to 392,000.
Next, find the difference between the two populations.

392000 − 313000 = 79000
The answer is 79000.
The population increased by 79,000 people.
Guided Practice

Here is one for you to try on your own.
Yuri saved $215 each month for six months. About how much has Yuri saved? What is the exact amount that Yuri
saved?
First, you need to find an estimate the amount Yuri saved.
Round the first number to a number that is easy to multiply. The number 215 rounds down to 200.
Next, multiply 200 by the 6 months.

200 × 6 = 1200
The answer is 1200.
Yuri saved about $1,200.
Then, you need to find the exact answer. You need to write a simple equation to represent the problem. Let x
represent the total amount Yuri saved.
x = 215 × 6
x = 1290
The answer is 1290.
Yuri saved exactly $1,290.
Here are a few for you to try.
Examples
Example 1

John earned three bonus points on his test. If he started with a 78, what was his final score?
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First, write an equation to represent this problem.

x = 78 + 3
Next, solve for x.

x = 81
The answer is 81.
John’s final score on his test was 81.
Example 2

A football team lost fifteen yards at the 20 yard line. Since football moves backwards, what yard line did the team
start the next play on?
First, write an equation to represent this problem.

x = 20 − (−15)
Next, solve for x.

x = 20 + 15
x = 35
The answer is 35.
The next play is from the 35 yard line.
Example 3

You are helping to make potato salad for a family picnic. You can peel 2 potatoes every minute. How long will it
take you to peel the 50 potatoes you need?
First, write an equation to represent this problem.

x=

50 potatoes
2 potatoes/min

Next, solve for x.

x = 25
The answer is 25.
It will take you 25 minutes.
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Follow up

Remember the freight train hauling the grain and corn? There are 150 cars in total, 90 carrying grain and 60 carrying
corn.
First, write an expression for the weight of each type of load for all of the freight cars. Let x equal the total weight
being hauled by the train.

x = 90.25

tons
tons
× 60 cars + 114
× 90 cars
car
car

Next, simplify the equation.

x = 5415 tons + 10260 tons
Then, solve for x.

x = 15675
The answer is 15675.
The amount of grain and corn is 15675 tons.

Video Review

https://www.youtube.com/watch?v=C5DMyWbTGYY

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167147
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Explore More

Use simple integer equations to solve each real-world problem.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.

Karen saved fifteen dollars a week for eight weeks. How much money did she have at the end of this time?
Jocelyn spent as much as Karen had saved. Write an integer to show the amount that Jocelyn spent.
If a car backs up fifteen feet and then goes forward forty feet. How many feet did the car advance?
Tasha owes her brother fifty dollars. She paid five dollars towards the debt. How much does she still owe her
brother?
The temperature on Monday began at 5 degrees, then went up to 20 degrees and then decreased to 7 degrees.
Show the temperature change in an equation.
Represent this change in temperature by writing an integer.
Joshua spent fifteen dollars, then he spent five more dollars and then he spent three dollars and fifty cents.
Write an equation to show his spending.
How much money did Joshua spend in all?
If Joshua had started shopping with $30.00, would he have gotten any change?
How much change would he have gotten?
Jessica is shortening her dress length three inches. Write an integer to show this change.
If the length of the dress is 40 inches, how long will the dress be after the alteration?
If Jessica is five feet tall, how far will the hem be from the floor?
Carly is scuba diving. She descends to fifteen feet and then proceeds to descend another 35 feet.
1. Show this change using an equation.
2. What is her final depth?

[U+EFFE]
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2.15 Find Equivalent Forms of Rational Numbers
In this concept, you will find equivalent forms of rational numbers.

Let’s Think About It

Kelly and Mallory are comparing the number of boxes of erasers that each one of them has sold. Kelly works in the
store one day and Mallory works in the store the next day. They decide to write a riddle about their sales and give it
to Trevor to figure out. When Trevor comes in the store on the day after Mallory has worked he finds this riddle.
198
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Trevor is puzzled. How is he going to solve this riddle?
In this concept, you will learn to find equivalent forms of rational numbers.
Guidance

In order to begin investigating rational numbers, you first need to know the definition of a rational number.
A rational number is a number that can be written in fraction form. In other words, if a number can be written as
a fraction, it is called a rational number. Rational numbers can also be positive or negative. For example, − 12 and 21
are both rational numbers.
What other numbers can be written in fraction form and are therefore rational numbers? Integers are rational
numbers. An integer is a whole number and can be positive or negative. But even whole numbers can be fractions;
they just have 1 as the denominator. For example, 5 can be written as 51 as can -4 be written as − 41 . So integers are
rational numbers.
Decimals can also be written as fractions if the decimal is terminating or repeating. When you understand how to
convert a decimal to a fraction and a fraction to a decimal, you will be able to determine whether or not the decimal
is a rational number.
Is 0.34 a rational number?
First, look at the decimal to determine its value. Its value is 34 hundredths.
Next, you can write this decimal as a fraction with a denominator of 100.

0.34 =

34
100

This is a rational number since it can be written as a fraction.
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Here is another one.
Is 0.343434 a rational number?
First, look at this decimal. It repeats but also terminates (ends).
34
34
Next, you know that 0.34 = 100
so 0.343434 must be slightly more than 100
. Place the numbers in the decimal over
the appropriate place value. Count the decimal places. There are six decimal places, so there will be six zeros in the
denominator.

343434
1000000
Then, simplify.

343434
34
=
1000000 99
This is a rational number since it can be written as a fraction.
Here is one more.
Is 0.4526753 . . . a rational number?
First, look at the number. The decimal does not terminate (notice the . . . just after the 3) nor does it repeat.
Next, since the decimal does not end, you cannot make it into a fraction.
The number is not a rational number. It is an irrational number. The most common example of an irrational number
is Pi. Most times we use 3.14 for pi but the actual irrational number, given the name pi, has over 200 million known
digits, and it does not repeat nor end.
Examples of rational numbers
1. Fractions - both positive and negative
2. Decimals - positive, negative, terminating or repeating too.
3. Integers
Converting rational numbers into fractions and percentages.
What decimal is equivalent to the fraction 78 ?
Divide the numerator by the denominator to find the equivalent decimal.

7 ÷ 8 = 0.875
The decimal 0.875 is equivalent to the fraction 87 .
To convert from a decimal to a fraction, place the numbers in the decimal over the appropriate place value.
Convert 0.875 back to a fraction.
First, count the decimal places. There are three decimal places, so there will be three zeros in the denominator.

0.875 =
200

875
1000
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Next, simplify.

875
1000
35
40

=
=

35
40
7
8

A percent also represents a part of a whole; percent can also be a rational number. You can convert a percent to a
decimal and to a fraction. Remember that percent means out of 100.
What is 30% as a fraction? As a decimal?
First, remember that percent means out of 100. Therefore

30% =

30
100

Next, simplify.

30
3
=
100 10
Then, write the decimal.

3
= 0.30
10
Percentages that have been converted to decimals and fractions can also be considered rational numbers.
Guided Practice

Here is one for you to try on your own. Is .35678921 a rational number?
Notice that this is not a repeating decimal, but it is a terminating decimal. Remember a terminating decimal has an
end to it. As long as it has an end, it is a rational number.
Examples
Example 1

Convert 0.67 to a percent.
First, count the decimal places. There are two decimal places, so there will be two zeros in the denominator.

0.67 =

67
100

Next, remember that a percent is out of 100. Since your fraction is over 100, this is your percent.
The answer is 67%.
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Example 2

Convert 45% into a fraction.
First, remember that percent means out of 100. Therefore

45% =

45
100

Next, simplify.

45
9
=
100 20

The answer is

9
20 .

Example 3

Convert 0.185 to a percent.
First, count the decimal places. There are three decimal places, so there will be three zeros in the denominator.

0.185 =

185
1000

Next, simplify.

37
185
=
1000 200

Then, remember that a percent is out of 100. Since your fraction is over 200, you need to divide by 2.

37
18.5
=
200
100

The answer is 18.5%.
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Follow Up

Remember Trevor and the riddle?
Trevor knows that there has to be a variable because the number of boxes that Kelly sold is unknown. He also knows
that he needs to write an equation having the rational number, three-fourths in it.
First, write an equation.
Let x = Kelly’s boxes
Mallory sold four more boxes than three fourths of Kelly’s sold,
Therefore add 4 to 34 x.
Mallory sold 13 boxes.
The equation is 43 x + 4 = 13
Next, subtract 4 from both sides.
3
4x
3
4x

= 13 − 4
= 9

Then, get x by itself by multiplying both sides by 4 and dividing by 3. This is really just multiplying both sides
by the reciprocal. Remember the Inverse Property of Multiplication that states that any number multiplied by its
reciprocal is equal to 1.
4
3

3

= 9 34
x = 9×4
3
x = 36
3
x = 12

4x



The answer is 12.
Kelly sold 12 boxes of erasers.
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https://www.youtube.com/watch?v=joZ3TOTfPkg
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Click image to the left or use the URL below.
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Explore More

Identify whether each is a rational number or not. Write yes or no for your answer. Then identify the form of the
number: integer, decimal, repeating decimal, fraction, terminating decimal, irrational number.
1. 0.456
2.

2
3

3. −45
4. 567
5. −8970
6. 0.3434343434
7. 0.234 . . .
8. 0.234567
9. −0.876
10. − 72
Write each rational number as a decimal and then as a percent.

14.

4
5
1
5
14
50
12
100

15.

6
25

11.
12.
13.

204

www.ck12.org

Chapter 2. Using Rational Numbers

2.16 Compare and Order Rational Numbers
In this concept, you will learn to order and compare rational numbers
Let’s Think About It

Terry is studying the stock market. She notices that in one day, the stock that she is tracking has lost value. It
decreased 0.5%. On the next day, it lost value again. This time the decrease was reported as minus 0.45.
Which day had the worst decrease?
In this concept, you will learn to compare and order rational numbers.
Guidance

To compare and order rational numbers, you should first convert each number to the same form so that they are
easier to compare. Usually it will be easier to convert each number to a decimal. Then you can use a number line
to help you order the numbers. To order the rational numbers from greatest to least, or least to greatest, you need to
use inequality signs. The inequality signs are:
Greater than: >
Less than:
Greater than or equal to: ≥
Less than or equal to: ≤
Let’s try an example.
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Place the following number on a number line in their approximate locations: 18 , 0.8, 8%.
First convert 18 and 8% into decimals.
1
8

= 0.125
8
8% = 100
= 0.08

Next, place the three decimals on a number line between 0 and 1.

Then, since you have compared the numbers by placing them on a number line, you can order the rational numbers.
The answer is 8% <

1
8

< 0.8.

Here is another one.
Which inequality symbol correctly compares 0.29% to 0.029?
First, convert the percent into a decimal.
0.29% = 0.29
100
= 0.0029
Next, compare it to 0.029.

0.29% < 0.029
The answer is 0.29% < 0.029 .
Remember, the key to comparing and ordering rational numbers is to be sure that they are all in the same form. You
want to have all fractions, all decimals or all percentages so that your comparisons are accurate. You may need to
convert before you compare!!
Guided Practice

Here is one for you to try on your own.
Order the following rational numbers from least to greatest.

0.5%, 0.68,
206
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First, let’s convert them all to the same form. We could use fractions, decimals or percent, but for this situation, let’s
use percent.
Since 0.5% is in the percent form, it is done.

68
0.68% = 100
= 68%

3
15

= 15
20
= 100
= 20%

Next, order the numbers. Be sure to write them as they first appeared.

0.5% <
The answer is 0.5% <

3
15

3
< 0.68
15

< 0.68.

Examples
Example 1

Which inequality symbol correctly compares 0.56 to 45 ?
First, let’s convert them all to the same form. We could use fractions, decimals or percent, but for this situation, let’s
use fractions.
Since

4
5

is in the fraction form, it is done.

0.56 =
=

56
100
14
25

Next, get a common denominator so you can compare the fractions.

4 5 20
× =
5 5 25
Then, order the numbers. Be sure to write them as they first appeared.

0.56 <

4
5

The answer is 0.56 < 45 .
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Example 2

Which inequality symbol correctly compares 0.008 to 0.8%?
First, let’s convert them all to the same form. We could use fractions, decimals or percent, but for this situation, let’s
use percent.
Since 0.8% is in the percent form, it is done.
8
0.008 = 1000
0.8
= 100
= 0.8%

Next, order the numbers. Be sure to write them as they first appeared.

0.008 = 0.8%
The answer is 0.008 = 0.8% .
Example 3

Which inequality symbol correctly compares to 81 to

1
10 ?

First, get a common denominator so you can compare the fractions. The common denominator between 8 and 10 is
40.
1
8
1
10

× 55
× 44

=
=

5
40
4
40

Next, order the numbers. Be sure to write them as they first appeared.
1
1
>
8 10
The answer is

1
8

>

1
10 .

Follow up

Remember Terry and the stock market reporting? Terry needs to compare 0.5% with 0.45 in order to determine
which day had the biggest decrease.
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First, convert them all to the same form. Fractions, decimals or percent could all be used but for this situation, use
percent.
Since 0.5% is in the percent form, it is done.

45
0.45 = 100
= 45%

Next, order the numbers. Be sure to write them as they first appeared.

0.5% < 0.45

The answer is 0.5% < 0.45.
The second day was a lot worse on the market.
Video Review

https://www.youtube.com/watch?v=VZOHWaw5dqM

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167279

Explore More

Compare each pair of rational numbers putting the or > signs in the space provided.
1.0.34

0.87

2. −8

− 11

3.

1
6

7
8

4. 0.45

50%

5. 66%

3
4

6. 0.78

77%

7.

4
9

27%

8. 0.989898
9. 0.67

0.35
32%

10. 0.123000

0.87

Use the order of operations to evaluate the following expressions.
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11. 3xwhen is x 0.50
12. 4ywhenyis 34
13. 5x + 1 whenx is -12
14. 6y − 7 when yis 21
15. 3x − 4x when xis -5
16. 5x + 8y when x is 2 and yis -4
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2.17 Solve Real-World Problems Using Rational
Numbers and Simple Equations
In this concept, you will learn to solve real-world problems by using rational numbers and simple equations.
Let’s Think About It

Jill is doing a little woodwork for a school project. She had a piece of wood 4 feet long. She cut of a piece that was
2 58 feet long. She needs to determine how long the piece of wood was that she had left in order to see if she had
3
of a foot long,
enough to complete her project. How much does she have left? If she needs 5 more pieces that are 10
does she need more wood?
In this concept you will learn to solve real-world problems by using rational numbers and simple equations.
Guidance

You can use fractions, decimals, and integers to solve real-world problems. You can use rational numbers to write
and solve equations to represent real-world problems too.
Let’s look at an example.
Candy is 5 years older than one-third Liam’s age. If Candy is 16, how old is Liam?
First, choose a variable to represent Liam’s age.
Let l represent Liam’s age.
Next, write an equation using the information in the problem.
The phrase “5 years older” translates to “+5”.
The phrase “one-third Liam’s age” translates to “ 13 l”
Since the problem tells you that Candy is 16, set the expression that shows Candy’s age equal to 16.
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Put the parts together to form an equation.
1
l + 5 = 16
3
Then, solve the equation for l. Remember that any operation you perform on one side of the equation must also be
performed on the other side.
First, subtract 5 from both sides to isolate the variable term on one side of the equation.
1
3l +5−5
1
3l

= 16 − 5
= 11

Next, you need to eliminate a fractional coefficient, multiply by the reciprocal. Remember the Multiplicative Inverse
Property where any number multiplied by its reciprocal is equal to 1.
3
1

1

= 11
l = 33

3l

3
1



The answer is 33.
Liam is 33 years old.
Guided Practice

Here is one for you to try on your own.
Ben bought one share of stock for $40. He watched the price of his stock every day for a week. On Monday, the
stock moved 2.5 points up. On Tuesday, it moved 1.75 points down. On Wednesday, it moved p points. On Thursday
and Friday, the stock moved 0.75 points up each day. If the price of the stock was $45 at the end of the week, what
is the value of p?
First, use the information in the problem to write an equation to represent the price of the stock.

40 + 2.5 − 1.75 + p + 2(0.75) = 45
Next, use the order of operations to simplify the equation. First, multiply, then add and subtract in order from left to
right.
40 + 2.5 − 1.75 + p + 1.5
42.5 − 1.75 + p + 1.5
40.75 + p + 1.5
42.25 + p

=
=
=
=

Then solve for p by isolating p on the left side of the equation.

42.25 + p = 45
p = 45 − 42.25
p = 2.75
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The answer is 2.75.
The stock moved up 2.75 points.
Examples

Solve each problem. Be sure your answer is in simplest form.
Example 1

The product of 5 and a number is 160.
First, use the information in the problem to write an equation to represent the problem.
The phrase “the product of 5 and a number” translates to “5x”.
The product is equal to 160.
Therefore 5x = 160
Next, solve for x by eliminating the 5 or 51 by multiply by the reciprocal. Remember the Multiplicative Inverse
Property where any number multiplied by its reciprocal is equal to 1.
1
5

 5x

= 160
x = 160
5
x = 32

1

1
5



The answer is 32.
Example 2

The selling price of a certain DVD is $7 more than the price the store paid. If the selling price is $24, what did the
store pay?
First, use the information in the problem to write an equation to represent the problem.
The phrase “$7 more” translates to “+7”.
The selling price is equal to 24.
Therefore x + 7 = 24
Next, solve for x by subtracting 7 from both sides of the equation.

x + 7 − 7 = 24 − 7
x = 17
The answer is 17.
The store paid $17 for the DVD.
Example 3

Suppose you drive 630 miles in 10.5 hours. What was your average speed?
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First, use the information in the problem to write an equation to represent the problem. Remember that speed is
equal to distance over time.

v =
v =

d
t
630
10.5

Next, solve for v.
630
v = 10.5
v = 60

The answer is 60.
The average speed is 60 miles/hour.
Follow up

Remember Jill and her wood working project? She used 2 85 feet from a 4 foot long piece of wood and needs 5 more
3
a foot long. Will she have enough?
pieces that are 10
First, convert the mixed number into an improper fraction.
2 85
2 85

=
=

(8×2)+5
8
21
8

Next, find out how much wood is left after Jill finished cutting her first piece.
x = 4 − 21
8
21
x = 32
−
8
8
11
x = 8
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Then, find out how much wood she needs for the 5 other pieces.

3
y = 5 × 10
15
y = 10
15
Then compare the numbers 11
8 (how much she has) and 10 (how much she needs) to see which one is bigger. To do
this, you need to get a common denominator. The common denominator for 8 and 10 is 40.

11
8
15
10

× 55
× 44

=
=

55
40
60
40

Then, compare the two fractions.

60 55
>
40 40
Therefore

15
10

>

11
8.

The answer is no.
Jill does not have enough wood to cut 5 more pieces after she cuts off the first piece.
Video Review

https://www.youtube.com/watch?v=kyu-IQ-gBIg&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167287

Explore More

Use what you have learned to work with each problem concerning rational numbers.
1. The expression 2p3 [U+0088][U+0092]4m can be used to find the sales profit of a company where p is the
number of products they sell and m is the number of miles they travel. If they sold 5 products and traveled 10
miles, what was their profit?
2. If they sold 6 products and traveled 15 miles, what was their profit?
3. If they sold 10 products and traveled 20 miles, what was their profit?
4. The expression 11s
2 + 7t can be used to find the group admission price, where s is the number of students and
t is the number of teachers. If there are 20 students and 4 teachers, what is the group admission price?
5. If there are 25 students and 4 teachers, what is the group price?
6. If there are 20 students and 5 teachers, what is the group price?
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7. Brooke needs to save $146 for a trip. She has $35 in her savings account. She saves $15.75 each week. She
also has to spend $15 to buy a present for a friend. How many weeks will Brooke need to save to have enough
for her trip?
8. Vinnie is 21 as old as Julie. Julie is 24. How old is Vinnie?
9. Manuel starts with $30. He earns $8.00 per hour plus an additional bonus of $12 each day. He spends $8.00
for lunch. If he has $94 at the end of the day, for how many hours did he work?
10. A formula for the perimeter of a rectangle is P = 2(l + w), where P is the perimeter, l is the length, and w is
the width. If the perimeter of a rectangle is 312 centimeters and the width is 67.3 centimeters, what is the
length?
11. If the length of a rectangle is 32 centimeters and the width is 65.5 centimeters, what is the perimeter?
12. If the length of a rectangle is 64 centimeters and the width is 22 centimeters, what is the perimeter?
13. If the length of a rectangle is 32 centimeters and the width is 65.5 centimeters, what is the area?
14. If the length of a rectangle is 30 centimeters and the width is 16 centimeters, what is the area?
15. If the perimeter of a rectangle is 32 centimeters and the width is 8 centimeters, what is the length?
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3.1 Solve Equations using Inverse Properties
of Addition and Multiplication
In this concept, you will solve equations involving the inverse properties of addition and multiplication.

Let’s Think About It

The marching band at Floyd Middle School is excellent and well respected throughout the community. Each year
the band continues to grow, and the students who participate make a huge commitment to practices, football games
and parades.
When the students gathered for their first rehearsal Mrs. Kline, the band director, gathered them altogether for a few
announcements.
“We will be marching in the big parade this year once again,” she said smiling from ear to ear. “I am so glad,” Keri
said leaning over to Anica. “I was hoping that we would.”
“We will also be adding four new students this year. We started with 140 students and we will add four. This means
that we need to redo our formation for the big finale. We need to reorganize the band into eight even rows. Let’s
take a look at what this will look like. Please take out a piece of paper and a pencil,” Mrs. Kline said turning to the
blackboard.
“I can figure out the number of students in each row with an equation,” Anica said smiling.
“Yes, and don’t forget to count Jake as the Drum Major in the lead,” Keri added.
In this concept you will solve equations involving the inverse properties of addition and multiplication.

Guidance

What do you know about equations?
An equation is a statement with an equal sign where the quantity on one side of the equals is the same as the quantity
on the other side of the equals.
Here is a simple equation:
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x + 11 = 15

You have an equation with a variable where x is the unknown quantity. To solve this perform an inverse operation or
opposite operation. You would subtract eleven from 15 to give you 4. That is the value of the variable.
Most of the time, you don’t even think about performing an inverse operation, your mind naturally solves the problem
in this way.
When you have an equation with one variable, it is called a one-step equation. It only takes one operation or one
inverse operation to solve it.
Two-Step Equations
To solve a two-step equation, you will need to use more than one inverse operation.
Let’s take a look at how to solve a two-step equation.
When you perform inverse operations to find the value of a variable, you work to get the variable alone on one side
of the equal sign. This is called isolating the variable. It is one strategy for solving equations. You can use isolating
the variable whether you are solving one-step or two-step equations.
Let’s look at an example.
Solve for a:

3a + 12 = 15

We can call each piece of the equation a term. There is a term with a variable and there is a term without a variable.
Notice that there are two terms on the left side of the equation, 3a and 12.
First, use inverse operations to get the term that includes a variable, 3a, by itself on one side of the equal sign. In
equations, you would always leave the term that holds the variable until the end in order to isolate the variable. So,
in the equation above, 12 is added to 3a. You can use the inverse of addition, which is subtraction as your first step.
We can subtract 12 from both sides of the equation.

3a + 12 − 12 = 45 − 12
3a = 33
Next, use inverse operations to get the a by itself. Since 3a means 3 × a , you can use the inverse of multiplication,
which is division. You can divide both sides of the equation by 3 to isolate the variable.

3a
3

33
=
3
amp; a = 11

The answer is 11.
Let’s review your steps to solving this two-step equation. Your goal is to isolate your variable so you first need to
get this variable term alone on one side of the equal sign.
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Guided Practice

A gardener charges $20 for each gardening job plus $15 for each hour worked. He charged $80 for a gardening job
he did yesterday.
a. Write an algebraic equation to represent h, the number of hours that the gardener worked on that $80 job.
b. Find the number of hours that the gardener worked on that $80 job.
First, in order to solve part a, you need to write an equation. In this problem, you are looking for number of hours,
so let h =the number of hours.
Use a number, an operation sign, a variable, or an equal sign to represent each part of the problem. The gardener
earned $15 for each hour worked on that job, so you could multiply $15 by h, the number of hours worked, to find
how much money the gardener charged for his work time.
$20 for each gardening job plus $15 for each hour worked....charged $80 for one... job.
↓
↓
↓
↓
↓
20
+
15h
=
80
So, the equation to use for this problem is:
20 + 15h = 80
Next, solve part b. You need to use your equation from part ’a’ to find the number of hours the gardener worked on
that job.

20 − 20 + 15h = 80 − 20
15h = 60
Then, since 15 is multiplied by the variable, h, you can use the inverse of multiplication which is division. Divide
both sides by 15.

15h
15

= 60
15
h = 4

The answer is 4.
The gardener worked four hours.
224

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Examples
Example 1

4x + 5 = 29
First, use inverse operations (subtraction) to get the term that includes a variable, 4x, by itself on one side of the
equal sign.

4x + 5 − 5 = 29 − 5
4x = 24
Next, use inverse operations (division) to get the x by itself.

4x
4

= 24
4
x = 6

The answer is x = 6.

Example 2

3y + 7 = 43
First, use inverse operations (subtraction) to get the term that includes a variable, 3y, by itself on one side of the
equal sign.

3y + 7 − 7 = 43 − 7
3y = 36
Next, use inverse operations (division) to get the ’y’ by itself.

3y
36

= 36
3
y = 12

The answer is y = 12.
Example 3

6x + 8 = 71
First, use inverse operations (subtraction) to get the term that includes a variable, 6x, by itself on one side of the
equal sign.
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6x + 8 − 8 = 71 − 8
6x = 63
Next, use inverse operations (division) to get the ’x’ by itself.

6x
6

= 63
6
x = 9

The answer is x = 9.

Follow up

Remember Mrs. Kline and her math problem involving setting up the lines for the marching band.
First, let’s look at the given information.
There are 144 students in the band. There is also one Drum Major.
We need to organize the students into eight even rows.
Here is our equation.

8x = 144
Notice that the Drum Major is not included. Remember that Kerry pointed out that the Drum Major is not included
in the lines as the Drum Major is in the lead. In this case, Jake is not included in the equation since he is not in the
rows.
Next, you only have a one-step equation here. You can solve the equation now.
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8x
8

= 144
8
x = 8

The answer is 18.
There will be 18 students in each row.
Video Review

https://www.youtube.com/watch?v=tuVd355R-OQ&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167293

Explore More

Solve the following two-step equations that have addition and multiplication in them.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

3x + 4 = 22
4y + 3 = 15
6x + 5 = 35
7x + 2 = 16
9y + 8 = 80
12x + 15 = 51
14y + 2 = 30
7y + 5 = 40
2x + 4 = 48
6x + 3 = 39
8x + 2 = 10
8x + 7 = 95
9x + 9 = 90
3x + 5 = 50
7x + 12 = 61
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3.2 Solving Equations using Inverse Properties of Addition and Division
In this concept, you will learn to solve equations involving the inverse properties of addition and division.

Let’s Think About It

Jessica and Casey worked at a bakery during school vacation. One day Casey was asked to divide up many pounds
of flour in order to prepare for their day of baking. She divided the amount she was given by three. Then she added
four more pounds to one of these portions.
Jessica was given the largest portion. If Jessica received 8 pounds of flour, how many pounds of flour did Casey
begin with?
In this concept you will solve equations involving the inverse properties of addition and division.

Guidance

To solve a two-step equation, you will need to use more than one inverse operation. When you perform inverse
operations to find the value of a variable, you work to get the variable alone on one side of the equals. This is called
isolating the variable. It is one strategy for solving equations.
Let’s look at an example.
Solve for c: 5 + 4c = 15
First, use the inverse operations to get the variable, 4c , by itself on the left side. Since 5 is being added to the variable,
the inverse operation is subtraction.
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5 + 4c
5 − 5 + 4c
c
4

= 15
= 15 − 5
= 10

Next, use inverse operations to isolate c. Since c is divided by 4, the inverse operation would be multiplication. The
number 4 is 14 which is the multiplicative inverse or the reciprocal of 41 . So the reciprocal of 14 is 41 . When a number
if multiplied by its reciprocal, the product is 1.

4
1

× 14 c =

10
1

× 41

c = 40
The answer is c = 40.

Guided Practice

Here is one for you to try on your own.
y
+ 6 = 10
19
First, use the inverse operations to get the variable,

y
19 ,

y
19
y
19

by itself on the left side.

+ 6 = 10

+ 6 − 6 = 10 − 6
y
19

= 4

Next, use inverse operations to isolate y.
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19
1

1
× 19
y =

4
1

× 19
1

y = 76
The answer is y = 76.
Examples
Example 1

y
+ 6 = 10
5
First, use the inverse operations to get the variable, 5y , by itself on the left side.
y
5
y
5

+ 6 = 10

+ 6 − 6 = 10 − 6
y
5

= 4

Next, use inverse operations to isolate “y”.
5
1

× 51 y =

4
1

× 15

y = 20
The answer is y = 20.
Example 2

a
+ 12 = 28
9
First, use the inverse operations to get the variable, 9a , by itself on the left side.
a
9
a
9

+ 12 = 28

+ 12 − 12 = 28 − 12
a
9

= 16

Next, use inverse operations to isolate “a”.
9
1

× 19 a =

16
1

× 19

a = 144
The answer is a = 144.
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Example 3

x
+ 12 = 18
11
First, use the inverse operations to get the variable,

x
11
x
11

x
11 ,

by itself on the left side.

+ 12 = 18

+ 12 − 12 = 18 − 12
x
11

= 6

Next, use inverse operations to isolate “x”.

11
1

1
× 11
x =

6
1

× 11
1

x = 66
The answer is x = 66.
Follow up

Let’s go back and help Casey with her math problem. If you remember, you know that Casey divided the pounds of
flour by three, but you don’t know how many pounds she started with, so this is our variable.
First, let “x” be the number of pounds she started with such that the variable is 3x .
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You know that Casey added four pounds to one of the portions, so 3x + 4.
You also know that Jessica ended up with 8 pounds, so 3x + 4 = 8.
Next, you can begin solving the equation. Start by subtracting four from both sides of the equation.
x
3

+4−4 = 8−4
x
3

= 4

Then, use the inverse of division, multiplication, and multiply three times four.
3
1

× 3x

=

4
1

× 31

x = 12
The answer is 12.
Casey started with 12 pounds of flour.
Video Review

https://www.youtube.com/watch?v=9ITsXICV2u0

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167295

Explore More

Solve the following two-step equations that have addition and division in them.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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x
3 +4 = 8
x
5 + 8 = 10
a
6 + 7 = 13
a
9 + 4 = 30
b
8 + 6 = 15
c
12 + 9 = 18
x
7 + 7 = 21
x
11 + 5 = 12
x
12 + 9 = 16
a
14 + 6 = 8
x
22 + 9 = 12
y
2 + 14 = 18
x
7 + 24 = 38
x
8 + 15 = 30
x
9 + 11 = 28

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

3.3 Solving Equations Using Inverse Properties of Addition and Multiplication
In this concept, you will learn to solve equations involving inverse properties of subtraction and multiplication.
Let’s Think About It

You have $58 dollars to spend on a pair of jeans and 2 T-shirts. The jeans cost $32. How much will the T-shirts have
to be?
In this concept you will solve equations involving inverse properties of subtraction and multiplication.
Guidance

To solve a two-step equation, you will need to use more than one inverse operation. When you perform inverse
operations to find the value of a variable, you work to get the variable alone on one side of the equals. This is called
isolating the variable. It is one strategy for solving equations. You can use isolating the variable whether you are
solving one-step or two-step equations.
For example, solve for x in the following equation:
2x − 9 = 17
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Notice that there are two terms on the left side of the equation, 2x and 9.
First, use inverse operations to get the term that includes a variable, 2x, by itself on one side of the equal sign. In the
equation, 9 is subtracted from 2x. So, you can use the inverse of subtraction — addition.

2x − 9 = 17
2x − 9 + 9 = 17 + 9
2x = 26

The number +9 in this solution is the additive inverse, or opposite, of -9.
Next, use inverse operations to get the x by itself. Since 2x means 2 · x, you can use the inverse of multiplication—division. So you can divide both sides of the equation by 2.

2x = 26
2x 26
=
2
2
x = 13
The answer is 13.
Let’s review your steps for solving this two-step equation.

Guided Practice

Here is one for you to try on your own.
Eight times a number minus four is equal to ninety - two. Write a two-step equation and solve for the missing
variable.
First, walk through the words to write the equation.

8x − 4 = 92
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Next, isolate the variable by using the inverse of subtraction – addition.

8x − 4 = 92
8x − 4 + 4 = 92 + 4
8x = 96
Then, solve for x by using the inverse of multiplication – division.

8x = 96
8x 96
=
8
8
x = 12
The answer is 12.
Examples
Example 1

9x − 5 = 40
First, isolate the variable by using the inverse of subtraction – addition.

9x − 5 = 40
9x − 5 + 5 = 40 + 5
9x = 45
Then, solve for x by using the inverse of multiplication – division.

9x = 45
9x 45
=
9
9
x=5
The answer is 5.
Example 2

9y − 6 = 66
First, isolate the variable by using the inverse of subtraction – addition.
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9y − 6 = 66
9y − 6 + 6 = 66 + 6
9y = 72

Then, solve for y by using the inverse of multiplication – division.

9y = 72
9y 72
=
9
9
y=8

The answer is 8.

Example 3

12a − 4 = 44

First, isolate the variable by using the inverse of subtraction – addition.

12a − 4 = 44
12a − 4 + 4 = 44 + 4
12a = 48

Then, solve for a by using the inverse of multiplication – division.

12a = 48
12a 48
=
12
12
a=4

The answer is 4.
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Follow Up

Now, let’s go back to your question about buying T-shirts and jeans. You only have $58 to spend on 2 T-shirts and a
pair of jeans that cost $32.
First, walk through the words to write the equation.

2x + 32 = 58
Next, isolate the variable by using the inverse of addition – subtraction.

2x + 32 = 58
2x + 32 − 32 = 58 − 32
2x = 26
Then, solve for x by using the inverse of multiplication – division.

2x = 26
2x 26
=
2
2
x = 13
The answer is 13.
Each T-shirt must cost $13.
Video Review

https://www.youtube.com/watch?v=9ITsXICV2u0
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Directions: Solve each two-step equation that has multiplication and subtraction in it.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
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4x − 3 = 13
5y − 8 = 22
7x − 11 = 31
8y − 15 = 25
9x − 12 = 42
12y − 9 = 99
2y − 3 = 23
3x − 8 = 19
5y − 2 = 28
7x − 11 = 38
5y − 9 = 51
6a − 12 = 30
9x − 14 = 13
12x − 23 = 49
13y − 3 = 23
18x − 12 = 42
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3.4 Solve Equations Involving Inverse Properties of Subtraction and Division
In this concept, you will learn to solve equations involving inverse properties of subtraction and division.

Let’s Think About It

Brandon and Felicia sold rolls of wrapping paper for a school fundraiser. Brandon sold 3 less than half the number
of rolls that Felicia sold. Brandon sold a total of 9 rolls of wrapping paper.
Write an algebraic equation to represent w, Remember that w is the number of rolls of wrap the number of rolls of
wrapping paper that Felicia sold. Then, find the number of rolls of wrapping paper that Felicia sold.
In this concept you will solve equations involving inverse properties of subtraction and division.

Guidance

You are going to learn how to solve two-step equations with subtraction and division. To solve a two-step equation,
you will need to use more than one inverse operation. You begin solving two-step equations by isolating the variable.
For example, solve for z.

z
−7 = 3
6
Your first step should be to use inverse operations to get the term that includes a variable, 6z , by itself on one side
of the equal sign. In the equation, 7 is subtracted from 6z . So, you can use the inverse of subtraction—addition.
Therefore add 7 to both sides of the equation.
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z
6

−7 = 3
−7+7 = 3+7
z
6 = 10

Next, you can use inverse operations to isolate z. Since z is divided by 6, you can use the inverse of division –
multiplication.

z
6

z
6

= 10
× 6 = 10 × 6
z = 60

The answer is 60.
Let’s review your steps to solving this two-step equation.

Guided Practice

Here is one for you to try on your own.
x
−9 = 8
6
First, use the inverse of subtraction—addition to isolate the variable.

x
6

x
6

−9 = 8
−9+9 = 8+9
x
6 = 17

Next, you can use inverse operations to isolate x. Since x is divided by 6, you can use the inverse of division –
multiplication.

x
6

The answer is 102.
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6

= 17
× 6 = 17 × 6
x = 102
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Examples
Example 1

x
−8 = 9
3
First, use the inverse of subtraction—addition to isolate the variable.

x
3

x
3

−8 = 9
−8+8 = 9+8
x
3 = 17

Next, you can use inverse operations to isolate x. Since x is divided by 3, you can use the inverse of division –
multiplication.

x
3

x
3

= 17
× 3 = 17 × 3
x = 51

The answer is 51.
Example 2

y
− 2 = 13
7
First, use the inverse of subtraction—addition to isolate the variable.

y
7

y
7

− 2 = 13
− 2 + 2 = 13 + 2
y
7 = 15

Next, you can use inverse operations to isolate y. Since y is divided by 73, you can use the inverse of division –
multiplication.

y
7

y
7

= 15
× 7 = 15 × 7
y = 105

The answer is 105.
Example 3

a
− 2 = 12
7
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First, use the inverse of subtraction—addition to isolate the variable.

a
7

a
7

− 2 = 12
− 2 + 2 = 12 + 2
a
7 = 14

Next, you can use inverse operations to isolate a. Since a is divided by 7, you can use the inverse of division –
multiplication.

a
7

a
7

= 14
× 7 = 14 × 7
a = 98

The answer is 98.
Follow Up

To answer the question from Brandon and Felicia’s fundraising, remember that Brandon sold 3 less than half of
Felicia’s total and you also know that Brandon sold 9 rolls of wrap.
First, use the key words from the question to help you translate the problem into an equation. Remember that w is
the number of rolls of wrap.

Brand on sold 3 less than half the number that Felicia sold.
↓
↓
w
−3
2
So the equation is

w
2

− 3 = 9.

Next, use the inverse of subtraction—addition to isolate the variable.
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w
2

w
2

−3 = 9
−3+3 = 9+3
w
2 = 12

Then, you can use inverse operations to isolate w. Since w is divided by 2, you can use the inverse of division –
multiplication.

w
2

w
2

= 12
× 2 = 12 × 2
w = 24

The answer is 24.
Felicia sold 24 rolls of wrapping paper.
Video Review

https://www.youtube.com/watch?v=9ITsXICV2u0
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Solve each two-step equation that has division and subtraction in it.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

x
5
y
6
x
7
x
8
y
7
x
4
y
4
x
3
a
5
b
4
x
2
a
7
b
4
x
8
y
6
x
2

−4 = 8
−3 = 8
− 7 = 10
− 4 = 12
− 5 = 11
− 10 = 12
−8 = 2
− 12 = 9
− 3 = 11
− 1 = 15
−8 = 4
−4 = 9
−7 = 3
− 1 = 12
−8 = 5
− 15 = 12
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3.5 Solve Equations Involving Combining Like
Terms
In this concept, you will learn to solve equations involving combining like terms.
Let’s Think About It

You are asked to go to the store to buy 4 cartons of milk. You are given 2 dollars for doing this chore. You have $15
to take with you that will cover the cost of the milk and your 2 dollars. How much does each carton of milk cost?
In this concept you will learn to solve equations involving combining like terms.
Guidance

When you add or subtract the terms in an expression, you can only combine like terms. Like terms are terms that
contain the same variable, and these terms can be combined.
Let’s look at a problem.
You go to the fruit sand and buy 3 yellow peaches, 5 white peaches and 2 red apples. Write an equation to represent
the number of peaches and apples you bought.
First, notice these are different kinds of fruit you bought at the fruit stand. Therefore let p represent the number of
peaches and a represent the number of apples.
Next, write your equation to show the number of peaches and apples.

3 peaches + 5 peaches + 2 apples
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Or

3p + 5p + 2a
Then, combine like terms.

3p + 5p + 2a = 8p + 2a
Let’s take a look at how you can apply what you know about combining like terms to solving algebraic equations.
Solve for r in the following equation.

5r − r − 9 = 15
First, combine the like terms on the left side of the equation.

5r − r − 9 = 15
(5r − r) − 9 = 15
4r − 9 = 15
Notice that 9 cannot be combined with 4r because they are not like terms.
Then you can solve the equation as we would solve any two-step equation. The next step is to isolate the term with
the variable, 4r, on one side of the equation. Since 9 is subtracted from 4r, you should add 9 to both sides of the
equation to isolate that term.

4r − 9 = 15
4r − 9 + 9 = 15 + 9
4r = 24
Then, 4r means 4 × r, you should divide each side of the equation by 4 to get the r by itself on one side of the
equation.

4r = 24
4r 24
=
4
4
r=6
The answer is 6.
Let’s look at another example.
Solve for “n” in the following equation.

6n + 3 + 8n + 2 = 23
245

3.5. Solve Equations Involving Combining Like Terms

www.ck12.org

First, combine the like terms on the left side of the equation. The terms 6n and 8n are like terms since each has the
same variable, n. The numbers 3 and 2 are also like terms, so they can be combined as well.
Use the commutative property of addition to help you reorder the terms being added. This property states that
terms can be added in any order. Then use the associative property of addition to group the terms so like terms are
being added. The associative property of addition states that the grouping of terms being added does not matter.

6n + 3 + 8n + 2 = 33
6n + (3 + 8n) + 2 = 33
6n + (8n + 3) + 2 = 33
(6n + 8n) + (3 + 2) = 33
Next, now that the like terms are grouped together with parentheses, combine them.

(6n + 8n) + (3 + 2) = 33
14n + 5 = 33
Then, solve as you would solve any two-step equation. The next step is to isolate the term with the variable, 14n, on
one side of the equation. Since 5 is added to 14n, you should subtract 5 from both sides of the equation to isolate the
variable.

14n + 5 = 33
14n + 5 − 5 = 33 − 5
14n = 28
Then, since 14n means 14 × n, you should divide each side of the equation by 14 to get the n by itself on one side of
the equation.

14n = 28
14n 28
=
14
14
n=2
The answer is 2.
Guided Practice

Here is one for you to try on your own.
Yesterday, Tanya biked 3 more miles than she biked today. She biked a total of 13 miles on both days.
a. Let m stand for the number of miles Tanya biked today. Write an algebraic equation to represent the number
of miles Tanya biked on both days.
b. Find the number of miles Tanya biked today.
c. Find the number of miles Tanya biked yesterday.
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Part a.
First, you know that m represents the number of miles Tanya biked today. Use that variable to write an expression
for the number of miles Tanya biked yesterday. You know that she biked 3 more miles yesterday than today and the
total for the two days was 13. Therefore:

m + (m + 3) = 13
Part b.
Next, combine like terms. Use the commutative property of addition to rearrange the terms being added so it is
easier to see how to add the like terms.

m + (m + 3) = 13
(m + m) + 3 = 13
2m + 3 = 13
Then, solve the equation for m as you would solve any two-step equation. Subtract 3 from both sides of the equation.

2m + 3 = 13
2m + 3 − 3 = 13 − 3
2m = 10
Then divide both sides by 2 to solve for m.

2m = 10
2m 10
=
2
2
m=5
The answer is 5. Therefore Tanya biked 5 miles today.
Part c.
First, you know that Tanya biked 3 more miles yesterday than today. You also know that she biked 5 miles today.
Therefore you need to substitute 5 in for m.

3+m = 3+5
3+m = 8
The answer is 8.
Tanya biked 8 miles yesterday.
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Examples
Example 1

3p + 5p + 2 = 18
First combine like terms.

3p + 5p + 2 = 18
8p + 2 = 18
Next, subtract 2 from both sides to isolate the variable.

8p + 2 = 18
8p + 2 − 2 = 18 − 2
8p = 16
Then, solve for p by dividing both sides by 8.

8p = 16
8p 16
=
8
8
p=2
The answer is 2.
Example 2

3x + 6x + 14 = 41
First combine like terms.

3x + 6x + 14 = 41
9x + 14 = 41
Next, subtract 14 from both sides to isolate the variable.

9x + 14 = 41
9x + 14 − 14 = 41 − 14
9x = 27
248
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Then, solve for x by dividing both sides by 9.

9x = 27
9x 27
=
9
9
p=3

The answer is 3.

Example 3

3x + 5x + 9x[U+0088][U+0092]7 = 44

First combine like terms.

3x + 5x + 9x − 7 = 44
17x − 7 = 44

Next, add 7 from both sides to isolate the variable.

17x − 7 = 44
17x − 7 + 7 = 44 + 7
17x = 51

Then, solve for x by dividing both sides by 17.

17x = 51
17x 51
=
17
17
x=3

The answer is 3.
249

3.5. Solve Equations Involving Combining Like Terms

www.ck12.org

Follow Up

Now, let’s return to your chore of buying milk. You have $15 to buy 4 cartons of milk and to keep your $2.
First, you need to name your variable. Since you are going to buy milk, let m represent the price of the milk.
Next, write your equation. You are buying 4 cartons of milk so 4m. You get $2 to go for the milk and are given $15.
So your equation is:

4m + 2 = 15
Then, since you are adding 2 to the left side, isolate your variable by subtracting 2.

4m + 2 = 15
4m + 2 − 2 = 15 − 2
4m = 13
Then solve for m by dividing by 2.

4m = 13
4m 13
=
4
4
m = 3.25
The answer is 3.25.
Each carton of milk costs $3.25.
250

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Video Review

https://www.youtube.com/watch?v=_PsDFffvBsI

MEDIA
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Explore More

Practice combining like terms as you simplify each expression.
1. 8x + 3x + 2
2. 5y − 3y + 8
3. 6x + 9x + x − 4
4. 9x + 4x − 8 + 2x
5. 2y − 10y + 16
6. 3x + 4x + 5 − 6 + 2x
Combine like terms and solve each equation.
7. 8x + 3x + 2 = 24
8. 5y + 2y + 6 = 48
9. 4x − 6x + 3 = 13
10. 7y − 10y + 6 = 9
11. 5x + 8x + 4 = 30
12. 9a + 3a − 4 = 44
13. 7a + 4a + 6 = 83
14. 12x − 14x + 3 = 19
15. 10y − 16y + 5 = 35
5y + 2y + 6 = 48
4x − 6x + 3 = 13
7y − 10y + 6 = 9
5x + 8x + 4 = 30
9a + 3a − 4 = 44
7a + 4a + 6 = 83
12x − 14x + 3 = 19
10y − 16y + 5 = 35
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3.6 Solve Equations with the Distributive Property
In this concept, you will learn to solve equations with the distributive property.
Let’s Think About It

Sandra and Janet are going to the movies and meeting up with their friend Karen. The girls spent $42.75 in total for
3 movie tickets and 3 bags of popcorn that cost $5.25 each. How much money did the three girls spend on the movie
tickets?
In this concept you will learn to solve equations with the distributive property.
Guidance

The distributive property is used solve some equations. This property states that when a factor is multiplied by the
sum of two numbers, you can multiply each of the two numbers by that factor and then add them.
Let’s see how the distributive property can help you solve some multi-step equations.
Solve for k in the following equation.
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5(3 + k) = 45
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 5 and then add those products.

5(3 + k) = 45
(5 × 3) + (5 × k) = 45
15 + 5k = 45
Next, solve as you would solve any two-step equation. To isolate 5k on the left side of the equation, subtract 15 from
both sides.

15 + 5k = 45
15 − 15 + 5k = 45 − 15
5k = 30
Then, divide both sides by 5 to solve for k.

5k = 30
5k
= 30
5
5
k = 6
The answer is 6.
Let’s look at another one.
Solve for y in the following equation.

2(y − 9) = 40
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 2 and then combine those products.

2(y − 9) = 45
(2 × y) − (2 × 9) = 45
2y − 18 = 40
Next, solve as you would solve any two-step equation. To isolate 2y on the left side of the equation, add 18 from
both sides.

2y − 18 = 40
2y − 18 + 18 = 40 − 18
2y = 58
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Then, divide both sides by 2 to solve for y.

2y = 58
2y
= 58
2
2
y = 29
The answer is 29.
Guided Practice

Here is one for you to try on your own.
Solve for x in the following equation.

3(3 − x) = 12
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 2 and then combine those products.

3(3 − x) = 12
(3 × 3) − (3 × x) = 12
9 − 3x = 12
Next, solve as you would solve any two-step equation. To isolate 3x on the left side of the equation, subtract 9 from
both sides.

9 − 3x = 12
(9 − 9) − 3x = 12 − 9
−3x = 3
Then, divide both sides by -3 to solve for x.

−3x = 3
−3x
3
= −3
−3
x = −1
The answer is -1.
Examples
Example 1

Solve for x in the following equation.

6(x + 4) = 42
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First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 6 and then add those products.

6(x + 4) = 42
(6 × x) + (6 × 4) = 42
6x + 24 = 42
Next, solve as you would solve any two-step equation. To isolate 6x on the left side of the equation, subtract 24 from
both sides.

6x + 24 = 42
6x + 24 − 24 = 42 − 24
6x = 18
Then, divide both sides by 6 to solve for x.

6x = 18
6x
= 18
6
6
x = 3
The answer is 3.
Example 2

Solve for y in the following equation.

4(y − 8) = 16
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 4 and then combine those products.

4(y − 8) = 16
(4 × y) − (4 × 8) = 16
4y − 32 = 16
Next, solve as you would solve any two-step equation. To isolate 4y on the left side of the equation, add 32 from
both sides.

4y − 32 = 16
4y − 32 + 32 = 16 + 32
4y = 48
Then, divide both sides by 4 to solve for y.
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4y = 48
4y
= 48
4
4
y = 12

The answer is 12.

Example 3

Solve for y in the following equation.

12(x − 2) = 48

First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 12 and then combine those products.

12(x − 2) = 48
(12 × x) − (12 × 2) = 48
12x − 24 = 48

Next, solve as you would solve any two-step equation. To isolate 12x on the left side of the equation, add 24 from
both sides.

12x − 24 = 48
12x − 24 + 24 = 48 + 24
12x = 72

Then, divide both sides by 12 to solve for x.

12x = 72
12x
= 72
12
12
x = 6

The answer is 6.
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Follow Up

Now, let’s go back to the movies. Sandra, Janet and Karen went to the movies and spent $42.75 and bought 3 tickets
and 3 popcorns that cost 5.25 each. You want to find out the price of the movie tickets.
First, write your equation. Each girl bought a movie ticket and a bag of popcorn for $5.25. You also know that the
total bill was $42.75. Let x represent the price of each movie ticket.

3(x + 5.25) = 42.75
Next, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 3 and then add those products.

3(x + 5.25) = 42.75
(3 × x) + (3 × 5.25) = 42.75
3x + 15.75 = 42.75
Next, solve as you would solve any two-step equation. To isolate 3x on the left side of the equation, subtract 15.75
from both sides.

3x + 15.75 = 42.75
3x + 15.75 − 15.75 = 42.75 − 15.75
3x = 27
Then, divide both sides by 3 to solve for x.

3x = 27
3x
= 27
3
3
x = 9
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The answer is 9.
Each movie ticket costs $9.00.
Video Review

https://www.youtube.com/watch?v=gl_-E6iVAg4
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Use the distributive property to solve each equation.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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2(x + 3) = 10
5(x + 4) = 25
9(x − 3) = 27
7(x + 5) = 70
5(x − 6) = 45
8(y − 4) = 40
7(x + 3) = −7
8(x − 2) = 8
9(y + 1) = 90
−3(y + 4) = 24
−2(y − 4) = 16
−4(x − 1) = 8
9(y − 4) = 36
7(y − 3) = 21
−9(y − 2) = 27
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3.7 Solve Equations with the Distributive Property and Combining Like Terms
In this concept, you will learn to solve equations with the distributive property and combining.
Let’s Think About It

Eight children were given some candy. Then six different children were given the same unknown amount of candy.
Next, two children were that same unknown amount of candy plus three additional pieces of candy. The total number
of pieces of candy given out was thirty eight. What is the unknown amount of candy?
In this concept you will learn to solve equations with the distributive property and combining.

Guidance
To solve some multi-step equations you will need to use the distributive property and combine like terms. When this
happens, you will see that there is more than one term with the same variable or there is more than one number in
the equation. You always want to combine everything that you can before moving on to solving the equation.
Let’s apply this to the following situation.
Solve for “m” in the following equation.

6(1 + 2m) − 3m = 24
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by 6 and then add those products.

6(1 + 2m) − 3m = 24
(6 × 1) + (6 × 2m) − 3m = 24
6 + 12m − 3m = 24
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Next, combine like terms (12m and 3m) on the left side of the equation.
6 + 12m − 3m = 24
6 + (12 − 3m) = 24
6 + 9m = 24
Then, solve as you would solve any two-step equation. Subtract 6 from both sides of the equation.

6 + 9m = 24
6 − 6 + 9m = 24 − 6
9m = 18
Then, divide both sides of the equation by 9 to solve for m.

9m = 18
9m
= 18
9
9
m = 2
The answer is 2.
Here is another one.
Solve for “b” in the following equation.

−4(2 + 3b) + 5b = 13
First, apply the distributive property to the left side of the equation. Multiply each of the two numbers inside the
parentheses by -4 and then add those products.
−4(2 + 3b) + 5b = 13
(−4 × 2) + (−4 × 3b) + 5b = 13
−8 + (−12b) + 5b = 13
Next, add the like terms on the left side of the equation. To add those like terms, −12b and 5b, you will need to use
what you know about adding integers.
−8 + (−12b) + 5b = 13
−8 + (−12b + 5b) = 13
−8 + (−7b) = 13
Then, solve as you would solve any two-step equation. Since -8 is added to (−7b), you can subtract -8 from both
sides of the equation to solve it.
−8 + (−7b)
−8 − (−8) + (−7b)
(−8 + 8) + (−7b)
−7b
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13 − (−8)
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Then, divide both sides of the equation by -7.

−7b = 21
21
−7b
= −7
−7
b = −3
The answer is -3.

Guided Practice

Here is one for you to try on your own.
Solve for “x” in the following equation.

−5x + 3(x + 1) − 4x = 45
First, apply the distributive property to the left side of the equation.

−5x + 3(x + 1) − 4x = 45
−5x + (3 × x) + (3 × 1) − 4x = 45
−5x + 3x + 3 − 4x = 45
Next, add the like terms on the left side of the equation.

−5 + 3x + 3 − 4x = 45
(−5x + 3x − 4x) + 3 = 45
3 − 6x = 45
Then, subtract 3 from both sides.

3 − 6x = 45
3 − 3 − 6x = 45 − 3
−6x = 42
Then, divide both sides of the equation by -6.

−6x = 42
−6x
42
= −6
−6
x = −7
The answer is -7.
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Example 1

Solve for “x” in the following equation.

6(x + 4) + 3x − 2 = 58
First, apply the distributive property to the left side of the equation.

6(x + 4) + 3x − 2 = 58
(6 × x) + (6 × 4) + 3x − 2 = 58
6x + 24 + 3x − 2 = 58
Next, add the like terms on the left side of the equation.

6x + 24 + 3x − 2 = 58
(6x + 3x) + (24 − 2) = 58
9x + 22 = 58
Then, subtract 22 from both sides.
9x + 22 = 58
9x + 22 − 22 = 58 − 22
9x = 36
Then, divide both sides of the equation by 9.

9x = 36
9x
= 36
9
9
x = 4
The answer is 4.
Example 2

Solve for “y” in the following equation.

6y + 3(y − 4) = 33
First, apply the distributive property to the left side of the equation.

6y + 3(y − 4) = 33
6y + (3 × y) + (3x × −4) = 33
6y + 3y + (−12) = 33
262

www.ck12.org

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Next, add the like terms on the left side of the equation.

6y + 3y + (−12) = 33
(6y + 3y) + (−12) = 33
9y − 12 = 33
Then, add 12 to both sides.

9y − 12 = 33
9y − 12 + 12 = 33 + 12
9y = 45
Then, divide both sides of the equation by 9.

9y = 45
9y
= 45
9
9
y = 5
The answer is 5.
Example 3

Solve for “a” in the following equation.

5(a + 3) + 6(a + 1) + 8a = 40
First, apply the distributive property to the left side of the equation.

5(a + 3) + 6(a + 1) + 8a = 40
(5 × a) + (5 × 3) + (6 × a) + (6 × 1) + 8a = 40
5a + 15 + 6a + 6 + 8a = 40
Next, add the like terms on the left side of the equation.

5a + 15 + 6a + 6 + 8a = 40
(5a + 6a + 8a) + (15 + 6) = 40
19a + 21 = 40
Then, subtract 21 from both sides.
19a + 21 = 40
19a + 21 − 21 = 40 − 21
19a = 19
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Then, divide both sides of the equation by 19.

19a = 19
19a
= 19
19
19
a = 1

The answer is 1.

Follow Up

Remember the eight children who were given some candy earlier? You will let “c” represent the unknown amount
of candy given.
Remember that six of the eight children were given the same unknown amount of candy (6c) and two of the children
were that same unknown amount of candy plus three additional pieces of candy (2(c + 3)). The total number of
pieces of candy given out was thirty eight.
First, write an equation.

6c + 2(c + 3) = 38
First, apply the distributive property to the left side of the equation.

6c + 2(c + 3) = 38
6c + (2 × c) + (2 × 3) = 38
6c + 2c + 6 = 38
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Next, add the like terms on the left side of the equation.

6c + 2c + 6 = 38
(6c + 2c) + 6 = 38
8c + 6 = 38
Then, subtract 6 from both sides.

8c + 6 = 38
8c + 6 − 6 = 38 − 6
8c = 32

Then, divide both sides of the equation by 8.
8c = 32
8c
= 32
8
8
c = 4
The answer is 4.
Therefore the unknown amount of candy is 4 pieces. Six of the children got 4 pieces of candy and two of the children
received 7 pieces of candy.

Video Review
https://www.youtube.com/watch?v=DopnmxeMt-s&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167364

Explore More
Distribute and combine like terms and then solve each equation.
1.
2.
3.
4.
5.
6.
7.
8.

x + 8(x + 2) = 52
2y + 6(y + 3) = 34
4y + 2(y[U+0088][U+0092]2) = 8
9y + 3(y[U+0088][U+0092]6) = 30
6(x + 2)[U+0088][U+0092]4x = 30
3(y[U+0088][U+0092]1) + 2(y + 3) = 13
4(a + 3)[U+0088][U+0092]2(a + 6) = 20
6(x + 2)[U+0088][U+0092]4x + 6 = 36
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9.
10.
11.
12.
13.
14.
15.
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[U+0088][U+0092]9(x + 3) + 4x = [U+0088][U+0092]2
[U+0088][U+0092]4(y + 3)[U+0088][U+0092]2y = 24
4(a + 2)[U+0088][U+0092]9 = 11
[U+0088][U+0092]8(y + 2)[U+0088][U+0092]16 = 16
5(a + 4) − 6a + 1 = 12
x + 3x + 2x + 3(x + 1) = 30
2x + 4x + 6x − 2(x + 3) = 34
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3.8 Solve Equations with a Variable on Both
Sides
In this concept, you will learn to solve equations with a variable on both sides of the equation.
Let’s Think About It

The hockey team is selling chocolate bars for a fundraiser. For the past few weeks, the students have been out there
taking orders with the hope of raising enough money for the big tournament. Karen was in charge of sorting through
the orders that had come in. She began counting all of the sales that the students had made. She discovered that she
and Josie had sold the same amount of boxes. Josie sold thirty-six more boxes than Jake. She sold three times as
many as Jake did. So how many boxed did Jake sell?
In this lesson, you will learn to solve equations with a variable on both sides of the equation.
Guidance

Consider the problem:12 + t = 30.
The strategy for solving this equation is to use inverse operations to isolate the variable, t, on one side of the equation.
Since 12 is added to t, you would subtract 12 from both sides of the equation to get t by itself.
12 + t = 30
12 − 12 + t = 30 − 12
t = 18
What if you needed to solve an equation like this?

12 + t = 30 + 3t
How do we solve an equation with variables on both sides of the equation?
First, to solve an equation that has the same variable on both sides of it, you need to get the variables together on one
side of the equation, and then you get the numbers together on the other side of the equation. Start by subtracting
3t and 12 from both sides of the equation.
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12 + t = 30 + 3t
12 − 12 + t − 3t = 30 − 3t − 12
Next, you can combine like terms.
12 − 12 + t − 3t = 30 − 3t − 12
−2t = 18
Then, solve for the value of the variable by dividing both sides by -2.
−2t = 18
18
−2t
= −2
−2
t = −9
The answer is -9.
Sometimes, an equation will have a set of parentheses and variables on both sides of the equation. The distributive
property is very helpful in solving these equations.
Let’s look at an example.
Solve for ’a’:
4a + 16 = 13a − (2a + 3a)
First, simplify the expression on the right side of the equation. According the order of operations, we should combine
the like terms inside the parentheses first.
4a + 16
4a + 16
4a + 16
4a + 16

=
=
=
=

13a − (2a + 3a)
13a − (5a)
13a − 5a
8a

Next, notice that the variable, a, is on both sides of the equation. You can use inverse operations to get all of the
terms with the variable, a, on one side of the equation. Since there is a number on the left side of the equation and
there is no number on the right side of the equation, it is easier to try to get all of the variable terms on the right side
of the equation. You can get all of the variable terms on the right side of the equation by subtracting 4a from both
sides.
4a + 16 = 8a
4a − 4a + 16 = 8a − 4a
16 = 4a
Then, to solve for ’a’, you divide both sides of the equation by 4.
16 = 4a
16
= 4a
4
4
a = 4
The answer is 4.
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Guided Practice

Here is one for you to try on your own.
Solve for ’x’ in the equation:

6x + 1 = 8x + 3
First, you need to move the terms with variables to the same side of the equation. Let’s move the 6x. You can do this
by using an inverse operation. You subtract 6x from both sides of the equation.

6x + 1 = 8x + 3
6x − 6x + 1 = 8x − 6x + 3
1 = 2x + 3
Next, subtract 3 from both sides of the equation so that only the variable remains on the left hand side.

1 = 2x + 3
1 − 3 = 2x + 3 − 3
−2 = 2x
Then, divide both sides by 2.
−2 = 2x
−2
= 2x
2
2
x = −1
The answer is -1.
Examples
Example 1

6x + 3 = 9x + 6
First, you need to move the terms with variables to the same side of the equation. You can subtract 6x from both
sides of the equation.

6x + 3 = 9x + 6
6x − 6x + 3 = 9x − 6x + 6
3 = 3x + 6
Next, subtract 6 from both sides of the equation so that only the variable remains on the left hand side.

3 = 3x + 6
3 − 6 = 3x + 6 − 6
−3 = 3x
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Then, divide both sides by 3.

−3 = 3x
−3
= 3x
3
3
x = −1
The answer is -1.
Example 2

4x + x + 2 = 10x − 13

First, you should combine like terms on the left side of the equation.

4x + x + 2 = 10x − 13
5x + 2 = 10x − 13
Next, you need to move the terms with variables to the same side of the equation. You subtract 5x from both sides
of the equation.

5x + 2 = 10x − 13
5x − 5x + 2 = 10x − 5x − 13
2 = 5x − 13
Next, add 13 from both sides of the equation so that only the variable remains on the left hand side.

2 = 5x − 13
2 + 13 = 5x − 13 + 13
15 = 5x
Then, divide both sides by 5.

15 = 5x
15
= 5x
5
3
x = 3
The answer is 3.
Example 3

8y + 2y = 20y + 10
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First, you should combine like terms on the left side of the equation.

8y + 2y = 20y + 10
10y = 20y + 10
Next, you need to move the terms with variables to the same side of the equation. You subtract 20y from both sides
of the equation.

10y = 20y + 10
10y − 20y = 20y − 20y + 10
−10y = 10
Then, divide both sides by -10.

−10y = 10
−10y
10
= −10
−10
y = −1
The answer is -1.
Follow Up

Remember Karen and the chocolate bar orders? She knew the following:
1. She sold as many chocolate bars as Josie.
2. Josie sold thirty-six more boxes than Jake.
3. She sold three times as many as Jake did.
271

3.8. Solve Equations with a Variable on Both Sides

www.ck12.org

Karen wanted to find out how many chocolate bars Jake sold.
First, you need to write an equation. Let x= the number of chocolate bars that Jake sold. Therefore Josie sold
(36 + x)boxes of bars and Karen sold 3xboxes of bars. Therefore the equation is:

x + 36 = 3x
Next subtract x from both sides of the equation.

x + 36 = 3x
x − x + 36 = 3x − x
36 = 2x
Then, divide both sides by 2 to solve for ’x’.

36 = 2x
36
= 2x
2
2
x = 18

The answer is 18.
Jake sold 18 boxes of chocolate bars. This also means that Karen sold 3(18) or 54 boxes of chocolate bars. As well,
Josie sold (18 + 36) or 54 boxes of chocolate bars.
Video Review

https://www.youtube.com/watch?v=Zn-GbH2S0Dk&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167299

Explore More

Solve each equation with variables on both sides.
1. 6x = 2x + 16
2. 5y = 3y + 12
3. 4y = y[U+0088][U+0092]18
4. 8x = 10x + 20
5. 7x = 4x + 24
6. 9y = 2y[U+0088][U+0092]21
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7. [U+0088][U+0092]6x + 22 = 5x
8. 15y = 9y + 36
9. 14x = 10x[U+0088][U+0092]40
10. 19y = 4y[U+0088][U+0092]30
11. 18x = 2x[U+0088][U+0092]32
12. 4x + 1 = 2x + 5
13. 6x + 4 = 4x + 10
14. 8x + 3 = 5x + 9
15. 10y[U+0088][U+0092]4 = 6y[U+0088][U+0092]12
16. 8x[U+0088][U+0092]5 = 10x[U+0088][U+0092]13
17. 12y[U+0088][U+0092]8 = 14y + 14
18. 18x[U+0088][U+0092]5 = 20x + 19
19. [U+0088][U+0092]20y + 8 = [U+0088][U+0092]8y[U+0088][U+0092]4
Solve each equation with variables on both sides, by simplifying each equation first by using the distributive property.
20. 2(x + 3) = 8x
21. 3(x + 5) = [U+0088][U+0092]2x
22. 9y = 4(y[U+0088][U+0092]5)
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3.9 Solve Multi-Step Equations Involving Decimals
In this concept, you will learn to solve multi-step equations involving decimals.

Let’s Think About It
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Sam found a bunch of change under his bed. He has a pile of quarters, a pile of dimes and a pile of nickels. He has
the same number of quarters, dimes and nickels. When he adds it all up, he has eight dollars and eighty cents. How
many of each coin does Sam have?
In this lesson, you will learn to solve multi-step equations involving decimals.
Guidance

Let’s first think about integers. Integers include positive whole numbers (1, 2, 3, 4, 5, . . .), their opposites (-1, -2,
-3, -4, -5, . . .), and zero. Integers are rational numbers. A rational number is any number that can be written as
the ratio of two integers or you can think of this in fraction form. So, an integer such as -3, which can be written as
the ratio −3
1 , is a rational number.
What are some other rational numbers?
A fraction, such as

1
4

can be written as the ratio of two integers. So, fractions are rational numbers.

A terminating decimal, such as 0.1, is also rational because it can be written as the ratio

1
10 .

A repeating decimal, such as 0.333̄, is rational because even though the digit 3 repeats over and over in the decimal
form. It can be expressed as the ratio of two integers or 13 . All integers, fractions, terminating decimals and repeating
decimals are rational numbers. You can solve equations with other rational numbers in them.
Let’s start by looking at solving equations involving decimals.
Solve for ’x’:
3x − 2.5x + 0.5 = 4.5
First, subtract the like terms on the left side of the equation.

3x − 2.5x + 0.5 = 4.5
3.0x − 2.5x + 0.5 = 4.5
0.5x + 0.5 = 4.5
Next, isolate the term with the variable, 0.5x, on one side of the equation. Since 0.5 is added to 0.5x, we should
subtract 0.5 from both sides of the equation.

0.5x + 0.5 = 4.5
0.5x + 0.5 − 0.5 = 4.5 − 0.5
0.5x = 4.0
Then, divide by 0.5 to solve for ’x’.

0.5x =
4.0
4.0
0.5

0.5x
0.5

=

x

=

8
The answer is 8.
275

3.9. Solve Multi-Step Equations Involving Decimals

www.ck12.org

Guided Practice

Here is one for you to try on your own.
Solve for ’x’:0.1(z − 4.2) = 0.48
First you can see that we have parentheses in this equation. Apply the distributive property to the left side of the
equation. Multiply each of the two numbers inside the parentheses by 0.1.

0.1(z − 4.2) = 0.48
(0.1 × z) − (0.1 × 4.2) = 0.48
0.1z − 0.42 = 0.48
Next, solve as you would solve any two-step equation. To get 0.1z by itself on one side of the equation, add 0.42 to
both sides.

0.1z − 0.42 = 0.48
0.1z − 0.42 + 0.42 = 0.48 + 0.42
0.1z = 0.90
Then, to get z by itself on one side of the equation, divide both sides by 0.1.

0.1z =
0.90
0.90
0.1

0.1z
0.1

=

z

=

9
The answer is 9.

Examples
Example 1

0.7x = 4.90
First, to get x by itself on one side of the equation, divide both sides by 0.7.

0.7x =
4.90
4.90
0.7

7
The answer is 7.
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Example 2

0.3x + 10 = 31
First, solve as you would solve any two-step equation. To get 0.3x by itself on one side of the equation, subtract 10
from both sides.

0.3x + 10 = 31
0.3x + 10 − 10 = 31 − 10
0.3x = 21
Next, to get ’x’ by itself on one side of the equation, divide both sides by 0.3.

0.3x

=

0.3x
0.3

=

21
21
0.3

amp; x =
70
The answer is 70.

Example 3

0.18x + 0.2x + 4 = 4.76
First, combine like terms on the left side of the equation.

0.18x + 0.2x + 4 = 4.76
(0.18x + 0.2x) + 4 = 4.76
0.38x + 4 = 4.76
Next, to get 0.38x by itself on one side of the equation, subtract 4 from both sides.

0.38x + 4 = 4.76
0.38x + 4 = 4.76 − 4
0.38x = 0.76
Then, to get ’x’ by itself on one side of the equation, divide both sides by 0.38.

0.38x = 0.76
0.38x
= 0.76
0.38
0.38
x = 2
The answer is 2.
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Follow Up

Remember Sam who found the change under his bed. He looked at the pile of nickels, dime, and quarters and noticed
that he had the same number of each coin. When he added it up, he had a total of $8.80. He wants to know how
many of each coin he has.
First, let ’c’ represent the number of each coin Sam has. Remember that a quarter is 25¢ or $0.25, a dime is 10¢ or
$0.10, and a nickel is 5¢ or $0.05. So the equation for Sam to solve would be:
0.25c + 0.10c + 0.05c = 8.80
Next, combine like terms.
0.25c + 0.10c + 0.05c = 8.80
0.40c = 8.80
Then, divide both sides by 0.4.
0.40c =
8.80
8.80
0.40

22
The answer is 22.
Sam has 22 of each type of coin.
Video Review

https://www.youtube.com/watch?v=MHACBubIBIY
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167362

Explore More

Solve each equation to find the value of the variable.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

3.2n + 6.5n = 38.8
0.2(3 + p) = 4.6
0.09y − 0.08y = 1.2
0.06x + 0.05x = 0.99
0.09x = 81
0.6x + 1 = 19
9.05x = 27.15
0.16x + 3 = 3.48
2.3a + 4 = 15.5
2(a + 4) + 0.5a = 23
0.54y + 0.16y + 0.22y = 3.68
x
0.6 = 0.8
y
0.25 = 9
0.6x − 0.5x + 11 = 12.1
0.26x + 0.18x = −3.08
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3.10 Solve Multi-Step Equations Involving Fractions
In this concept, you will learn to solve multi-step equations involving fractions.

Let’s Think About It

Kathleen told her Dad she was getting in shape for the “Relay for Life” walk. She told him that on Monday she
walked 4 miles and on Tuesday one-third as many miles as she walked on Wednesday for a total of 24 miles.
Her Dad was pleased but puzzled. “If I could figure out how many miles she walked on Wednesday,” he thought to
himself, “then I could figure out how many miles she walked on Tuesday. There must be some equation that would
help me solve this problem.”
How can Kathleen’s Dad use and solve an equation to answer his problem?
In this concept you will learn to solve multi-step equations involving fractions.

Guidance

Before you begin to solve equations involving fractions, you may have to review the rules for operations with
fractions. Here are a few tips that may help you recall how to perform operations with fractions:
• To add or subtract fractions they must have the same denominator.
• To multiply fractions you multiply the numerators and write the product over the product of the denominators.
• To divide fractions you multiply the first fraction by the reciprocal of the fraction after the division sign.
Let’s look at a problem with fractions before you begin solving equations involving fractions.
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1 1 2
+ −
4 2 3



3 1
÷
4 2



First, perform the addition and subtraction in the first set of parenthesis. The least common denominator is 12.

 
 
  
1 6
2 4
1 3
+
−
4 3
2 6
3 4
Next, multiply each fraction by multiplying the numerators and the denominators.



3
6
8
+ −
12 12 12



Next, express the fractions as a single fraction.



3+6−8
12



Then, do the addition and subtraction in the numerator.



This answer is

1
12



1
12 .

Next, perform the division in the second set of parenthesis.



3 1
÷
4 2



First, express the division as the first fraction multiplied by the reciprocal of the second fraction.



3 2
×
4 1



Then, multiply the numerators and multiply the denominators.

 
6
4
This answer is

6
4


.

Next, multiply the answers from each set of parenthesis.
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1
12

 
6
4

Remember, multiply the numerators and multiply the denominators.

6
48
Then, simplify the answer.

6
1
=
48 8
The answer is 18 .
Let’s look at solving an equation involving fractions.
Solve the following equation for ’x’.

1
5
x
=
x− −
2 12 6
First, isolate the variable ’x’ by adding

1
12

to both sides of the equation.

1
1
5
1
x
= +
x− − +
2 12 12 6 12
Next, simplify both sides of the equation.

x − 2x
x − 2x

=
=

10
12
11
12

1
+ 12

Next, simplify the left side of the equation by performing the subtraction.

x
1

2
2
2x
2



− 2x
− 2x
1x
2

=
=
=

11
12
11
12
11
12

Next, multiply both sides of the equation by 12.

 6  
 1  
1x
11


12
=
12



12
2

6x = 11
Then, divide both sides of the equation by 6.
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1

6x
6

=

11
6

x =
1 56
The answer is x = 1 56 .
Some equations involving fractions will require you to apply the distributive property to clear parenthesis as you
solve the equation.
Solve the following equation:


2
3
y+
=2
3
5
First, clear the parenthesis by applying the distributive property.
2
3

y
2
1 +3

3
5



=

2
2y
3

Next, isolate the variable by subtracting

6
15

6
+ 15
=
2

from both sides of the equation.
2y
6
6
6
+ −
= 2−
3 15 15
15

Next, simplify each side of the equation.
2y
3
2y
3
2y
3
2y
3

6
= 2 − 15
 6
= 21 15
15 − 15
6
= 30
15 − 15
24
= 15

Next, multiply both sides of the equation by 15.
 5  
 1  
2y
24


15
=
15



15
3

10y = 24
Then, divide both sides of the equation by 10.
1

y
10


10


24
= 10
4
y = 2 10
y = 2 25

The answer is y = 2 52 .
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Guided Practice

Solve the following equation for the variable:

1 4
2
+ −n =
3 5
15
First, add the fractions on the left side of the equation. Remember the fractions must have a common denominator.

1
3

Next, isolate the variable by subtracting

17
15


5
5

1
3
4
5

+ 45 − n
+ 33 − n
12
5
15 + 15 − n
17
15 − n

=
=
=
=

2
15
2
15
2
15
2
15

from both sides of the equation.

17
15
17
15

−n =
−n =

2
15
2
15

17
15

−

− 17
15

17
15

2
17
− 17
15 − n = 15 − 15
−n = −15
15
−n = −1

Next, simplify both sides of the equation.

Then, divide both sides of the equation by -1 to solve for ’n’. When you solve an equation you are finding the value
of +1n.

1

1


−1
= 

−1

n = 1

n
−1


−1


The answer is n = 1.
Examples
Example 1

Solve the following equation for the variable:

3 1
1
− +x = 1
6 3
2
First, subtract the fractions on the left side of the equation. Remember the fractions must have a common denominator.
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3
6
1
3
3
6

− 31 + x
2
3
6−
2 +x
− 62 + x
1
6 +x

1 12
1 12
1 12
1 12

=
=
=
=

Next, express the mixed number 1 12 as an improper fraction.
1
3
+x =
6
2
Next isolate the variable by subtracting

1
6

from both sides of the equation.

1
6
1
6

3
2
3
2

+x =
1
6 − +x =

− 16

Next, simplify both sides of the equation.

1
6

− 16 + x
x
x
x

=
=
=
=

3
2
3
2
9
6
8
6

− 16
3
3

−

1
6

− 61

Then, express the answer in simplest form.

x = 1 26
x = 1 13
The answer is x = 1 13 .
Example 2

Solve the following equation for the variable:

2
(m + 4) = 6
5
First, apply the distributive property to clear the parenthesis.

2
5

Next, isolate the variable by subtracting

8
5

·

2
5 (m + 4)

m
2 4
1 +5·1
2m
8
5 +5

= 6
= 6
= 6

from both sides of the equation.
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5
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8
+
5
5
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+ 85
− 58

= 6
= 6 − 85

Next, simplify both sides of the equation.
2m
5

+ 85 − 85
2m
5
2m
5
2m
5

= 6 − 58
= 61 55 − 58
8
= 30
5 −5
= 22
5

2m
5

=

Next, multiply both sides of the equation by 5.

1

5

2m



22
5
1

= 5

22



5
5
2m = 22

Then, divide both sides of the equation by 2 to solve for ’m’.

2m = 22
1

11


2m = 
22
2
2
m = 1

The answer is m = 11.
Example 3

Solve the following equation for the variable.
2 1
3
y− =
4
5 2
First, isolate the variable by adding

2
5

to both sides of the equation.
3
4y−
2
3
y
−
4
5+

2
5
2
5

=
=

1
2
1
2

+ 25

Next, simplify both sides of the equation.
3
2
4y− 5
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+ 25
3
4y
3
4y
3
4y

=
=
=
=

1
2
2+5
1 5
2
2·5+5
5
4
10 + 10
9
10

· 22
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3
4

to solve for ’y’.

3
4

÷
1

3
4y
3
4y

9
10
9
10

=
=

÷ 34

3 4
9
× y = 10
× 43
4 3
y = 36
30
6
y = 1 30
Then simplify the answer.

y=1

1
5

The answer is y = 1 51 .
Follow Up

Remember Kathleen who was walking for “Relay for Life?” How can her Dad use an equation to figure out how
many miles she walked each day?
First, name the variable. Let ’w’ represent the number of miles Kathleen walked on Wednesday.
Next, represent “On Tuesday Kathleen walked one-third as many miles as. . . on Wednesday.”
1
w
3
Next, represent the information given in the problem using a verbal model.
Verbal Model:
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(miles walked Mon.) + (miles walked Tues.) + (miles walked Wed.) = (total miles walked)
Next, write an equation to represent the verbal model.
(miles walked Mon.) + (miles walked Tues.) + (miles walked Wed.) = (total miles walked)
|
{z
} |
{z
} |
{z
}
|
{z
}
4

w

1
3w

4 + 31 w + w = 24

Next, solve the equation for the variable.
First, simplify the left side of the equation.
4 + 13 w + w = 24
4 + 1 13 w = 24
4 + 34 w = 24
Next, isolate the variable by subtracting 4 from both sides of the equation.
4 + 43 w = 24
4 − 4 + 34 w = 24 − 4
Next, simplify both sides of the equation.
4 − 4 + 34 w = 24 − 4
4 + 43 w = 24
4
3 w = 20
Next, divide both sides of the equation by

4
3

to solve for ’w’.

4
3

÷
1

4
3w
4
3w

= 20
= 20 ÷ 43

4 3
× w = 20 × 32
3 4
w = 60
4
w = 15
The answer is w = 15.
On Wednesday she walked 15 miles.
Then, use the answer to figure the number of miles Kathleen walked on Tuesday.
w = 15
miles walked on Tuesday = 13 w
1
3 (15) = 5
The answer is 5.
Kathleen walked 5 miles on Tuesday.
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Video Review

https://www.youtube.com/watch?v=t-RfBljqlRg

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167376

Explore More

Solve the following equations:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

1
3x = 9
1
1
2 x + 3 x = 10
3
5y+1 = 7
3
4x = 6
4
1
1
3 + 6 −x = 2
4
2
2
7 + 7 −x = 7
5
8 x = 10
1
4 y + 7 = 31
1
3 a − 4 = 12
6
1
7 − 27 + x = 1 7
4
3
5 y − 5 y = 10
2
3x = 8
5
1
6 −x = −6
3
3
4y = 4
6
2
1
8 − 3 +x = 3

289

3.11. Solve Multi-Step Equations Involving Rational Numbers

www.ck12.org

3.11 Solve Multi-Step Equations Involving Rational Numbers
In this concept, you will learn to solve multi-step equations involving rational numbers.
Let’s Think About It

Carlos travelled a certain distance from home to the campgrounds on his dirt bike at a speed of 50 km/h and returned
at a speed of 60 km/h. How can Carlos find the distance between his home and the campgrounds if the total time
travelling was 11 hours?
In this concept you will learn to solve multi-step equations involving rational numbers.
Guidance

A rational number is any number that can be written in the form ab where ’b’ does not equal zero. The set of
rational numbers includes integers, fractions and terminating decimals. Integers consist of all natural numbers, their
opposites and zero. Any numbers from the list . . . -3, -2, -1, 0, 1, 2, 3, . . are integers. A fraction is any rational
number that is not an integer. It is written as the ratio of one number to another in the form ab where ’b’ does not
equal zero. A terminating decimal is a decimal that ends. The fraction 18 expressed as a decimal is 0.125 which is
a terminating decimal.
You will often have to work with these types of numbers when solving equations. Working with rational numbers
when you solve an equation, does not change the rules you apply when determining the solution for the equation.
Let’s look at an example.
Solve the following equation for the variable ’x.’
1
5(2x − 9) + (−16x − 8) = 1
4
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This equation contains both integers and fractions which are rational numbers.
First, apply the distributive property to clear the parenthesis.

1
5(2x − 9) + (−16x − 8) = 1
4
1
1
5(2x) − 5(9) + (−16x) + (−8) = 1
4
4
10x − 45 − 4x − 2 = 1
Next, simplify the left side of the equation.

10x − 45 − 4x − 2 = 1
6x − 47 = 1
Next, isolate the variable by adding 47 to both sides of the equation.

6x − 47 = 1
6x − 47 + 47 = 1 + 47
Next, simplify both sides of the equation.

6x − 47 + 47 = 1 + 47
6x = 48
Then, divide both sides of the equation by 6 to solve for ’x.’

6x = 48
6x 48
=
6
6
x=8

The answer is 8.
Guided Practice

Here is one for you to try on your own.

5.5y − 3.2(2.5y − 4.6) = 2.3
This equation contains terminating decimals which are rational numbers.
First, apply the distributive property to clear the parenthesis.
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5.5y − 3.2(2.5y − 4.6) = 2.3
5.5y − 3.2(2.5y) − 3.2(−4.6) = 2.3
5.5y − 8y + 14.72 = 2.3
Next, simplify the left side of the equation.

5.5y − 8y + 14.72 = 2.3
− 2.5y + 14.72 = 2.3
Next, isolate the variable by subtracting 14.72 to both sides of the equation.

− 2.5y + 14.72 = 2.3
− 2.5y + 14.72 − 14.72 = 2.3 − 14.72
Next, simplify both sides of the equation.

− 2.5y + 14.72 − 14.72 = 2.3 − 14.72
− 2.5y = −12.42
Then, divide both sides of the equation by -2.5 to solve for ’y.’

−2.5y = −12.42
−2.5y −12.42
=
−2.5
−2.5
y = 4.968
Examples
Example 1

Solve the following equation for the variable:

8.7n + 4.5 − 3.2n = 37.5
First, simplify the left side of the equation by subtracting the like terms.

8.7n + 4.5 − 3.2n = 37.5
5.5n + 4.5 = 37.5
Next, isolate the variable by subtracting 4.5 from both sides of the equation.
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5.5n + 4.5 = 37.5
5.5n + 4.5 − 4.5 = 37.5 − 4.5
Next, simplify both sides of the equation.

5.5n + 4.5 − 4.5 = 37.5 − 4.5
5.5n = 33
Then, divide both sides of the equation by 5.5 to solve for ’n.’

5.5n = 33
1


5.5n
33

=

5.5
5.5


n=6
The answer is n = 6.
Example 2

Solve the following equation for the variable:

0.4k +

3
9
+ 0.2k =
10
10

First, simplify the left side of the equation by adding the like terms.

0.4k +

Next, isolate the variable by subtracting

3
10

3
+ 0.2k =
10
3
0.6k +
=
10

9
10
9
10

from both sides of the equation.
3
9
=
10 10
3
3
9
3
0.6k + −
=
−
10 10 10 10
0.6k +

Next, simplify both sides of the equation.
3
3
9
3
−
=
−
10 10 10 10
6
0.6k =
10
0.6k +
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Then, divide both sides of the equation by 0.6 to solve for ’k.’ However, this would
involve dividing a fraction by a

6
6
as a decimal (0.6).
decimal. The division will be simpler if you either express 0.6 as a fraction 10 or express 10
6
10
0.6k = 0.6

0.6k =

1

1



0.6k
0.6


=


0.6
0.6



k=1
The answer is k = 1.
Example 3

Solve the following equation for the variable:

m 2
−6 1 −
=
12
3
First, apply the distributive property to clear the parenthesis.

m
−6 1 −
=
12
−6 m
−6.1 −
·
=
1 12
6m
−6 +
=
12

2
3
2
3
2
3

Next, isolate the variable by adding 6 to both sides of the equation.
6m 2
=
12
3
6m 2
−6 + 6 +
= +6
12
3
−6 +

Next, simplify both sides of the equation.

−6 + 6 +

Next, multiply both sides of the equation by 12.
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12
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12
6m
12
6m
12

2
+6
3
 
2 6 3
= +
3 1 3
2 18
= +
3
3
20
=
3
=
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6m 20
=
12
3


 
1
4
6m
20


12
=
12


12
3

6m = 80
Then, divide both sides of the equation by 6 to solve for ’m.’

6m = 80
1

6m 80
=
6
6
m = 13

2
6

Then, simplify the answer.

m = 13

1
3

The answer is m = 13 13 .
Follow up

Remember Carlos travelling on his dirt bike? He wants to figure out the distance he travelled.
First, name the variable.
Let ’d’ represent the distance between home and the campgrounds.
Next, use the formula distance(d) = velocity(v) × time(t) and rearrange the formula for finding time.

d = v×t
d v × t
=
v
v
d
=t
v
The time of 11 hours is the time it took to go to the campground and to return home.
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Next, write a verbal model to represent Carlos’ travelling.

travelling to the campgrounds + travelling back to home = total time travelling
|
{z
} |
{z
} |
{z
}
d
v

d
v

Next, write and solve the equation.

d
d
+
= 11
50 60
Next, simplify the left side of the equation by adding the fractions.

d
d
+
= 11
  50  60

d 6
d 5
+
= 11
50 6
60 5
6d
5d
+
= 11
300 300
11d
= 11
300
Next, multiply both sides of the equation by 300.

11d
= 11
300


1
 11d = 300(11)
300


300

11d = 3300

Then, divide both sides of the equation to solve for ’d.’

11d = 3300
1


3300
11d

=

11
11


d = 300
The answer is 300.
The distance is 300 km.
Video Review

https://www.youtube.com/watch?v=9IUEk9fn2Vs
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167368

Explore More

Solve each equation to find the value of the variable.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

7n − 3.2n + 6.5 = 17.9
0.2(3 + p) = −5.6
s + 35 + 15 = 1 25
j + 57 − 17 = 9 47
3
1
1
4 g− 2 =
 81
a
−2 1 − 4 = 8
0.09y − 0.08y = .005
.28x + 4x = −8.56
1
1
3y+ 3y = 8
1
1
2
4x+ 3 = 3
1
2 x = 18
.9x = 54
.6x + 1 = 19
1
4 x + 2 = 19
9.05x = 27.15
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3.12 Write and Graph Inequalities
In this concept, you will learn to write and graph inequalities.

Let’s Think About It

A dance is being held at the High School and is only open for teenagers who are 18 or younger. Arthur must make
posters to advertise the dance in all of the Math classrooms in the school. He wants to make sure the age restriction
is included on the poster. How can Arthur mathematically display the age restriction on his posters?
In this concept you will learn to write and graph inequalities.
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Guidance

An equation is a statement of equality between two quantities. A statement that one quantity may be or may not be
equal to another quantity is called an inequality. The statement expressed by an equation is modeled using an equal
sign while the statement expressed by an inequality is modeled using the following symbols:
The symbol means “is less than.”
The symbol > means “is greater than.”
The symbol ≤ means “is less than or equal to.”
The symbol ≥ means “is greater than or equal to.”
The line below the inequality symbols for less than and greater than indicates the ’equal to’ part of the meanings of
≤ and ≥ . If you have difficulty remembering which symbol means less than and which one means greater than,
remember “l-e-s-s” points “l-e-f-t.”
Let’s take a closer look at inequalities.
2>x
This inequality means “2 is greater than x.” There are numerous values for the variable ’x’ that would make
this statement true. Some of the numbers that could be substituted in for the variable can be listed as shown
here:{1, 0, −1, . . . } These values belong to the integers which are a subset of the real numbers.
Another way to show these same numbers is by using set notation. Set notation is a mathematical statement that
shows an equation or inequality and the set of numbers to which the variable belongs. For the above inequality the
values for the variable ’x’ can be represented using set notation as shown below:

{x|2 > x, x ∈ I}

Integers )

(
x

| 2 > x, x |{z}
∈
|{z}

such that

z}|{
|

belongs to

Let’s look at one more.

5≤y

This inequality means “5 is less than or equal to y.”
n OR “y is greater
o than or equal to 5.” Some of the numbers
1
that could be substituted in for the variable ’y’ are 5, 5.5, 6, 7 4 , · · · These values belong to the rational numbers
which are a subset of the real numbers. To represent the values for the variable using set notation you could write
{y|5 ≤ y, y ∈ Q}.The letter ’Q’ represents the rational numbers. The letter ’R’ could also be used here to represent
the real numbers.
Inequalities can also be graphed on a number line. The graph visually displays the set of numbers for the variable
that would create a true statement. Remember there are four symbols that can be used to write an inequality. Each
of these can be displayed on the number line graph of the inequality. Here are some hints to use when graphing an
inequality on a number line:
• If the inequality is written with either a “less than” (<) or a “greater than” (>) symbol, then the starting
number of your graph is not included in the solution of the inequality. This is represented by placing an open
circle (◦) on that value on the number line.
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• If the inequality is written with either a “less than or equal to” (≤) or a “greater than or equal to” (≥) symbol,
then the starting number of your graph is included in the solution of the inequality. This is represented by
placing a closed circle (•) on that value on the number line.
• To represent “less than” draw an arrow on the number line pointing left. To represent “greater than” draw an
arrow on the number line pointing right.
• If the values of the variable belong to the rational numbers or to the real numbers, draw a line joining the
plotted values. If the values belong to the natural numbers, whole numbers, or integers do not join the plotted
points.
Write an inequality to represent the set of all possible values of ’n’ if n is less than two. Then, graph the inequality
on a number line.
First, write an inequality to represent the given information.

n is
2
| less
{zthan} |{z}
|{z}
<

n

2

The inequality is n < 2. This inequality must be graphed on a number line.
First, draw a number line numbered from -5 to 5.
Next, the number 2 is not included in the solution since the values for the variable will be all numbers less than 2.
Draw an open circle on the number line at ’2’.
Then, draw a direction line to the left from 2 to indicate “less than” and the fact that all numbers less than 2 are
included in the solution. This means that n ∈ R.

Guided Practice

Here is one for you to try on your own.
Write an inequality to represent the set of all possible values of ’n’ if n is greater than or equal to negative four.
Then, graph the inequality on a number line.
First, write an inequality to represent the given information.

n is greate than or equal to negative
|{z}
|
{z
} | {z }
n

≥

−4

The inequality is n ≥ −4. This inequality must be graphed on a number line.
First, draw a number line numbered from -5 to 5.
Next, the number -4 is included in the solution since the values for the variable will be all numbers greater than or
equal to -4. Draw a closed circle on the number line at ’-4’.
Then, draw a direction line to the right from -4 to indicate “greater than” and the fact that all numbers greater than
-4 are included in the solution. This means that n ∈ R.
300

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Examples
Example 1

Draw a number line graph to represent the following inequality expressed in set notation.

{x|3 ≤ x < 2, x ∈ I}
First, write in words what the set notation represents. Remember to read it from the middle beginning with the
variable.
The set notation represents all integers “greater than or equal to -3” and “less than” 2.
Next, draw a number line and place a closed circle on -3 since it is included in the solution and an open circle on 2
since it is not included in the solution.
Then, since the integers between these values are included in the solution place closed circles on {-2, -1, 0, and 1}.
Do not join the circles with a line since ’x’ belongs to the Integers.

Example 2

Write an inequality to represent the following statement:
The quantities less than or equal to four.
First, name the variable. Let ’x’ represent the quantities in the set.
Next, write the symbol that means “less than or equal to.”≤
Next, write the number. 4
Then, write the inequality.

x≤4
The answer is x ≤ 4.
Example 3

Represent the following using set notation:
All real numbers greater than -2 and less than or equal to 11.
First, name the variable. Let ’n’ represent all real numbers in the set.
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Next, begin the format for writing set notation. {n|}
Next, write the smaller number given in the statement.

{n|−2}

Next, insert the symbol that means “less than.”

{n|−2 <}

Next, write the variable.

{n|−2 < n}

Next, write the symbol that means “less than or equal to.”

{n|−2 < n ≤}

Next, write the larger number given in the statement.

{n|−2 < n ≤ 11, }

Then, write the set of numbers to which the variable belongs.

{n|−2 < n ≤ 11, n ∈ R}

The answer is {n|−2 < n ≤ 11, n ∈ R}.
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Follow Up

Remember Arthur and his dance posters? He wants to make sure that all students know the age requirements for
attending the dance. How can Arthur do this mathematically?
First, create an eye-catching poster advertising the dance.
Next, write a verbal model to represent the age restriction. You must be between the ages of 13 and 18.
Verbal Model: To be admitted to the dance your age must be “greater than or equal to 13” and “less than or equal to
18.”
Next, name the variable. Let ’a’ represent the age of the students.
Next, use set notation to write an inequality to represent the verbal model.

{a|13 ≤ a ≤ 18, a ∈ R}

Video Review

https://www.youtube.com/watch?v=dTwZ5N126gw

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167370
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Write a solution set for each inequality. Include at least three values in your solution set.
1. x < 13
2. y > 5
3. x < 2
4. y > [U+0088][U+0092]3
5. a > 12
6. x ≤ 4
7. y ≥ 3
8. b ≥ [U+0088][U+0092]3
9. a ≤ [U+0088][U+0092]5
10. b ≥ 11
Write an inequality to describe each situation.
11. A number is less than or equal to -8.
12. A number is greater than 50.
13. A number is less than -4.
14. A number is greater than -12.
15. A number is greater than or equal to 11.
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3.13 Solve Inequalities Using Addition or Subtraction
In this concept, you will learn to solve inequalities using addition or subtraction.

Let’s Think About It

The graduating class of 2015 has been busy raising money to decorate the Community Center for the upcoming
Prom Dance. They have a budget of $2,475. 95 and have already committed $1,728.50 to a professional decorator
who will provide and set up the props to transform the back portion of the Community Center into a nature park.
The graduates also want to have the tables and chairs covered with yellow, metallic cloth if they have enough money
to cover the cost. They are still waiting to hear from “All Things Fancy” regarding the price.
How can the graduates figure out how much money they have for covering the tables and chairs?
In this concept you will learn to solve inequalities using addition or subtraction.

Guidance

Sometimes, you will have an inequality that is not as straightforward as x > 4. With this example, you know that
the variable can be any number that is greater than four. The set of numbers that will make this inequality a true
statement can be displayed as a list or graphed on a number line.
However, the set of numbers that makes the inequality true is not always as obvious as it was for the inequality x > 4.
You may see an inequality like this one.
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x+3 > 7
For this inequality you need to find the set of numbers which will make the inequality a true statement. You are
looking for a set of numbers such that the sum of a number and 3 is greater than 7. You could spend a lot of time
doing trial and error to determine the set of numbers or you could solve the inequality.
Solving an inequality is similar to solving an equation. The following rules or number properties can be used to
solve an inequality.
The Addition Property of Inequality states that if the same number is added to both sides of an inequality then the
sense (inequality symbol) of the inequality remains unchanged.
•
•
•
•

If a > b, then a + c > b + c.
If a < b, then a + c < b + c.
If a ≥ b, then a + c ≥ b + c.
If a ≤ b, then a + c ≤ b + c.

The Subtraction Property of Inequality states that if the same number is subtracted from both sides on the
inequality then the sense (equality symbol) of the inequality remains unchanged.
•
•
•
•

If a > b, then a − c > b − c.
If a < b, then a − c < b − c.
If a ≥ b, then a − c ≥ b − c.
If a ≤ b, then a − c ≤ b − c.

The inequalities which you will solve can be solved by applying these properties. The process involved in solving an
equation is the same for solving an inequality – applying inverse operations to isolate and solve for the variable. For
an equation the solution is a single number but the solution for an inequality will be a set of numbers. The solution
must make the inequality a true statement.
Let’s look at solving an inequality.
Solve this inequality for all real numbers and graph the solution on a number line.

n−3 < 5
First, isolate the variable by adding (inverse of subtracting) 3 to both sides of the inequality.

n−3 < 5
n−3+3 < 5+3
You have just applied the addition property of inequality. The inequality symbol remained the same.
Next, simplify both sides of the inequality.

n−3+3 < 5+3
n < 8
The solution set is {n|n < 8, n ∈ R}.
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The solution is the set of numbers “less than” 8 and this can be graphed on a number line.
First, draw a number line from 0 to 10.
Next, place an open circle on the number 8 since this number is not included in the solution set.
Then, draw a direction line from 8 to the left on the number line.

Guided Practice

Here is one for you to try on your own.
Solve the following inequality for all real numbers. Then graph the solution on a number line.

−2 ≤ x + 4
First, isolate the variable by subtracting 4 from both sides of the inequality.
−2 ≤ x + 4
−2 − 4 ≤ x + 4 − 4
Next, simplify both sides of the inequality.
−2 − 4 ≤ x + 4 − 4
−6 ≤ x
The solution is {x|x ≥ −6, x ∈ R}.
If −6 ≤ x then x ≥ −6. Regardless of how you write it, the solution remains the same.
Now, graph the solution on a number line.
First, draw an appropriate number line.
Next, place a closed circle on -6 since this value is included in the solution set.
Then, draw a direction line to the right to indicate “greater than” and to show the real number set.
Remember, joining the points means that all values between the whole numbers are included in the solution set.

Examples
Example 1

Solve the following inequality for the set of Integers.
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x + 5 < −12
First, isolate the variable by subtracting 5 from both sides of the inequality.
x + 5 < −12
x + 5 − 5 < −12 − 5
Next, simplify both sides of the inequality.
x + 5 − 5 < −12 − 5
x < −17
Then, write the solution for the set of Integers.
{x|x < −17, x ∈ I}
Example 2

Solve the following inequality for all rational numbers.

3 + 5x ≥ 4x + 6
Remember the variables must be on one side of the inequality sign and the numbers on the other side.
First, subtract 3 from both sides of the inequality.
3 + 5x ≥ 4x + 6
3 − 3 + 5x ≥ 4x + 6 − 3
Next, simplify both sides of the inequality.
3 − 3 + 5x ≥ 4x + 6 − 3
5x ≥ 4x + 3
Next, subtract 4x from sides of the inequality to get the variables on the left side of the inequality.
5x ≥ 4x + 3
5x − 4x ≥ 4x − 4x + 3
Next, simplify both sides of the inequality.
5x − 4x ≥ 4x − 4x + 3
x ≥ 3
Then, write the solution for the set of rational numbers.
{x|x ≤ 3, x ∈ Q}
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Follow Up

Remember the graduating class of 2015? They need to know how much money they have left in their decorating
budget.
They need to write an inequality to model their decorating funds.
First, write a verbal model to represent the information.
Verbal Model: cost of covering the tables and chairs + cost of the decorator cannot exceed their budget.
Next, write an equality to represent the verbal model.

cost of covering tables and chairs + cost
of {z
decorator} ≤ total budget
|
{z
} |
| {z }
$1,728.50

c

$2,475.95

The inequality is

c + 1, 728.50 ≤ 2, 475.95
Next, solve the inequality for the variable “c”.
First, isolate the variable by subtracting 1,728.50 from both sides of the inequality.
c + 1, 728.50 ≤ 2, 475.95
c + 1, 728.50 − 1, 728.50 ≤ 2, 475.95 − 1, 728.50
Then, simplify both sides of the inequality.
c + 1, 728.50 − 1, 728.50 ≤ 2, 475.95 − 1, 728.50
c ≤ 747.45
The cost for covering the tables and chairs must be less than or equal to $747.45.
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Video Review

https://www.youtube.com/watch?v=UTs4uZhu5t8

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167433

Explore More

Solve the following inequalities:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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x + 4 > 10
y − 11 < 20
a+2 < 1
b+3 ≥ 5
y − 2 ≤ −4
x+1 ≥ 5
x − 3 < 11
x − 4 < −3
x − 4 > −3
y + 7 > 22
a − 6 ≥ −1
b + 14 > 20
x − 24 > −11
a + 3 ≤ −9
x + 13 > −33
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3.14 Solve Inequalities Using Multiplication
In this concept, you will learn to solve inequalities using multiplication.
Let’s Think About It

Therese, a grade 12 student, has been accepted by a prestigious university into their Advanced Math Studies Program.
The university is hosting a Math competition for its incoming students to win a $5000 entrance scholarship. The
winner will be the contestant who correctly answers the most questions within the allotted time.
Therese, with her friend as her coach, spends hours solving Math problems without the use of pen and paper. Her
coach orally gives her this inequality to solve. “If one-third Melvin’s age six years from now is greater than 14, what
will his age have to be?”
Therese needs to figure out a solution set for Melvin’s age? What inequality must she solve to answer the question?
In this concept you will learn to solve inequalities using multiplication.
Guidance

An inequality is a mathematical statement that can be identified by the presence of an inequality symbol. These
symbols are > , ≥, and ≤. Besides using the addition and subtraction properties of inequality, the multiplication
property of inequality can also be used to solve inequalities. The Multiplication Property of Inequality states
that if each side of an inequality is multiplied by the same positive number, the sense (inequality symbol) of the
inequality remains unchanged. The following rules of the multiplication property can be used to solve an inequality:
• If then a > b and c > 0, then a × c > b × c
• If then a ≥ b and c > 0, then a × c ≥ b × c
• If then a < b and c > 0, then a × c < b × c
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• If then a ≤ b and c > 0, then a × c ≤ b × c
However, if both sides of the inequality are multiplied by the same negative number then the sense (inequality
symbol) of the inequality changes and the symbol must be reversed. The following rules of the multiplication
property can be used to solve an inequality.
•
•
•
•

If then a > b and c < 0, then a × c < b × c
If then a ≥ b and c < 0, then a × c ≤ b × c
If then a < b and c < 0, then a × c > b × c
If then a ≤ b and c < 0, then a × c ≥ b × c

Both sides of an inequality are multiplied by the same number when the quantity is expressed as a fraction and the
inverse operation for division has to be applied to solve for the variable.
Let’s apply the multiplication property of inequality to solve an inequality.
Solve the following inequality for the set of real numbers.
x
5

− 54 ≥ 3

First, isolate the variable by adding

4
5

to both sides of the inequality.

x 4
− ≥3
5 5
4
x 4 4
− + ≥ 3+
5 5 5
5
Next, simplify both sides of the inequality.

x 4 4
4
− + ≥ 3+
5 5  5
5
x
4
5
≥3
+
5
5
5
x 15 4
≥
+
5
5
5
x 19
≥
5
5
Then, multiply both sides of the inequality by 5 to solve for the variable ’x.’ This is where the multiplication property
of equality is applied to solving the inequality.

x 19
≥
5
5
 
x
19
5
≥ 5
5
5
x ≥ 19
The solution is {x|x ≥ 19, x ∈ R}.
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Guided Practice

Solve the following inequality for the set of whole numbers.
m−9
4

≤2

First, multiply both sides of the inequality by 4.
m−9
≤2
4

m−9
4
≤ 4(2)
4
Next, simplify both sides of the inequality.
1


m−9
≤ 4(2)
4
4
m−9 ≤ 8


Next, isolate the variable by adding 9 to both sides of the inequality.

m−9 ≤ 8
m−9+9 ≤ 8+9
Then, simplify both sides of the inequality.

m−9+9 ≤ 8+9
m ≤ 17
The solution set is {m|m ≤ 17, m ∈ W }.
Examples
Example 1

Insert the correct inequality sign in each of the following by using the rules of the multiplication property of
inequality.
i) If m then 4 · m

4·n

ii) if x ≥ y then − 12 · x

− 12 · y

iii) If 8 < 10 then (−2)(8)

(−2)(10)

Part i): Both sides of the inequality are multiplied by a positive number. Therefore, the sense of the inequality
remains unchanged.
Part ii): Both sides of the inequality are multiplied by a negative number. Therefore, the sense of the inequality
changes. The inequality symbol must be reversed from ≥ to ≤.
Part iii): Both sides of the inequality are multiplied by a negative number. Therefore, the sense of the inequality
changes. The inequality symbol must be reversed from to >.
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Example 2

Solve the following inequality for the set of real numbers.
1
2x−3

≥7

First, isolate the variable by adding 3 to both sides of the inequality.

1
x−3 ≥ 7
2
1
x−3+3 ≥ 7+3
2

Next, simplify both sides of the inequality.

1
x−3+3 ≥ 7+3
2
1
x ≥ 10
2

Next, multiply both sides of the inequality by 2 to solve for the variable ’x.’

1
x ≥ 10
2 
1
2
x ≥ 2(10)
2

Then simplify both sides of the inequality.

1


1
2
x ≥ 2(10)
2
x ≥ 20

The solution set is {x|x ≥ 20, x ∈ R}.
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Follow Up

Remember Therese and the $5000 entrance scholarship? She needs to solve an inequality to figure out a solution set
for Melvin’s age.
First, write a verbal model to represent the information given.
Verbal Model: one third Melvin’s age six years from now will be greater than 14.
Next, name the variable Let ’a’ represent Melvin’s age.
Next, translate the verbal model to an inequality.

one-third Melvin’s age six years from now will be greater than 14
|
{z
}
| {z }
>

1
3 (a+6)

Next, write the inequality and solve it.
1
3 (a + 6)

> 14

Next, apply the distributive property to clear the parenthesis.

1
(a + 6) > 14
3
1
1
(a) + (6) > 14
3
3
a
+ 2 > 14
3
Next, isolate the variable by subtracting 2 from both sides of the inequality.
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a
+ 2 > 14
3
a
+ 2 − 2 > 14 − 2
3
Next, simplify both sides of the inequality.
a
+ 2 − 2 > 14 − 2
3
a
> 12
3
Then, multiply both sides of the inequality by 3 to solve for ’a.’
a
> 12
3
1 a
3
> 3(12)
3
a > 36
Melvin’s age must be greater than 36 and belong to the set of Natural numbers.
The solution set is {a|a > 36, a ∈ N}
Video Review

https://www.youtube.com/watch?v=PNXozoJWsWc

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167372

Explore More

Solve each inequality by applying the multiplication property of inequality.
1.
2.
3.
4.
5.
6.
7.
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a
3
x
2
b
4
x
5
c
2
x
7
y
9

< 10
> 20
< 25
> 100
≤ 20
>6
≤2
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12.
13.
14.
15.
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y
11 ≥ 5
x
2 <3
y
8 ≥ −7
x
3 < −2
y
4 ≤ −3
x
2 ≥ −11
a
13 ≥ −3
x
22 ≥ −5
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3.15 Solve Inequalities Using Division
In this concept, you will learn to solve inequalities using division

Let’s Think About It

Kayla and her four, best friends are going shopping after school to buy shoes for the end-of-the-year semi-formal
dance. She has $100.00 in her purse and has promised to treat all of them to a burger and fries on their way to the
Shoe Tree.
Kayla isn’t sure how much she will have to pay for the food but she does know she needs to have at least $40.00 to
buy her shoes. She needs to figure out the cost of each meal to determine if she will have enough money left to buy
her shoes.
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In this concept you will learn to solve inequalities using division.
Guidance

When you solve an equation or an inequality you have to perform one or more of the basic mathematical operations
of addition, subtraction, multiplication or division. Addition and subtraction are used to move terms from one side
of an equal sign or inequality symbol to the other. Multiplication is used when the variable is expressed in fraction
form. This will get rid of the denominator that is dividing the variable. Division is used to solve for the variable such
that the number in front of the variable will be a positive one. Remember that whenever you perform one of these
operations when solving either an equation or an inequality, the same operation must be done on both sides of the
equal sign or inequality symbol.
Dividing both sides of an inequality by the same number, ’c’, is the same as multiplying both sides by its reciprocal
1
c . Therefore, the same rules for the multiplication property of inequality apply to division.
The Division Property of Inequality states that if both sides of an inequality are divided by the same positive
number then the sense (inequality symbol) of the inequality remains unchanged. The following rules of the division
property can be used to solve an inequality:
•
•
•
•

If a > b and c > 0, then ac >
If a ≥ b and c > 0, then ac ≥
If a and c > 0, then ac < bc
If a ≤ b and c > 0, then ac ≤

b
c
b
c
b
c

However if both sides of the inequality are divided by the same negative number then the sense (inequality symbol)
of the inequality changes and the symbol must be reversed. The following rules of the division property can be used
to solve an inequality:
•
•
•
•

If a > b and c < 0, then ac <
If a ≥ b and c < 0, then ac ≤
If a and c < 0, then ac > bc
If a ≤ b and c < 0, then ac ≥

b
c
b
c
b
c

Let’s apply the division property of inequality to solve the following inequality for all real numbers.

2x ≤ 3x + 2
First, subtract 3x from both sides of the inequality to get the variable terms on one side of the inequality.

2x ≤ 3x + 2
2x − 3x ≤ 3x − 3x + 2
Next, simplify both sides of the inequality.

2x − 3x ≤ 3x − 3x + 2
− 1x ≤ 2
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Then, divide both sides of the inequality by -1 to solve for the variable ’x.’

− 1x ≤ 2
−1x
2
≤
−1
−1
You have divided both sides of the inequality by -1. Therefore the inequality symbol must be reversed in the answer.


−1x
2

≤

−1
−1


x≥ − 2
The solution is x ≥ −2
Guided Practice

Here is one for you to try on your own.
Solve the following inequality for the variable ’a.’

3a − 5(a + 2) ≥ 4
First, multiply by -5 to clear the parenthesis.

3a − 5(a + 2) ≥ 4
3a − 5a − 10 ≥ 4
Next, combine the like terms on the left side of the inequality.

3a − 5a − 10 ≥ 4
− 2a − 10 ≥ 4
Next, add 10 to both sides of the inequality to isolate the variable.

− 2a − 10 ≥ 4
− 2a − 10 + 10 ≥ 4 + 10
Next, simplify both sides of the inequality.

− 2a − 10 + 10 ≥ 4 + 10
− 2a ≥ 14
320

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Then, divide both sides of the inequality by -2 to solve for the variable ’a.’

− 2a ≥ 14
−2a
14
≥
−2
−2
Both sides of the inequality are being divided by a negative number. The inequality symbol must be reversed in your
answer.

−2a
14
≥
−2
−2
a ≤ −7

The answer is a ≤ −7.

Examples
Example 1

Insert the correct inequality sign in each of the following by using the rules of the division property of inequality.
Justify your answer.
i) If s > t then s ÷ (−5)

t ÷ (−5)

ii) If p ≥ q then p ÷ 0.5

q ÷ 0.5

iii) If −m ≤ 6 then

−m
−1

6
−1

Part i): Both sides of the inequality are divided by a negative number. Therefore, the sense of the inequality changes.
The inequality symbol must be reversed from >to <.
Part ii): Both sides of the inequality are divided by a positive number. Therefore, the sense of the inequality remains
the same.
Part iii): Both sides of the inequality are divided by a negative number. Therefore, the sense of the inequality
changes. The inequality symbol must be reversed from ≤ to ≥.

Example 2

Solve the following inequality for the set of integers.

2
3
n − n < −3
3
4
First, subtract the like terms on the left side of the inequality.
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2
3
n − n < −3
3
4
 
 
3 3
4 2
n−
n < −3
4 3
3 4
8
9
n − n < −3
12
12
−1
n < −3
12

Next, multiply both sides of the inequality by 12. You could rewrite



12


−1n

12


−1
12 n

as

−1n
12

if you find this simpler to work with.

−1
n < −3
12
−1n
< −3
 12
< 12(−3)
−1n < −36

Next, divide both sides of the inequality by -1 to solve for the variable ’n.’

−1n < −36
−1n −36
<
−1
−1

Then, because you divided both sides of the inequality by -1, the sense of the inequality changes. Remember to
reverse the inequality symbol when you solve for the variable.

−1n −36
<
−1
−1
n > 36

The solution set is {n|n > 36, n ∈ I}
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Follow Up

Remember Kayla and her friends going to buy shoes?
Kayla needs to figure out how much she can pay for a burger and fries for herself and her four friends. How can she
figure this out?
First, name the variable. Let ’c’ represent the cost of each burger and fries.
Next, write a verbal model to represent the information given in the problem.
Verbal Model : (money in purse) − (cost of five meals) is at least $40.00
Next, write an inequality to represent the verbal model.

(money in purse) − (cost of 5 meals) is at
least} $40.00
| {z
{z
}
|
{z
} |
100

5c

≥

The inequality is:

100 − 5c ≥ 40
Next, solve the inequality.
First, subtract 100 from both sides of the inequality to isolate the variable.

100 − 5c ≥ 40
100 − 100 − 5c ≥ 40 − 100
Next, simplify both sides of the inequality.
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100 − 100 − 5c ≥ 40 − 100
− 5c ≥ −60
Next, divide both sides of the inequality by -5 to solve for ’c.’

−5c ≥ −60
−5c −60
≥
−5
−5
Then, remember that the inequality symbol must be reversed because both sides of the inequality were divided by a
negative number.

−5c −60
≥
−5
−5
c ≤ 12
The answer is c ≤ 12.
Kayla will have enough money left to buy her shoes.
Video Review

https://www.youtube.com/watch?v=PNXozoJWsWc

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167372

Explore More

Solve each inequality using the division property of inequality.
1. 3x < 12
2. 5x > 60
3. 6x < 72
4. 9x > 81
5. 11x > 121
6. 12x ≤ 48
7. 13x ≥ 39
8. 15x ≤ 60
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9. 22x > 66
10. 48x ≤ 192
Solve each inequality.
11. 4x > [U+0088][U+0092]36
12. [U+0088][U+0092]9n ≥ 63
13. 7n ≥ 63
14. [U+0088][U+0092]19x ≤ 38
15. [U+0088][U+0092]9y < 18 MATHJAX AMS ˆ[U+EFFD] [U+EFFF]
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3.16 Solve Inequalities Involving Combining
Like Terms
In this concept, you will learn to solve inequalities involving combining like terms.
Let’s Think About It

Your community center is selling boxes of cards. Your goal is to sell at least $500 worth of cards. Each box sells for
$5 but you also need to pay the company $50 to ship all of the cards to your house to begin selling. Determine at
least how many boxes of cards you must sell in order to meet your goal.
In this concept you will learn to solve inequalities involving combining like terms.
Guidance

You can solve inequalities in many ways. Some inequalities can be solved in a single step. You could solve b + 4 <
10 in one step—by subtracting 4 from each side.
However, two or more steps may be required to solve some inequalities. Inequalities that need more than one inverse
operation to solve them can be called multi-step inequalities.
Let’s start by looking at combining like terms when you solve an inequality.
4x + 3x < 21
First, you can see that you have two terms that have the same variable. These are like terms. To solve an inequality
with like terms, you will need to combine the like terms and then you can solve the inequality.
7x < 21
Here you divide both sides of the inequality by 7. Multiplication is the inverse operation of division.
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7x < 21
7x
< 21
7
7
x < 3
The answer is x < 3.
Let’s look at another example
Solve for b:
3b + 4 < 10.
First, notice that there are two terms on the left side of the inequality, 3b and 4. Therefore use inverse operations to
get the term that includes a variable, 3b, by itself on one side of the inequality. In the inequality, 4 is added to 3b.
So, you can use the inverse of addition—subtraction. Therefore subtract 4 from both sides of the inequality.
3b + 4
3b + 4[U+0088][U+0092]4
3b + 0
3b

<
<
<
<

10
10[U+0088][U+0092]4
6
6

Next, use inverse operations to get the ’b’ by itself. Since ’3b means 3 × b, divide both sides of the inequality by 3
to solve for the variable
3b < 6
3b
< 63
3
b < 2
The answer is b < 2.
Guided Practice

Here is one for you to try on your own.
Solve for n:
7n[U+0088][U+0092]8n[U+0088][U+0092]3 > 23.
First, subtract 7n[U+0088][U+0092]8n because 7n and 8n are like terms.
7n[U+0088][U+0092]8n[U+0088][U+0092]3 > 23
7n + ([U+0088][U+0092]8n)[U+0088][U+0092]3 < 23
−n − 3 < 23

Next, isolate the term with the variable, −n, on one side of the inequality. Since 3 is subtracted from −n, you should
add 3 to both sides of the inequality.
−n − 3 < 23
−n − 3 + 3 < 23 + 3
−n < 26
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Then, since −n means −1n or −1 × n, you can divide each side of the inequality by -1 to get a positive n by itself
on one side of the equation. Since that involves dividing both sides of the inequality by a negative number, you must
reverse the inequality symbol.

−n < 26
26
−n
−1 < −1
n > −26
The answer is n > −26.
Examples
Example 1

Solve for x:
4x + 5 < 21
First, isolate the term with the variable, 4x, on one side of the inequality. Since 5 is added to 4x, you should subtract
5 from both sides of the inequality.

4x + 5 < 21
4x + 5 − 5 < 21 − 5
4x < 16
Next, since 4x means 4 × x, you can divide each side of the inequality by 4 to get ’x’ by itself on one side of the
inequality.

4x < 16
4x
< 16
4
4
x < 4

The answer is x < 4.
Example 2

Solve for x:
3x − 6 > 30
First, isolate the term with the variable, 3x, on one side of the inequality. Since 6 is subtracted from 3x, you should
add 6 to both sides of the inequality.
3x − 6 > 30
3x − 6 + 6 > 30 + 6
3x > 36
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Next, since 3x means 3 × x, you can divide each side of the inequality by 3 to get ’x’ by itself on one side of the
inequality.

3x > 36
3x
> 36
3
3
x > 12

The answer is x > 12.

Example 3

Solve for a:
−3a + 2 < 14
First, isolate the term with the variable, −3a, on one side of the inequality. Since 2 is added to −3a, you should
subtract 2 from both sides of the inequality.

−3a + 2 < 14
−3a + 2 − 2 < 14 − 2
−3a < 12

Next, since−3a means −3[U+0097]a, you can divide each side of the inequality by -3 to get ’a’ by itself on one
side of the equation. Remember to reverse the inequality sign since you are dividing by a negative number.

−3a < 12
−3a
12
< −3
−3
a > −4

The answer is a > −4.
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Follow Up

Remember the boxes of cards being sold?
First, write an inequality using the given information. You want to raise at least $500 by selling boxes of cards worth
$5 each. You also need to pay the supplier $50 for shipping. Let ’b’ represent the number of boxes of cards.
5b − 50 ≥ 500
Next, isolate the term with the variable, 5b, on one side of the inequality. Since 50 is subtracted from 5b, you should
add 50 to both sides of the inequality.

5b − 50 ≥ 500
5b − 50 + 50 ≥ 500 + 50
5b ≥ 550
Next, since 5b means 5 × b, you can divide each side of the inequality by 5 to get ’b’ by itself on one side of the
inequality.

5b ≥ 550
5b
≥ 550
5
5
b ≥ 110
The answer is b ≥ 110.
You need to sell at least 110 boxes of cards.
Video Review

https://www.youtube.com/watch?v=XOAn5z8mkvI&feature=youtu.be
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167297

Explore More

Solve each inequality.
1. 2x + 5 > 13
2. 4x − 2 < 10
3.6y + 9 > 69
4. 2x − 3 ≤ −4
5. 5x + 2 ≥ −8
6. 2x − 9 ≤ −5
7. 3x + 1 > 5
8. 2x − 1 < 3
9. 5x + 3 > −9
10. 2x − 5 > −10
11. 6k − 3 > 15
12. 11 + 4x ≤ 12
13. 12 + 9 j + j < 72
14. 12b − 3b + 5 ≥ −31
15. 18 + 7n + 3 + 6n ≤ 86
16. 3z − 15z − 30 > 54
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3.17 Solve Inequalities by Using the Distributive
Property
In this concept, you will learn to solve inequalities by using the distributive property.

Let’s Think About It

Ms. Layne wants to build a rectangular deck in her back yard. She wants the length of the deck to be exactly 9 feet.
She wants the perimeter of her deck to be, at most, 28 feet. The perimeter of any rectangle can be found by using
the expression P = 2(l + w), where l represents the length and w represents the width.
Write an inequality that could be used to represent w, the possible widths, in feet, she could use for her deck. Would
a deck with a width of 6 feet result in a deck with the perimeter she wants?
In this concept you will solve inequalities by using the distributive property.

Guidance

The inequalities that you will see in this concept involve parentheses. You can simplify an equation with parentheses
by using the distributive property. You can do this with inequalities as well. Using the distributive property can help
you to simplify an inequality so that it is easier to solve.
Solve for q:
−9(q + 3) < 45
First, apply the distributive property to the left side of the inequality. Multiply each of the two numbers inside the
parentheses by -9 and then add those products.
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−9(q + 3) < 45
(−9 × q) + (−9 × 3) < 45
−9q + (−27) < 45
Next, solve as you would solve any two-step inequality. Since -27 is added to [U+0088][U+0092]9q, you can
get [U+0088][U+0092]9q by itself on one side of the inequality by subtracting -27 from both sides. Remember,
subtracting -27 from a number is the same as adding its opposite, 27, to that number.
−9q + (−27)
−9q + (−27) − (−27)
−9q + (−27 + 27)
−9q

<
<
<
<

45
45 − (−27)
45 + 27
72

Then, to get q by itself on one side of the inequality, you need to divide both sides by -9. Since you are dividing both
sides by a negative number, you need to reverse the inequality symbol.
−9q < 72
−9q
72
< −9
−9
q > −8
The answer is q > −8.
Let’s try another one.
Solve for x:
1
2 (x + 4)

≤ 10

First, apply the distributive property to the left side of the inequality. Multiply each of the two numbers inside the
parentheses by 21 and then add those products.

1
2

×x



1
2 (x + 4)

+ 21 × 4
1
2x+2

≤ 10
≤ 10
≤ 10

Next, solve as you would solve any two-step inequality. Since 2 is added to 12 x, you can get 12 x by itself on one side
of the inequality by subtracting 2 from both sides.
1
2x+2

1
2x+2−2
1
2x

≤ 10
≤ 10 − 2
≤ 8

Then, to get x by itself on one side of the inequality, you need to multiply both sides by 2.

2×

1
2x
1
2x

≤ 8
≤ 8×2
x ≤ 16

The answer is x ≤ 16.
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Guided Practice

Here is one for you to try on your own.
Solve for w:
−2(8 + w) + 18 < 28
First, apply the distributive property to the left side of the inequality. You can multiply each of the two numbers
inside the parentheses by -2 and then add those products.
−2(8 + w) + 18 < 28
(−2 × 8) + (−2 × w) + 18 < 28
−16 + (−2w) + 18 < 28
Next, add the like terms (-16 and 18) on the left side of the inequality. Using the commutative and associative
properties to reorder the terms on the left side of the equation can make it easier to see how to do this.
−16 + (−2w) + 18 < 28
(−16 + 18) − 2w < 28
2 − 2w < 28
Then, subtract 2 from both sides of the inequality.
2 − 2w < 28
2 − 2 − 2w < 28 − 2
−2w < 26
Then, isolate the variable, w, by dividing both sides of the inequality by -2. Since you are dividing both sides by a
negative number, you need to reverse the inequality symbol.
−2w < 26
−2w
26
< −2
−2
w > −13
The answer is w > −13.
Examples
Example 1

Solve for x:
−5(x + 2) > 15
First, apply the distributive property to the left side of the inequality. Multiply each of the two numbers inside the
parentheses by -5 and then add those products.
−5(x + 2) > 15
(−5 × x) + (−5 × 2) > 15
−5x + (−10) > 15
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Next, solve as you would solve any two-step inequality. Since -10 is added to [U+0088][U+0092]5x, you can get
[U+0088][U+0092]5x by itself on one side of the inequality by subtracting -10 from both sides.

−5x + (−10)
−5x + (−10) − (−10)
−5x + (−10 + 10)
−5x

>
>
>
<

15
15 − (−10)
15 + 10
25

Then, to get x by itself on one side of the inequality, you need to divide both sides by -5. Since you are dividing both
sides by a negative number, you need to reverse the inequality symbol.

−5x > 25
−5x
25
> −5
−5
x < −5
The answer is x < −5.

Example 2

Solve for x:
6(x − 4) ≥ 24
First, apply the distributive property to the left side of the inequality. Multiply each of the two numbers inside the
parentheses by 6 and then add those products.

6(x − 4) ≥ 24
(6 × x) + (6 × −4) ≥ 24
6x + (−24) ≥ 24
Next, subtract -24 from both sides.

6x + (−24)
6x + (−24) − (−24)
6x + (−24 + 24)
6x

≥
≥
≥
≥

24
24 − (−24)
24 + 24
48

Then, to get x by itself on one side of the inequality, you need to divide both sides by 6.

6x ≥ 48
6x
≥ 48
6
6
x ≥ 8
The answer is x ≥ 8.
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Example 3

Solve for y:
−2(y + 2) ≤ 12
First, apply the distributive property to the left side of the inequality. Multiply each of the two numbers inside the
parentheses by -2 and then add those products.

−2(y + 3) ≤ 12
(−2 × y) + (−2 × 3) ≤ 12
−2y + (−6) ≤ 12

Next, solve as you would solve any two-step inequality. Since -6 is added to [U+0088][U+0092]2y, you can get
[U+0088][U+0092]2y by itself on one side of the inequality by subtracting -6 from both sides.

−2y + (−6)
−2y + (−6) − (−6)
−2y + (−6 + 6)
−2y

≤
≤
≤
≤

12
12 − (−6)
12 + 6
18

Then, to get y by itself on one side of the inequality, you need to divide both sides by -2. Remember to reverse the
inequality symbol.

−2y ≤ 18
−2y
18
≤ −2
−2
y ≥ −9

The answer is y ≥ −9.
336

www.ck12.org

Chapter 3. Single Variable Equations and Inequalities

Follow Up

Now, let’s go back and help Ms. Layne with her deck.
First, consider part a. You know that the length is 9 feet, so substitute 9 for l into the expression 2(l + w). This
expression represents the actual perimeter of the deck. Since she wants the perimeter to be “at most” 28 feet, you
should use the “less than or equal to” (≤) symbol.

amp; P = 2(l + w)
28 ≥ 2(9 + w)
So, this problem can be represented by the inequality

2(9 + w) ≤ 28
Next, consider part b . To find all the possible values of w, solve the inequality. First, apply the distributive property
to the right side.
2(9 + w) ≤ 28
(2 × 9) + (2 × w) ≤ 28
18 + 2w ≤ 28
Then, subtract 18 from both sides of the inequality.
18 + 2w ≤ 28
18 − 18 + 2w ≤ 28 − 18
2w ≤ 10
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Then, divide both sides of the inequality by 2.

2w ≤ 10
2w
≤ 10
2
2
w ≤ 5
The value of w must be less than or equal to 5. Since 6 is greater than, not less than, 5, it is not a possible value of
w. So, if she built her deck so it was 6 feet wide, it would have a larger perimeter than she wants.
Video Review

https://www.youtube.com/watch?v=XOAn5z8mkvI&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167297

Explore More

Solve each inequality.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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3(x + 4) > 21
4(x − 1) < 8
5(y + 7) < 70
−4(x + 2) > 8
3(x − 9) ≥ 30
−2(y + 4) ≥ 16
5(x + 2) ≤ 100
−2(y − 3) + 12y > 16
4(x + 2) − 10x > 38
3(x − 2) + 5x ≤ 42
−2(y + 4) − 2y > 8
[U+0088][U+0092]5(x + 2) + 6(x[U+0088][U+0092]2) ≥ 10
3(x + 4)[U+0088][U+0092]2(x + 1) > 5
[U+0088][U+0092]2(y[U+0088][U+0092]4) + 8y + 2 < 16
[U+0088][U+0092]8(x + 2)[U+0088][U+0092]9x + 2x ≥ 14
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3.18 Write and Solve Multi-Step Inequalities
Given Problem Situations
In this concept, you will learn to write and solve multi-step inequalities given problem situations

Let’s Think About It

The marching band at Floyd Middle School always performs during half-time of the football games. The band
usually performs different routines that are an average of 6 minutes for each arrangement. The music teacher likes
the students to have a variety of different pieces to perform.
During the game, they always perform for at least 42 minutes but not more than 60 minutes. If the average time for
each piece is 8 minutes, what is the least number of pieces that the band can perform? What is the greatest number
of pieces that the band will perform?
In this concept, you will learn to write and solve multi-step inequalities given problem situations.

Guidance

Let’s consider what happens when you put two inequalities together. Two inequalities considered together form a
compound inequality. Think about it this way, suppose you know that n > 0 and you also know that n < 5. In that
case, you need to consider those two inequalities together. That means, you need to consider a compound inequality.
There are two types of compound inequalities you should know about.
• A conjunction is a compound inequality that contains the word and. A conjunction is true only if both
inequalities are true.
n > 0and n < 5
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• A disjunction is a compound inequality that contains the word or. A disjunction is true if either of the
inequalities is true.
You can write compound inequalities when you have words that describe more than one inequality.
Let’s look at an example.
The sum of a number, n, and 4 is at least 12 and at most 20.
a. Translate the sentence above into a compound inequality.
b. Solve the compound inequality.
First, consider part a. Translate the sentence into parts for each inequality.

The sum of a number, n, and 4 is at least 12 and at most 20.
↓
n+4

↓
≥ 12

↓
≤ 20

Look at the original sentence.
The sum of a number, n, and 4 is at least 12 and at most 20. The word “and” shows that this sentence represents a
conjunction. So, the compound inequality could be written as:
n + 4 ≥ 12and n + 4 ≤ 20
Putting the two inequalities together you get:
12 ≤ n + 4 ≤ 20
Next, consider part b. To solve the compound inequality, treat each inequality separately. Subtract 4 from each side.

n + 4 ≥ 12
n + 4 ≤ 20
n + 4 − 4 ≥ 12 − 4
n + 4 − 4 ≤ 20 − 4
n≥8
n ≤ 16
So, the solution could be written as: n[U+0089]8 and n[U+0089]16. It could also be written as: 8[U+0089]n[U+0089]16.
Here is another real-world situation.
Brandon earns $7 per hour at his job. The number of hours he works varies from week to week. However, each week
he always earns no less than $70 and no more than $140. Let h represent the number of hours he works each week.
a. Write a compound inequality to represent this problem situation.
b. Solve the inequality to determine the range in the number of hours Brandon works each week.
c. According to the problem, does Brandon ever work 25 hours in any given week? Explain.
First, consider part a. Since Brandon earns $7 per hour, you can represent the number of dollars he earns each week
by multiplying 7 by the number of hours he works. In other words, you can represent his total earnings as 7 × h or
7h.
Now, break the problem into parts and translate each part into an inequality.
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. . . each week he always earns no less than $70 and no more than $140 . . .
↓

↓

7h

≥ 70

↓
≤ 140

Look at the original sentence. Because of the word and, this compound inequality is an example of a conjunction.
You could represent this conjunction as: 7h[U+0089]70 and 7h[U+0089]140. We could also write this conjunction
as:

70 ≤ 7h ≤ 140
Next, consider part b.
To solve the compound inequality, you need to treat each inequality separately. Divide each side by 7.

7h ≥ 70
7h ≤ 140
70
7h
7 ≥ 7
140
7h
7 ≤ 7
h ≥ 10
h ≤ 20
So, the solution could be written as: h[U+0089]10 and h[U+0089]20. It could also be written as: 10[U+0089]h[U+0089]20.
This solution shows that the number of hours Brandon works each week is greater than or equal to 10 and less than
or equal to 20. In other words, Brandon works 10 to 20 hours in any given week.
Then, consider part c.
In part b, you determined that the number of hours Brandon works in any given week is always less than or equal
to 20. This means he never works more than 20 hours in any given week. So, he would not work 25 hours during a
particular week.
Guided Practice

Here is one for you to try on your own.
Six less than half of a number, x, is either less than -1 or greater than 10.
a. Translate the sentence above into a compound inequality.
b. Solve the compound inequality.
First, consider part a. Translate the sentence into parts for each inequality.

Six less than half of a number, x, is either less than -1 or greater than 10.
↓
1
x−6
2

↓
< −1

↓
> 10
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Look at the original sentence.
Six less than half of a number, x, is either greater than 10 or less than -1. The word “or” shows that this sentence
represents a disjunction.
So, the compound inequality could be written as:
1
2x−6

< −1or 21 x − 6 > 10

Next, consider part b. To solve the compound inequality, treat each inequality separately. First, add 6 to each side
then multiply by 2.

1
2 x − 6 < −1
1
2 x − 6 > 10

1
2 x − 6 + 6 < −1 + 6
1
2 x − 6 + 6 > 10 + 6
1
2x < 5
1
2 x > 16

Then, multiply each side by 2.

1
2x < 5
1
x
2 > 10

2 × 12 x < 5 × 2
2 × 21 x > 10 × 2
x < 10
x > 20
The answer could be written as: x < 10or x > 32.

Examples
Example 1

Solve for x: The sum of a number and 3 is at least 10 but not more than 25.
First, translate the sentence into parts for each inequality.

The sum of a number and 3 is at least 10 but not more than 25.
↓
x+3

↓

↓

≥ 10

≤ 25

This compound inequality is an example of a conjunction. You could represent this conjunction as: x+3[U+0089]10 and
x + 3[U+0089]25. We could also write this conjunction as: 10[U+0089]x + 3[U+0089]25.
Next, to solve the compound inequality, you need to treat each inequality separately. Subtract 3 from both sides.
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amp; x + 3 ≥ 10
x + 3 ≤ 25
x + 3 − 3 ≥ 10 − 3
x + 3 − 3 ≤ 25 − 3
amp; x ≥ 7
x ≤ 22
The answer could be written as: x[U+0089]7 and x[U+0089]22. It could also be written as: 7[U+0089]x[U+0089]25.
Example 2

Solve for x: The sum of a number and six is greater than four and less than 12.
First, translate the sentence into parts for each inequality.

The sum of a number and six is greater than four and less than 12.
↓

↓

x+6

>4

↓
< 12

This compound inequality is an example of a conjunction. You could represent this conjunction as: x+4[U+0089]4 and
x + 4[U+0089]12. We could also write this conjunction as: 4[U+0089]x + 6[U+0089]12.
Next, to solve the compound inequality, you need to treat each inequality separately. Subtract 3 from both sides.

amp; x + 6 > 4
x + 6 < 12
x+6−6 > 4−6
x + 6 − 6 < 12 − 6
amp; x > −2
x<6
The answer could be written as: x > −2 and x < 6. It could also be written as: −2 < x < 6.
Example 3

Solve for x: The product of a number times two is greater than fifteen and less than twenty.
First, translate the sentence into parts for each inequality.

The product of a number times two is greater than fifteen and less than twenty.
↓

↓

2x

> 15

↓
< 20

This compound inequality is an example of a conjunction. You could represent this conjunction as:
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2x > 15 and 2x < 20.
We could also write this conjunction as:
15 < 2x < 20.
Next, to solve the compound inequality, you need to treat each inequality separately. Divide both sides by 2.

2x > 15
2x < 20
15
2x
2 > 2
2x
20
2 < 2
amp; x > 7.5
x < 10

The answer could be written as: x > 7.5 and x < 10. It could also be written as: 7.5 < x < 10.

Follow Up

Now, remember the question about the number of music pieces with the marching band. You need to figure out the
range of the number of pieces performed.
First, let’s write down the given information. The average length of each piece is 6 minutes. The band performs for
no less than 42 minutes. The band performs for no more than 60 minutes.
Let p represent the number of music pieces the band can play. The inequality is:
42 ≤ 6p ≤ 60
Next, solve each inequality for the range. You will have a low range and a high range for our number of pieces.
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42 ≤ 6p
6p ≤ 60
6p
42
6 ≤ 6
6p
60
6 ≤ 6
amp; p ≥ 7
p ≤ 10
The answer is p ≥ 7and p ≤ 10 or 7 ≤ p ≤ 10. This means that the band will perform between 7 and 10 pieces.
Video Review

https://www.youtube.com/watch?v=A3xPhzs-KBI&feature=youtu.b

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/167374

Explore More

Use each example to work with compound inequalities.
Two less than a number, x, is at least 16 and at most 25
1. Translate the sentence into an inequality.
2. Solve the inequality.
3. Write a mathematical statement to show the range of possibilities for the answer.
One-third of a number, n, is either less than -5 or greater than 3.
4. Translate the sentence into an inequality.
5. Solve the inequality.
6. Write a mathematical statement to show the range of possibilities for the answer.
Seven more than twice a number, n, is either less than -5 or at least 9.
7. Translate the sentence into an inequality.
8. Solve the inequality.
9. Write a mathematical statement to show the range of possibilities for the answer.
Solve each problem.
When Harriet goes to the diner for lunch, she buys exactly two items: a wrap sandwich and a $3 milkshake. The
total cost of her lunch is always more than $8 and less than $12. Let w represent the cost, in dollars, of any of the
wrap sandwiches Harriet buys.
10. Write a compound inequality to represent this problem situation.
11. Solve the inequality you wrote in part a.
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12. According to the problem, is it possible that Harriet sometimes buys a wrap sandwich that costs $10?
13. Why? Explain.
Mr. Jameson pays $3 per gallon for gasoline. Each week, the amount he spends on gas for his car is always at least
$30 on gas and at most $105. Let g represent the number of gallons of gasoline he buys in any given week.
14. Write a compound inequality to represent this problem situation.
15. Solve the inequality you wrote in part a.
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Introduction
Here you will learn all about ratios and proportions. You will start by learning what a ratio is and the different ways
you can write a ratio. Next, you will learn about proportions and how to solve proportional equations. You will also
learn how to solve real-world problems by writing and solving proportional equations. Finally, you will learn how
to convert units of measurement using proportions.
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4.1 Write, Compare, and Order Ratios
Here you’ll learn to write, compare and order ratios.
Have you ever wondered about Mount Everest? Take a look at this dilemma.

Josh sat at the breakfast table with his nose in a book. His Mom poured some cereal into a bowl and put it down in
front of him. Karen, Josh’s sister came into the kitchen and sat down next to him.
“What are you reading?” she asked.
“I am reading a book about Mount Everest,” Josh said without looking up.
“Alright Josh, now put the book down and eat something,” their Mom instructed.
“It is terrific. Do you know that during the best year on Everest, and best meaning the year that the least number of
people died, that 129 people summitted and only 8 died,” Josh said smiling.
“That hardly seems like something to smile about,” Mom said sipping her coffee.
“Yeah, how morbid,” Karen chimed in.
“Listen it may be morbid, but it is a fact. During the worst year, only 98 people summitted and 15 died. That is a lot
of people. I mean we can compare the number of people who summitted and the number of people who didn’t make
it,” Josh said.
“Well, it proves that Everest is a dangerous place and not a trip to be taken lightly,” Mom said.
“Yes, but think about how amazing it would be to stand on the top of the world!” Josh said.
“How do they figure out that the best year is the best and the worst year is the worst based on those numbers?” Karen
asked.
“They compare the ratios,” Josh explained. “Let me tell you how.”
Do you know how? Given this information, Josh is going to show Karen how to simplify and compare ratios.
You can learn all about ratios in this Concept.
Guidance

A ratio is a comparison of two things or two quantities.
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The key thing to notice about ratios is that we are comparing. There are many different ways to compare things in
mathematics.
Imagine that there are 25 students in a class; 12 boys and 13 girls. You could say that the ratio of boys to girls is 12
to 13. You could also write this ratio as 12 : 13 or 12
13 . The ratio of boys to total students can be written as 12 to 25,
12
12 : 25, or 25
. The ratio of girls to total students can be written as 13 to 25, 13 : 25, or 13
25 . You will also see that
the order that you compare makes a difference. If you are comparing boys to total students, then the number of boys
comes first or if you are using fraction form, it is the numerator.

That is a great question. There are three different ways to write ratios. You can write them with a colon between
the two values that you are comparing, you can write them using the word “to”, and you can write them by putting
the values in fraction form. You can choose which way you want to write a ratio and these ways are interchangeable
too.

Take a minute to write the definition of a ratio and the three ways to write a ratio in your notebook.
We just looked at the three ways to write a ratio when you are making a simple comparison. Remember to read the
information carefully so that you are clear what is being compared.
Now let’s look at a situation where you might need to figure something out to write the ratio.
There are 32 red and yellow candies in a bag. There are 10 yellow candies. What is the ratio of red candies to
total candies in the bag?
We need the ratio of red candies to total candies. We know that there are 32 total candies. We need to find the
number of red candies in the bag before writing the ratio.
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32 − 10 = 22
Now write the ratio of red candies to total candies. Because a ratio is a comparison, it can be simplified. Make
sure to reduce the ratio to lowest terms. This makes it easier to understand the quantities that are being
compared.
red candies
22
11
total candies = 32 = 16
We also could have written this ratio in two other ways.
22 to 32 then simplified to 11 to 16
OR
22 : 32 then simplified to 11 : 16
All of these answers would have been correct. Remember that you can interchange the form that you choose
to write a ratio.
We can also compare ratios. This is when we have two or more ratios and we want to figure out which ones are
larger and which ones are smaller. Take a look.
Mr. Collison’s class has 30 total students. Of these, 12 are boys. Mrs. Peterson’s class has 25 students. Of
these, 11 are boys. Which class has a higher ratio of boys to total students?
First, find the ratio of boys to total students for both classes. You need to do this first because these are the quantities
that you are comparing.
2
12
30 = 5
11
class: 25

Mr. Collison’s class:
Mrs. Peterson’s

Now compare the ratios the same way you compare fractions. Find a common denominator and compare the
numerators.
The least common denominator is 25.
 10
2 5
5 5 = 25
10
25

<

11
25 ,

since 10 is less than 11.

Mrs. Peterson’s class has a higher ratio of boys to total students.
We can also order ratios. When you have more than two ratios, you can write them in order from least to
greatest or from greatest to least.
Order the following ratios from least to greatest: 10 to 15,

16
36 ,

12 : 48

The first thing to notice is that these ratios are all in different forms. Let’s write them in the same form first
of all. Let’s work with fraction form so that we can apply what we know about comparing and ordering
fractions.
10 to 15 =

10
15

16
36

12 : 48 =

12
48

Now notice that none of these fractions are in simplest form. We can simplify them and that will make it much
easier to order them.
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10 2
=
15 3
16 4
=
36 9
12 1
=
48 4
If you understand fractions, we can simply order them right now. We know that one-fourth is the smallest part. That
four is almost half of nine, so that would be the middle value, and that two-third would be the greatest part.
The answer is 14 , 94 , 23 .

Well in that case, you could rewrite them all using a common denominator. Then you will be able to order the
numerators. Let’s take a look at that.
9
1
=
4 36
4 16
=
9 36
2 24
=
3 36
You can see that our original work was correct.
Now simplify each ratio.
Example A
7
21

Solution:

1
3

Example B

5 : 30
Solution: 1 : 6
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Example C

24 to 36
Solution: 2 to 3
Now let’s go back to the dilemma from the beginning of the Concept.
We are going to write two ratios that we can compare. One ratio will represent the best year on Everest and one will
represent the worst year on Everest.
First, let’s look at the numbers from the best year on Everest.
129 people summitted
8 died
The ratio is 129 : 8.
However, we want to simplify this ratio to get a better idea of the size of the ratio. Let’s rewrite it in fraction
form and simplify it.
129
8

=

16
1

This means that for every 16 people who summitted one did not make it.
Now let’s look at the numbers for the worst year on Everest.
98 people summitted
16 people died
98
= 6.5 to 1
16
This means that for every 6 12 people who summitted, one did not make it.
From these ratios, you can see how the best year compares to the worst year on Everest.
Guided Practice

Here is one for you to try on your own.
Write a ratio in simplest form to describe this situation.
Marcy loves cookies. She ate 14 cookies in 28 minutes. Write a ratio to compare cookies to minutes.
Solution
First, we are going to write a ratio to compare cookies to minutes, so we will write the number of cookies first.
14
The number of minutes comes second.
14 : 28
We could also write this ratio in fraction form.
14
28

Now let’s simplify it.
14
28

=

1
2

This is our answer.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5498

Khan Academy Ratios in Simplest Form
Explore More

Directions: Look at each ratio. Then write it in the other two ways that it can be written.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

16 to 3
4 to 5
1:4
12
1

6 : 11
33 to 100
4
9

3 to 4
45 to 12
12 : 12

Directions: Simplify each ratio and write your answer in fraction form.
11.
12.
13.
14.
15.

4 to 12
5 : 20
36 to 6
18 : 36
20 to 100
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4.2 Use Unit Rates and Equivalent Rates
Here you’ll learn to use unit rates and find equivalent rates.
Have you ever had to find an equivalent rate? Take a look at this soccer dilemma.
Myra’s team scored 10 goals in the last 3 games. At this rate, how many goals will Myra’s team score in 6 games?
In this Concept, you will learn how to figure out an equivalent rate for this situation.
Guidance

A unit rate is a special kind of ratio, where the second number, or the denominator, is equal to one.
With a unit rate, you are comparing a quantity to one. Some common unit rates are miles per gallon, price per pound,
and pay rate per hour.
To find a unit rate, simplify the ratio so that you have a 1 in the denominator. You can simply divide the first
number in the ratio by the second. Make sure you keep track of the units.

Write this information on unit rates down in your notebook. Then continue with the following situation.

Kayla bought 5.5 pounds of apples. She paid a total of $7.15. What was the unit rate of the apples per pound?
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A key word is here “per pound”. When you see the word “per”, you should know that you are working with unit
rates.
You need to find the price per pound. We can write the ratio of price to pounds using the information in the problem.
That is what we are comparing, so that is how we write the ratio. Then we can fill in the given information.
price
pounds

=

$7.15
5.5 pounds

Now divide to find the price per pound. We divide the price by the number of pounds that she bought.
5.5)7.15
$7.15
5.5 pounds

=

$1.30
1 pound

The unit rate is $1.30 per pound.
Here is another one.
Brian worked for 8 hours yesterday and made a total of $86. What is his pay rate?
Write a ratio comparing pay rate to hours worked. The rate that we are looking for is what Brian made “per” hour.
Even though the problem doesn’t use the word “per” a pay rate is per hour.
pay rate
$86
hours worked = 8 hours
Now divide to find the unit rate.
$86
8 hours

=

$10.75
1 hour

Brian’s pay rate is $10.75 per hour.
You may also see rates that are equal. Let’s look at equivalent rates.
Find an equivalent rate for this comparison.

$2.00 ?
=
1
8
Notice that we have a unit rate here. We know that the unit rate is two dollars for every one thing. We want
eight. We can figure out how to work on this problem by thinking mathematically.
1×8 = 8
Just like when we worked with fractions, whichever operation we perform with the denominator must be
performed with the numerator too. We multiplied by eight, so we need to do that with the numerator too.

$2.00 $16.00
=
1
8
These two rates are equivalent.
As long as you multiply the numerator and the denominator by the same value, you will always create an
equivalent rate!
Write find the unit rate for each ratio.
Example A
14
7

Solution:

2
1
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Example B
36
12

Solution:

3
1

Example C
48
8

Solution:

6
1

Now let’s go back to the dilemma from the beginning of the Concept.
First, write the ratio to show the team’s scoring rate.
goals
games

=

10 goals
3 games

You need to know the equivalent rate for 6 games. Notice that the second ratio has the games in the same spot of the
denominator. Be sure that you write the ratios so that the same quantities are being compared. If you mix them up,
you get a different result.
10 goals
3 games

=

? goals
6 games

Look at the two fractions. The denominator is doubled in the second fraction. So, multiply the first fraction
by an equivalent of 1 in order to get the second fraction.
10 goals 2 
20 goals
3 games 2 = 6 games
An equivalent rate is 20 goals in 6 games. So at this rate, Myra’s team will score 20 goals.
Guided Practice

Here is one for you to try on your own.
A store sells salmon for $6.99 per pound. What is the rate for 6 pounds of salmon?
Solution
First, think about what you know. You know the rate per pound. You need to find the rate for 6 pounds. So you can
multiply the unit rate by 6 to find the equivalent ratio.

6
$41.94
$6.99
1 pound 6 = 6 pounds
The rate for 6 pounds of salmon is $41.94.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59822

Khan Academy Finding Unit Rates
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Explore More

Directions: Use what you have learned about ratios to solve each problem.
In Kyle’s drawer, there are 14 pairs of white socks and 8 pairs of black socks
1.
2.
3.
4.
5.
6.

Write the ratio of black socks to white socks.
Write the ratio of black socks to total socks.
Write the ratio of white socks to total socks.
Simplify your answer for number 1.
Simplify your answer for number 2.
Simplify your answer for number 3.

There are 150 apartments in the Gray building. Of these, 60 are rented and the rest are owned. There are 65
apartments in the Black building. Of these, 45 are rented and the rest are owned. Simplify each answer.
7.
8.
9.
10.
11.
12.
13.

What is the ratio of rented to owned in the Gray building?
What is the ratio of rented to owned in the Black building?
Write the ratio of rented to total apartments in the Gray building.
Write the ratio of rented to total apartments in the Black building.
Write the ratio of owned to total apartments in the Gray building.
Write the ratio of owned to total apartments in the Black building.
Holly works at a library re-shelving books. She re-shelved 960 books in 4 hours. What is Holly’s rate of
reshelving in books per hour?
14. Sam bought 9.5 pounds of peaches to make a pie. The peaches cost $15.39. What was the unit rate of the
peaches?
15. Don can wrap 8 presents in an hour. What is Don’s rate for 12 presents?

361

4.3. Write and Solve Proportions by Using Equivalent Rates

www.ck12.org

4.3 Write and Solve Proportions by Using
Equivalent Rates
Here you’ll write and solve proportions by using equivalent rates.
Have you ever faced a reading challenge? Take a look at this dilemma.
Jamie looked at the clock. She still had 20 minutes to read in the reading challenge.
Jamie looked up at the clock when the bell rang. He had read 15 pages in 20 minutes. If she had read 15 pages in 20
minutes, how many pages would she read in 40 minutes?
Do you know how to figure this out? You can use equivalent rates to help you solve this problem. Pay attention to
this Concept and you will understand the solution by the end of it.

Guidance

A ratio is a comparison between two quantities or numbers. Ratios can be written in fraction form, with a
colon or by using the word “to”.
Sometimes, you will compare ratios. Sometimes one ratio will be greater than another, and other times they can be
equal or equivalent. When you have two equal ratios, you have a proportion.
A proportion is created when two ratios are equal, or we can say that two equal ratios form a proportion.
We can write a proportion when we know that two ratios are equivalent.
1:2=2:4
These two ratios are equivalent. We can say that the two ratios form a proportion.
Do these two ratios form a proportion?
3
4

and 4 : 24

To figure this out, we have to figure out if the two ratios are equivalent. If they are, then we know that they
form a proportion. If not, then they don’t. To figure this out, we can simplify the ratios.

3
is in simplest f orm.
4
1
4
=
4 : 24 can be written as
24 6
3 1
6=
4 6
These ratios do not form a proportion.
These proportions were given to you. You can also write your own proportions.
To write a proportion, set two equivalent fractions equal to each other, using the information in the problem.
If you know the ratio of girls to boys in a class is 2 : 3, and you know there are 24 boys in the class, you can write a
proportion in order to find the number of girls in the class.
The most important thing to remember when writing a proportion is to keep the units the same in both ratios.
girls
boys
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You know the fractions are equivalent because each shows the ratio of girls to boys in the class. The first
fraction shows the known ratio of girls to boys. The second ratio shows the known number of boys in the
class, 24, and uses a variable to stand for the unknown number of girls.
Now let’s use equivalent rates to solve a proportion.
The ratio of teachers to students in a certain school is 2 : 25. If there are 400 students in the eighth-grade
class, how many teachers are there?
First set up a proportion. The problem gives a ratio of teachers to students, so set up two equivalent ratios comparing
teachers to students.

teachers 8th grade teachers
=
students 8th grade students
You can see that we are comparing teachers to students in both ratios. The first one shows the ration in the whole
school and the second ratio represents the eighth grade ratios. Next, we fill in the given information.
2
25

=

x
400

Now use what you know about equivalent ratios to solve the proportion.
Look at the denominators. You know that the first fraction, when the numerator and denominator are multiplied
by some number, will equal the second fraction. What number, when multiplied by 25, will equal 400? Since
25 × 16 = 400, the denominator was multiplied by 16. That means you can multiply the numerator by the same
number to find the value of x.
2 × 16 = 32, so x = 32
There are 32 teachers in the eighth-grade class.
Note: You can check that your answer is correct by making sure that the two ratios are equivalent.
32
400

=

8
100

=

2
25

Since the second ratio simplifies to the first, the ratios are equivalent.

Yes it is. Just remember that what you do to the numerator you have to do the denominator. If you can
remember to always apply this rule, then you will create equal ratios.
Solve each proportion by using equal ratios.
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Example A
3
4

=

6
x

Solution: x = 8
Example B
9
50

=

x
100

Solution: x = 18
Example C
3.5
7

=

x
35

Solution: x = 17.5
Now let’s go back to the dilemma from the beginning of the Concept.
Jamie read 15 pages in 20 minutes. She wonders how many pages she will read in 40 minutes.
We can set up a proportion and look for an equivalent rate.
pages
minutes

=

15
20

=

x
40

Here is our proportion.
Next, we can look at the relationship between the denominators.
20 × 2 = 40
What we do to the bottom, we can do to the top. This will give us the equivalent rate.
15 × 2 = 30
At this rate, Jamie will read 30 pages in 40 minutes.
Guided Practice

Here is one for you to try on your own.
Write a proportion to describe this situation.
The proportion of red paper to white paper in a stack is 2 to 7. If there are 32 red pieces of paper, what proportion
could be used to find the number of pieces of white paper?
Solution
Write the known ratio of red paper to white paper as the first fraction: 27 .
Now write the second ratio, using x to stand for the unknown amount. Make sure to keep the units the same as in the
first fraction. In this case, the unknown is the amount of white paper, which is in the denominator of the fraction.
red paper 2 32
white paper : 7 = x
The proportion
Video Review
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MEDIA
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Introduction to Proportions
Explore More

Directions: Solve each proportion using equal ratios.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

x
3
4 = 12
x
5
6 = 12
4
8
7 = y
2
12
3 = y
4
44
5 = y
12
x
13 = 26
81
9
10 = y
6
18
7 = y
7
x
8 = 56
36
12
14 = x
6
x
4 = 12
12
24
14 = x
13
x
14 = 42
1.5
x
4 = 8
x
3.5
4.5 = 9
9
108
14 = x
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4.4 Write and Solve Proportions by Using
Cross-Products
Here you’ll learn to write and solve proportions by using cross- products and algebra.

Josh is very excited about his book on Mount Everest. He took the book to school and has been reading it every
chance he can. In fact, he finished his work in math class so quickly that Ms. Henje made him check his work to be
sure that it was accurate. Josh was very excited that it was accurate.
Josh looked at the clock. He still had 18 minutes left to read. Josh opened the book and read about Sir Edmund
Hillary and Tenzing Norgay and their first ascent up the mountain on May 29, 1953. He was so engrossed in his
reading that he did not even hear the bell ring.
“Time to go,” his friend Evan said tipping the book a little as he went by.
Josh looked up at the clock and then down at this book. He had read 10 pages in 18 minutes. Josh was excited. He
picked up the book and thought about silent reading time. He had read 10 pages in 18 minutes so he was sure that
he would read more pages during silent reading time since that was a 30 minutes block of time. Josh began to think
about the number of pages that he would read during silent reading time.
Is this true? If Josh reads during silent reading time at the same rate that he did during math class, how
many pages will he read? To figure this out, you will need to know how to write a proportion and solve it.
This Concept will teach you all that you need to know so you can apply what you learn to this dilemma.
Guidance

A proportion is created when two ratios are equal. Sometimes, you will know three parts of a proportion and there
will be one missing part. When this happens, you will need to solve a proportion. Let’s look at how to solve
proportions.
A way of solving a proportion is called cross-multiplying, and it involves algebra. Here is the rule.
If

a
b

= dc , then ad = cb.

This is also called “the product of the means is equal to the product of the extremes.” The values in the b and c
positions are called the means, and the values in the a and d positions are called the extremes.
However, you can just think of multiplying the values that are diagonal to each other, making an X. After crossmultiplying, you can use algebra to solve for the variable.
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Let’s apply this information now.
x
5

=

9
10

With this problem, we have been given a proportion that needs solving. To solve it, we can cross-multiply.
10(x) = 10x
9(5) = 45

10x = 45
Next, we can solve using algebra. We divide 45 by 10 to find the value of the variable.

x = 4.5
This is our answer.
Here is another one.
4
5

=

16
x

This proportion is written differently because the variable is in a different location. However, we can still
solve it by using cross-products.

4x = 80
x = 20
This is the answer.
Solve each proportion by using cross-products.
Example A
x
9

=

18
27

Solution: x = 6
Example B
3
7

=

33
y

Solution: y = 77
Example C
x
2

=

49.5
99

Solution: x = 1
Now let’s go back to the dilemma from the beginning of the Concept.
First, we need to write a proportion to show the comparison between time and pages read.
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Let’s begin with math class.
Josh read 10 pages in 18 minutes. Let’s write the first ratio.
10
18
Next, Josh will read for 30 minutes during silent reading time. We need to figure out the number of pages, so
that is our unknown.
x
30
Here is the proportion.
x
10
=
18 30
We can cross multiply and solve.

18x = 300
x = 16.6
Josh will read about 16 12 pages during silent reading time.
Guided Practice

Here is one for you to try on your own.
The ratio of apples to bananas at a store is 3 to 8. If there are 90 apples, how many bananas are there?
Solution
Set up a proportion. Be sure that your units match up. Here apples are in the numerator position and bananas are in
the denominator position. Be sure that this stays consistent throughout your work.
apples
bananas

:

3
8

=

90
x

Now cross - multiply and divide.
3x = 720
x = 240
There are 240 bananas at the store.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5417
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Solving Basic Proportions
Explore More

Directions: Solve each proportion by using cross –multiplying with algebra. You may round to the nearest tenth
when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

y
3
5 = 2.5
6
2.5
7 = y
2
4
5 = x
9
14
11 = x
5
2
3 = y
4
12
3 = y
22
11
40 = x
60
5
x = 10
3
12
50 = y
42
7
36 = y
x
56
63 = 9
120
1.2
130 = y

Directions: Solve each problem.
13. The ratio of fiction to nonfiction books at a library is 5 to 3. If there are 480 nonfiction books, write a proportion
that could be used to find f , the number of fiction books.
14. The ratio of cherry trees to apple trees at an orchard is 4 to 9. If there are 184 cherry trees, write a proportion
that could be used to find a, the number of apple trees.
15. The ratio of cars to SUVs in a parking lot is 10 to 7. If there are 84 SUVs, write a proportion that could be
used to find c, the number of cars in the lot.
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4.5 Connect Proportions to Real-World Situations
Here you’ll connect proportions to real-world situations and use proportions to solve these dilemmas.
Have you ever tried to solve a dilemma in a grocery store? Take a look at this situation.
Jeffrey went to the grocery store to purchase a chicken for dinner. He was amazed at the prices and had to do some
quick math while he was there. Here is what he found out. At the store, 3 pounds of chicken was selling for $13.50.
If Jeffrey has $30.00, how many pounds of chicken can he purchase with that amount of money?
The best way to solve this problem is to use a proportion. Pay attention to this Concept and you will see how to
connect proportions to dilemmas.

Guidance

A proportion is created when two ratios are equal. Sometimes, you will see real-world situations that describe ratios
and proportions. When these situations occur, you can solve them by using equal ratios or cross - products.
Let’s take a look at a situation where a proportion can be used to solve a real-world dilemma.
Amanda read 18 pages in 23 minutes. At this rate, how many pages will she read in 45 minutes?
First, set up a proportion.
18
23

=

x
45

You cannot easily use equivalent fractions to solve this proportion. Cross-multiply to solve the proportion.
23x = 18(45)
Now simplify the equation and solve for x.

23x = 810
x ≈ 35.2

Amanda will read about 35.2 pages in 45 minutes.
What about a situation using an equal ratio?
John ate three hot dogs in six minutes. At this rate, how many will he eat in twelve minutes?
First, set up a proportion.
3
6

=

x
12

Now look at the relationship between the denominators.
6 × 2 = 12
We can use equal ratios and multiply the numerator by two also.
3×2 = 6
At this rate, John will eat 6 hot dogs in 12 minutes.
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Example A

Carmen ran one mile in 7 minutes. At this rate, how long will it take her to run 5 miles?
Solution: 35 minutes

Example B

Jack bought 5 oranges for $3.99. What was the cost for one orange?
Solution: .80

Example C

Jessie read three books in one week. At this rate, how many books will she read in 3 weeks?
Solution: 9 books
Now let’s go back to the dilemma from the beginning of the Concept.
Set up a proportion.
3
13.50

=

x
30

Cross-multiply and use algebra to solve for x.

13.5x = 3(30)
13.5x = 90
x ≈ 6.67
You could buy about 6.67 pounds of chicken for $30.

Guided Practice

Kelvin measured the distance from his door to the park. It is 1.5 miles. The distance from Kelvin’s house to the
library is twice the distance from Kelvin’s door to the park. How far is it from Kelvin’s to the library?
Solution
We know that the distance from Kelvin’s door to the park is 1.5 miles.
The distance from his house to the library is double that distance.
1
1.5

=

2
x

Now cross - multiply and solve.
It is 3 miles from Kelvin’s house to the library.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5419

Khan Academy Ratios and Proportions
Explore More

Directions: Write a proportion and use equivalent ratios to solve the following problems.
1.
2.
3.
4.
5.

Marco makes $25 for every 2 hours he works. If he works for 12 hours, how much will he make?
If Marco works for 6 hours, how much will he make?
If Marco works for 4 hours, how much will he make?
If Marco made $50 for every 2 hours he works, how much will he make in 10 hours?
Corinne runs 2.8 miles in 30 minutes. If she runs for 150 minutes this week, how many miles will she have
run?
6. If she runs 300 minutes, how many miles will she run?
7. Adam drives 45 miles per hour. If he drives for 3.5 hours, how many miles will he have driven?
8. If he drives 7 hours, how many miles will he have driven?
Directions: Write a proportion and use cross-multiplying to solve the following problems. You may round when
necessary.
9. Marni buys 2.5 pounds of grapefruit for $4.48. To the nearest cent, how much would 6 pounds of grapefruit
cost?
10. Sarah buys 3 pounds of bananas for $2.50. What is the cost for bananas per pound?
11. Glenn can make 8 flyers in 35 minutes. How long will it take him to make 50 flyers?
12. At this rate, how many flyers could Glenn make in 70 minutes?
13. How many in two hours?
14. A store sells 21 pieces of clothing every 45 minutes. How long will it take the store to sell 100 pieces of
clothing?
15. The basketball team scored 85 points in the last 2 games. How many points can they expect to score after 5
games?
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4.6 Use Unit Scale when Problem Solving
Here you’ll use unit scale when problem solving.

Josh is so excited about Mount Everest that he has decided to create a model of the mountain for his geography class.
Mr. Watkins approved the project and so Josh is putting together all of the information. During lunch, instead of
talking with his friends, he took out his notebook and began figuring out how to measure the mountain. His friend
Sasha spotted him and came over.
“Hi Josh, what are you working on?” she asked.
“Well, I am going to build a model of Mount Everest for my geography project. I am reading this really cool book
about it. So I’m trying to figure out what scale to use for the model,” he explained grinning from ear to ear.
“What do you mean “scale”?”
“If you are going to build a model, you have to use a scale. You shrink down the real dimensions so that you can
actually build a model that everyone will be able to see, think about it, Everest is 29,035 feet high, you can’t build
that using the real dimensions,” Josh said.
“Oh I get it, so you use 100 for 1 foot.”
“That’s the right idea, but 100 is definitely too big. If I used 100 equals 1 foot for the scale, I would have a model that
is 29,035 feet high. I need to use a smaller unit of measurement,” Josh said.
“What about 14 ?” Sasha suggested.
“That’s possible, but it still will probably be too big,” he stopped talking to scribble some numbers down in his
00
notebook. “I think that 18 = 2000 f eet will be perfect.”
Sasha looked puzzled.
Do you understand what Josh was working on? How did he come to that scale? Why do you think Sasha
is puzzled? What will the actual dimensions of the model be? To answer these questions, you will need to
understand scale, unit scale and ratios. Pay attention to the information presented in this Concept and you
will be all ready to answer these questions by the end.
Guidance

A ratio is a comparison between two quantities. We can write a ratio in fraction form, by using a colon or by
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using the word “to”.
Sometimes in life, we have a real-life object that we want to represent in a smaller form. Think about buildings. We
can’t build an actual building to show the dimensions in a smaller way, so we build a model of the building. When
we do this, we take the actual dimensions and shrink them down to build a model. When we do this, we create a
unit scale for the model. When we create a unit scale , we decide on a measurement to represent an actual
measurement.

That’s a great question. First, let’s look at a unit scale.
1 inch = 3 feet
This is a unit scale. We have a unit represented by the one inch. Remember that when we talk about unit, we are
talking about a relationship to one. We have one inch represented by three feet.
The one inch is the scale dimension and the three feet is the actual dimension we are measuring.
Now, not all objects that you will create a model of will measure exactly what the unit scale does, so we have
to use a unit scale to show the relationship between scale dimensions and actual dimensions . Scale dimensions
are the dimensions of the model, and actual dimensions are the real –life dimensions.
Using the unit scale above, what would be the relationship between the scale dimensions and the actual dimensions
for an object 24 feet long?
First, let’s think about our unit scale.
1 inch = 3 feet
If we have a building 24 feet long, that is the actual dimensions. We need to represent the dimensions using
our unit scale.
We can say that 8 inches = 24 feet. This is our answer.
If we know the scale dimensions and the unit scale, then we can find the actual dimensions.
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It’s a little like figuring out a puzzle. We have to have the pieces of the puzzle to put the puzzle together. What
are the pieces that we need?
Necessary Information
1. To find the scale dimensions, we need the unit scale and the actual dimensions
2. To find the actual dimensions, we need the unit scale and the scale dimensions.

Write this necessary information down in your notebooks.
What is the scale length of the object if the unit scale is 2 inches : 4 feet and the actual dimensions of the object is
20 feet?
First, let’s make sure that we have been given all of the necessary information. First, the unit scale has been
given.
2 inches : 4 feet
So for every four feet of the building, we are going to have 2 inches of our model.
The actual length of the building has also been given. It is 20 feet. We can figure this out using a proportion.

scale dimension
2 in
x
=
=
actual dimension 4 f t
20 f t
Notice that we used a different form of the ratio to solve this proportion. Now we can solve it. Four times five
equals twenty, so we can do this to the top measurement. Two times five is equal to 10.
The scale dimension for length would be 10 inches.
Find the scale dimension for each situation if the scale is 1" = 5 feet.
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Example A

25 feet
Solution: 5 inches
Example B

3 inches
Solution: 15 feet
Example C

75 feet
Solution: 15 inches or 1 foot, 3 inches
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s write a ratio to show the scale that Josh has selected.
1 00
8

= 2000 f eet
1 00
8

2000 f t
Next, we write a ratio to show how many feet are in 100 . We can use a proportion to complete this task.
1 00
8

2000 f t

=

100
x

If we cross multiply and divide, we can see that 100 = 16, 000 f eet.
Now we can use this information to figure out the dimensions of the model. Once again, use a proportion.
100
x
=
12, 000 f t
29, 035 f t
We cross multiply and divide.

12, 000x = 29, 035
x = 1.8 f eet
Josh’s model will be 1.8 feet tall, a workable size for a model.
Guided Practice

Here is one for you to try on your own.
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Using a unit scale of 1 inch : 8 feet, what is the actual dimension of an object with a scale dimension for length of 5
inches?
Solution
First, let’s make a note of the unit scale.
1 inch = 8 feet
We have been given the scale dimension and not the actual dimension. We are going to need to solve for the
actual dimension. Let’s write a proportion to do this.

1 in 5 in
scale dimension
=
=
actual dimension 8 f t
x
We can see that one times five is equal to five. We can do this to the actual dimension as well. Eight times five
is equal to forty.
The actual length of the building is 40 feet.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5508

Unit Scale
Explore More

Directions: Find the scale dimension given the scale. Write a proportion and an answer for each problem. There are
two answers for each problem.
1.
2.
3.
4.
5.

Scale is 100 = 2 f t, the actual dimension is 18 feet
Scale is 100 = 5 f eet, the actual dimension is 20 feet
00
Scale is 21 = 2 f eet, actual dimension is 10 feet
Scale is 100 = 12 f eet, actual dimension is 72 feet
Scale is 300 = 4 f eet, actual dimension is 16 feet

Directions: Using a scale of 1 to 2, figure out the actual dimensions given each scale.
6.
7.
8.
9.
10.

4 to _____
6 to _____
9 to _____
12 to _____
14 to _____

Directions: Using a scale of 3 to 4, figure out the actual dimensions given each scale.
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12.
13.
14.
15.
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36 to _____
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4.7 Use Scale Factor when Problem Solving
Here you’ll use scale factor when problem solving.
Have you ever applied scale factor to a real-world dilemma? Take a look at this one.
A driveway has a length of 24 feet. If the scale is 2 inches : 4 feet, what is the scale factor? In a diagram, how many
inches would be drawn to represent the driveway?
Pay attention and you will know how to figure this out by the end of the Concept.
Guidance

A ratio is a comparison between two quantities. We can write a ratio in fraction form, by using a colon or by
using the word “to”.
Sometimes in life, we have a real-life object that we want to represent in a smaller form. Think about buildings. We
can’t build an actual building to show the dimensions in a smaller way, so we build a model of the building. When
we do this, we take the actual dimensions and shrink them down to build a model.
The scale that we use can help us with scale dimensions or actual dimensions. This scale is key in problem solving.
Let’s say that the scale is 1 : 2.
We can use this information to determine the scale factor . The scale factor is the relationship between the
scale dimension and the measurement comparison between the scale measurement of the model and the actual
length.
In this case, it is 12 .
Take a look at this situation where we can use scale factor.
What is the scale factor if 3 inches is equal to 12 feet?
We can write a ratio to show the scale factor.

1
3
=
12 4
The scale factor is 1 : 4. It is expressed in simplest form.
Now let’s look at applying this information further.
If the scale dimension is 4, then we can figure out the actual dimension. Here is a proportion to show these
two ratios.
1:2=4:x
Let’s use fraction form of the ratios to make this clearer.

1 4
=
2 x
See the units aren’t necessary for figuring out the missing part of the proportion. We can simply use what we have
learned to find the actual dimension.
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1 times 4 = 4
2 times 4 = 8

1 4
=
2 8
This is the answer.
Now we can look at applying scale factor to our work when we do know the units. To use scale factor to find actual
dimensions or scale dimensions, we will need to know a few things.
Necessary Information:
1. Scale Factor
2. One other dimension either the actual or the scale dimension must be given
So, if we have three parts of the proportion, we can solve for the last missing part.
Take a look at this one.

The plans for a flower garden show that it is 6 inches wide on the plan. If the scale for the flower garden is 1 : 12,
what is the actual width of the flower garden?
To work on this problem, we first need to write two ratios that form a proportion. We have the scale factor
and we have the scale measurement. We are missing the actual measurement. Let’s figure out the actual
measurement of the garden.

1 : 12 = 6 : x
Now we have two ratios that form a proportion. Let’s write them both in fraction form so that we can work
easily in solving for the missing measurement.

1 12
=
3
x
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Now we can cross multiply or solve it by using equal ratios.
1 × 12 = 12
3 × 12 = 36
The measurement of the garden is 36 inches, which is the same as three feet.
Use the scale factor of 14 ":4’ to find the actual dimensions in each example.
Example A

8"
Solution:

1
2

inch

Example B

12"
Solution:

3
4

inch

Example C

16"
Solution: 1 inch
Now let’s go back to the dilemma from the beginning of the Concept.
Notice that there are two parts to this problem. First, we have to identify the scale factor.

2 1
=
4 2
The scale factor is 1 : 2.
Next, we need to figure out how many inches will be drawn to represent the driveway. To do this, we write a
proportion.

2
x
=
4 24
We can cross multiply and divide or use equal ratios to solve this. Let’s use equal ratios. We work with the
denominators.
4 × 6 = 24
2 × 6 = 12
The driveway will be represented by 12 inches or 1 foot.
Guided Practice

Here is one for you to try on your own.
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Find the missing actual dimension if the scale factor is 2" : 3’ and the scale measurement is 6".
Solution
First, we can set up a proportion.

2:3=6:x
Now we can use fraction form to make it easier to solve this proportion.
2 6
=
3 x
2×3 = 6
3×3 = 9
2 6
=
3 9
The actual dimension is 9 feet.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1347

Scale Factor
Explore More

Directions: Figure out each scale factor.
1.
2.
3.
4.
5.
6.
7.
8.

2 inches
8 f eet
3 inches
12 f eet
6 inches
24 f eet
11 inches
33 f eet
16 inches
32 f eet
18 inches
36 f eet
6 inches
48 f eet
6 inches
12 f eet

Directions: Solve each problem.
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9. A rectangle has a width of 2 inches. A similar rectangle has a width of 9 inches. What scale factor could be
used to convert the larger rectangle to the smaller rectangle?
10. A drawing of a man is 4 inches high. The actual man is 64 inches tall. What is the scale factor for the drawing?
11. A map has a scale of 1 inch = 4 feet. What is the scale factor of the map?
12. A drawing of a box has dimensions that are 2 inches, 3 inches, and 5 inches. The dimensions of the actual box
will be 3 14 times the dimensions in the drawing. What are the dimensions of the actual box?
1
13. A room has a length of 10 feet. Hadley is drawing a scale drawing of the room, using the scale factor 50
. How
long will the room be in Hadley’s drawing?
14. The distance from Anna’s room to the kitchen is 15 meters. Anna is making a diagram of her house using the
1
scale factor of 150
. What will be the distance on the diagram from Anna’s room to the kitchen?
1
15. On a map of Cameron’s town, his house is 9 inches from his school. If the scale of the map is 400
, what is the
actual distance in feet from Cameron’s house to his school?
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4.8 Read and Interpret Scale Drawings and
Floor Plans
Here you’ll learn to interpret scale drawings and floor plans.
Have you ever helped build or design a playground? Take a look at this dilemma.

The local community is planning to put a playground in the space provided. This is the drawing that they have
created. You can see that the width of the playground is 7 inches wide in the drawing. If this is the case, what is the
actual width of the playground?
Use what you learn in this Concept to help you solve this dilemma.
Guidance

A scale drawing or floor plan is a representation of an actual object or space drawn in two-dimensions. For a
floor plan, you can imagine that you are directly above the building looking down. The lines represent the walls of
the building, and the space in between the lines represents the floor.
In order to find the actual dimensions from a floor plan, you can set up and solve a proportion. The scale
given in the drawing is the first ratio. The unknown length and the scale length is the second ratio.
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This floor plan shows several classrooms at Craig’s school. The length of Classroom 2 in the floor plan is 2
inches. What is the actual length, in feet, of Classroom 2?
Set up a proportion. The scale in the drawing says that

1
2

inch = 3 f eet. So set up a ratio using these values:

0.5 inch
3 f eet .

Now write the second ratio. You know the scale length is 2 inches. The unknown length is x. Make sure that the
second ratio follows the form of the first ratio: inches over feet.
0.5 inch
3 f eet

=

2 inches
x f eet

Now cross-multiply to solve for x.

(0.5)x = 2(3)
0.5x = 6
x = 12
The actual length of the classroom is 12 feet.
If the scale said 1/2" = 4 feet, what would be the inches drawn for each room?
Example A

8’ x 12’
Solution: 1" x 1.5"
Example B

20’ x 28’
Solution: 2.5" x 3.5"
Example C

16’ x 24’
Solution: 2" x 3"
Now let’s go back to the dilemma from the beginning of the Concept.
To work on this problem, first, let’s write a ratio to show the scale.
100
20 f t
Next, we can write a proportion showing the scale to the inches on the drawing.
100
700
=
20 f t
x
x = 140 f eet
The width of the playground is 140 feet.
Notice that whether you are working with floor plans, scale drawings or maps, you are still working to create
a proportion and solve for the missing measurements.
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Guided Practice

Here is one for you to try on your own.

This scale drawing shows the fountain in front of a hotel. The diameter of the fountain in the scale drawing is 4
centimeters. What is the actual diameter of the fountain?
Solution
Set up a proportion. Write the scale as a ratio.
1 cm
0.5 m

Now write the second ratio, making sure it follows the form of the first ratio.
1 cm
0.5 m

=

4 cm
xm

Now cross-multiply and solve for x.

(1)x = 4(0.5)
x=2
The actual diameter of the fountain is 2 meters.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1347
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Explore More

Directions: This floor plan shows Bonnie’s house. Use it to answer the following questions.

1.
2.
3.
4.
5.
6.
7.
8.

The width of the bedroom on the floor plan measures 1.5 inches. What is the actual width of the bedroom?
The length of the kitchen on the floor plan measures 3 inches. What is the actual length of the kitchen?
The study measures 2 inches by 1.5 inches on the floor plan. What is the actual area of the study?
The study measures 2 inches by 1.5 inches on the floor plan. What is the actual perimeter of the study?
The study measures 2 inches by 1.5 inches on the floor plan. What are the actual dimensions of the study?
If the length of the bedroom is the same as the study, what are the actual dimensions of the bedroom?
What is the area of the bedroom?
What is the actual length of the outside of the house?

Directions: Answer each question.
9.
10.
11.
12.

A square measures 10 inches on each side. What is it’s area?
If the scale is 1" = 50 ft, what is the actual side length of the same square?
What is it’s area?
A classroom measures 21 feet by 15 feet. A second classroom has a similar shape but the dimensions are 13 as
long. How does the area of the second classroom compare to the area of the first classroom?
13. What are the dimensions of the second classroom?
14. Yuri’s backyard has an area of 1,000 square feet. The dimensions of Kyle’s backyard are all 15 the size of
Yuri’s. What is the area of Kyle’s backyard?
15. Mary’s yard is double the area of Kyle’s backyard. What is the area of Mary’s yard?
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4.9 Read and Interpret Maps Involving Distance and Area
Here you’ll read and interpret maps involving distance and area by using scale measurement.

“Look at this!” Josh exclaimed to his friend Carlo while they were in the computer lab. Carlo rolled his chair over
to Josh’s computer to see what he was looking at.
“What?”
“This is a picture of Everest from space. The space shuttle Endeavor took it on October 10, 1994. It was a clear day
too, so it should be pretty accurate. They wanted to measure the area of the mountain,” Josh said smiling.
“You and Mount Everest, but it is pretty cool,” Carlo said looking at the picture.
“I’m going to make a drawing of this,” Josh said taking out a piece of paper to make some notes.
In looking at the website, Josh discovered that the space shuttle Endeavor figured out that the length of Mount Everest
from space is 43 miles and the width of Everest from space is 24 miles long. Josh wrote down the measurement
1 00
4 = 1 mile.
If Josh uses this measurement, what will the dimensions of his drawing be? Will it fit on 1100 × 1400 paper?
What is the actual area of Everest according to the space shuttle?
This Concept is all about scale drawings. Use what you learn to help you to answer these questions.

Guidance

A map is another type of scale drawing of a region. Maps can be very detailed or very simple, showing only points
of interest and distances. You can read a map just like any other scale drawing—by using the scale.
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On the map below, the straight-line distance between San Francisco and San Diego is 3 inches. What is the
actual straight-line distance between San Francisco and San Diego?
Set up a proportion. Write the scale as a ratio.
0.5 inch
75 miles

Now write the second ratio, making sure it follows the form of the first ratio, inches over miles.
0.5 inch
75 miles

=

3 inches
x miles

Now cross-multiply and solve for x.

(0.5)x = 3(75)
0.5x = 225
x = 450
The straight-line distance between San Francisco and San Diego is 450 miles.

Note: The straight-line distance is also known as “as the crow flies.” If you were actually traveling from San
Francisco to San Diego, it would be farther than 450 miles, since you would need to drive on highways that are not
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a straight line.
We can also use a scale to find the area of a space or region. First, we need to figure out the length and width
then we can complete any necessary calculations.
Sometimes, we will have two different distances or areas that we are working to compare. When this happens, we
can use proportions to compare the differences and similarities. Take a look.
Marta has a square with a side length of 4 inches. She has a similar square with dimensions that are twice the
first square. How does the area of the larger square compare to the area of the smaller square?
First, find the dimensions of the larger square. The problem states that the dimensions are twice the first
square. We can use this information to figure out the scale factor, and this means they are scaled up by a
factor of 2. The side length of the larger square is 4 inches × 2 = 8 inches.
Next find the area of both squares and compare.
Area of smaller square:

A = lw
A = (4 inches)(4 inches)
A = 16 inches2
Area of larger square:

A = lw
A = (8 inches)(8 inches)
A = 64 inches2
Now compare the two areas. You want to know how the area of the larger square compares to the area of the
smaller square. Write a ratio comparing the two areas.
64 inches2
16 inches2

=4

The area of the larger square is 4 times larger than the area of the smaller square.
This leads to a rule when comparing areas of similar figures.

Write this rule down in your notebook.
If 1" = 2000 miles, find each actual distance.
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Example A

3"
Solution: 6000 miles
Example B
1
2"

Solution: 1000 miles
Example C
1
4"

Solution: 500 miles
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s figure out the scale dimensions of the drawing. We will need to use the scale to calculate a length
and a width.
The scale is

1 00
4

= 1 mile.

Next, let’s write a proportion for length. We know that the actual length = 43 miles.
1 00
4

x
1 mile 43 miles
x = 10.7500
=

Now we can use a proportion for width. The actual width is 24 miles.
1 00
4

x
1 mile 24 miles
x = 6 inches
=

The dimensions of Josh’s drawing will be 10.7500 × 600
This drawing will fit on an 11 × 1400 piece of paper.
Finally, we can figure out the area of Everest according to the picture.

A = lw
A = (43 miles)(24 miles)
A = 1032 square miles
Guided Practice

Here is one for you to try on your own.
If the scale is

1
2

inches = 100 miles, how many inches is 500 miles?
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Solution
Set up a proportion and solve.
.5
100

=

x
500

Cross-multiply and solve.

100x = .5(500)
100x = 250
x = 2.5 inches
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1347

Scale Factor
Explore More

Directions: Using the scale 100 = 5.5 miles, figure out the number of inches needed to map each number of miles.
Use proportions to figure out your answers.
1.
2.
3.
4.
5.
6.
7.

16.5 miles
11 miles
27.5 miles
8.25 miles
33 miles
60.5 miles
13.75 miles

Directions: Using the scale
measurement.
8.
9.
10.
11.
12.
13.
14.
15.
16.
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100
200
300

1 00
4
3 00
4
00
1 12
00
2 12
00
5 12
700

1 00
2

= 100 miles, figure out the number of actual miles represented by each scale
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4.10 Understand Three-Dimensional Scale Models and Designs
Here you’ll understand three-dimensional scale models and designs.
Have you ever thought about different types of maps? Take a look at this dilemma.

Josh spent most of his Saturday morning at the library looking at different books on Mount Everest. After completing
his drawings of the Mountain, and figuring out the scale for his model, Josh wanted to look at some maps that other
people had created of the mountain.
He began looking in books, but most of the maps weren’t drawn in very high detail. Finally, after a lot of searching,
he began using the computer.
Right away, Josh discovered this map on a website.
http://upload.wikimedia.org/wikipedia/commons/6/66/MountEverestRelief.png
“What did you find?” his sister Karen asked. She had also been at the library writing a book report.
“I found this map. It is called a relief map,” Josh said.
“What a “relief” that you found it!” Karen joked.
“Not really. It is called a relief map because of what is on it. Look,” Josh began to explain all about the map.
Have you ever seen a relief map? Before Josh explains about relief maps, use this Concept to learn all about
them. When finished, you will be able to explain the difference between a relief map and a two-dimensional
map.
Guidance

There are many different types of maps and models. In other words, real-world distances or objects can be represented in many different ways. If we worked on interpreting two-dimensional maps, scale drawings and floor plans,
we would use a scale to interpret measurements the actual dimensions and the scale dimensions. These are two
–dimensional representations, this means that the things being represented could be easily shown in a flat plane.
What happens is something can’t be shown in a two –dimensional way?
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When this happens, we have to use a three –dimensional method of display. Whereas a two –dimensional image
takes into account length and width, a three –dimensional figure contains the length, width and height or depth.
When we wanted to represent a two –dimensional space, like a map, we used a scale drawing or a scale map. When
we want to represent a three-dimensional space, we use a scale model to represent the space.
A scale model is a model used to represent a three –dimensional space.

Yes. You can find the actual dimensions of the space in the same way as in a scale drawing.
First, let’s think about how we can find the actual dimensions.
In order to find the actual dimensions from a scale model, you can set up and solve a proportion. The scale given in
the model is the first ratio. The unknown length and the scale length is the second ratio. We compare the scale in the
first ratio and we compare the two lengths in the second ratio.

Brianna is making a scale model of the White House using the scale 1 cm = 0.5 m. If the height of Brianna’s
model is 42 cm, what is the height of the actual White House?
Set up a proportion. Write the scale as a ratio.
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1 cm
0.5 m

Now write the second ratio, making sure it follows the form of the first ratio.
1 cm
0.5 m

=

42 cm
xm

Next cross-multiply and solve for x.

(1)x = 42(0.5)
x = 21
The actual height of the White House is 21 meters.
What about maps?
You will notice that if you look at a two –dimensional map, that while it is excellent for measuring distances, it isn’t
as helpful when measuring mountains or other features.
When we want to show a map in a three-dimensional way, we use a topographic map.
A topographic map is a type of map that shows not only the distances on the ground, but also the relief features
of the area, such as mountains. The map uses contour lines to show the elevation of the area. Each contour line
is a line of equal elevation or height. They show the general shape of the terrain or land. When contour lines are
spread farther apart, the elevation is not as steep. Where contour lines are bunched close together, the elevation is
steeper.
Topographic maps may also use colors to represent different features. Blue represents water, green represents
vegetation, and brown lines represent topographic contours.
You can interpret these maps by using the scale. There will be a scale to show what each distance on the map
represents, just like other maps. There will also be a scale to tell you what each contour line represents.

This map shows a mountain from a national park in California. What is the height of the mountain?
First, look at the map scale. It states that the contour interval is 40 feet. That means that each contour line
represents 40 feet of elevation.
Count the number of contour lines that make up the mountain. There are 10 contour lines.
Write a proportion to find the height of the mountain.
1 line
40 f eet

=

10 lines
x f eet
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Now cross-multiply to solve for x.

(1)x = 10(40)
x = 400

The mountain is 400 feet high.
Use the contour lines above to answer each question.

Example A

What height would be represented by 5 contour lines?
Solution: 200 feet

Example B

What height would be represented by 8 contour lines?
Solution: 320 feet

Example C

What height would be represented by 3 contour lines?
Solution: 120 feet
Now let’s go back to the dilemma from the beginning of the Concept.
A two –dimensional map is created on a flat surface and only shows the dimensions length and width. There
aren’t any other three-dimensional features included on the map. When Josh drew the area of the Everest
from space in an earlier lesson, he drew it in a two –dimensional way. He only showed the length, width and
area in the scale drawing.
A relief map uses a scale just like any other map, but other features are included on the map. A relief map
uses different colors and textures to show the contour of the terrain. It also includes bodies of water and other
landmarks. In addition, the map shows contour lines which measure the elevation of a natural land mass.

Guided Practice

Here is one for you to try on your own.
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Mike is building a scale model of an airplane using the scale
150 feet, what will the length of the scale model be?

1
4

inch = 1 f oot. If the actual length of the airplane is

Solution
First, set up a proportion.
The scale for the model is

1
4

inch = 1 f oot. So set up a ratio using these values:

0.25 inch
1 f oot .

Now write the second ratio.
You know the actual length is 150 feet. The unknown length is x. Make sure that the second ratio follows the form
of the first ratio: inches over feet.
0.25 inch
1 f oot

=

x inches
150 f eet

Next cross-multiply to solve for x.

(1)x = 150(0.25)
x = 37.5
The length of the scale model is 37.5 inches.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65528

Explore More

Directions: Solve each problem.
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= 5 f t. Use this information to answer the following

1. The width of the pool on the scale model measures 1.5 inches. What is the actual width of the pool?
2. The length of the pool on the scale model measures 2.5 inches. What is the actual length of the pool?
3. The depth of the pool on the scale model measures 0.5 inches. What is the actual volume of the pool.
This is a map of a national park. Use this information to answer the following questions.

4. The map distance of the length of the distance across the lake is 1.5 cm. What is the actual distance across the
lake?
5. Explain why the contour lines on the map are closer together at some points and farther apart at other points.
Directions: Answer each of the following questions as true or false.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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A topographic map would include lakes and rivers.
A two –dimensional map could also be a topographic map.
Three –dimensions means including length, width and height.
Depending on what you are measuring, height might be replaced by depth.
There is a proportional relationship between length and the area of a figure.
A two –dimensional map also includes contour lines.
Contour lines can be different sizes if there is a different elevation involved.
Elevation also means height.
A topographic map can be built in three dimensions.
Two –dimensional maps and three –dimensional maps both include the same information.
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4.11 Understand Scale Relationships
Here you’ll understand scale relationships of area and volume.
Have you ever thought about scale relationships? Take a look at this dilemma.
Tim has a cube with a side length of 4 inches. He has a similar cube with dimensions that are twice the first cube.
How does the volume of the larger cube compare to the volume of the smaller cube?
This Concept will show you how to tackle problems like this one.

Guidance

We can compare the scale relationships of distance, area and volume when looking at three –dimensional figures. If
you think back to other math classes, you will remember some of these three –dimensional figures such as a prism
or a pyramid. When you compare different measurements, you will see the proportional relationships between them.
Let’s look at a situation involving volume.

Brooke has a scale model of a warehouse. A storage unit is shaped like a rectangular prism and has the
dimensions 4 in. by 3 in. by 6 in. If the scale of the model is 0.5 in. = 2 ft, what are the actual dimensions of
the storage unit? What is the volume?
First, notice that there are two parts to this problem. The first part is figuring out the actual dimensions given that
Brooke has a scale model. The second part is figuring out the volume.
First use a proportion to find the actual dimensions of the storage unit.
Write the scale as the first ratio, and the scale and unknown actual dimension of the storage unit as the second ratio.
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=
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0.5 inch 3 inches
=
2 f eet
x f eet
(0.5)x = 3(2)

0.5x = 8

0.5x = 6

x = 16

x = 12

0.5 inch 6 inches
=
2 f eet
x f eet
(0.5)x = 6(2)
0.5x = 12
x = 24

The actual dimensions of the storage unit are 16 feet by 12 feet by 24 feet. This is the length, width and height
of the storage unit.
Now that you know the actual dimensions, you can find the volume.

V = lwh
V = (16 f eet)(12 f eet)(24 f eet)
A = 4, 608 f eet 3
The volume of the storage unit is 4,608 cubic feet.
There is a relationship between the area of the base of the prism and the volume of the prism. Let’s take a look at
how the area of the base of the prism relates to the volume of the prism.

A = lw
A = 16(12)
A = 192 sq. f eet
If we write the volume as a ratio with the area of the base, we will find something very interesting.
4608
192
Now divide the numerator by the denominator.
The answer is 24 feet. This is the measurement of the height of the prism.

This means that there is a relationship between the area of a three –dimensional figure, its height and its volume.
The measurements are related and in proportion to one another.
Use what you have learned to answer each question above.
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Example A

Find the volume of a prism with a length of 16 feet, a width of 12 feet and a height of 18 feet.
Solution: 3456 cubic feet
Example B

Now find the area of the base of the prism.
Solution: 192 feet
Example C

Next, write a ratio comparing the volume to the area of the and simplify.
Solution:

3456
192

= 18 feet

Now let’s go back to the dilemma from the beginning of the Concept.
First, find the dimensions of the larger cube.
The problem states that the dimensions are twice those of the first cube. That means they are scaled up by a factor
of 2. So the side length of the larger cube is 4 inches × 2 = 8 inches.
Now find the volume of both cubes and compare.
Volume of smaller cube:

V = lwh
V = (4 inches)(4 inches)(4 inches)
V = 64 inches3
Volume of larger cube:

V = lwh
V = (8 inches)(8 inches)(8 inches)
V = 512 inches3
Next compare the two volumes.
You want to know how the volume of the larger cube compares to the volume of the smaller cube.
Write a ratio comparing the two volumes.
512 inches3
64 inches3

=8

The volume of the larger cube is 8 times larger than the volume of the smaller cube.
Guided Practice

Here is one for you to try on your own.
Prove that the height of the following prism can be found by using a ratio of volume to area.
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A prism with a length of 6 inches, a width of 5 inches and a height of 9 inches.
Solution
First, let’s find the volume of the prism.
V = lwh
V = (6)(5)(9)
V = 270 cubic inches
Now let’s find the area of the base.
A = lw
A = (5)(6)
A = 30 sq. inches
Next, we can write a ratio comparing volume to area.
270
30

To prove the relationship, we simplify this ratio. When we do this, we should find the height.
9inches
Our work is complete.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65527

Explore More

Directions: Solve each problem.
1. A cube measures 8 feet on each side. A similar cube has dimensions that are twice as large. How does the
volume of the larger cube compare to the volume of the smaller cube? Write a ratio to show the comparison.
2. A cube measures 3 inches on each side. A similar cube has dimensions that are half that of the other cube.
How does the volume of the larger cube compare to the volume of the smaller cube? Write a ratio to show the
comparison
3. A scale model of a sandbox has dimensions 0.5 inch by 3 inches by 4 inches. If the scale of the model is
1 inch = 1 f oot, what is the volume of the actual sandbox?
4. A cube measures 5 inches on each side. A similar cube has dimensions that are 3 times as large. How does the
volume of the larger cube compare to the volume of the smaller cube? Write a ratio to show the comparison.
5. A shipping box measures 16 inches by 12 inches by 8 inches. A second box has a similar size but each
dimension is 14 as long. How does the volume of the second box compare to the volume of the first box?
6. Rina’s fish tank has a volume of 8,000 cubic inches. The dimensions of Ava’s fish tank are all 12 the size of
Rina’s. What is the volume of Ava’s fish tank?
7. A prism has a width of 6 feet, a length of 8 feet and a height of 12 feet. What is the volume of the prism?
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What is the area of the base of this prism?
What would the volume be of a prism 14 the size of the one describe above?
What would the volume be of a prism 21 the size of the one describe above?
What would the volume be of a prism twice the size of the one describe above?
What ratio can you use to discover the relationship between volume and area?
Which measurement will you find when you simplify this ratio?
True or false. You can use scale measurement to find the height of a prism.
True or false. You can use scale measurement to find the dimensions of a prism.
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4.12 Convert Customary Units of Measurement
Here you’ll learn to convert customary units of measurement.

“You keep telling me that Mount Everest is 29,035 feet high, but how many miles is that?” Teiyisha asked Josh
during geography class.
“Well, you don’t need to know the miles because you are climbing it. Doesn’t it make more sense to measure it in
feet?” Josh asked while working on his map.
“It might, but if I wanted to know how many miles, how could I figure this out?” Teiyisha asked.
Josh thought about it for a minute.
“You would have to do a conversion. You would have to change feet to miles, and we can do that if we know how
many feet are in 1 mile. It still makes more sense to use feet though. Think about it, you can’t exactly draw a straight
line up Mount Everest. Miles would be very hard to measure.”
“I get that, but I still want to know how many miles high it is,” Teiyisha explained.
“Alright, first let’s think about miles and feet. There are 5,280 feet in 1 mile.”
Let’s stop there. To accomplish Teiyisha’s task, we will need to create a proportion and convert feet to miles.
We can do this by converting among customary units of measurement. Pay attention to this Concept and you
will have it figured out by the end.

Guidance

When we measure in the United States, we often use the customary system of measurement.
The customary system is made up of units such as inches, feet, cups, gallons and pounds.
You may have also heard of the Metric System of measurement. The metric system is often used in countries outside
of the United States or in science measurements. Here, you will learn how to convert between different customary
units of measurement.
But first, let’s look at some of the units in the customary system of measurement.
Customary Units of Measurement
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Take a few minutes to copy all of these units of measurement down in your notebook.
Now let’s look at how we convert among customary units of measurement.
While you may be able to complete some of the mathematics in your head, it may make more sense to use a
proportion. Because there is a relationship between different units of measure, you can use proportions to help you
convert between customary units of measurement.
First, set up the proportion in the same way you used to find actual measurements from scale drawings. Use
the conversion factor as the first ratio, and the known and unknown units in the second ratio.
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How many feet are in 5 yards?
Set up a proportion.
The conversion factor is the number of feet in 1 yard:

3 f eet
1 yard .

Now write the second ratio.
The known unit is 5 yards. The unknown unit is x feet. Make sure that the second ratio follows the form of the first
ratio: feet over yards.
3 f eet
1 yard

=

x f eet
5 yards

Next cross-multiply to solve for x.

(1)x = 3(5)
x = 15
There are 15 feet in 5 yards.
Here is another one.
How many ounces are there is 20 pounds?
First, set up a proportion.
The scale of measurement is
The proportion is:

1
16

=

1 pound
16 ounces .

20
x

Next, we cross multiply and solve for the number of ounces.
There are 320 ounces in 20 pounds.
Convert among customary units of measurement.
Example A

Convert 6 tons to pounds
Solution: 12,000 pounds
Example B

Convert 3 yards to feet
Solution: 9 feet
Example C

Convert 18 gallons to quarts.
Solution: 72 quarts
Now let’s go back to the dilemma from the beginning of the Concept.
First, we need to write a proportion to convert feet to miles. We know that there are 5,280 feet in 1 mile. This
is the first part of the proportion. The second part of the proportion contains the unknown miles in a variable
and the number of feet in Everest.
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5280 29035
=
1
x
Next, we cross multiply and divide to solve for the variable.

5280x = 29035
x = 5.5 miles
This is our answer.
Guided Practice

Here is one for you to try on your own.
Eight pints is equal to how many gallons?
Solution
To figure this out, we can first convert pints to quarts.

Two pints = 1 quart
Eight pints = 4 quarts
There are 4 quarts in 1 gallon, so eight pints equals 1 gallon.
8 pints = 1 gallon
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5406

Customary Unit Conversion
Explore More

Directions: Solve each problem by converting among customary units of measurement.
1. 102 inches = ______ feet
2. 25 pounds = ______ ounces
3. 160 cups = ______ gallons
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13.
14.
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16.

408

150 pounds = ______ tons
6 feet = ______ inches
360 inches = ______ feet
5.5 feet = ______ inches
900 inches = ______ feet
32 ounces = ______ pounds
320 ounces = ______ pounds
6 pounds = ______ ounces
15 pounds = ______ ounces
6 cups = ______ pints
3 gallons = ______ quarts
8 quarts = ______ pints
24 pints = ______ quarts
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4.13 Convert Customary Units of Measurement
in Real-World Situations
Here you’ll convert customary units of measurement in real-world situations.
Have you ever tried to measure accurately using different liquid units of measurement? Take a look at this dilemma.
Evan is making a recipe for fruit punch that uses 3 cups of pineapple juice. If he makes 5 batches of the recipe, how
many quarts of pineapple juice will he need?
Pay attention to this Concept and you will learn how to apply customary units of measurement in real-world
situations.

Guidance

When we measure in the United States, we often use the customary system of measurement. The customary system
is made up of units such as inches, feet, cups, gallons and pounds.
Now let’s look at conversions within the customary system of measurement.
Customary Units of Measurement
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Take a few minutes to copy all of these units of measurement down in your notebook.
Now let’s look at how we convert among customary units of measurement.
While you may be able to complete some of the mathematics in your head, it may make more sense to use a
proportion. Because there is a relationship between different units of measure, you can use proportions to help you
convert between customary units of measurement.
Then you can apply these conversions to real-world problems.
Take a look at this situation.
The distance from John’s house to Mike’s house on a map is 4.5 inches. The scale of the map is 1.5 inches = 2
miles. What is the actual distance from John’s house to Mike’s house in feet?
First, find the actual distance in miles. Then convert miles to feet.
Write a proportion to find the actual distance between the two houses.
1.5 inches
2 miles

=

4.5 inches
x miles

Now cross-multiply and solve for x.

(1.5)x = 4.5(2)
1.5x = 9
x=6
So the two houses are 6 miles apart. Now convert miles to feet.
1 mile
5280 f eet

=

6 miles
x f eet

Now cross multiply to solve for x.
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(1)x = 6(5280)
x = 31, 680

The two houses are 31.680 feet apart.
Here is another one.
Jeff ran his weekly long run of 13 miles in 2 hours. If his rate is 9.23 per mile, how long would it take Jeff to
run 5280 feet?
To figure this out, you can use a proportion, but it might make more sense to think in terms of customary units of
measurement. Here Jeff runs 9.23 per mile.
How many feet are in one mile?
Yes, there are 5280 feet in one mile.
Therefore, Jeff runs 1 mile in 9.23.
Convert each customary unit of measurement.

Example A

Karin has a recipe that calls for 3 gallons of cider. How many quarts will she need?
Solution: 12 quarts

Example B

Josea threw the ball 12 feet. How many inches did he throw the ball?
Solution: 144 inches

Example C

Carl drank 3 pints of lemonade. How many ounces did he drink?
Solution: 48 ounces
Now let’s go back to the dilemma from the beginning of the Concept.
First find the total number of cups he needs.
If there are 3 cups in one batch, and he is making 5 batches, then he will need 3 × 5 = 15 cups.
Set up a proportion.
The conversion factor is the number of cups in a quart:

4 cups
1 quart .

Now write the second ratio, making sure it follows the form of the first ratio.
4 cups
1 quart

=

15 cups
x quarts

Next cross-multiply and solve for x.
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(4)x = 1(15)
4x = 15
15
3
x=
=3
4
4
He will need 3 43 quarts of pineapple juice.
Guided Practice

Here is one for you to try on your own.
A scale model of a building has a height of 3.5 feet. The scale of the model is 1 12 inch = 10 f eet. What is the actual
height of the building?
Solution
The scale is in inches, but the scale model height is given in feet. First convert the scale height to inches. Then
find the height of the building.

1 f oot
3.5 f eet
=
12 inches x inches
Now cross multiply to solve for x.

(1)x = 3.5(12)
x = 42
So the height of the scale model is 42 inches. Now find the height of the actual building.

1.5 inch 42 inches
=
10 f eet
x f eet
Now cross multiply and solve for x.

(1.5)x = 42(10)
1.5x = 420
x = 280
The actual building is 280 feet tall.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59821

Khan Academy Converting Gallons to Pints and Cups
Explore More

Directions: Solve each problem.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Justin ran 3 miles. How many feet did he run?
If the flour weighed four pounds, how many ounces did it weigh?
How many pounds is equal to 4 tons?
Mary needs 3 cups of juice for a recipe. How many ounces does she need?
Jess bought 3 quarts of pineapple juice. How many pints did she purchase?
If Karen bought 16 quarts of ice cream, how many gallons did she buy?
The length of the garden is four yards. How many feet is that?
If the width of the garden is 4 yards, how many inches is that?
Will eight cups of water fit in a two quart saucepan?
A recipe calls for 2 pints of milk. If Jorge cuts the recipe in half, how many cups of milk will he need?
Audrey is making brownies for a bake sale. The recipe calls for 8 ounces of flour for every 24 brownies. If
she makes 96 brownies, how many pounds of flour will she need?
Two buildings are 5 inches apart on a map. The scale of the map is 41 inch = 1 mile. What is the actual distance
between the two buildings?
The length of a classroom on a floor plan is 2.5 inches. The scale of the map is 12 inch = 5 f eet. What is the
actual length of the classroom in inches?
A scale model of a mountain is 2.75 feet tall. The scale of the model is 41 inch = 50 f eet. What is the actual
height of the mountain in feet?
A scale drawing of a town includes a park that measures 0.5 inch by 1.5 inches. If the scale of the map is
1
2 inch = 1 mile, what is the area of the park in square feet?

413

4.14. Convert Metric Units of Measurement

www.ck12.org

4.14 Convert Metric Units of Measurement
Here you’ll convert metric units of measurement.

Josh and his sister Karen were working on homework when the topic of Everest and the metric system came up.
“What about meters?” Karen asked. “How many meters high is Mount Everest?”
“Why are you always thinking of things that cause me more work?” Josh asked, but then he smiled at Karen. “It’s
alright. I was thinking of that today anyway.”
“How can we figure it out?” Karen asked.
“Well first, we need to know how many feet are in 1 meter. I already looked that up online, and I found out that there
are 3.28 feet in 1 meter. Now I know that the height of Mount Everest is 29,035 feet high, so we can work from
there,” Josh explained.
“Yeah, but how?”
“Well, we can use proportions.”
Let’s stop right there. Do you know how to use a proportion to figure out this metric conversion? Well, pay
attention to this Concept and if you aren’t sure how to do it now, you will know by the end of it.

Guidance

The metric system of measurement is the primary measurement system in many countries; it contains units
such as meters, kilometers and liters.
You can remember the conversions by learning the prefixes: Milli-means thousandth, centi-means hundredth, and
kilo-means thousand. So a millimeter is one-thousandth of a meter, and a kilometer is one thousand meters.
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Write these units of measurement down in your notebooks.
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Now that you have reviewed these units of measurement, we can look at converting among the different units
of measurement. Just like we used proportions when we converted among customary units of measurement, we can
use proportions and ratios here too.
How do we use proportions to convert among metric units of measure?
First, set up the proportion in the same way you used to find actual measurements from scale drawings. Use the
conversion factor as the first ratio, and the known and unknown units in the second ratio.
How many centimeters are in 5 meters?
First, set up a proportion.
The conversion factor is the number of centimeters in 1 meter. We can look at the chart above and see that there are
100 centimeters in 1 meters. That is our first ratio: 100 1centimeters
.
meter
Now write the second ratio.
The known unit is 5 meters. The unknown unit is x centimeters. Make sure that the second ratio follows the form of
the first ratio: centimeters over meters.
100 centimeters
1 meters

=

x centimeters
5 meters

Now cross-multiply to solve for x.

(1)x = 100(5)
x = 500
There are 500 centimeters in 5 meters.

Henry is making a recipe for lemonade that uses 2 liters of water. If he makes 3 batches of the recipe, how
many milliliters of water will he need?
First find the total number of liters he needs.
If there are 2 liters in one batch, and he is making 3 batches, then he will need 2 × 3 = 6 liters.
Next, set up a proportion.
The conversion factor is the number of milliliters in a liter.
1000 milliliters
1 liter

Now write the second ratio, making sure it follows the form of the first ratio.
1000 milliliters
1 liter
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=

x milliliters
6 liters
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Cross-multiply to solve for x.

(1)x = 1000(6)
x = 6000
He will need 6000 milliliters of water.
Convert each measurement.
Example A

4500 ml = ____ Liters
Solution: 4.5 liters
Example B

5.5 grams = ____milligrams
Solution: 5500 mg
Example C

40 mm = ____centimeters
Solution: 4 cm
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s write a proportion. Josh told us that there are 3.28 feet in 1 meter. That is our first ratio in the
proportion.

3.28
1
Next, we write the second ratio. That compares the unknown number of meters, our variable with the current
height of Everest in feet.

29, 035
x
Our proportion is:

3.28 29035
=
1
x
Next, we cross multiply and solve.
The answer is that Mount Everest is about 8852 meters high. We did need to round the answer, so that is why
we used the word “about” in our answer.
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Guided Practice

Here is one for you to try on your own.
Kyle is going to be traveling with his family over the winter holidays. He wants to figure out how many kilometers
it is from his home in Cincinatti to his grandparents home in Chicago. Which unit of measurement should Kyle use?
Solution
First, let’s think about the correct unit of measurement for Kyle to use.
If Kyle is measuring a far distance, he needs a measure of length. We know that the metric units for measuring length
are millimeters, centimeters, meters and kilometers. Kyle is measuring the distance between two cities. It makes the
most sense for him to use the largest unit for measuring length, and that is kilometers.
Kyle would use kilometers to measure the distance.
Video Review

MEDIA
Click image to the left or use the URL below.
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Metric Unit Conversions
Explore More

Directions: Solve each problem.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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3 km = _____ m
2000 m = _____ km
5.5 km = _____ m
2500 m = _____ km
12000 m = _____ km
500 cm = _____ m
6000 cm = _____ m
4 m = _____ cm
11 m = _____ cm
50 mm = _____ cm
3 cm = _____ mm
15 cm = _____ mm
2000 g = _____ kg
35000 g = _____ kg
7 kg = _____ g
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4.15 Convert Metric Units of Measurement in
Real-World Situations
Here you’ll convert metric units of measurement in real-world situations.
Have you ever used metrics in a real-world problem? Take a look at this situation.
Jessica works in a science lab. She needs to convert the liquid measure that she is working with from liters to
milliliters. She has been given 3.5 liters to convert. If each container that Jessica has holds 100 milliliters, how many
containers will she need?
Many situations require metric conversions. This Concept will show you how to do this in relation to real-world
dilemmas.

Guidance

The metric system of measurement is the primary measurement system in many countries; it contains units
such as meters, kilometers and liters.
You can remember the conversions by learning the prefixes: Milli-means thousandth, centi-means hundredth, and
kilo-means thousand. So a millimeter is one-thousandth of a meter, and a kilometer is one thousand meters.
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Write these units of measurement down in your notebooks.
Now that you have these units of measurement, we can look at converting among the different units of
measurement. Just like we used proportions when we converted among customary units of measurement, we
can use proportions and ratios here too.
How do we use proportions to convert among metric units of measure?
First, set up the proportion in the same way you used to find actual measurements from scale drawings. Use the
conversion factor as the first ratio, and the known and unknown units in the second ratio.
This is especially useful when converting metric units of measurement in real-world problems. Take a look at this
dilemma.
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A scale model of a building has a height of 1.5 meters. The scale of the model is 1 cm = 0.5 m. What is the
actual height of the building?
The scale is in centimeters, but the scale model height is given in meters. First convert the scale height to
centimeters. Then find the height of the building.
1 meter
100 centimeters

=

1.5 meters
x centimeters

Now cross multiply to solve for x.

(1)x = 100(1.5)
x = 150
The height of the scale model is 150 centimeters. Now find the height of the actual building.
1 centimeter
0.5 meter

=

150 centimeters
x meters

Next cross multiply to solve for x.

(1)x = 150(0.5)
x = 75
The actual building is 75 meters tall.
Figure out the actual measurements if the scale is 1cm = .5m.
Example A

If the scale measurement is 3.2 meters, what is the actual measurement?
Solution: 160m
Example B

If the scale measurement is .75 meters, what is the actual measurement?
Solution: 37.5m
Example C

If the scale measurement is .25 m, what is the actual measurement?
Solution: 12.5m
Now let’s go back to the dilemma from the beginning of the Concept.
First, notice that there are two parts to this problem. First, let’s figure out how many milliliters are equal to
3.5 liters.
There are 1000 milliliters in one liter.

x
1000 mL
=
1L
3.5 Liters
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Next, we cross multiply and solve for x.
3500 mL = x
Now we can work on figuring out the number of containers Jessica will need. Each container holds 100 mL. We
can divide 3500 mL by 100 mL.
3500 ÷ 100 = 35 containers
Jessica will need 35 containers to hold all of the liquid.
Guided Practice

Here is one for you to try on your own.
Marcy is making beef stew. Her recipe calls for 900 grams of beef. She looks in the refrigerator and sees that she
has 1.5 kilograms of beef wrapped in a package. Marcy isn’t sure how much of the beef she should use. Figure out
how much of the beef Marcy needs for her recipe.
Solution
First, let’s think about the difference between grams and kilograms. We can call this scaling because we are
comparing one measurement to another.
There are 1000 grams in 1 kilogram. We can write that as our first ratio.
1000 grams
1 kilogram
Now we know that Marcy has 1.5 kilograms of beef and she needs 900 grams. Next, we need to convert the kilograms
that Marcy has to grams so we can figure out how much of the whole she will need.
We write a proportion.
1000 g
x
=
1 kg
1.5
Next, cross multiply and solve for x.
1500 g = x
Now let’s think about Marcy. She has 1500 grams of meat, but only needs 900 grams. She will have 600 grams
of meat left over.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5318

Converting Between Metric Units
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Explore More

Directions: Figure out the measurements if the scale is 1cm = .5m.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

3.5 m
10 m
6.5 m
.5 m
2.5 m
2.2 m
4.5 m
4m
3m
11 m

Directions: Solve each problem.
11. A recipe calls for 400 grams of flour. If Leena makes one quarter of the recipe, how many kilograms of flour
will she need?
12. Two buildings are 9 centimeters apart on a map. The scale of the map is 0.5 centimeter = 2 kilometers. What
is the actual distance between the two buildings in meters?
13. A scale model of a tower is 1.25 meters tall. The scale of the model is 0.5 cm = 5 meters. What is the actual
height of the tower in meters?
14. A scale drawing of a conference center includes a meeting room that measures 1.5 centimeters by 2.5 centimeters. If the scale of the drawing is 1 centimeter = 2 meters, what is the area of the meeting room in square
centimeters?
15. Samir ran a race that was 10 kilometers long. About how many meters did Samir run?
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4.16 Use Metric and Customary Units of Measurement in Problem Solving
Here you’ll learn to use metric and customary units of measurement in problem solving.
Have you ever worked with customary and metric units of measurement together? This involves conversion. Take a
look at this dilemma.
Omar has a dog that weighs 30 pounds. About how many kilograms does Omar’s dog weigh?
If you are puzzled about this problem, don’t worry. You will learn all about conversions like this one in the following
Concept.
Guidance

Did you know that you can convert between customary and metric units of measurement? These measurement
conversions will be estimates, because you cannot make an exact measurement when converting between systems
of measurement.
There are some common benchmarks you can use.
Length
An inch is about 2.5 centimeters.
A meter is slightly longer than a yard.
A kilometer is about 0.6 of a mile.
Capacity
A liter is about the same as a quart.
Mass
A kilogram is a little more than 2 pounds.

Write these benchmarks down in your notebook.
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Now look at this situation.
Randy ran a 20 kilometer race. How many miles did Randy run?
To figure this out, we have to use a comparison between kilometers and miles. A kilometer is about .6 of a
mile. That is our first ratio.

1 km
.6 mile
Next, we have to look at how many kilometers, Randy actually ran. He ran 20 kilometers. We are looking for
his miles. That forms our second ratio, and we can now write a proportion.

1 km
20 km
=
.6 mile x miles
Lastly, we cross multiply and solve for x.
20 × .6 = x miles
Randy ran 12 miles in his race.
Notice that we solved this problems by using ratios and proportions. As long as you keep in mind what you are
comparing, you can solve any measurement conversion problem in this way!
Solve each by using benchmarks.

Example A

John ran 5 kilometers. How many miles did he run?
Solution: 3.1 miles

Example B

Kary measured out 12 inches on a ruler. About how many centimeters would that be?
Solution: 30 cm

Example C

Sandy ran 15 meters. About how many feet is that?
Solution: 45 feet
Now let’s go back to the dilemma from the beginning of the Concept.
Use an estimated conversion factor to write a ratio. We will compare kilograms to pounds. One kilogram is
about 2 pounds, or 12kilogram
pounds .
Next, write a proportion and solve.
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1 kilogram x kilograms
=
2 pounds
30 pounds
x(2) = 1(30)
2x = 30
x = 15
Omar’s dog weighs about 15 kilograms.
Guided Practice

Here is one for you to try on your own.
How many meters are in 67 feet?
Solution
20.421
This is our answer.
Video Review

MEDIA
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Converting Customary and Metric Units of Measurement
Explore More

Directions: Answer each question by using benchmarks.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
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About how many centimeters is in one inch?
About how many centimeters is in three inches?
About how many inches is in 5 centimeters?
About how many centimeters is in 1 foot?
About how many centimeters is in 3 feet?
About how many centimeters is in 1 yard?
About how many meters are there in one yard?
About how many meters are there in three yards?
About how many yards are there in twenty -four meters?
About how many feet are there in eighteen meters?
About how many kilometers are there in 1.8 miles?
About how many miles are there in 10 kilometers?
About how many miles are there in 30 kilometers?
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14. About how many miles are there in 15 kilometers?
15. About how many kilometers are there in 10 miles?
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4.17 Solve Problems Involving Rates and Unit
Analysis
Here you’ll solve problems involving rates and unit analysis.

“I would LOVE to climb Mount Everest!” Josh exclaimed at breakfast one morning.
“Really?” his Dad said smiling. “Well son, you had better start saving now.”
Josh looked up from his oatmeal with a puzzled look on his face.
“What makes you say that?” Josh asked.
“What makes me say that is that the going rate for one climb on Everest is about $60,000. That’s what makes me
say that,” his Dad explained taking a sip of his coffee.
“Really? Wow! I had no idea,” Josh said. “Well, I guess I’ll just have to make a lot of money!” Josh said leaving the
table.
He kept thinking about what his Dad had said all the way to school. Sixty thousand dollars was a lot of money
to climb a mountain, but what really amazed Josh was thinking about the numbers of people who had climbed the
mountain more than once. When he got to class, he looked up in his book that Apa Sherpa a man from Nepal had
successfully climbed Everest 19 times. Now he was often a guide who was paid, but still, Josh couldn’t help thinking
about how much money Apa Sherpa would have spent if he had paid to climb Everest nineteen times at the rate his
father spoke about.
How much would it have cost? We can use units, ratios and proportions to solve this problem. By thinking of
one trip as a unit, we can look at the proportion and solve for the correct amount of money.
Guidance

A rate refers to speed or a rate can refer to the amount of money someone makes per hour.
When we talk about a unit rate, we look at comparing a rate to 1, or how much it would take for 1 of something.
It could be one apple, one mile, one gallon. We are comparing a quantity to one.
A key word when working with unit rate is the word “per”.
We can use ratios and proportions to solve problems involving rates and unit rates.
Jeff makes $150.00 an hour as a consultant. What is his rate per minute?
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To figure this out, we have to think about the unit rate that Jeff is paid as a consultant. You will see that we
have “an hour” written into the problem. This is the unit rate. Also notice that the would "per" is used in the
problem.
Let’s write the unit rate as a ratio compared to 1.

$150.00
1
Next, we need to think about what the problem is asking for. It is asking for his rate per minute. The given
information is in hours, so we need to write a ratio that compares hours to minutes.

1 hour
60 minutes
Now we can write an expression combining the two ratios.

$150
1 hour
·
1 hour 60 minutes

That’s a great question. We don’t compare hours to hours because we aren’t comparing hours. We are comparing
money to hours and we need to figure out the rate of money per minute. You always have to think about what is
being compared when working with proportions.
Next, we can solve. Notice that because 1 hour is diagonal from 1 hour, we can cross cancel the hours. That leaves
us with a ratio that compares money to minutes.

$150
60 minutes
This also helped us to convert hours to minutes making it easier to figure out the answer to the problem. Now we
can divide to figure out our answer.
Jeff makes $2.50 per minute.
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What is unit analysis?
Unit analysis is when we look at how to measure individual units in different measurement amounts and it is
used to convert units of measurement.
When we use unit analysis, we convert different measurement units by comparing the units using ratios and proportions. Unit analysis is very helpful when checking results.
Take a look at this dilemma.
Juanita worked for 18 hours. She made $116.00 at the end of her shift. Juanita was sure that her manager had made
a mistake and that she should have made more money. Juanita makes $9.00 per hour. Did Juanita make the correct
amount of money or was there a mistake?
To work on this problem, we can use unit analysis. Let’s start by writing a ratio to compare how much Juanita
made for the hours worked.
18 hours
$116.00
Next, we can use her hourly rate to work with. She makes $9.00 per hour.
$9
1 hour
If Juanita makes $9.00 per hour, we can multiply 18 × 9. We have an answer of $162.00. Juanita was only
paid $116.00, so there definitely was an error in her payment.
Example A

Ten apples cost $3.99. What is the cost for one apple?
Solution: .39
Example B

Fifteen gallons of gasoline costs $45.00. How much is it per gallon?
Solution: $3.00
Example C

Two tickets to a ballgame costs $111.50. What is the cost for one ticket?
Solution: $55.75
Now let’s go back to the dilemma from the beginning of the Concept.
Now let’s look at solving this problem.
We know that it costs $60,000 for 1 trip up Mount Everest.
$60, 000
x
=
1
19
x = $1, 140, 000
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We can also use unit analysis to solve this problem.

19
$60,000 dollars x dollars
60, 000 × 19 = $1, 140, 000 is the cost of the nineteen trips.
This is our solution.

Guided Practice

Here is one for you to try on your own.
Solve and then check using unit analysis.
Jesse has a car that holds 14 gallons of gasoline. During the first week of the month, gasoline cost $2.75 per gallon.
During the second week of the month, gasoline cost $2.50 per gallon. How much was the total cost for the 28 gallons
of gasoline?
Solution
Let’s start by writing a variable expression to work on this problem. We know that the number of gallons of
gasoline does not change. That can be our variable.
x = number of gallons of gasoline
The other parts of the expression include the different prices for the gasoline.

2.75x + 2.50x
This expression will help us to determine how much money Jesse spent on 28 gallons of gasoline. Each full tank is
14 gallons. We can substitute 14 for our variable x.

2.75(14) + 2.50(14)
$38.50 + $35.00
The total amount of money spent was $73.50.
We can check our work by using unit analysis.

2.75
x
=
= $38.50
1 gallon 14 gallons
2.50
x
=
= $35.00
1 gallon 14 gallons
The sum of the money spent was $73.50.

Video Review
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MEDIA
Click image to the left or use the URL below.
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Determining a Unit Rate
Explore More

Directions: Use what you have learned to solve each problem.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Peter runs at a rate of 10 kilometers per hour. How many kilometers will he cover in 8 hours?
A cheetah can run at a speed of 60 miles per hour. What is his distance after 6 hours?
What is the distance formula?
If a car travels at a rate of 65 miles per hour for 30 minutes, how far will it travel?
A train travels at a rate of 50 miles per hour. If it needs to travel 320 miles, how many minutes will it take?
A car travels 65 mph for 12 hours. How many miles will it travel?
A bus traveled 300 miles at an average speed of 50 miles per hour. How long did this trip take the bus?
A car traveled at an average speed of 40 miles per hour through a construction zone. If the car traveled 20
miles at this rate, how many hours did it take to travel the 20 miles?
What is velocity?
What is the formula for velocity?
What is the velocity of an object that travels 500 miles in 2.5 hours?
If an object has a velocity of 125 miles per hour, how long will it take to travel 4,375 miles?
If an object has a velocity of 7 kilometers per minute, how far will it travel in 2 hours?
If an object has a velocity of 4 meters per second, how many kilometers will it travel in 2 days?
The formula for density is D = mv where D represents the density of an object, m represents the mass of the
object, and v represents the volume of the object. What is the density of a brick that weighs 9 pounds and has
a volume of 36 cu. in.?

Summary
You learned that a ratio is a comparison between two quantities and can be written in three ways. Just like fractions,
two ratios can be equivalent and you can write ratios in lowest terms. You learned that when two ratios are equivalent,
a proportion is formed.
You learned that you can use proportions to solve problems when you know that a common ratio exists between
two quantities. Proportions that contain a variable can be solved by cross multiplying or by using equivalent rates.
Typical problems that be solved using proportions are problems that have to do with scale drawings, scale models, or
maps. You learned that you can also use proportions to convert between customary or metric units because a defined
ratio exists between two given units. You practiced converting between different customary units, between different
metric units, and between customary and metric units. You also learned how to solve problems involving rates and
unit analysis.

432

www.ck12.org

Chapter 5. Applying Percents

C HAPTER

5

Applying Percents

Chapter Outline
5.1

R ECOGNIZE AND W RITE P ERCENTS

5.2

W RITE P ERCENTS AS D ECIMALS

5.3

W RITE P ERCENTS AS F RACTIONS

5.4

F IND THE P ERCENT OF A N UMBER

5.5

U SE P ROPORTIONS TO F IND P ERCENTS

5.6

U SE P ROPORTIONS TO S OLVE P ERCENT P ROBLEMS

5.7

U SE THE P ERCENT E QUATION TO F IND PART A

5.8

U SE THE P ERCENT E QUATION TO F IND THE P ERCENT

5.9

U SE THE P ERCENT E QUATION TO F IND THE BASE , B

5.10

F IND THE P ERCENT OF I NCREASE

5.11

F IND THE P ERCENT OF D ECREASE

5.12

F IND THE P ERCENT OF C HANGE

5.13

F IND R ETAIL P RICES G IVEN W HOLESALE , M ARKUPS AND S ALES TAX

5.14

F IND D ISCOUNT P RICES G IVEN S ALES

5.15

S OLVE S TATISTICS -BASED P ROBLEMS I NVOLVING P ERCENTS

5.16

S OLVE P ERCENT P ROBLEMS I NVOLVING S CIENTIFIC N OTATION

5.17

S OLVE R EAL -W ORLD P ROBLEMS I NVOLVING S IMPLE I NTEREST

5.18

S OLVE R EAL -W ORLD P ROBLEMS I NVOLVING C OMPOUND I NTEREST

Introduction
Here you will learn all about percents and applications of percents. First, you will review how to convert between
fractions, decimals, and percents. Then, you will learn how to find the percent of a number and use proportions to
solve percent problems. You will also learn to solve real-world problems involving percents including discounts,
sales tax, simple interest, and compound interest.
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5.1 Recognize and Write Percents
Here you’ll recognize and write percents.
Have you ever tried to figure out scores for a football team? Take a look at this dilemma.

Carla knows that the Springstead Raiders, the high school football team won 80% of their games this year. She is
wondering how to understand that percent.
What is a percent? Do you know?
This Concept will help you to understand percents so that you will be able to help Carla by the end of the
Concept.

Guidance

We see percents all around us every day. If you walk into a store of any kind, you will often see a percent sign.
Whether it is a sale sign for 10% off or a sign on a bank for a new mortgage rate, by looking all around you, you will
see percents.
What is a percent?
Simply, a percent is a part of a whole.
It is a part of a whole that is being compared to 100. In this way, we can also think of a percent as a ratio. Remember
that a ratio is a comparison between two quantities.
Fractions and decimals are also parts of a whole.
We can say that fractions, decimals and percents are all related.
Let’s think about percents in a little more detail.
Look at the word “percent.” Its root “cent” means one hundred and “per” implies division or means “for each.” If
you have three candies per person, it means three candies for each person. So “percent” means one for every one
hundred.
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If 25% of the people want chocolate cake, then 25 out of every 100 want chocolate cake. For this reason,
percent can be written as a fraction with the denominator being 100.
25% =

25
100

Now think about this again. Anytime you see a percent, you know that the amount is being compared to 100,
or is “out of” 100.
18% means 18 out of 100
We are comparing the quantity of 18 to the whole of 100.
125% means 125 out of 100
Here we have a percent that is greater than 100. This means that we have greater than the total whole included
in our percent.

That’s a great question. It is possible because we are thinking about what’s possible not the actual number.
It is possible to have 100 percent on a test. However, if there are bonus questions, then you could also have
greater than 100 percent. Sales is like this too. If a car salesman needs to sell 5 cars in a week that is 100
percent for him. However, if he sells 8 cars, then he sold greater than 100%.
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Remember that a percent is a ratio compared to 100! Write this down in your notebook.
Write each example as a percent.

Example A

23 out of 100
Solution: 23%

Example B

18.5 out of 100
Solution: 18.5%

Example C

97 out of 100
Solution: 97%
Now let’s go back to the dilemma from the beginning of the Concept.
If the team won 80% of their games, then Carla can think of this as out of 100. It means that the team won 80 out of
100 games. If the team did not play 100 games, then you can get an idea of how they did by simplifying the ratio.
Take a look at the ratio now.
80% =

80
100

=

8
10

This means that the team won 8 out of 10 games. A pretty great season!
Guided Practice

Here is one for you to try on your own.
Write this as a percent.
Carmen saw 100 movies in one year. She chose 60 of the movies as her favorites. The other 40 movies were not her
favorites. Write her favorites as a percent and the other movies as a percent too.
Solution
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To start, let’s write the favorites as a percent.
Carmen chose 60 out of 100 as favorites.
60%
Carmen did not choose 40 movies as favorites.
40%
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5421

An Introduction to Percents
Explore More

Directions: Write the following percents as a ratio with a denominator of 100.
1.
2.
3.
4.
5.
6.
7.
8.

64%
3%
119%
4.7%
88%
99.5%
12%
14%

Directions: Write the following as percents.
9.
10.
11.
12.
13.
14.
15.
16.

12 out of 100
13.5 out of 100
87 out of 100
99 out of 100
5 out of 100
3.5 out of 100
130 out of 100
175 out of 100
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5.2 Write Percents as Decimals
Here you’ll write percents as decimals and decimals as percents.
Have you ever wondered how a percent could be a decimal? Take a look at this dilemma.
Karen earned 85% on a math test. She wondered how she could show this as a decimal. Do you know?
This Concept will show you how to write decimals as percents and percents as decimals. Then you will know
how to tackle this problem at the end of the Concept.

Guidance

A percent is a part of a whole. It is a ratio compared to 100.
Fractions and decimals are parts of a whole too. If this is true, then we can interchange the form that we write these
quantities in. We can write a fraction as a decimal and as a percent. We can also write a percent as a decimal or a
decimal as a percent and we can do the same with the fractions too.
Let’s start by writing percents as decimals and decimals as percents.
We can start by thinking about decimals. Decimal places represent powers of ten. The second decimal place
is the hundredths place. The decimal .18 means eighteen-hundredths.

Exactly, and now you might be able to see how we can write percent as a decimal. They are both comparing to
hundreds.
Take a look at this one.
Write 56% as a decimal.
To do this, we know that the % sign means “out of 100” we can say that decimal places represent tens and hundreds
too. Two decimal places represents hundreds, just like the percent sign, %, represents hundreds.
To change a percent to a decimal, we drop the percent sign and move the decimal point two places to the left.
56% = .56
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Write this down in your notebook.
Write 88% as a decimal.
To do this, we drop the percent sign and move the decimal point two places to the left.
88% = .88
Write 125% as a decimal.
Even though this percent is greater than 100, we still follow the same steps.
125% = 1.25
We can work the other way around too and write decimals as percents. Here we will move the decimal point two
places to the right and add a percent sign.
Write .45 as a percent.
First, we move the decimal point two places to the right and add a percent sign.
.45 = 45%
Write .345 as a percent.
Follow the same rule here. Just move the decimal point two places to the right and add a percent sign.
.345 = 34.5%
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Write this rule down in your notebook.
Write each example as a decimal or a percent.
Example A

.48
Solution: 48%
Example B

57.5%
Solution: .575
Example C

.18
Solution: 18%
Now let’s go back to the dilemma from the beginning of the Concept.
To convert 85% to a decimal, we first drop the percent sign.
85
Next, move the decimal point two places to the left.
.85
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write .455 as a percent.
Solution
When converting a decimal to a percent, we move the decimal point two places to the right. This represents the
hundredths that are shown with a percent sign.
.455 = 45.5
Now we add a percent sign.
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Our answer is 45.5%.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5421

Writing Decimals as Percents
Explore More

Write the following percents as decimals.
1.
2.
3.
4.
5.
6.
7.
8.

18%
35.7%
6.09%
.008%
.028%
.9%
31.5%
12.3%

Write the following decimals as percents.
9.
10.
11.
12.
13.
14.
15.
16.

.52
.02
1.17
5
.09
.876
.3
.0001
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5.3 Write Percents as Fractions
Here you’ll write percents as fractions and fractions as percents.
Have you ever known a high school team to make the play-offs? Take a look at this dilemma.

The local high school’s football season has just ended. At lunch, Carla, Mario and Cinda spent some time talking
about the season and how the Springstead Raiders had finally made the play-offs.
“I love football season. Those Friday night games are so much fun!” Mario said biting into his sandwich.
“Definitely, and we did so much better this year than last year. This year we won 10 out of 12 games. Last year, we
only won eight out of 12 games,” Carla said.
“Yes, so this year the percentage of games that we won definitely increased,” Cinda commented.
“Well that is obvious,” Mario said. “What was last year’s percentage compared to this year’s?”
“To figure that out, we have to change the fraction of games that we won to a percentage and we have to do that with
both last year’s statistics and this year’s statistics,” Carla explained.
Carla is on the right track. To understand the percentage of wins, you need to know how to convert fractions
to percentages. This Concept is all about fractions, decimals and percentages and how to work with them.
You will also see how proportions can be very helpful when doing this work. Pay attention and you will be
able to use what you have learned at the end of the Concept.
Guidance

Percents can be written as ratios with a denominator of 100 or they can be written as decimals. Well, if they can be
written as a ratio with a denominator of 100, then those ratios can be simplified as we would simplify any fraction.
Likewise, any fraction can be written as a percent using reverse operations.
To write a percent as a fraction rewrite it as a fraction with a denominator of 100. Then reduce the fraction
to its simplest form.
Write 22% as a fraction.
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First, write this as a fraction with a dominator of 100.
22% =

22
100

Next, simplify the fraction.
22
100

=

11
50

This is our answer.
How can we convert a fraction to a percent?
To convert a fraction to a percent, we need to be sure that the fraction is being compared to a quantity of 100. Let’s
look at one.
28
100

This means that we have 28 out of 100. This fraction is being compared to 100, so we can simply change it to
a percent.
28
100

= 28%

Here is another one.
3
5

This fraction is not being compared to 100. It is being compared to 5. We have three out of 5. To convert this
fraction to a percent, we need to rewrite it as an equal ratio out of 100. We can use proportions to do this.
First, write this ratio compared to a second ratio out of 100.

3
=
5 100
We don’t know what the part out of 100 is, so we need to solve the proportion. We can use multiplication to create
equal ratios or a proportion.

5 × 20 = 100
3 × 20 = 60
3
60
=
= 60%
5 100
This is our answer.
Write each example as a percent.
Example A
44
100

Solution: 44%
Example B
1
2

Solution: 50%
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Example C
4
5

Solution: 80%
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s write two fractions to represent the given data for games won last year and this year by the football
team.
Last year: 8 out of 12 games were won.

8
12
This year: 10 out of 12 games were won.

10
12
Now we can take these two fractions and create proportions to determine the correct percent of games won.

8
x
=
12 100
Next, we cross multiply and solve for the percent.

12x = 800
x = 66.6% or 67% is last year’s percentage of games won.
Now let’s figure out this year’s scores.

10
x
=
12 100
12x = 1000
x = 83.3%
In other words, 83% of this year’s games were won.
Guided Practice

Here is one for you to try on your own.
Kary’s baseball team won 9 out of 12 games. What percent of the games played did the team win? What percent did
of the games played did the team lose?
Solution
First, write the number of games won as a fraction.
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9
12

Next, write this as a proportion with a denominator of 100.
9
12

=

x
100

Now cross-multiply and solve for x.
75%
The team won 75% of their games.
Since we know that a percent is out of 100, we can simply figure out the percent that the team lost by using
subtraction.
100 − 75 = 25
The team lost 25% of their games.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5421

Writing Percents as Fractions
Explore More

Write the following percents as fractions in simplest form.
1.
2.
3.
4.
5.
6.
7.
8.

16%
40%
2%
4%
45%
20%
18%
10%

Write the following fractions as percents. Round when necessary.
9.
10.
11.
12.
13.
14.
15.

2
3
23
30
4
75
21
2
4
5
6
10
3
25
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5.4 Find the Percent of a Number
Here you’ll find the percent of a number using multiplication.
Do you like to ride roller coasters? Take a look at this dilemma.
At an amusement park there is an average of 30,000 visits daily. Over 75% of those people ride on the biggest roller
coasters. About how many people ride the roller coasters?
To figure this out, you will need to find the percent of a number. Pay attention and you will know how to solve
this problem by the end of the Concept.
Guidance

We said that percent are very useful. Part of the usefulness is being able to find percentages of a number. In other
words, if you are planning a barbecue and the butcher tells you that 30% of the people want chicken. . . well, how
many people is that? For how many people should you buy chicken?
The key words here are “of a number” this means that you multiply to solve the problem. We can convert the
percent to a decimal and multiply or convert it to a fraction and multiply.

Let’s suppose that you invited 58 people to the barbecue. If 30% prefer chicken, then we need to know how many
people that is.
First, convert 30% to either a decimal or a fraction

30% = .30 or 30% =

30
3
=
100 10

Using the decimal or fraction, you now multiply by the number of people you invited: .30 × 58 = 17.4 or about
17 people
Or
3
10

× 58 =

174
10

= 17.4 or about 17 people.

This is the answer.
Solve each problem.
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Example A

What is 20% of 18?
Solution: 3.6

Example B

What is 25% of 40?
Solution: 10

Example C

What is 5% of 80?
Solution: 4
Now back to the dilemma from the beginning of the Concept.
First, let’s write a statement about the problem.
We need to figure out 75% of 30,000.
To do this, first convert 75% to a decimal.
75% = .75
Next, multiply.
.75 × 30, 000 = 22, 500
22,500 people ride the roller coasters.

Guided Practice

Here is one for you to try on your own.
A survey stated that 15% of the people surveyed like olives. Out of the 500 people surveyed, about how many like
olives?
Solution
First, let’s write a statement describing the problem.
15% of 500
Now change the percent to a decimal.
15% = .15
Next, multiply.
.15 × 500 = 75
75 of the people like olives.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/130

Khan Academy Finding Percents
Explore More

Find the percent of the given number by converting the percent to a decimal. You may round if necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

30% of 90
3% of 12
14% of 900
33% of 99
18% of 100
8% of 72
11% of 50
14.5% of 30
12% of 80
2% of 800
150% of 21
45% of 60

Read the following situations carefully and answer the questions accordingly.
13. For every paycheck you receive, your employer pays 6% to social security. Write this percent as a ratio with
a denominator of 100.
14. What is 30% of 500?
15. A store did a survey and found that 45 of its customers have shopped at its competitors’ stores within in the
previous month. What percent is that?
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5.5 Use Proportions to Find Percents
Here you’ll use proportions to figure out percents.
Have you ever thought about voting and percents? Take a look at this dilemma.
A senator wants to start a program to encourage more people to vote in his state. In County A, 32,100 people voted.
In neighboring County B, 57,800 people voted. Which county needs the program more?
Well, it depends on how many people are in each of the counties.
We can’t compare the polling rates unless you use a percent.
If we know that the first county has a population of 39,150 people and the second county has a population of 81,400
people, we can now find what percent of the people voted.
We are comparing the number of people who voted with the population of each county. We are actually
going to find two percents here. Do you know how to do this? Pay attention and you will understand how to
complete this task by the end of the Concept.

Guidance

A percent is a part of a whole that represents a quantity out of 100. Fractions and decimals are also parts of a whole.
Sometimes, you will be given information, but not a percent. You will need to know how to figure out the percent.
Percents, fractions, decimals and proportions can all help to you solve problems and figure out percents.
You began using proportions to figure out a percent when writing fractions as percents. Remember that proportions
involve comparing quantities.
A proportion is a comparison between two equal ratios.
Percents are also written to compare a quantity to 100.
Because both of these are comparing, we can use proportions to help us figure out a percent.

That is a great question.
First, we write the proportion using a over b.
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a
b
This is equal to the percent which is out of 100.

p
100
Here is the proportion:

p
a
=
b 100
Now let’s apply this proportion. Take a look at this dilemma.
15 out of 30 is what percent?
To work on this problem, first, we write a ratio comparing our given values to the missing percent.

15
p
=
30 100
We know that fifteen is half of thirty, and 50 is half of 100.
Our answer is 50%.
Write each as a percent.

Example A

18 out of 50
Solution: 36%

Example B

22 out of 40
Solution: 55%

Example C

78 out of 80
Solution: 97.5%
Now let’s go back to the dilemma from the beginning of the Concept.
For each county, we will use the proportion
population.
450
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County A
32100
p
=
39150 100
39150p = 32100 · 100

County B
57800
p
=
81400 100
81400p = 57800 · 100

39150p = 3210000

81400p = 5780000

p = 82%

p = 71%

In order to find the percent in each case, we used cross products as we would for any proportion. Now we can see
that in County A, 82% of the people voted, while in County B only 71% of the people voted.
The senator should push the program more in County B.
Guided Practice

Here is one for you to try on your own.
John ran 8 out of 9 miles. What percent of the total miles did he run?
Solution
To figure this out, let’s first write a proportion so that we can figure out the percent.
8
9

=

p
100

Now we can cross-multiply and divide.

9p = 800
800
p=
9
p = 88.8
We can round up for our answer.
Our answer is 89%. John ran 89% of the total miles.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5512

Use Proportions to Solve Percent Problems
Explore More

Directions: Find p in the given problems using cross products. Round to the nearest tenths place.
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1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

452

p
7
15 = 100
p
52
3810 = 100
p
16
17 = 100
p
3
4 = 100
p
3
5 = 100
p
1
5 = 100

A dentist filled cavities in 8 of his 30 patients on Tuesday. What percent had cavities filled?
A florist delivered 18 out of 25 bouquets. What percent was delivered?
The baker sold 3 out of 4 dozen rolls. What percent was sold?
What percent is 85 out of 5000?
What percent is 15 out of 30?
What percent is 88 out of 1200?
What percent is 99 out of 200?
What percent is 100 out of 330?
What percent is 224 out of 5400?
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5.6 Use Proportions to Solve Percent Problems
Here you’ll use proportions to solve percent problems.
Have you ever conducted a survey? Take a look at this dilemma.

The student council decided to conduct a survey to see how many middle school students attend football games on
Friday nights. They asked each student when they entered the stadium what grade they were in and then recorded
the results. The student council members did this for three weeks and figured that this was enough of a sample for a
good estimate on how many middle school students attend the games. This is the report that they announced during
morning announcements after their survey was completed.
“40% of our students attend football games on Friday nights! Let’s try to get this number up to 50% next seasons so
that we can really support the high school players!”
“Wow, forty percent is still pretty high,” Cameron commented to Carla during homeroom.
“Yes, but 50 percent would be even better since there are 380 students at our school.”
“How many students attend the game then?” Cameron asked.
That is a good question. If you understand percents and proportions, you can use the information provided to
figure out how many students attend the games if 40% attend. Use the information in this Concept to figure
out how to solve this problem.

Guidance

Proportions can be used to compare any equal quantity. Remember that proportions are created when two ratios are
equal. Because of this, proportions can be used to find any missing piece. If we know a percent, we can also find a
part of the whole.
Take a look at this situation.
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At Big Town Middle School, 37% of the students participate in athletic programs. If there are 968 students
at the school, how many uniforms do they need to purchase?
Although 37% is a useful number, it does not tell us how many students need uniforms. We know that for every
100 students, 37 will need a uniform. But that is still not enough information to make a purchase. If there are 968
p
again to find the missing value. If we are given the percent, p, then
students at the school, use the proportion ab = 100
the missing value is not the percent but the part of the student body that need uniforms.
a
968

=

37
100

Use cross products now to solve for a.

a
37
=
968 100
100a = 968 · 37
100a = 35816
a = 358
358 uniforms need to be purchased.

Before continuing, be sure that you have the proportion

a
b

=

p
100

written down in your notebooks.

Since we can use a proportion to solve for any missing variable, we can also find the whole if we know a
percent and its corresponding part.
Take a look at this situation.
At Big Town High School, 58% participate in athletic programs. If 1670 students are involved in an athletics
program, then how many students are there in the school?
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This time we know the part a and we know the percent p. We do not know the whole, b. We need to adjust the
proportion.
1670
b

=

58
100

Use cross products to solve for b.

58b = 1670 · 100
58b = 167000
b = 2879
There are about 2879 students.
Sometimes, you won’t have a word problem to solve you will just simply have a proportion that needs to be solved
for a missing value.
90
b

=

30
100

We use cross products to solve for b.

30b = 90(100)
30b = 9000
b = 300
Solve each proportion for the missing part.
Example A
9
b

=

20
100

Solution: b = 45
Example B
a
10

=

40
100

Solution: a = 4
Example C
a
3

=

18
100

Solution: a = .54
Now let’s go back to the dilemma from the beginning of the Concept.
Let’s write a proportion using the given information.
40% of students attend. We can change this to a ratio out of 100.

40
100
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There are 380 students in the middle school. That is our whole. We need to figure out what part of whole is
40%. Here is the second ratio.

x
380
Now we can write this as a proportion.

40
x
=
100 380
Next, we solve the proportion for the number of students who attend the football games.

100x = 15, 200
152 students attend Friday night football games.

Guided Practice

Here is one for you to try on your own.
A forest range discovered that 25% of the trees in his area were infected with a parasite. If there are 3060 trees in
his area, how many trees are infected?

a
25
=
3060 100
100a = 3060 · 25
100a = 76500
a = 765
765 trees were infected with the parasite.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5510

Using Proportions to Solve Percent Problems
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Explore More

Directions: Solve the following proportions for the a value.
85
a
= 100
1. 23
a
7
2. 1500 = 100
61
3. a5 = 100
a
75
4. 4 = 100
40
5. a5 = 100
6. A small car company sold 65,000 cars last year. Ninety-five percent of those cars had airbags. How many cars
had airbags?

Directions: Solve the following proportions for the b value. Round to the nearest tenths place.
22
7. 88
b = 100
74
600
8. b = 100
85
9. 1b = 100
2
66
10. b = 100
75
11. 3b = 100
12. A recent government survey shows that in New City, people spend 35% of their monthly income on rent. If
average rent is $780, what is the average income?

Directions: Use the proportion

a
b

=

p
100

to solve the following problems.

13. A fluorescent light bulb uses 35% as much energy as an incandescent bulb. If an incandescent uses 75 watts,
how much does the fluorescent use?
14. An average human weighs 160 pounds. An elephant weights 1500% more. How much does the elephant
weigh?
15. An average elephant eats about 350lbs of food per day. Using your calculation from problems #14, what
percent of its own weight does it consume each day?
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5.7 Use the Percent Equation to Find Part a
Here you’ll use the percent equation to find part a.
Have you ever tried to solve problems involving percents? Take a look at this dilemma.

“You know,” Cameron started to say in study hall. “I think we should shoot for 55 or 60% attendance at football
games and not just 50%. I mean think about it, we should all go and support the team. After all, some of us hope to
play football at the high school someday!”
The other four kids at the table looked up from their work to discuss the suggestion. Carla was the first to speak.
“I think that’s a good point. I mean if we attend their games, maybe other middle school kids will do the same thing
when we are at the high school.”
“Yes, but some kids need a ride or have other things to do,” Jeremy argued.
“Well I’m not saying everyone. I am saying 55 or 60%,” Cameron said.
“How many is that?” Jeremy asked.
“I can figure it out easy,” Cameron said.
On his paper he wrote these equations:
What is 55% of 380?
What is 60% of 380?
Before Cameron solves these problems, let’s look at what he wrote. Cameron used the a statement that could
be written into a “percent equation”. We can use the percent equation instead of a proportion. The percent
equation can be helpful when you look for a percent, a base or a part of the base. Let’s look at how we can
use the percent equation before we solve this problem.
Guidance
p
You can use the proportion ba = 100
to solve a percent problem. We can also solve percent problems by using an
equation. In this Concept, we will use a proportion to create a different kind of equation that will help us solve
percent problems differently.
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p
When we solve the proportion ab = 100
, we use cross products to find the missing variable. However, even if
we leave it in terms of the variables, we can still use cross multiply.

p
a
=
b 100
100a = pb
pb
a=
100
a = .01pb
If we change the percent to a decimal by moving the decimal point two places to the left, then there is no need to
multiply p by .01 as we will have already accounted for the coefficient of .01 by moving the decimal point.

Okay, let’s go through it again. Look at what we just wrote.
We wrote the same thing we just didn’t include values. The variables stayed and we multiplied them.
The key is that if we change the percent to a decimal, then all we have to do is to multiply it by the base and
we will be able to figure out the value of a.
Take a look at this situation.
What is 85% of 90?
To figure this out, first we change the 85% into a decimal. “OF” is a key word meaning multiply, so we multiply the
decimal .85 times 90.
.85 × 90 = 76.5
This is our answer.
Some of you may find that this is much simpler than using a proportion! Either way is correct just be sure that
you know what are looking for with each equation.
What is 7% of 900?
First, let’s change 7% into a decimal.
7% = .07
Next, we multiply it by 900. Notice the key word “of” which means that we multiply.
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900 × .07 = 63
Our answer is 63.
Because percents are all around us in the real –world, you will need to know how to use the percent equation to solve
many different types of practical problems. Remember these key words as you work through percent problems.
“Of” means multiply
“what percent” means you are looking for a percent-you will need to convert the decimal to a percent at the end of
the problem.
“Is” means equals
“Of what number” means the base is missing-it means you look for the whole.

Write these key words down in your notebooks.

Example A

What is 22% of 100?
Solution: 22

Example B

What is 8% of 57?
Solution: 4.56

Example C

What is 17% of 80?
Solution: 13.6
Now let’s go back to the dilemma from the beginning of the Concept.
Now let’s take the two questions and write two equations that we can use to solve those equations.
What is 55% of 380? Becomes x = .55(380)
What is 60% of 380? Becomes x = .60(380)
Next, we solve each equation for the part of the whole.
55% of 380 = 209 students
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60% of 380 = 228 students
These are our two answers.
Guided Practice

Here is one for you to try on your own.
What is 19% of 300?
Solution
To figure this out, we can use the percent equation.
First, convert the percent to a decimal.
19% = .19
Next, multiply.
.19 × 300 = 57
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5427

The Percent Equation
Explore More

Directions: Solve each percent problem. You may round your answers to the nearest tenth when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

How much is 15% of 73?
What is 70% of 5?
What is 3% of 4 million?
What is 18% of 30?
What is 22% of 56?
What is 19% of 300?
What is 21% of 45?
What is 34% of 250?
What is 33% of 675?
What is 3% of 700?
What is 11% of 955?
What is 14% of 55?
What is 37% of 17?
What is 20% of 9?
What is 2% of 180?
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5.8 Use the Percent Equation to Find the Percent
Here you’ll use the percent equation to find a percent.
Are you a football fan? Take a look at this percent dilemma involving football.

In 2007, a local football team won 14 of the 16 regular season games that they played. What percent did they win?
Pay attention to this Concept and you will know how to solve this problem by the end of it.
Guidance

Did you know that you can use the percent equation to find a percent? This means that we will know the value of
the part and the whole, a and b, and we will be looking for the percent.
First, look at a proportion and how to go from a proportion to the percent equation.
We can use the proportion
using cross products.

a
b

=

p
100

to solve percent problems. For almost every problem, we solve the proportion

We can also solve problems by using an equation. In this Concept, you will use the same proportion to create a
different kind of equation that will help us solve percent problems differently.
a
p
=
b 100
100a = pb
pb
a=
100
a = .01pb
If we change the percent to a decimal by moving the decimal point two places to the left, then there is no need to
multiply p by .01 as we will have already accounted for the coefficient of .01 by moving the decimal point.
Now let’s apply the percent equation.
What percent of 32 is 18?
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Let’s look at this problem in some detail. First, we know that we are looking for a percent. We want to use
the percent equation to solve this.
We know that the percent is what is missing, so we can make that p. Then we know that “of” means multiply. The
word “is” means equals. Now we can write the equation.
32p = 18
Next, we solve for the value of p by dividing both sides by 32.

32p 18
=
32
32
p = .5625
Now this is the decimal, so we need to convert it to a percent.
p = 56.25%
This is the answer.
10 is what percent of 12?
This problem is worded differently, but we are still looking for a percent. Notice that the “is” is in a different
spot, but that still means equals. Let’s write the equation.
10 = p12
Or
10 = 12p
Next, we divide both sides by 12 to solve for the value of p.

10 12p
=
12
12
.833 = p
This is the decimal once again, so we need to convert it to a percent by moving the decimal point.
83.3% = p
This is the answer.

Take a few minutes to copy these key words down in your notebook. Include an example with your notes.
Because percents are all around us in the real –world, you will need to know how to use the percent equation to solve
many different types of practical problems. Remember the key words that we talked about.
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“Of” means multiply
“what percent” means you are looking for a percent-you will need to convert the decimal to a percent at the end of
the problem.
“Is” means equals
“Of what number” means the base is missing-it means you look for the whole.

Write these key words down in your notebooks.
Example A

18 is what percent of 20?
Solution: 90%
Example B

5 is what percent of 300?
Solution: 1.6%
Example C

60 is what percent of 400?
Solution: 15%
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s look at which information we have been given. We know that 14 out of 16 were won. The fourteen
is the number of games that is the part. The whole of the games is 16 this is the base. We need to find the
percent.
We could say we want to know what percent 14 is of 16. Let’s write the equation.
14 = 16p
Divide both sides by 16.

14
=p
16
.875 = p
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Now we convert the decimal into a percent by moving the decimal point.
87.5% is the answer.
Guided Practice

Here is one for you to try on your own.
33 is what percent of 50?
Solution
To figure this out, we can use the percent equation.

100a = pb
100(33) = p(50)
3300 = 50p
3300
=p
50
p = 66%
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5427

The Percent Equation
Explore More

Directions: Solve each percent problem by using the percent equation. You may round when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

What percent of 600 is 82?
What percent of 18 is 17?
150 is what percent of 175?
200 is what percent of 450?
34 is what percent of 70?
12 is what percent of 88?
15 is what percent of 90?
230 is what percent of 600?
334 is what percent of 1000?
2 is what percent of 8?
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11.
12.
13.
14.
15.
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55 is what percent of 1800?
61 is what percent of 80?
33 is what percent of 90?
78 is what percent of 156?
19 is what percent of 31?
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5.9 Use the Percent Equation to Find the Base,
b
Here you’ll use the percent equation to find the base, b.
Have you ever enjoyed autumn? Take a look at this dilemma involving trees and their leaves.

By mid-September, 50% of the trees lose their leaves. If 850 trees in a grove lost their leaves, how many trees are
there in all?
Use the percent equation to solve this problem. You will learn all that you need to know in this Concept.

Guidance

Did you know that you can use the percent equation to solve percent problems? Take a look at how you can move
from the proportion to the percent equation.
a
b

=

p
100

p
When we solve the proportion ab = 100
, we use cross products to find the missing variable. However, even if
we leave it in terms of the variables, we can still use cross multiply.

a
p
=
b 100
100a = pb
pb
a=
100
a = .01pb

If we change the percent to a decimal by moving the decimal point two places to the left, then there is no need to
multiply p by .01 as we will have already accounted for the coefficient of .01 by moving the decimal point.
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Okay, let’s go through it again. Look at what we just wrote.
We wrote the same thing we just didn’t include values. The variables stayed and we multiplied them.
The key is that if we change the percent to a decimal, then all we have to do is to multiply it by the base and
we will be able to figure out the value of a.
This situation showed us how to use go from a proportion to the percent equation when solving for part a.
Sometimes, you will know the percent and a part of the ratio, or part a, but you will need to find the whole or the
base, b. When this happens, you can use the same key words as before and simply figure out the base by using the
percent equation. Let’s look at one like this.
78 is 65% of what number?
Here we know that the word “is” means equals. The numbers may be in a different location, but just pay attention to
the key words and you will know what to do. Notice that we have been given the percent and we are missing the “of
what number” that is the value of the base. Let’s write the equation.
78 = 65%b
To work with the 65%, it makes sense to convert it to a decimal. We do this by dropping the percent sign and moving
the decimal two places to the left.
78 = .65b
Now we can solve it for the value of b. Divide both sides of the equation by .65.
78
.65b
=
.65
.65
120 = b
This is the answer.
Here is another one.
11 is 77% of what number?
Once again, pay attention to the key words. You can see that we are once again going to be looking for the value of
the base. Let’s write the equation.
11 = 77%b
Convert the percent to a decimal and solve.
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11 = .77b
11
=b
.77
14.28 = b
In this problem, you could round to the nearest hundredths place as we did here. Sometimes, you may be
asked to round to the nearest tenths place. In that case, the answer would have been 14.3.
Solve each problem using the percent equation.
Example A

10 is 50% of what number?
Solution: 20
Example B

45 is 20% of what number?
Solution: 225
Example C

68 is 40% of what number?
Solution: 170
Now let’s go back to the dilemma from the beginning of the Concept.
Let’s start by breaking apart this problem. We have a percent, so we know that we won’t be looking for the
percent. We know that 850 trees in a grove lost their leaves, but we don’t know the total number of trees in
the grove. The total could be thought of as the whole and this is the base. We are going to be looking for the
base.
Let’s write the equation.
850 = .50b
Now we solve by dividing both sides of the equation by .50.

850 .50b
=
.50
.50
1700 = b
There are 1700 trees in the grove.
Guided Practice

Here is one for you to try on your own.
25 is 60% of what number?
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Solution
First, let’s write down the percent equation.
100a = pb
In this problem, we are solving for the base. Let’s fill in the values that we know.

100(25) = 60b
2500 = 60b
Now we divide to solve for b.
2500
=b
60
b = 41.6 = 42
Our answer is 41.6 or 42.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5427

Solving Percent Problems with the Percent Equation
Explore More

Directions: Solve each percent problem. You may round your answers to the nearest tenth when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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23 is 9% of what number?
10 is 35% of what number?
580 is 82% of what number?
58 is 8% of what number?
58 is 80% of what number?
11 is 82% of what number?
33 is 2% of what number?
14 is 9% of what number?
50 is 67% of what number?
33 is 45% of what number?
40 is 80% of what number?
68 is 99% of what number?
78 is 55% of what number?
16 is 12% of what number?
1450 is 80% of what number?
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5.10 Find the Percent of Increase
Here you’ll find the percent of increase.
Has the attendance at your school ever changed? Take a look at this dilemma.

Cameron and Carla decided to bring their proposal of increased attendance to the student council. They thought that
if the student council suggested an increase in attendance to the student body that students might really want to help
out.
“We know that 100% attendance is nearly impossible, but we could get to 55 or 60%, I think,” Cameron suggested.
“Then we could really show the high school that we support their efforts,” Carla chimed in.
“I think it is a great idea,” Avery, the President of the student council said. “We could conduct a survey and see how
many students anticipate attending. Then we could try to predict the number of students who will attend next fall.”
That is exactly what they did. The students conducted a survey and asked students if they would be willing to attend
next year’s football games to support the high school team. Out of their survey, they learned that 198 students said
they planned on attending. That is an increase from 152 students. What is the percent of the increase?
This is the question for this Concept. Percents of increase are often used in real –life situations. Work through
the content of this Concept and by the end you will be able to figure out the percent of the increase if the
survey proves true.

Guidance

Many times in the real world, things change—prices go up and down, your bank account balances go up and down,
your weight goes up and down, businesses get more or less business, we have more hurricanes and typhoons than
before, etc. Interpreting the amount of change as a percent is oftentimes useful to understand a situation and compare
it to others.
Let’s look at percent of increase first.
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Two years ago, Mingh was 116 cm tall. She is now 132 cm tall. Her height increased by 16 cm in two years.
Two years ago, her little brother Charlie was only 80 cm tall. He has grown to 95 cm... almost a full meter!
He grew 15 cm. Which one grew more?
Let’s start to work on this problem. In the beginning, it might seem obvious that Mingh grew more—she grew 16
cm and Charlie only grew 15 cm. But if we consider the percent of increase, we might have a different argument.
What is the percent of increase?
The percent of increase is the percent that something value increased.
How does that apply to this problem?
First, we have to figure out what the percent of increase was in growth for both children. Mingh grew 16cm. Her
original height was 116cm. What percent did she increase?
If we consider 16cm the part of her original height that she increased, we can find percent of increase by using the
16
= .138 or 13.8%. We divide the amount of increase by the original amount and change to a percent by
ratio 116
multiplying by 100 (or moving the decimal point two places to the right).
Mingh’s height increased by 13.8%.
What was Charlie’s percent of increase?
His height increased by 15cm but his original height was only 95cm. So his percent of increase was 15
95 = .158 or
15.8%. So although Mingh grew 1cm more than Charlie, Charlie increased by 15.8% while Mingh increased by
only 13.8%.
So we might argue that Charlie grew more than Mingh because his percent of increase was greater.
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We can find any percent of increase by dividing the amount of increase by the original amount and then
multiplying by 100.

Write this down in your notebook. In the last 3 years, the price of gas has risen from an average of $1.89 per gallon
to an average of $2.95 per gallon. This is an increase of $1.06 per gallon. What is the percent of increase?
To solve for this percent of increase, we divide the amount of the increase by the original amount and multiply
by 100. In this case, the increase was $1.06.
1.06
1.89

= .561 = 56.1% increase

56.1% is our answer.
Notice that we multiply by 100 to convert the decimal into a percent since we are looking for the “percent of
increase.”
Find the percent of increase for each example.
Example A

From 10 to 45.
Solution: 350%
Example B

From 15 to 20.
Solution: 33.3%
Example C

From 80 to 360.
Solution: 350%
Now let’s go back to the dilemma from the beginning of the Concept.
To solve for the percent of increase, we first need to figure out the difference between the old attendance and
the predicted new attendance.
The old attendance = 152 students
The new attendance = 198 students
198 − 152 = 46
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Next, we put that difference over the original attendance.

46
152
Now we divide.
.302 = 30.2%
If the prediction of the students is true, than it would be a 30% increase in attendance.
Guided Practice

Here is one for you to try on your own.
A tree grew 2 inches every year. When Mary first planted the tree, it was 6 inches tall. After 10 years, it was 26
inches tall. What was the percent of increase from year 10 to when Mary first planted the tree?
Solution
First, find the difference.
26 − 6 = 20
Now divided 20 by the original amount.
20
6

= 3.33

Next, multiply by 100. We can accomplish this task by moving the decimal point.
333%
This is the percent of the increase.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5517

Determine a Percent of Increase
Explore More

Directions: Calculate the percent of increase. You may round to the nearest whole percent.
1.
2.
3.
4.
5.
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From 7 to 12, an increase of 5
From 31 to 50, an increase of 19
From 7805 to 10510, an increase of 2705
From 16 to 30, an increase of 14
From 200 to 230, an increase of 30
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From 180 to 200
From 330 to 400
From 695 to 1000
From 1200 to 1500
From 190 to 320
From 90 to 120
From 110 to 120
From 340 to 350
From 670 to 1000
From 879 to 900
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5.11 Find the Percent of Decrease
Here you’ll find the percent of decrease.
Have you ever bought anything on sale? Take a look at this dilemma.

A pair of sneakers costs originally cost $165.00. They are on sale for $115.50. What is the percent of the decrease?
Use this Concept to figure out the sale price of the sneakers. You will use percents and decreases in this
Concept.
Guidance

Many times in the real world, things change—prices go up and down, your bank account balances go up and down,
your weight goes up and down, businesses get more or less business, we have more hurricanes and typhoons than
before, etc. Interpreting the amount of change as a percent is oftentimes useful to understand a situation and compare
it to others.
The percent of decrease is the percent that a value decreases.
To find the percent of decrease, divide the amount of decrease by the original amount and multiply by 100.

Write down this information about the percent of decrease in your notebooks.
Now let’s look at a situation where there is a percent of decrease.
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A helicopter’s altitude went from 350 feet to 38 feet. This was a different of 312 feet. By what percent did the
altitude decrease?
312
350

= .891 = 89.1%

The percent of the decrease is 89.1%.

Notice that if you haven’t been given the actual amount of the increase or decrease that you may need to subtract
to figure this out before you divide.
Find each percent of decrease.
Example A

From 80 to 30.
Solution: 62.5%
Example B

From 90 to 40.
Solution: 55.5%
Example C

From 130 to 100.
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Solution: 23%
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s look at this problem carefully to understand what they are asking us to find. Because the shoes are
30% off, this is a percent decrease.
Now we find the amount of difference.
165 − 115.50 = 49.50
Next, we divide the difference by the original cost.
49.50
165

= .3

Now convert the decimal to a percent.
.3 = 30%
This is the percent of the decrease.
Guided Practice

Here is one for you to try on your own.
What is the percent of decrease from 2500 to 400?
Solution
First, find the difference.
2500 − 400 = 2100
Now divide the difference by the original amount.
2100
2500

= .84

Next, multiply the answer by 100.
.84 = 84%
This is the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5516

Finding the Percent of Decrease
Explore More

Directions: Calculate the percent of decrease. You may round to the nearest whole percent.
1. From 74 to 35, a decrease of 39
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From 4 to 1, a decrease of 3
From 576 to 476, a decrease of 100
From 200 to 175, a decrease of 25
From 150 to 100, a decrease of 50
From 325 to 290, a decrease of 35
From 45 to 18, a decrease of 27
From 19 to 1, a decrease of 18
From 22 to 10
From 34 to 20
From 230 to 220
From 350 to 250
From 700 to 350
From 130 to 7
From 890 to 700
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5.12 Find the Percent of Change
Here you’ll find the percent of change.
Have you ever gone to a gym to exercise? Many people do each day, but sometimes the rates change. Take a look at
this dilemma.

A gym’s membership went from 2100 members one year to 2410 members the next. This is a difference of 310
members. What was the percent of change?
To figure this out, you will need to know how to calculate a percent of change. Pay close attention and you will
learn how to do this by the end of the Concept.
Guidance

We can find the percent of change if we know an original amount and how much it either increased or decreased. At
times, however, we are given the percent of increase or decrease and need to calculate a new amount.
Let’s look at how we can calculate this new amount by using the percent of change.
A restaurant manager has noticed an increase in the cost of utilities of 4%. In order to pay for the increased
costs, he decides to increase prices by 4% as well. Not all items are priced the same. The chicken platter
currently costs $5.99 and the steak platter cost $7.99. If the prices are increased by 4%, what will the new
prices be?
Notice that we are going to create two new amounts. We are going to create a new cost for the chicken platter, and
we are going to create a new cost for the steak platter. We have original amounts and the percent of the increase, so
now we need to calculate a new amount.
First we must calculate how much the change will be. The prices are increasing by 4% so we must know how
much 4% is of each price.
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Chicken Platter

Steak Platter

Price : $5.99

Price : $7.99

4% of price = 5.99 × 4%

4% of price = 7.99 × 4%

or 5.99 × .04

or 7.99 × .04

Price change = .24

Price change = .32
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Now we know how much each platter’s price is going to change? Since this is an increase, we will add the price
change to the price. If it were a decrease, we would subtract the decrease from the price.

Previous price :

$5.99

Previous price :

.24
New Price

$6.23

$7.99
.32

New Price

$8.31

Let’s summarize. In order to find the new amount, we calculate the change amount by multiplying the original
amount by the percent of change. We then add the change amount to the original amount for an increase or
we subtract the change amount from the original amount for a decrease.
Take a look at this situation.
Find the new amount if 60 is decreased by 27%.
amount of change: 60 × .27 = 16.2
subtract the amount of change from the original amount: 60 − 16.2 = 43.8
The answer is 43.8.
Find each percent of change.
Example A

Find the new amount if 10 is increased by 18%.
Solution: 11.8
Example B

Find the new amount if 16 is decreased by 20%.
Solution: 12.8
Example C

Find the new amount if 250 is increase by 30%.
Solution: 325
Now let’s go back to the dilemma from the beginning of the Concept.
This percent is increasing, so we want to find the percent of the increase. We know the difference so now we
can divide and multiply.
310
2100

= .148 = 14.8%

The gyms membership increased by 14.8%.
Guided Practice

Here is one for you to try on your own.
The number of students participating in the chess club increased in one year. It started off with 35 students and had
an increase of 55%. Figure out the new number of students in the chess club given this increase.
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Solution
First, figure out the amount of the increase.
35 × .55 = 19.2
There was an increase of 19 students.
We can add that increase to the original amount.
The new number of students participating is 54 students.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5515

Percent of Change
Explore More

Directions: Use percent to find the new amount. You may round to the nearest whole number when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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82 increased by 90%
64 decreased by 10%
9 increased by 55%
25,470 decreased by 77%
75 increased by 10%
33 decreased by 5%
99 increased by 15%
40 decreased by 8%
56 increased by 25%
900 decreased by 30%
800 increased by 23%
789 increased by 12%
880 decreased by 10%
450 increased by 45%
855 decreased by 18%

www.ck12.org

Chapter 5. Applying Percents

5.13 Find Retail Prices Given Wholesale,
Markups and Sales Tax
Here you’ll find retail prices given wholesale, markups and sales tax.
Have you ever had to pay sales tax? Take a look at this dilemma.

After the student council meeting, Cameron’s Mom offered to take all of the students out for lunch. They went to
their favorite restaurant, “Howie’s Burger Place” for a lunch of burgers and fries. From the restaurant menu, each
student ordered the burger special which costs $12.95 each but includes a drink, and a dessert. After eating, Cameron
looked at the bill. He saw that 5 students ordered the burger special.
The sales tax is 7%. The food server was particularly attentive so Cameron’s Mom decided to give her an 18% tip.
Cameron began to work through the math in his head. How much was the total bill?
That is an excellent question. This Concept is all about different consumer percents. Pay close attention and
you will be able to solve this problem at the end of the Concept.
Guidance

We’ve now seen on many occasions how practical percent is in everyday life. In most things you purchase, percent is
used in one way or another to calculate a final price, a discount, tax or a tip. Your understanding of this is important
in making sure that you get charged the right price and that you tip appropriate amounts as well.
Let’s start by looking at wholesale prices and markups.
Most companies are in business to make a profit. Companies generally offer goods or services or both. Stores that
sell you products like hairspray, potato chips, and video games, buy those products from the companies that make
them. Because they buy so many of the same products, they get special prices called wholesale prices. They figure
out how much each piece or unit costs them and then they charge you a certain amount more for each product. The
difference is called the gross profit. After they pay all of their other expenses like wages, utility bills, insurance, etc.,
they hope to have some money left over. This is their profit.
Knowing just how much to charge for each product is sometimes tricky. If a company charges you too much, you
may not purchase products from them. Companies have to study the market and their true costs in order to calculate
the best price to charge to remain competitive but still make a profit. After studying the market, they decide on a
markup—a percent by which they will increase the wholesale price to get the retail price. So the wholesale price is
what the companies pay for the product and the retail price is what the company charges for the same product.
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The percent increase from the wholesale price to the retail price is the markup.

Take a look at this situation.
Let’s suppose a company sells toothpaste. They buy the toothpaste for $1.10 per tube; this is the wholesale price.
Remember, they may buy a case of 200 tubes all at once. In order to make a profit, they mark the price up by 65%;
this is their markup. So in order to calculate the retail price, they increase the wholesale price by 65%.
Let’s figure out the retail price given the wholesale cost and the percent of the increase.
Amount of change: 1.10 × .65 = .715
Add increase to the wholesale price: 1.10 + .715 = 1.815
Round off the price to the nearest whole cent: retail price is $1.82.
The retail price of the toothpaste is $1.82.
To calculate the retail price:
1. Find the amount of change by multiplying the wholesale cost with the % of increase. Remember to
convert the percent to a decimal to multiply.
2. Then add the increase to the wholesale price.
3. This is the new retail price.

Take a few minutes to write these steps in your notebook. Sometimes, you will also have to deal with sales tax.
On most products that you purchase, stores also charge you a sales tax which is determined by the government.
This money is paid to the government so that they can provide services to the people. Tax is usually a percent
increase that is added to the retail price.
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If you were to buy a dozen roses from the company in the previous example, you would pay $33. Let’s suppose there
is a tax of 6%. This would be an increase of 6% so we would use a similar process to find the final price. Because
this deals with money, we round the calculations to the nearest cent (or hundredths place).
Amount of tax: 33 × .06 = 1.98
Add tax to the retail price: 33 + 1.98 = 34.98
The total price with tax is $34.98.
To calculate sales tax:
1. Multiply the retail by the percent of the sales tax. You will need to convert this percent to a decimal
first.
2. Then add that amount to the retail price.
3. This is the final cost to the customer.

Write these steps down in your notebook.
Use what you have learned to solve each problem.
Example A

Find the total price for $4.99 with a 5% sales tax.
Solution: $5.24
Example B

Find the total price for $25.65 with a 15% gratuity or tip.
Solution: $29.50
Example C

Find the total price for $345.50 with a 10% markup.
Solution: $380.05
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the solution to the problem. Notice each part of the bill and how it is calculated.
First, add up all of the meals. 12.95 × 7 = $90.65
Calculate the tax of 7%: 90.65 × .07 = 6.35
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Add the tax to the price: 90.65 + 6.35 = 97.00
Calculate the 18% tip: 97.00 × .18 = 17.46
Add the tip to the price: 97.00 + 17.46 = $114.46
The total bill is $114.46. You could round up to $114.50 to make the numbers even too.
Guided Practice

Here is one for you to try on your own.

A florist gets a dozen roses for $15. They charge a markup of 120%. What is the retail price of a dozen roses?
Amount of change: 15 × 1.20 = 18
Add increase to the wholesale price: 15 + 18 = 33
The florist charges $33 for a dozen roses.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57648

Percent Application Tipping
Explore More

Directions: Calculate the retail price given the wholesale price and percent markup.
1. Wholesale price: $6.43 markup: 38%
2. Wholesale price: $612.00 markup: 70%
3. Wholesale price: $.22 markup: 55%
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Directions: Find the total cost after adding the tax.
4.
5.
6.
7.
8.

Retail price: $76.50 tax: 8%
Retail price: $399 tax: 4.75%
Retail price: $8.79 tax: 7.25%
Retail price $44.56 tax: 5%
Retail price $345.00 tax 11%

Directions: Find the total cost after computing the wholesale price and the tax.
9.
10.
11.
12.
13.
14.
15.

wholesale price:
wholesale price:
wholesale price:
wholesale price:
wholesale price:
wholesale price:
wholesale price:

$4.15 markup: 10% tax: 6%
$116.21 markup: 33% tax: 5.5%
$51.55 markup: 61.3% tax: 3.75%
$24.25 markup: 40% tax: 6%
$44.15 markup: 30% tax: 6%
$125.75 markup: 50% tax: 6%
$150.00 markup: 80% tax: 6%
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5.14 Find Discount Prices Given Sales
Here you’ll find discount prices given sales.
Have you ever purchased a book from a bookstore? Take a look at this dilemma.

A local bookstore has a 30% off everything sale. The sales tax is 5%. What is the total price on a book whose cover
price is $15.99?
Use this Concept to learn how to solve this problem. You will see it again at the end of the Concept.
Guidance

Fortunately for the consumer, price changes aren’t always increases. In order to reduce inventories or motivate
buyers, stores often have sales in which they discount prices by a percent. Instead of a percent increase, this is a
percent decrease. We can calculate these sale prices.
Let’s take a look at how to solve these problems.

At the end of the summer, a clothing store puts all swimwear on sale. They offer a discount of 60%. If the regular
price is $29.99 on a bikini, what is the sale price?
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Amount of discount: 29.99 × .60 = 17.99
Subtract discount from original price: 29.99 − 17.99 = 12.00
The sale price is only $12.00.
Not so fast. We almost forgot to pay the tax. If the sales tax is 6.25%, we must now add the tax to the sale
price.
Amount of tax: 12 × .0625 = .75
Add tax to the sale price: 12 + .75 = 12.75
The sale price with tax is $12.75.
Here is another situation.
Notice that with a discount you subtract the amount and with sales tax you add the cost.

Absolutely! A lot of this math you are probably able to figure out in your head. However, it is a good idea to
understand the steps and how the pricing is figured out!
Calculating a price with tax is the same as increasing by a percent. What if you know the total price including the
tax and want to know the original price of a product?
A store clerk charges you $78.75 for a DVD player. The tax in your area is 5%. So how much was the original price
of the DVD player?
We can find this out by using an equation.
In order to get the total cost, the cash register computes the 5% tax and adds the tax to the original price like we did
three sections ago. In other words:

original price + 5% of original price = total cost
Now let’s use variables and convert the percent to decimal.
p + .05p = c
In this equation, we p and .05p are like terms so they can be combined.
1.05p = c
In this case, if we are given p, we can solve for c. Or if we are given c, we can solve for p. In our example, we paid
a total cost c of $78.75. Substitute c in the equation and solve for p.
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1.05p = 78.75
1.05p ÷ 1.05 = 78.75 ÷ 1.05
p = 75
The original price was $75.00.
Here is another one.
You are charged $29.10 for an item with 7% tax included. What was the original price of the item?
First, let’s write an equation and solve it.

1.07p = 29.10
p = 27.20
The original price of the item was $27.20.
Find each new price given a discount of 30%.

Example A

$27.50
Solution: $19.25

Example B

$545.00
Solution: $381.50

Example C

$75.80
Solution: $53.06
Now let’s go back to the dilemma from the beginning of the Concept.
Let’s go through each step of the solution.
Amount of discount: 15.99 × .30 = 4.80
Subtract discount from original price: 15.99 − 4.80 = 11.19
The sale price is $11.19.
Don’t forget the sales tax!
Amount of tax: 11.19 × .05 = .56
Add tax to the sale price: 11.19 + .56 = 11.75
The sale price with tax is $11.75.
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Guided Practice

Here is one for you to try on your own.

You purchase some plants for your gardens. Two trees have a price of $55.00 each. Six tulips cost $2.50 each. The
tax on your purchase is 5.75% but there is an early-bird special of 10% off your entire purchase to those who show
up before 10am. What is the total cost?
Solution
Add up all of the products: 55.00 · 2 = 110.00
2.50 · 6 = 15.00
Total price of products: 125.00
Calculate the tax of 5.75%: 125 × .0575 = 7.19
Add the tax to the price: 125.00 + 7.19 = 132.19
Calculate the 10% discount: 132.19 × .10 = 13.22
Subtract the discount from the price: 132.19 − 13.22 = 118.97
The grand total is $118.97.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57647

Finding Discounts
Explore More

Directions: Your food bill at a restaurant is $85.77, calculate your total cost after the tip. Be sure to round when
necessary.
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service 10%
decent service 15%
great service 20%
outstanding service 25%
poor service 5%

Directions: What was the original price given total cost and tax rate? Be sure to round when necessary.
6.
7.
8.
9.
10.
11.
12.
13.

total cost:
total cost:
total cost:
total cost:
total cost:
total cost:
total cost:
total cost:

$1475.68 tax rate: 7%
$63.80 tax rate: 4.5%
$55.90 tax rate: 4%
$80.20 tax rate: 2.5%
$120.00 tax rate: 5%
$99.50 tax rate: 2%
$155.30 tax rate: 3%
$250.75 tax rate: 3.5%

Directions: Solve each problem. There are several steps to solving each problem. Be sure to round when necessary.
14. You take a taxi ride in a foreign country where they add 20% to your total for late night travel. The driver
expects an additional 15% tip. How much do you owe for the taxi ride if the meter shows $45?
15. You take your mother out for lobster for Mother’s Day. The lobster platters are $24.95 each but include the
drink and dessert buffet. Your waitress is a mother, too, so you leave her a 20% tip. However, you did bring a
coupon for 25% off. What is your total cost for 2 people?
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5.15 Solve Statistics-Based Problems Involving
Percents
Here you’ll solve statistics-based problems involving percents greater than 100 and less than one.
Have you ever been to a large stadium? Take a look at this dilemma.

“Wow! We can set 4000 people in our high school football stadium,” Jeremy said while reading the school newspaper.
“Yes, but that isn’t anything compared to National football stadiums,” Cameron said.
“I agree,” Carla chimed in. “I heard that some of those stadiums can seat 70,000 people. My Uncle Tim is a huge
fan and he was recently telling us all about it. Think about that, 70,000 is a lot of people.”
“It is, but the new stadium that the Dallas Cowboys is building can beat even that,” Jeremy said.
“Really? How?” Carla asked.
“Well, the previous stadium seated 80,000 people. This new one will seat 100,000 people and it will become the
number one largest stadium that there is!” Jeremy said.
80,000 to 100,000 is quite an increase. We can find the percent of an increase or decrease when working
with large numbers too. This Concept will teach you how to work with large numbers or with really small
numbers. When finished, you will be able to figure out the percent of the increase in seating for the stadium.
Guidance

Statistics refers to mathematics involved with data and its interpretation.
Often, we accumulate large sets of data like from a survey, a poll, an experiment, formal observations, etc. In order
to draw any conclusion from the data, we must be able to interpret it. You have seen some statistical measures like
mean, median, and mode. You have also used scientific notation to work with large and small numbers. Based on
these statistical measures, we might make inferences that reach beyond the set of data or experiment. As we make
inferences, percents will be useful. Sometimes percents will be greater than 100 or less than 1 so we will perform
operations carefully.
Let’s start with percents that are greater than one hundred.
We have worked extensively with percent. We have recognized percent as a ratio with a denominator of 100 and
said that the percent represents a part of a whole. One-hundred percent represent one whole. If you have 100% of
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a pizza, you have an entire pizza—delicious! What if you have 200% of a pizza? Then that is 2 whole pizzas, even
better. 300% would be 3 whole pizzas. 1000% is 10 times 100% so that would be 10 whole pizzas. You can see,
then, that percents do not stop at 100. Whenever percents represent more than a whole, they will be greater
than 100%.

A nation-wide survey found that the average home in 1907 had 1.2 bathrooms. A hundred years later, the
average home had 2.6 bathrooms. What was the percent of change in the number of bathrooms per home?
This is a percent of change problem which we will compute as we did in previous lessons—find the amount of
change, divide by the original amount, and multiply by 100 to find the percent.
Amount of change: 2.6 − 1.2 = 1.4
Divide by original amount:

1.4
1.2

= 1.167

Multiply by 100 to get percent: 1.167 · 100 = 116.7%
The number of bathrooms in the average home increased by 116.7% in 100 years. This indicates that the
number of bathrooms per home more than doubled.
You can see how useful it is to have percents that are greater than 100. They give us a whole new way to measure
increases.
Sometimes a percent can be well over 100. Percents can also be very small. The operations do not change but we
must be more careful in using decimal places correctly. Scientists often work with very small percents.

A researcher was interested in the truth about lucky four-leaf clovers. He surveyed 34,810 clover plants and found
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that only 18 of them actually had four leaves. All of the others had only 3 leaves. What percent of the plants had
four leaves?
Here we have a ratio of four-leaf plants to all of the plants:
18
34810

= .0005

Multiply by 100 to get percent: .0005 × 100 = .05%
Only .05% of the plants actually had four leaves. I guess you are lucky if you find one.
Figure out each percent of increase or decrease.
Example A

From 3.4 to 6.9.
Solution: 102%
Example B

From 8.7 to 20.2
Solution: 132%
Example C

From 200,000 to 450,000
Solution: 125%
Now let’s go back to the dilemma from the beginning of the Concept.
To find the percent of the increase, first, find the difference between the old seating number and the new
seating number.
100, 000 − 80, 000 = 20, 000
Now compare the difference to the original number of seats.

20, 000
80, 000
.25 = 25%
The new seating is a 25% increase over the previous seating.
Guided Practice

Here is one for you to try on your own.
What percent of 75 is .3?
Solution
.3
75

× 100 = .4%

The answer is .4%.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59814

Solving Percent Problems
Explore More

Directions: Answer each question and round your answers to the nearest tenth.
1.
2.
3.
4.
5.
6.
7.

What percent of 110 is 450?
What percent of 32 is 100?
What percent of 50 is 200?
What percent of 88 is 400?
What percent of 10 is 18?
What percent of 2 is 4?
What percent of 45 is 60?

Directions: Answer each question and round your answers to the nearest hundredth.
8.
9.
10.
11.
12.
13.
14.
15.
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What percent of 50,980 is 325?
What percent of 85 is .25?
What percent of 90 is 15?
What percent of 10 is 4?
What percent of 30 is 6?
What percent of 385 is 25?
What percent of 400 is 3?
What percent of 595 is 18?

www.ck12.org

www.ck12.org

Chapter 5. Applying Percents

5.16 Solve Percent Problems Involving Scientific Notation
Here you’ll solve percent problems involving scientific notation.
Have you ever thought about the planet Mars? Take a look at this dilemma.

On certain dates, Mars is about 4.9 × 107 miles from Earth. If a spacecraft is headed toward Mars and has traveled
30% of the distance, how many miles has it gone?
To solve this problem, you will need to know how to use percents and scientific notation. You will learn all
that you need to know in this Concept.
Guidance

Scientific notation is another useful mathematical tool that allows us to work with very large or very small numbers.
What is scientific notation?
Scientific notation is when a number is written as a factor and a power of 10. This means that we are using
exponents to represent the power of 10.
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Remember that any rational number can be written in scientific notation.
It follows the form:
a × 10b
where a is a number greater than or equal to 1 but less than 10 and b is an exponent of 10
When we conduct operations involving percent with numbers in scientific notation, we can use any operation with
the a value as we have seen in these sections. Then we will be sure to write our answer in scientific notation. We
may need to adjust the a and b values. Let’s look at how this works.
Find 25% of 3 × 1012 .
.25 × 3 × 1012 = .75 × 1012
Our a value is .75 which is not greater than or equal to 1.
We move the decimal point 1 place to the right on .75 to get 7.5.
Then adjust the exponent 1 integer less—if we make the a value bigger by a factor of 10, then we make the exponent
1 less.
7.5 × 1011
This is our answer.
Very large and very small numbers are not always written in scientific notation. Writing numbers “normally” is
called standard notation. We can still work with numbers that are very large but again must be most careful of
decimal places. Making an error of 1 decimal place is like multiplying or dividing a number by 10. You would
probably agree that there is a big difference between $50 and $500 even though the decimal place is only different
by 1 place or we could say by multiplying by 10.
50 × 10 = 500
Take a look at this situation.
In the year 2000, the United States had a population of about 280,000,000 people. By 2010, the population is
expected to be 308,000,000. What will the percent increase have been in those 10 years?

Difference : 308, 000, 000 − 280, 000, 000 = 28, 000, 000
28, 000, 000
= .10 = 10%
Divide difference by original :
280, 000, 000

The population will have grown by 10% in those 10 years.
Let’s review the steps we did here.

1.
2.
3.
4.
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We identified that we are looking for a percent.
We found the difference between the original population and the new population.
Then we divided the difference by the original population.
Finally, we converted this decimal into our percent.
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Write these steps down in your notebook.
Solve each problem.
Example A

Find 30% of .000567
Solution: 1.701 × 10−4
Example B

Find 10% of 123,000
Solution: 12, 300
Example C

Find 25% of .0000987. You may round if needed.
Solution: 2.47 × 10−5
Now let’s go back to the dilemma from the beginning of the Concept.
To solve this, we need to find 30% of 4.9 × 107 . The a value is our factor that is 4.9 so we will find 30% of that
and the power 107 is included in the product once we have multiplied the factor with the percent.
30% of a value: .30 × 4.9 × 107 = 1.47 × 107
The spacecraft has traveled 1.47 × 107 miles. We can leave our answer in the form of scientific notation
Our a value is now 1.47 which is greater than or equal to 1 and less than 10. There is no need to adjust it.
Guided Practice

Here is one for you to try on your own.
Find 32% of .00000054.
Solution
To work on this problem, we have to change the percent into a decimal first.
32% = .32
Then we notice the key word “of” which means multiply. We are going to multiply the percent times that
decimal, which represents a very, very small number.
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.32 × .00000054 = .0000001728
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65522

Explore More

Directions: Round the a values to the nearest hundredth and place your answers in scientific notation.
1.
2.
3.
4.
5.
6.
7.

Find 62% of 3.5 × 109 .
Find 5% of 9.1 × 1013 .
Find 180% of 6.3 × 10−17 .
Find 12% of .18 × 103 .
Find 22% of 56.4 × 10−2 .
Find 14% of 1.8 × 10−5 .
Find 30% of .999 × 1012 .

Directions: Answer each question and leave your answers in standard form.
8.
9.
10.
11.
12.
13.
14.
15.
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What percent of 8,570,000 is 152?
Find 230% of .00000488
The number .00036 is 45% of what number?
Find 23% of 98.78
Find 150% of .0000866
Find 210% of .002368
Find 30% of .000009
A light year is about 5,880,000,000,000 miles. In one month, it travels about 8.2% of that distance. About
how far does it travel in one month?
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5.17 Solve Real-World Problems Involving Simple Interest
Here you’ll solve real-world problems involving simple interest.
Have you ever tried to figure out a problem involving interest? Take a look at this dilemma.

With a goal of boosting student attendance at football games, the student council has decided to invest a portion of
their savings for middle school decorations. They figure that when the games are happening that they can decorate
the middle school with balloons, banners and flyers.
“I think it will help make it a priority for students,” Jeremy said at the weekly student council meeting.
“It will be a lot of fun too. We could even host a pep rally to help get the kids charged up,” Candice suggested.
“We put $4000 in the bank in the sixth grade. Now that we are 8th graders that money has been sitting in the bank
for two years at a 4% interest rate,” Jeremy explained.
Candice began working out the math in her head. If they did put $4000 in the bank for two years and they had a 4%
interest rate, then there definitely is more money in there now. She began to complete the calculations in her head.
Do you have an idea how to figure this out? This problem involves principal, interest rates and time. This
Concept will teach you all about calculating simple interest. Pay close attention and you will see this problem
again at the end of the Concept.
Guidance

Money is a necessary part of everyday life, and as you get older, your relationship to money will change. In this
lesson, we will explore some of the ways in which you will relate to money as you get older.
Saving money and making wise investments will be an important part of your financial planning. Part of making
investing is earning interest. When you save money in the bank, the bank uses that money for its own investments. In return for using your money, the bank pays you a certain percent. This percent is your interest .
Interest is the percent that a bank pays you for using keeping your money in their bank.
Banks compete with each other for your money because they want you to put your money in their bank. They try to
give you the best “interest rate” that they can. This means that they will pay you a greater percentage than another
bank to try to get your business. The greater the interest rate that they pay you; the more likely you are to invest
your money with them in a savings account. The more money you save, the more they have to invest. They publish
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an interest rate r which tells you what percent they will pay you per year t. The principal, p is the amount of
money that you have put into the bank.
You can use this information in the formula I = prt in order to calculate the interest that you will earn on your
principal p.

Take a few minutes and write this formula in your notebook.
Now let’s look at how we can use this formula to calculate interest.

You invest $5,000 in a bank for 2 years at a 4% interest rate. What is the interest you have earned after this time?
We start by looking at the given information. Then use the formula to calculate interest.
p = 5000, r = .04,t = 2.
Use the formula to calculate interest.

I = prt
I = 5000 · .04 · 2
I = 400
The bank will pay you $400 in interest over two years at that rate.
Many investors may have specific goals—they want to earn a certain amount of interest on their investments. Because
of this, they need to figure out the time that it takes to earn a certain amount of money. The formula I = prt is an
equation. We can use the Multiplication Property of Equations to solve for t if we know I, r, and p.
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Mrs. Duarte has $20,000 to invest. She wants to earn $10,000 in interest. She is considering a savings and loans
bank that is offering her 5.6% interest per year. For how long will she have to leave her money in the bank in order
to reach her goal of $10,000?
Start by looking at the given information.
I = 10000, p = 20000, r = .056 Solve for t.
Next, we substitute the given values into the formula and solve the equation.

I = prt
10000 = 20000 · .056 · t
10000 = 1120t
10000 1120t
=
1120
1120
8.93 = t

She will have to leave her money in the bank for nearly 9 years.

Exactly! We are using what we have learned about solving equations to figure out missing information
regarding interest and banking.You can use the simple interest formula I = prt to find any of the missing variables
if you are given values of the others. We have used it to solve for I and t. Of course, once the bank pays you
interest, your account balance grows. You start of with your principal p and then you add your interest I.
Now let’s see how much a bank balance would be after a given time at a given interest rate.
Jessica invests $3,000 in a credit union at an interest rate of 3.9%. She leaves the money there for 5 years. What is
her balance after that time?
To answer this question, we will need to do two things. First, we will need to figure out the amount of the
interest. Then we can add this amount to the principal that Jessica first invested. This will give us the new
balance.
First find the interest that she earned:
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p = 3000, r = .039,t = 5
I = prt
I = 3000 · .039 · 5
I = 585
She earned $585 in interest. Her principal was $3,000. How much does she have now?
585 + 3000 = 3585
She has $3,585. This is the new balance.
Solve each problem.
Example A

An investor places $15,000 in a savings account that pays 4.5% interest. She will leave the money there for 6 years.
What will her interest be?
Solution: Her interest after 6 years will be $4,050.
Example B

A bank is offering an interest rate of 4.75%. How long would it take to earn $500 if you invested $12,000 in the
bank?
Solution: It would take .88 years or about 10 12 months.
Example C

If you charge $7,000 on a credit card and you bank charges you 15.9%, how much would you owe after a year?
Solution: You would owe $8,113.
Now let’s go back to the dilemma from the beginning of the Concept.
Now we need to figure out the interest and the final balance in the student council bank account.
First, let’s find the amount of the interest.

I = PRT
I = (4000)(.04)(2)
I = $320.00
Next, we add this to the original amount invested.
$4000 + $320 = $4320.00
This is the new balance in the student council account.
Guided Practice

Here is one for you to try on your own.
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A nurse put $22,000 in the bank 15 years ago. She has earned $21,450 in interest—nearly as much as her initial
investment. What was the interest rate that the bank was paying her?
Solution
Using the simple interest formula I = prt, we can calculate the interest rate r if we are given the I, p and t values.
As before, we will substitute the known values and then use inverse operations to find the missing value.

I = 21450, p = 22000,t = 15
I = prt
21450 = 22000 · r · 15
21450 = 330000r
330000r
21450
=
330000
330000
.065 = r
Because we are looking for a percent-an interest rate, we have to change the decimal to a percent.
.065 = 6.5%
The bank was paying 6.5%.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5523

Simple Interest
Explore More

Directions: Use the simple interest formula I = prt to solve for the Interest.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

Find I
Find I
Find I
Find I
Find I
Find I
Find I
Find I
Find I
Find I

if
if
if
if
if
if
if
if
if
if

p = 62, 300, r = .0525,t = 14.
p = 9800, r = .028,t = 9.
p = $600, r = .05,t = 8
p = $2300, r = .06,t = 12
p = $5500, r = .08,t = 7
p = $400, r = .05 and t = 5
p = $700, r = .03 and t = 9
p = $500, r = .06 and t = 12
p = $800, r = .09 and t = 7
p = $950, r = .06 and t = 4

Directions: Find the new interest and then find the new balance with the given information. There are two steps to
solving these problems.
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
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p = 43000, r = .0365,t = 11
p = 7000, r = .079,t = 4
p = 8000, r = .06,t = 3
p = 18000, r = .04,t = 5
p = 25000, r = .05,t = 3
p = 3000, r = .05,t = 7
p = 12000, r = .04,t = 5
p = 9000, r = .06,t = 10
p = 7500, r = .03,t = 8
p = 27500, r = .04,t = 6
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5.18 Solve Real-World Problems Involving Compound Interest
Here you’ll solve real-world problems involving compound interest.
Have you ever had a bank account? Did you ever calculate interest? Take a look at this dilemma and you will learn
to understand compound interest.

“Wow! $4320 is a terrific amount!” Jeremy exclaimed when Candice filled him in on the balance in the savings
account.
“It is great,” Marcus commented, “But I think we would have made out better if the interest had been compounded
monthly.”
“Really, what does that mean?” Jeremy asked.
“It means that the interest is earned and then reinvested and you earn interest on the earned interest,” Marcus
explained.
“Really?” Candice asked.
“Yes, let me explain,” Marcus said.
Before Marcus explains, it is time to learn about compound interest. Once you have learned the information
in this Concept, you will be ready to figure out if Marcus is correct.
Guidance

Interest is important. It is not only big business for banks and investors but it is a way of securing a comfortable
retirement and reaching financial goals. Understanding interest helps you to make the best decisions. The last section
dealt with simple interest which illustrates the basic idea of interest.
In most cases in the real world, however, interest is calculated not with the simple interest formula I = prt but with
the compound interest formula A = P(1 + r)t . Basically, this formula accounts for the fact that as you invest and
earn interest, your balance grows. You are not only due interest, then, on your original balance, but on the
new balance which includes the first installment(s) of interest. You get paid interest on the interest.
Take a look at this situation.
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You invest $100 for 3 years at 10% interest. After one year, you’d have the original amount plus the 10% interest.
You’d have $110. Then, in the second year, you’d get paid the same 10% interest but not on just $100 but on $110.
In the second year you’d earn $11 in interest and you’d have $121. In the third year you’d earn $12.10 and your
ending balance would be $133.10. You got paid interest on interest and this made a difference in your final balance.
The situation above shows compounding every year. That means that you get paid interest once a year on your
balance. In the real world, interest is oftentimes compounded monthly or daily. For compound interest, we’ll
use the formula A = P(1 + r)t where A is your final balance, P is the principal amount, r is the interest rate for
the period (daily, monthly, semi-annually, annually, etc.) and t is the number of time periods for which the
money is invested. If compounding occurs monthly, there will be 12 periods per year.
In this situation above, P was $100, r was 10%, and t was 3 periods since the interest was compounded yearly. We
would substitute these values in the compound interest formula:

A = P(1 + r)t
A = 100(1 + .10)3
A = 100(1.10)3
A = 100(1.331)
A = 133.10
Using the formula we arrive at the same quantity discussed.

Exactly! We use the formula to figure out the interest in a systematic way! You may be wondering what the
big difference is between simple interest and compound interest. At first glance, it doesn’t seem like there is a big
difference, however, if you figure out the math, the difference will become clear.
Let’s see how different it might be using the same principal for the same amount of time at the same rate.
However, one account will be paid simple interest and the other will be compounded yearly.

TABLE 5.1:
Account 1—Simple Interest
Principal Amount: $20,000
Interest Rate: 8% per year
Time Frame: 20 years
Simple Interest formula I = prt
p = 20000, r = .08,t = 20
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Account 2—Compound Interest
Principal Amount: $20,000
Interest Rate: 8% per year
Time Frame: 20 years
Compound Interest formula A = P(1 + r)t
P = 20000, r = .08,t = 20
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TABLE 5.1: (continued)
Account 1—Simple Interest
I = prt
I = 20000 · .08 · 20
I = 32000
20000 + 32000 = 52000

Account 2—Compound Interest
A = P(1 + r)t
A = 20000(1 + .08)20
A = 20000(1.08)20
A = 20000(4.661)
A = 93220

Simple interest gives you a balance of $52,000...not bad. Compound interest gives you a final balance of
$93,220. That’s a huge difference! The total is over $40,000 more by compounding the interest.
Compare the final balances on a principal of $10,000 paid simple interest of 5% for a year or compound interest of
5% per year compound monthly. Then compare after 5 years and 10 years.

TABLE 5.2: Balance after given years
Years
1
5
10

Simple Interest
$10,500
$12,500
$15,000

Compound Interest
$10,512
$12,834
$16,470

So you can see that there is big difference between the simple interest calculation and the compound interest
calculation.
Calculate the following compound interest calculated yearly.

Example A

Principal = $3000, Rate = 4%
Solution: $4, 803

Example B

Principal = $5000, Rate = 3%
Solution: $7, 100

Example C

Principal = $12,000, Rate = 2%
Solution: $15, 120
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s figure out the balance if the interest had been compound interest.
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A = P(r + 1)t
A = 4000(.04 + 1)24
A = 4000(1.04)24
A = 4000(2.56)
A = $10, 240
In this case, the amount of the balance with compounded interest would have been more than double the
balance with simple interest. Marcus was correct after all!
Guided Practice

Here is one for you to try on your own.
A fireman invests $40,000 in a retirement account for 2 years. The interest rate is 6%. The interest is compounded
monthly. What will his final balance be?
Solution
Notice that we divide by 12 because there are twelve months in a year and the interest is compounded monthly.

.06
= .005
12
P = 40000,t = 24
r=

A = 40000(1 + .005)24
A = 40000(1.005)24
A = 40000(1.127)
A = 45080
Final balance is $45,080.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59813

Khan Academy Intro to Compound Interest
Explore More

Directions: Calculate the simple interest by using I = PRT .
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Principal = $2000, Rate = 5%, Time = 3 years
Principal = $12,000, Rate = 4%, Time = 2 years
Principal = $10,000, Rate = 5%, Time = 5 years
Principal = $30,000, Rate = 2.5%, Time = 10 years
Principal = $12,500, Rate = 3%, Time = 8 years
Principal = $34,500, Rate = 4%, Time = 10 years
Principal = $16,000, Rate = 3%, Time = 5 years
Principal = $120,000, Rate = 5%, Time = 4 years

Directions: Calculate the following compound interest calculated yearly.
9.
10.
11.
12.
13.
14.
15.

Principal = $3000, Rate = 4%
Principal = $5000, Rate = 3%
Principal = $12,000, Rate = 2%
Principal = $34,000, Rate = 5%
Principal = $18,000, Rate = 3%
Principal = $7800, Rate = 4%
Principal = $8500, Rate = 3%

Summary
You reviewed that percent means out of 100 and that percents can also be written as fractions or decimals. You
learned how to solve problems involving percents including finding the percent of a number and finding what percent
p
one number is of another number. To solve these problems you learned how to use the proportion ab = 100
. You also
learned what is meant by a percent increase and a percent decrease and how to calculate these types of percents.
You then learned common applications of percents including discounts and sales tax. Other applications you studied
were simple interest and compound interest. You learned the simple interest formula to calculate interest earned is
I = Prt. You learned the compound interest formula to calculate the future value of an account earning compound
interest is A = P(1 + r)t . In both formulas, P is the principal, r is the rate, and t is the time. One important point to
remember is that when working with compound interest, the way you calculate r and t changes depending on how
often the interest is compounded.
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Introduction
Here you will learn some basic topics of geometry. First you will learn all about angles, including identifying types
of angles and measuring angles. Then you will learn how to classify polygons. Next you will learn the concepts of
congruence and similarity as they relate to geometry. Finally, you will learn about the geometric transformations of
reflection, translation, rotation, and dilation, and you will see how these transformations relate to congruence and
similarity.
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6.1 Identify Angle Pairs
Here you’ll identify angle pairs as complementary, supplementary or neither.
Have you ever built a model of a house? Take a look at this dilemma.

In Mrs. Patterson’s World Cultures class the students have just started studying house building. Mrs. Patterson
explained that house building doesn’t just pertain to the kinds of houses that we live in, but to houses around the
world both past and present. The students are going to work on a project on a specific type of house.
Jaime is very excited. She has always been interested in Native Americans, so she has chosen to work on a tipi.
Jaime selected one of the books that Mrs. Patterson brought in and began to leaf through the pages looking at all of
the different types of tipis constructed.
“Tipis?” Mrs. Patterson asked looking over Jaime’s shoulder.
“Yes, I want to design and build one for part of my project,” Jaime explained.
“That’s wonderful. You will need to use a lot of math to accomplish that too,” Mrs. Patterson stated.
Jaime hadn’t thought about the math involved in building a tipi. But as she looked through the pages on designing
and building tipis, she noticed that there were a lot of notes on different angles.
One of the types of angles mentioned was a complementary pair of angles. Another was a supplementary pair of
angles. These angles were important to figure out when stitching the liner of the tipi together.
Jaime is puzzled. She can’t remember how to identify a complementary or a supplementary pair of angles.
Pay attention and this Concept will teach you all about angle pairs.

Guidance

An angle is measurement of the space created when lines intersect. Here is a diagram that shows the angles
formed when two lines intersect. You can see that there are four angles created in this drawing and that they are
labeled 1 –4.
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We have reviewed some lines and that angles are created when lines intersect. Sometimes, the way that the
lines intersect can create an angle pair . This is when two special angles are formed and these angles have a
special relationship. Let’s look at some angle pairs.
The two basic forms of angle pairs are called complementary and supplementary angles.
Complementary angles are two angles whose measurements add up to exactly 90◦ . In other words, when we put
them together they make a right angle. Below are some pairs of complementary angles.

Supplementary angles are two angles whose measurements add up to exactly 180◦ . When we put them together,
they form a straight angle. A straight angle is a line.
Take a look at the pairs of supplementary angles below.
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Once you know how to identify the angle pairs, you will be able to classify angle pairs as supplementary, complementary or neither.
Take a look at this situation.
Classify the following pairs of angles as either complementary or supplementary.

Now let’s look at how we can identify the angle pairs.
First, look at the first pair of angles labeled a. We can see that the measure of the angles in this pair is 30 and
60 degrees. We know that the sum of complementary angles is 90◦ . Therefore, we can identify this angle pair as
complementary angles.
Now look at the second angle pair labeled b. We can see that the measure of the angles in this pair is 110 and 70.
The sum of these two angles is 180◦ . These angles are supplementary angles.
Note: The word “supplementary” or “complementary” refers to the relationship between the two angles.
Sometimes, a pair of angles will be neither complementary nor supplementary. Take a look.
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The sum of these angles is 70◦ . 70 is not 90 nor is it 180, so this angle pair is neither complementary nor
supplementary.

Go back and write all of the vocabulary words from this section in your notebooks. Draw a small example of each
word next to its definition.
Based on each description, define whether the angle pairs are supplementary, complementary or neither.
Example A

A pair of angles whose sum is 130◦ .
Solution: Neither
Example B

A pair of angles whose sum is 90◦ .
Solution: Complementary
Example C

A pair of angles whose sum has the same measure as a straight line.
Solution: Supplementary
Now let’s go back to the dilemma from the beginning of the Concept.
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Jaime needs to understand the difference between complementary and supplementary angle pairs. First,
notice that the word “pair” refers to two, so we are talking about two angles.
Vocabulary

Angle
A geometric figure formed by two rays that connect at a single point or vertex.
Straight angle
A straight angle is a straight line equal to 180◦ .
Angle Pairs
An angle pair is composed of two angles whose sum may add up to 180 degrees or 90 degrees.
Complementary Angles
Complementary angles are a pair of angles with a sum of 90◦ .
Supplementary Angles
Supplementary angles are two angles whose sum is 180 degrees.
Guided Practice

Here is one for you to try on your own.
Look at this diagram and identify the pairs of angles that are supplementary.

Solution
First, you must know that supplementary angles are equal to 180◦ and also these angle pairs form a straight line.
Now let’s look at the diagram.
The following angle pairs are supplementary.
1 and 2
2 and 3
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1 and 4
4 and 3
These angle pairs are the solution.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59816

Complementary and Supplementary Angles
Explore More

Directions: If the following angle pairs are complementary, then what is the measure of the missing angle?
1.
6

A = 55◦
6

B =?

2.
6
6

C = 33◦
D =?

3.
E = 83◦
6
6

F =?

4.
G = 73◦
6
6

H =?

Directions: If the following angle pairs are supplementary, then what is the measure of the missing angle?
5.
6

A = 10◦
6

B =?

6

A = 80◦
6

B =?

6.
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7.
C = 30◦
6
6

F =?

8.
D = 15◦
6
6

E =?

9.
M = 112◦
6
6

N =?

10.
O = 2◦
6
6

P =?

Directions: Answer True or False for each of the following questions.
11.
12.
13.
14.
15.

Complementary angles are equal to 180◦ .
Complementary angles are equal to 90◦ .
Supplementary angles are equal to 90◦ .
Supplementary angles are equal to 180◦ .
Angle pairs less than 90 degrees are neither supplementary nor complementary.
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6.2 Identify Adjacent and Vertical Angles
Here you’ll identify adjacent and vertical angles formed by intersecting lines.
Do you know about adjacent and vertical angles? Take a look at this illustration.

If you were asked to name all of the vertical angles and adjacent angles would you know what to identify? This
Concept will teach you how to identify these special angle relationships.
Guidance

When lines intersect, they create special relationships between the angles that they form. Once we understand these
relationships, we can use them to find the measure of angles formed by the intersecting lines.
Adjacent angles are angles that share the same vertex and one common side. If they combine to make a
straight line, adjacent angles must add up to 180◦ . The word “adjacent” means “next to” that can help you to
remember adjacent angles.
Below, angles 1 and 2 are adjacent. Angles 3 and 4 are also adjacent.

Can you see that angles 1 and 2, whatever their measurements are, will add up to 180◦ ? This is true for angles 3
and 4, because they also form a line. But that’s not all. Angles 1 and 4 also form a line. So do angles 2 and 3.
These are also pairs of adjacent angles. Because the adjacent angle pairs form lines, we can also say that they
are supplementary. They must add up to 180◦ .
We can find the sums in this way.
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6

1 + 6 2 = 180◦
6

3 + 6 4 = 180◦

As you work through this lesson, you will find that some information leads you to other information. Here is
the first example of that. Whenever adjacent angles form a straight line, they are also supplementary. The
sum of their angles will be 180◦ .
Notice that when there are two angles next to each other, there are also two angles diagonally across from each other.
These are called vertical angles. Vertical angles are angles that are diagonally across from each other and have
the same measure.

These relationships always exist whenever any two lines intersect. Look carefully at the figures below. Understanding the four angles formed by intersecting lines is a very important concept in geometry.
Identify the vertical angles and the adjacent angles in the diagram below.

First, think back to the definition of adjacent and vertical angles.
Adjacent angles are next to each other. When they form a straight line they are supplementary angles. We
can see from the diagram that angles 1 and 3 are adjacent. Angles 2 and 4 are also adjacent.
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Vertical angles are diagonal from each other and have the same measure. In this case, angles 1 and 4 are
vertical. Angles 2 and 3 are also vertical angles.

Example A

True or false. Adjacent angles are across from each other.
Solution: False. Adjacent angles are next to each other.

Example B

True or false. Pairs of vertical angles have the same measure.
Solution: True.

Example C

True or false. Adjacent angles can also be vertical angles.
Solution: False.
Now let’s go back to the dilemma from the beginning of the Concept. Here is the illustration once again.

First identify the vertical angles.
Angles 1 and 3 are vertical angles. Angles 2 and 4 are also vertical angles.
Next, identify the adjacent angles. Remember that adjacent angles have a sum of 180^{◦}.
Angles 1 and 2, angles 1 and 4, angles 4 and 3, and angles 2 and 3 are all adjacent angles.

Guided Practice

Here is one for you to try on your own.
Find m6 1.
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Solution
First, let’s think about what we know about the angles identified.
6

1 is vertical angles with 18◦ , so m6 1 = 18◦ .

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57635

Khan Academy Proving Vertical Angles are Equal
Explore More

Directions: Identify whether each angle pair can be classified as adjacent angles or vertical angles or neither.

1.6 INK and 6 MNL
2. 6 INJ and 6 NJK
3. 6 MNL and 6 LNK
4. 6 JNL and 6 INM
5. 6 INM and 6 KNL
6. If m6 INJ = 63◦ , find m6 MNL.
Directions: Use this diagram to answer the following questions.

7. True or false. 6 1 and 6 2 are adjacent angles.
523

6.2. Identify Adjacent and Vertical Angles
8. What is the measure of 6 1?
9. What is the measure of 6 2?
10. What is the relationship between 6 2 and the angle opposite it?
11. True or false. Adjacent angles 1 and 2 form a straight line with a value of 180◦ .
Directions: Answer true or false for each question.
12. Supplementary angles are also vertical angles.
13. Vertical angles have the same measure.
14. Adjacent angles always have a sum of 180◦ .
15. Adjacent angles are also vertical angles.
16. Adjacent angles are formed when lines intersect.
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6.3 Identify Types of Lines
Here you’ll identify types of lines as parallel, perpendicular or intersecting.
Have you ever had a math question that you couldn’t figure out? Take a look at this dilemma.
Candice saw the following illustration in her math book.

She wondered how to describe the relationship between the brown plane and the green plane.
Do you know how to identify this relationship? This Concept will teach you how to help Candace with her dilemma.
Guidance

In other math classes, you learned about different types of lines. Lines exist in space. Two lines intersect when they
cross each other. Because all lines are straight, intersecting lines can only cross each other once.
There are parallel lines, intersecting lines and perpendicular lines. Let’s start by briefly reviewing these terms and
then we can look at the angles formed when these lines intersect.
Types of Lines
Parallel Lines are lines that are an equal distance apart. This means that these lines will never intersect.
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Intersecting lines are lines that cross at some point.

Perpendicular lines are lines that intersect at a 90◦ angle.

Answer each question.
Example A

Lines that will never cross are called?
Solution: Parallel lines
Example B

Lines that meet at a 90◦ are called?
Solution: Perpendicular
Example C

An intersection is an example of what type of lines?
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Solution: Intersecting lines
Now let’s go back to the dilemma from the beginning of the Concept.

If you look at these two planes, you will see that they are equidistant. This means that they are the same distance
apart and will never intersect. Because these two planes will never intersect, we can say that they are parallel.
This is our answer.
Guided Practice

Here is one for you to try on your own.
What is the relationship between 6 STC and 6 ATC?

Solution
These two angles meet at a right angle, and so the value of each angle is 90◦ . Therefore, the angles are perpendicular
angles.
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1341

Parallel and Perpendicular Lines and Planes
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Explore More

Directions: Name each type of lines shown below.
1.

2.

3.

4.
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Directions: Write the definitions for the following types of lines.
5. Parallel lines
6. Intersecting lines
7. Perpendicular lines
Directions: Answer the following questions about different types of lines.
8.
9.
10.
11.
12.

What is the symbol for parallel lines?
What is the symbol for perpendicular lines?
An intersection on a highway is an example of what type of lines?
A four way stop is an example of what type of lines?
Is it possible for intersecting lines to also be considered perpendicular?

Directions: Describe the types of lines shown in each illustration.
13.

14.

15.
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6.4 Measures of Angle Pairs
Here you’ll find the measures of angle pairs by using relationships and given information.
Candace opened her math book and discovered this dilemma.
The two angles below are complementary. m6 GHI = x. What is x?

Candace is puzzled. Are you? Using equations and geometry can help you figure this one out. Pay attention and you
will learn all that you need to know from this Concept.

Guidance

Let’s think about angle pairs. There are different types of angle pairs.
•
•
•
•

Supplementary angles are two angles that form a straight line, and their sum is always 180◦ .
Complementary angles together form a right angle and have a sum of 90◦ .
Adjacent angles are next to each other. When they form a line, their sum is 180◦ .
Vertical angles are directly opposite each other. They are equal.

Take a look at this situation involving angle pairs.
Fill in the figure below with the angle measures for all of the angles shown.
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First, notice that we only have one angle to go on. This angle measures 70 degrees. However, that is enough
information to figure out all of the other angles in this diagram. We can use the information that we know
about angles to figure the measures of these angles out.
Let’s begin with adjacent angles. Angle b is adjacent to the 70 degree angle. Since we know that adjacent angles
form a straight line, the sum of the two angles is 180◦ .
We can write this equation.
180 = 70 + b
We know that b is equal to 110◦ .
Next, we can work on the vertical angles. Angle c is vertical with angle b. Vertical angles have the same
measure, so the measure of angle c is also 110◦ .
Angle a is vertical with the 70◦ given angle, we know that this one is also 70◦ .
Using our known information, we have figured out the measures of all of the missing angles.
Find the measure of an angle that forms a supplementary angle with 6 MRS if m6 MRS is:
Example A

61◦
Solution: 119◦
Example B

40◦
Solution: 140◦
Example C

121◦
Solution: 59◦
Now let’s go back to the dilemma from the beginning of the Concept.

If the two angles are complementary, then we know that the sum of the two angles is 90 degrees.
Let’s write an equation to show that.
x + 34 = 90
Now we can solve for x.
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x = 90 − 34
x = 56◦
This is the answer.

Guided Practice

Here is one for you to try on your own.
A pair of angles are adjacent and complementary. What is the missing measure if 6 1 is equal to x + 5? Can you
figure out the measure of 6 2?
Solution
To figure this out, you have to know a few things. First, adjacent angles are next to each other and complementary
angles have a sum of 90◦ .
Knowing this, we can write an equation.
x + 5 = 90
Now we can solve for x
x = 85
The measure of 6 2 is 85◦ .

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1274

Complementary, Supplementary and Vertical Angles

Explore More

Directions: If the following angle pairs are complementary, then what is the measure of the missing angle?
1.
6

A = 45◦
6

B =?

2.
6
6

532

C = 83◦
D =?

www.ck12.org

Chapter 6. Geometry and Transformations

3.
E = 33◦
6
6

F =?

4.
G = 53◦
6
6

H =?

Directions: If the following angle pairs are supplementary, then what is the measure of the missing angle?
5.
6

A = 40◦
6

B =?

6

A = 75◦
6

B =?

6.

7.
C = 110◦
6
6

F =?

8.
D = 125◦
6
6

E =?

9.
M = 10◦
6
6

N =?

10.
O = 157◦
6
6

P =?

Directions: Define the following types of angle pairs.
11.
12.
13.
14.
15.

Vertical angles
Adjacent angles
Complementary angles
Supplementary angles
Interior angles

533

6.5. Classifying Triangles

www.ck12.org

6.5 Classifying Triangles
Here you’ll classify triangles by using angle measures and side lengths.
Have you ever thought of making a tipi? Take a look at this dilemma.

Jaime has been working hard on her tipi. She has decided to use the following pattern as part of the design on the
material. She thinks that if she uses cloth triangles, that she can sew them onto the cloth of the tipi to make a pattern.
This red, black, red pattern is going to stretch along the outside bottom edge of the tipi.
“That is very cool,” her sister Lily said admiring Jaime’s sketch.
“I think so too. It should look very pretty on the brown material,” Jaime added.
“Yes. How do you know that the triangles will be the exact same size?”
“That’s easy. I can measure the top angle of the triangle using a protractor and then create each one by tracing. This
one will have an angle of 120◦ . when I am done,” Jaime explained to Lily.
“What kind of triangle is that?” Lily asked.
Do you know? This Concept is all about different types of triangles. As you learn all about the different types
of triangles, think about this problem. What type of triangle is in the pattern? Can you justify your answer?
Guidance

In this Concept, we will examine different kinds of triangles. As you know, triangles are geometric figures that have
three sides and three angles. There are different types of triangles too. We can classify or identify them in different
ways. One way is by their angles measures and one way is by their sides lengths.
Let’s start with angle measures first.
We all know that triangles have three angles. The corners where each of the line segments connects form an angle.
When we know the measures of these angles, we can use this information to name and identify the triangles.
Let’s look at some of the different types of triangles according to angle measure.
Acute Triangles are triangles that have three angles that are less than 90◦ . The word “acute” when applied to
angles means less than 90◦ , so an acute triangle has three angles where all three angles are less than 90◦ .
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Right Triangles are triangles with one 90◦ angle. The other two angles will be acute, but the key to identifying
a right triangle is that it has one right angle.

Obtuse Triangles are triangles with one angle that is obtuse or greater than 90◦ .

Now let’s apply this information.
Identify whether each of the following triangles is acute, obtuse or right.
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Now let’s break each one down.
With the first triangle, triangle a, we can see that one of the angles is greater than 90 degrees. This is an obtuse
triangle.
The second triangle has three angles that are less than 90 degrees, this is an acute triangle.
The third triangle also has three angles that are less than 90 degrees. This is also an acute triangle.
The fourth triangle has a right angle. You can see that because it forms a nice neat corner so perfectly. This is a right
triangle.
The fifth triangle has an angle greater than 90 degrees. This is an obtuse triangle.
We can also classify or identify triangles by the length of their sides. This means that we look at the line
segments that create the triangle.
Equilateral Triangles are triangles with all three sides equal.

Isosceles Triangle has two sides that are equal in length. Often an isosceles triangle is the trickiest one to
identify.
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Scalene Triangles are triangles where none of the sides are the same length. All three sides are different
lengths.

Now let’s apply what we have learned and identify some triangles.
Classify each triangle as equilateral, isosceles, or scalene.
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We need to examine the lengths of the sides in each triangle to see if any sides are congruent.
In the first triangle, two sides are 7 meters long, but the third side is shorter. Which kind of triangle has two congruent
sides? This is an isosceles triangle.
Now let’s look at the second triangle. All three sides are the same length, so this must be an equilateral triangle.
The last triangle has sides of 5.5 cm, 4.1 cm, and 8 cm. None of the sides are congruent, so this is a scalene triangle.

Equilateral triangles do not quite fit this pattern. They are always acute. This is because the three angles in an
equilateral triangle always measure 60◦ .
There is one more thing to know about classifying triangles by their angles and sides. We can also tell whether a
triangle is isosceles, scalene, or equilateral by its angles. Every angle is related to the side opposite it. Imagine a
book opening. The wider you open it, the greater the distance between the two flaps. In other words, the wider an
angle, the longer the side opposite it is. Therefore we can say that if a triangle has two congruent angles, it must
have two congruent sides, and thus it must be isosceles. If it has three angles of different measures, then its sides are
also all of different lengths, so it is scalene. Finally, an equilateral triangle, as we have seen, always has angles of
60◦ , and these angles are opposite congruent sides.
Once you know all of this information, you will find that you can classify a triangle by both its sides and its
angles.
Example A

Define a scalene triangle.
Solution: A triangle where all of the side lengths are different.
Example B

Define an obtuse triangle.
Solution: A triangle where one angle is obtuse or greater than 180◦ .
Example C

Define an isosceles triangle
Solution: A triangle with two sides of the same length.
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Now let’s go back to the dilemma from the beginning of the Concept.
What type of triangle is in the pattern? Can you justify your answer?
The triangle in the pattern is an obtuse triangle. It is an obtuse triangle because it has an angle that is greater than
90◦ . The other two angles are less than 90◦ . Because the largest angle is 120◦ , it is an obtuse triangle.
Guided Practice

Here is one for you to try on your own.
Identify each triangle by both its sides and angles.

Solution
The first triangle is a right isosceles triangle. It has one right angle and two sides that are the same length.
The second triangle is an acute scalene triangle. All three sides are different lengths and all three angle measures are
acute.
The third triangle is an obtuse scalene triangle. It has one obtuse angle and three different side lengths.
The last triangle is an obtuse isosceles. It has one obtuse angle and two side lengths that are the same.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59819

Classifying Triangles
Explore More

Directions: Classify each triangle by the given angle measures as acute, obtuse or right.
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A triangle with three 60◦ angles.
A triangle with one 110◦ angle.
A triangle with one right angle and two acute angles.
A triangle with one 130◦ angle.
A triangle with three acute angles.
A triangle with a 90◦ angle.
A triangle with three angles that are less than 90◦

8.
Directions: Identify each triangle by the side lengths described. Identify them as equilateral, isosceles or scalene.
9.
10.
11.
12.
13.
14.
15.

540

A triangle with side lengths of 6 in, 6 in and 4 inches.
A triangle with side lengths of 3 ft, 4 ft, and 5 ft.
A triangle with side lengths of 8 inches.
A triangle with side lengths of 7 inches, 8 inches and 8 inches.
A triangle with side lengths of 6 meters, 8 meters and 10 meters.
A triangle with side lengths of 10 mm.
A triangle with side lengths of 12 cm.
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6.6 Understanding the Angle Measures of Triangles
Here you’ll understand the angle measures of triangles and that the sum of the interior angles of a triangle is equal
to 180◦ .
Have you ever seen a house being built? Take a look at this dilemma.

The roof construction of this home is using a triangle for stability. It also allows for water run-off during rain or
when snow melts. Using triangles makes a lot of sense.
If two of these triangles have the same measure? Do you know what kind of triangle it is? If the sum of two of the
angles is equal to 120◦ , what is the measure of the third angle?
Understanding angle measures will help you to figure out this dilemma. You will see it again at the end of the
Concept.
Guidance

If you look at all of the angles in a triangle, you will notice something consistent about each one of them. If we add
up the number of degrees in each angle of a triangle, you will see that the sum of the angle measures is equal to
180◦ .
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That is a great question. That short answer is, yes, it is always true. But let’s look at an example to understand
this a little further.
We can start by looking at an equilateral triangle. The three angles of an equilateral triangle are all equal.
Each of these angles is 60 degrees. Here is an equilateral triangle.

Now let’s look at what happens when we cut out the 60◦ angles. Three 60◦ angles are equal to 180◦ and there
are 180◦ in a straight line. The sum of the angles of a triangle is 180◦ , and this will happen no matter what the
angle measures are. The angles of a triangle will always form a straight line and be equal to 180◦ .

Now let’s look at how we can use this information to find missing angle measures.
What is the missing angle measure of this triangle?
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Now we have a triangle here.
First, we can use our known information to figure out what kind of triangle it is.
Let’s begin by looking at the angles in this triangle. There are two small angles. These are 25 degree angles and they
are acute. We can see by looking at this third unknown angle, that is an obtuse angle. This is an obtuse triangle.
Next, we can write an expression to help us to figure out the missing measure.

25 + 25 + x

Now, we can write this expression into an equation with a sum of 180 degrees. Then we can solve it for the
value of x.

25 + 25 + x = 180
50 + x = 180
x = 180 − 50
x = 130◦

The measure of the missing angle is 130◦ .
Let’s look at another one.
What is the measure of the two missing angles if this is an isosceles triangle?
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Here we have two missing angles. We know from the problem that this is an isosceles triangle. That means
that side lengths are the same and we can see that the two base angles are also congruent. Our given angle is
50◦ , so we can write a variable expression to help us figure out the measure of the missing base angles.

x + x + 50

We can expand this expression to an equation that is equal to 180 degrees.

x + x + 50 = 180

Next, we combine the like terms before solving this.

2x + 50 = 180
2x = 130
x = 65◦

Each of the base angles is equal to 65◦ .
You can also identify missing angle measures when lines intersect. Take a look.
Find the value of the missing angles x and y
544

www.ck12.org

Chapter 6. Geometry and Transformations

Now to work through this problem, you will need to apply all of the things that you have learned to problem
solve the measures of the missing angles.
Let’s start by looking at angle x.
You can see that angle x is an acute angle. It is also an adjacent angle with the 140 degree angle already
labeled. We know that the sum of adjacent angles is 180◦ . Now we can write an equation and solve for the
missing angle measure.

140 + x = 180
x = 40◦
There are two ways to find the measure of angle y. One is to use the sum of the angle measures given that we
know the measure of x. Let’s do that one first.

y + 40 + 85 = 180
y + 125 = 180
y = 55◦
The second way is to use vertical angles. You can see that the angle 125◦ is labeled. This means that the angle
vertical to this labeled angle is also 125◦ . The angle y forms a straight line with that angle and therefore is 55◦ .
Find each missing angle measure.
Example A

55◦ , 35◦ , ?
Solution: 90◦
Example B

105◦ , 25◦ , ?
Solution: 60◦
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Example C

42◦ , 15◦ , ?
Solution: 123◦
Now let’s go back to the dilemma from the beginning of the Concept.
The sum of two of the angles of the triangle is equal to 120◦ .
We know that the sum of the three angles of a triangle is equal to 180◦ .
Therefore, the measure of the missing angle is 60◦ .
Guided Practice

Here is one for you to try on your own.
Think about architecture. Why do you think triangles are used in designs? Take a look at this bridge. See if you can
understand why triangles are often a fundamental part of architectural design.

Solution
This is a truss bridge.
Looking at this bridge, you can see how the basic shape of a triangle is fundamental to the design of the bridge. The
triangle helps to keep the bridge stable because of the strength of its foundation. The triangle is a shape that because
of its base is very stable and won’t give to pressure. It is a balanced figure.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57636

Angle Measures of a Triangle
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Explore More

Directions: Using what you have learned about the interior angles of a triangle, determine the missing angle in each
triangle.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

45◦ , 45◦ , ?
60◦ , 60◦ , ?
90◦ , 50◦ , ?
100◦ , 40◦ , ?
110◦ , 30◦ , ?
50◦ , 10◦ , ?
145◦ , 15◦ , ?
55◦ , 45◦ , ?
70◦ , 35◦ , ?
50◦ , 50◦ , ?
63◦ , 42◦ , ?
18◦ , 75◦ , ?

Directions: Identify three triangles in the room around you.
13. .
14. .
15. .
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6.7 Classifying Quadrilaterals
Here you’ll classify quadrilaterals.
Have you ever heard of a yurt? Take a look at this dilemma.

“This is very cool!” Marcus exclaimed when looking through a book on different types of houses.
“What do you see?” Lynne asked leaning over her desk to look at the book that Marcus was holding.
Lynne and Marcus are both students in Mrs. Patterson’s World Cultures class. Like Jaime, they are also working on
projects. Marcus has discovered a yurt. A yurt is a type of home common in Mongolia. There is a lattice structure
that is built and then a canvas is used to cover the frame.
“That is cool, what is it?” Lynne asked.
“It’s called a yurt. I think that this is what I am going to do my project on,” Marcus said, studying the picture.
Marcus took out a piece of paper and a pencil and he began to draw the lattice of the yurt.
As Marcus draws his design, take a look at the lattice and hunt for the quadrilaterals that are used in the
design. In this Concept, you will learn all about different types of quadrilaterals so that you will be able to
identify the ones that Marcus will need to use.

Guidance

What is a quadrilateral?
A quadrilateral is any four-sided figure. In the word “quadrilateral”, we find the word “quad” which means four.
This means that any four-sided figure is considered a quadrilateral. Now, there are different types of quadrilaterals
that we are going to learn about in this lesson.
We can say that a quadrilateral is any four-sided figure. We could consider this an umbrella category meaning
that there are different types of quadrilaterals that we can identify in a specific way even though they are still
quadrilaterals too.
Let’s look at identifying the types of quadrilaterals.
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The first type of quadrilateral to learn about is called a parallelogram. A parallelogram is a quadrilateral with
opposite sides parallel and congruent. Here is a picture of a parallelogram.

When you look at this picture, you can see that the opposite sides of the figure are parallel. They are also the same
length-meaning congruent .
There are three main kinds of parallelograms.
Parallelograms can be plain old parallelograms like the one in the picture. They can also be rectangles, squares and
rhombi.
A rectangle is a parallelogram with four right angles, where opposite sides are congruent and parallel. You
have been looking at rectangles for a long time, but now you need to notice that there are specific properties that
make a rectangle a rectangle.

A rhombus is a parallelogram with four congruent sides, but not necessarily four right angles. A rhombus can
look like a square, but while a square is always a rhombus, a rhombus is not necessarily a square. A rhombus
can only be a square if it has four right angles.
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A square is a parallelogram too. The big difference between a square and a rectangle is that a square has four
congruent sides. It also has four right angles though just like a rectangle.

There is one other type of quadrilateral. This quadrilateral is NOT a parallelogram. It is a special kind of
quadrilateral. It is called a trapezoid . A trapezoid is a quadrilateral with one pair of opposite sides parallel.
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Example A

A parallelogram with all sides congruent and has four right angles.
Solution: Square
Example B

A parallelogram with two pairs of congruent sides and four right angles.
Solution: Rectangle
Example C

A quadrilateral with opposite sides congruent and one pair of parallel sides.
Solution: Trapezoid
Now let’s go back to the dilemma from the beginning of the Concept.
Now look at the picture of the yurt once again.

In looking at this diagram, it looks like there is a square being used as the design of the lattice. Examine this more
closely and you will see that the sides of each figure created by the lattice are all equal. This may make you think
that this is definitely a square. However, if you look at the angles, the angles are not right angles. Therefore, it can’t
be a square. In fact, it is actually a rhombus. Remember that a rhombus has four sides of equal length, but it does
not have to have right angles.
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This is the answer.
Vocabulary

Quadrilateral
A quadrilateral is a closed figure with four sides and four vertices.
Trapezoid
A trapezoid is a quadrilateral with exactly one pair of opposite sides parallel.
Parallelogram
A parallelogram is a quadrilateral with two pairs of parallel sides.
Rhombus
A rhombus is a quadrilateral with four congruent sides.
Rectangle
A rectangle is a quadrilateral with four right angles.
Square
A square is a polygon with four congruent sides and four right angles.
Congruent
Congruent figures are identical in size, shape and measure.
Guided Practice

Here is one for you to try on your own.
Name the quadrilateral pictured below.

Solution
Looking at this pool, we can begin to think about the different characteristics of the pool. First, it has opposite sides
that are congruent and parallel. It also has four right angles, this makes this figure a rectangle.
This is our answer.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59817

Khan Academy Quadrilateral Properties
Explore More

Directions: Identify each quadrilateral based on the description provided.
1.
2.
3.
4.
5.

A figure with four equal sides and four right angles.
A figure with opposite sides congruent and parallel.
A figure with opposite sides congruent and parallel and four right angles.
A figure with four sides.
A figure with four equal sides which may or may not have four right angles.

Directions: Use what you have learned about quadrilaterals to answer each of the following questions true or false.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

A quadrilateral can be any four sided figure.
A rectangle is also a parallelogram, but a parallelogram is not necessarily a rectangle.
A square is never a parallelogram.
A rhombus can be a square.
A square is always a rhombus.
A rhombus is a parallelogram.
A quadrilateral is a type of parallelogram.
A trapezoid has opposite sides parallel and congruent.
What does the sum of the angles of a quadrilateral add up to be?
What are all four angle measures of a rectangle?
What are all four angle measures of a square?
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6.8 Understanding the Angle Measures of
Quadrilaterals
Here you’ll understand the angle measures of quadrilaterals.
Have you ever used a quadrilateral in a real-world object? Take a look at this dilemma.
Margie makes jewelry. She made this necklace to sell at a craft fair.

Can you identify the quadrilateral? In this Concept, you will learn how to accomplish this task.

Guidance

What is a quadrilateral?
A quadrilateral is any four-sided figure.
In the word “quadrilateral”, we find the word “quad” which means four. This means that any four-sided figure is
considered a quadrilateral. Now, there are different types of quadrilaterals that we are going to learn about in this
lesson.
We can say that a quadrilateral is any four-sided figure. We could consider this an umbrella category meaning
that there are different types of quadrilaterals that we can identify in a specific way even though they are still
quadrilaterals too.
Let’s look at identify the types of quadrilaterals.
The first type of quadrilateral to learn about is called a parallelogram. A parallelogram is a quadrilateral with
opposite sides parallel and congruent.
Here is a picture of a parallelogram.
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When you look at this picture, you can see that the opposite sides of the figure are parallel. They are also the same
length-meaning congruent .
There are three main kinds of parallelograms.
Parallelograms can be plain old parallelograms like the one in the picture. They could also be a rectangle, square
and rhombus.
A rectangle is a parallelogram with four right angles, where opposite sides are congruent and parallel. You
have been looking at rectangles for a long time, but now you need to notice that there are specific properties that
make a rectangle a rectangle.

A rhombus is a parallelogram with four congruent sides, but not necessarily four right angles. A rhombus can
look like a square, but while a square is always a rhombus, a rhombus is not necessarily a square. A rhombus
can only be a square if it has four right angles.
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A square is a parallelogram too. The big difference between a square and a rectangle is that a square has four
congruent sides. It also has four right angles though just like a rectangle.

There is one other type of quadrilateral. This quadrilateral is NOT a parallelogram. It is a special kind of
quadrilateral. It is called a trapezoid . A trapezoid is a quadrilateral with one pair of opposite sides parallel.
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One important thing to remember about quadrilaterals is that their four angles always have a sum of 360◦ .
This is true no matter what shape or size the quadrilateral is.

Notice how different the angles and the sides of the quadrilaterals are. Look closely, though. If you add up the
measures of the four angles, they always equal 360◦ . This is because every quadrilateral is actually two triangles
put together. As we know, the three angles in all triangles always add up to 180◦ .

This quadrilateral has been divided into two congruent triangles, each with angles of 120◦ , 25◦ , and 35◦ . If we add
these angles together, we get a sum of 180◦ . If we step back and look at the whole quadrilateral, we see that it
has two 120◦ angles and two 60◦ angles (25◦ + 35◦ = 60◦ ). When we add these together, we get a sum of 360◦ :
60◦ + 120◦ + 60 + 120◦ = 360◦ . This will be true no matter what size each angle in the quadrilateral measures.
We can use what we know about quadrilaterals to analyze them. When we analyze quadrilaterals, we can find the
measure of an unknown angle or side. Remember, one of the most important things to know about quadrilaterals is
that their angles always add up to 360◦ . That means that if we know the measure of any three angles, we can set up
an equation to solve for the measure of the fourth. Let’s see how this works.
Find the measure of the unknown angle in the quadrilateral below.
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We know that the four angles must have a sum of 360◦ , so we can add the four angles, using m to represent
the unknown angle.

55 + 90 + 105 + m = 360
250 + m = 360
m = 360 − 250
m = 110◦
By solving for m, we have found that the fourth angle has a measure of 110◦ .
We can check our work by adding the four angles to see if they total 360◦ .
55◦ + 90◦ + 105◦ + 110◦ = 360◦
Our calculation was correct. We can always use this method when given three out of the four angles in a
quadrilateral.
Often we can use what we know about the properties of quadrilaterals to find unknown measures without having to
set up an equation. We can simply use reasoning to put the pieces together.
Identify each missing angle.
Example A

110◦ , 110◦ , 70◦ , ?
Solution: 70◦
Example B

90◦ , 90◦ , 90◦ , ?
Solution: 90◦
Example C

100◦ , 100◦ , 80◦ , ?
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Solution: 80◦
Now let’s go back to the dilemma from the beginning of the Concept.
Look at the necklace that Margie made once again.

Now let’s examine this picture. We can look for the qualities that identify this quadrilateral. Notice that it
has two parallel sides. The other two sides aren’t parallel or congruent. With one pair of parallel sides, this
figure must be a trapezoid.
Guided Practice

Here is one for you to try on your own.
Find the measures of the unknown angles in the quadrilateral below.

Solution
This time we have only been given the measures of two angles and we need to solve for the other two. First let’s
determine what we know about the figure. What kind of quadrilateral is it? It has two pairs of parallel sides, so it
must be a parallelogram. It doesn’t have 90◦ angles, so it’s not a rectangle or square. Finally, the side lengths are not
all congruent so it cannot be a rhombus. It is a regular parallelogram.
Now, what do we know about the angles of parallelograms? Not only do they add up to 360◦ , they fall into
two congruent pairs. The congruent angles are opposite each other. Take a look back at the figure.
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Angle x is opposite the 56◦ angle. Therefore it must also be 56◦ . Angle y is opposite the 124◦ angle, so it must
also be 124◦ . This gives us two pairs of congruent angles.
Let’s check to make sure these are the correct measurements by adding them to see if they total 360◦ .
124◦ + 124◦ + 56◦ + 56◦ = 360◦
They do, so our answers are correct.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57640

Khan Academy Overview of Quadrilaterals
Explore More

Directions: Use what you have learned about quadrilaterals to figure out the missing angle measure of each quadrilateral based on three given angles.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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120◦ , 120◦ , 60◦ , ?
50◦ , 70◦ , 130◦ , ?
52◦ , 128◦ , 52◦ , ?
47◦ , 55◦ , 120◦ , ?
80◦ , 80◦ , 100◦ , ?
105◦ , 105◦ , 85◦ , ?
97◦ , 97◦ , 35◦ , ?
120◦ , 120◦ , 40◦ , ?
88◦ , 90◦ , 60◦ , ?
25◦ , 85◦ , 85◦ , ?
90◦ , 90◦ , 90◦ , ?
140◦ , 150◦ , 45◦ , ?
80◦ , 80◦ , 120◦ , ?
75◦ , 95◦ , 110◦ , ?
80◦ , 50◦ , 95◦ , ?
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6.9 Identifying Polygons
Here you’ll identify polygons, their diagonals and their angles.
Have you ever heard of a geodesic dome? Take a look at this dilemma.

“I am going to design a house that no one has ever even thought of before,” Dylan said during Mrs. Patterson’s class
on Tuesday.
“What do you mean?” Kelsey inquired.
“A dome made of triangles. How’s that for an idea!” Dylan said grinning from ear to ear.
“It’s great,” Kelsey agreed, “But it already exists. It is called a “geodesic dome”.”
Dylan looked at Kelsey as she pulled open a book and showed Dylan the exact page where there was information
written on the geodesic dome. He shrugged his shoulders.
“Well, I am going to do it anyway,” he said.
Dylan began to explore the geodesic dome. He figured out that the average dome has isosceles triangles in it. These
triangles, like all triangles, have a sum of 180◦ for angle measures. Dylan wants to construct a geodesic dome.
As he begins to draw his design, he figures out that he will need a variety of hexagons and pentagons. Dylan is stuck.
He can’t figure out how many degrees there will be in each hexagon and how many degrees there will be in each
pentagon.
This is where you come in. Pay attention to this Concept on polygons. By the end of it, you will be able to help
Dylan with his geodesic dome.

Guidance

Polygons are two-dimensional figures that have three or more sides. Any figure with straight edges, such as a
triangle or rectangle, is a polygon. If a figure has any curved sides or is open, it is not a polygon.
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This is a figure that is not a polygon.
Polygons have special properties that determine their angle and side relationships. For instance, the number of sides
a polygon has is related to the number of angles it has, and therefore determines the sum of its angles.
Now that we can distinguish polygons from other figures, let’s take a closer look at them. In general, there are two
kinds of polygons: regular polygons and irregular polygons.
Regular polygons have sides and angles that are all congruent. It doesn’t matter how many sides and angles they
have. As long as the sides are congruent and the angles are congruent, the figure is a regular polygon.
Irregular polygons , you may have guessed, are polygons that do not have congruent sides and angles. They are
still polygons because they have straight, closed sides. Their sides are simply different lengths.

Here are two hexagons. The first one is a regular hexagon. You can see that the side lengths and the angle
measures are all congruent. The second figure is still a hexagon, but it is an irregular hexagon. While it has
six sides, it has different side lengths and angle measures.
While we can have different triangles and different quadrilaterals, we can also have different types of polygons
besides regular and irregular. We can further identify polygons according to the number of sides that they have. The
hexagon (6 sides) is an example of one of these types of polygons. Other examples include: triangles, pentagons,
octagons and decagons. Let’s look at the different types of polygons in more detail.
We can distinguish between different types of polygons according to the number of sides that each has. This is how
we can name the polygon. We can also look at different characteristics of each type of polygon. We can look at the
562
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number of sides, the number of diagonals that can be drawn in a figure, the number of triangles in the polygon and
the sum of the angle measures.
The easiest way to approach this is through the use of a table. Let’s begin with naming polygons, looking at images
of polygons, examining the number of angles and sides and the sum of the interior (inside) angles.

TABLE 6.1:
Polygon Name

Polygon

Sum of Interior Angles

triangle

Number of Angles and
Sides
3

rectangle/square

4

360◦

pentagon

5

540◦

hexagon

6

720◦

heptagon

7

900◦

octagon

8

1, 080◦

nonagon

9

1, 260◦

180◦
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TABLE 6.1: (continued)
Polygon Name
decagon

Polygon

Number of Angles and
Sides
10

Sum of Interior Angles
1, 440◦

You can see that polygons have similar names. In the word polygon, poly -means “many” and- gon means
“angle.” So polygon means “having many angles.” Now look at the name for the shape that has eight angles and
sides. It is called an octagon. In octagon, oct-means “eight.” An octopus, for example, has eight arms. In pentagon,
pent-means “five,” so this is a shape with five angles and sides.
One thing to notice about these polygons is that they can all be divided by diagonals. We can figure out how
many diagonals there are and by doing this divide them up into triangles. We know that the sum of the angle
measures of a triangle is 180◦ , and we can use this information to figure out the sum of the angle measures of
the different polygons.
Take a look at this situation.

Notice that this hexagon has been divided using diagonals. There are three diagonals in the hexagon which
create four triangles. Each of these triangles has 180◦ in it, so we can multiply 180 × 4 to find the sum of the
degrees inside a hexagon.
180 × 4 = 720◦
This is the answer and you can see how this corresponds to the number of degrees in the chart.
We can apply this information to any of the polygons. Simply divide the polygon into triangles and multiply
the number of triangles by 180.
We can also use a formula to find the sum of a polygon’s interior angles. Knowing the total is helpful because
we often can use it to find the measure of a particular angle in the polygon. Remember, in a regular polygon, all of
the angles are congruent. We can find the angle of all of them if we know the total and how many angles there are.
As we have seen, we can find the total number of degrees in a polygon by using triangles. The formula sums
this up nicely and gives us a shortcut:
(n − 2) × 180◦
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The letter n represents the number of angles (or sides) in the polygon. In other words, we subtract 2 from the number
of angles and then multiply by 180. Think about the different polygons, the number of triangles in a polygon is
always 2 less than the number of sides. The formula is simply giving us a shortcut to find the number of triangles in
the polygon. Then, as we know, we multiply by 180◦ .
Find the sum of the angles a hexagon.
First, count the number of angles or sides. This polygon has six sides and six angles. We will put 6 in for n in the
formula and solve.

(n − 2) × 180◦
(6 − 2) × 180◦
4 × 180◦ = 720◦
The formula tells us that a hexagon contains 4 triangles. When we multiply by 180◦ , we find that the sum of
the interior angles in a hexagon is 720◦ . This is true for any hexagon, regular or irregular.

Write this formula down in your notebook.
Figure out the sum of the angle measures in each polygon.
Example A

Nonagon
Solution: 1260◦
Example B

Heptagon
Solution: 900◦
Example C

Pentagon
Solution: 540◦
Now let’s go back to the dilemma from the beginning of the Concept.
Now let’s break down the solution to the problem. Let’s start with hexagons.
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We know that there are six triangles in a hexagon. We know that the sum of the angle measures of a triangle is 180◦ .
However, we have to take the number of sides into consideration. We can use the following formula to help us. The
letter n represents the number of sides.

(n − 2) × 180
(6 − 2) × 180 = 720◦
Now let’s look at the pentagon. The pentagon is comprised of 5 triangles. We know that the sum of the angle
measures of each triangle is 180◦ . We can use the same formula as we did with the hexagon.

(n − 2) × 180
(5 − 2) × 180 = 540◦
Guided Practice

Here is one for you to try on your own.
What is the measure of each angle in a regular octagon?
Solution
If it is a regular octagon, all of the angles are congruent. We need to find the total number of degrees in an octagon
and then divide by 8, because an octagon has 8 angles. Let’s use the formula to find the total of the angles.

(n − 2) × 180◦
(8 − 2) × 180◦
6 × 180◦
1, 080◦
The 8 angles in an octagon must have a sum of 1, 080◦ . Check your table to be sure. Now that we know the total, we
divide by 8 to find the measure of each angle.
1, 080◦ ÷ 8 = 135◦
Each angle in a regular octagon, no matter how big or small, always measures 135◦ .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5547

Interior Angles of Polygons
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Explore More

Directions: Answer true or false to each question about regular and irregular polygons.

1.
2.
3.
4.
5.
6.

The angles of a regular polygon are all the same size.
A regular hexagon has six sides that are different lengths.
An irregular pentagon has sides that are the same length.
An irregular polygon is one that has one side open.
A regular triangle could also be called an equilateral triangle.
The side lengths of a regular octagon are all the same length.

Directions: Identify each figure as regular or irregular. Then identify the type of polygon that it is too.

7.

8.
9. An eight sided figure with sides of equal length.
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10.

11.

12.
Directions: Use the formula (n − 2) × 180 to figure out the sum of the angle measures of each polygon.
13.
14.
15.
16.
17.

568

Regular hexagon
Regular octagon
Triangle
Trapezoid
Decagon
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6.10 Recognizing and Understanding Congruent Polygons
Here you’ll recognize and understand congruent polygons.
Have you ever built a geodesic dome? Take a look at this dilemma.

After doing all of his research and drawing a design, Dylan began working on the construction of his geodesic dome.
He decided to use a combination of rolled newspaper tubes and duct tape. He rolled tubes of newspaper, created
triangles with duct tape and then worked on connecting them together.
“It doesn’t look right,” Sarah, Dylan’s sister commented as he was putting the structure together in the living room.
“What do you mean?” Dylan asked tearing off another piece of duct tape.
“It is crooked and I think it will collapse.”
“You don’t know anything,” Dylan snapped turning his back on his sister.
However, when Dylan actually went to connect the triangles together, the structure began to collapse. His sister
came back into the room.
“Can I help?” she asked.
“Maybe.”
“Are the triangles congruent?” Sarah asked.
Congruent? Dylan had to think about that one. What would it mean if the triangles weren’t congruent? What
does it mean “congruent?” How can one tell if a figure is congruent or not?
In this Concept, you will learn all about the importance of congruence and how to determine congruence.

Guidance

What do we mean when we say that two figures are congruent? To complete all of the work in this Concept, you
must first understand what the word “congruent” means.
Congruent means exactly the same.
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Yes, but it also includes sides of figures and angles too.
When we have two figures of any kind that have the same size, shape and measure, we can say that these two figures
are congruent.
Take a look at this situation.
Are these two angles congruent?

If you look at these two angles, you will see that they are both 55◦ . The angles are labeled that way, so we can
see that they are equal. This means that they are congruent. We can say that angle A is congruent to angle B.
6 A∼
=6 B
This is the way we would write a statement about congruence using mathematical notation. Notice the symbol
that we used for congruent.
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Now write the definition for congruent and its symbol in your notebook.
Just as we said that any two figures can be congruent, we can use this when we look at different types of polygons too.
Two polygons can be considered congruent or not congruent. Let’s look and see if we can determine congruence.
Are these two octagons congruent?

Look at these two octagons. They are exactly the same in every way. You can see that if we put one octagon
on top of the other octagon that they would match up perfectly. The side lengths are also congruent and the
angle measures are congruent. If two polygons are congruent, then it is a given that the side lengths and the
angle measures are also congruent.
Now that you know how to identify whether or not two figures are congruent, we can look at figuring out congruent
parts and angles. First, let’s think again about the four characteristics of congruent polygons.
Congruent Polygons have:

1.
2.
3.
4.

Same size
Same shape
Common angle measures
Common side lengths

Be sure that you have these notes written down in your notebook.
The last two characteristics can be a bit tricky. Sometimes, you will have two congruent figures, but all of the angles
measures won’t be exactly the same. For example, if you had two irregular congruent hexagons, that means that
there are different angle measures in the two hexagons - however, they are congruent so there are “matching” angles
between the two figures.
Take a look at these figures.
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Here we have two hexagons. They are irregular - which means that all of the side lengths and angles are not
the same. However, they are congruent. You can see that one matches the other. Because of this, we have
corresponding angles that connect with each angle from the first hexagon to the second hexagon.
We can identify corresponding parts of congruent figures. Corresponding parts can include side lengths and
angle measures. When two figures are congruent, then there are corresponding parts.
Name each pair of corresponding side lengths for these congruent figures.

Now let’s look at these two congruent pentagons. To name the corresponding sides, we name the sides that
match from one pentagon to another pentagon. Here are the corresponding sides and how we can write them using
mathematical notation.
BA ∼
= GF
∼
BC = GH
CD ∼
= HK
∼ FL
AE =
ED ∼
= LK
We can also look at the corresponding angles for two congruent figures. When two figures are congruent, then
the matching angles will also be congruent.
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Use the following figures to answer each question.

Example A

What is the angle measure of angle F?
Solution: 100◦

Example B

Angle D is congruent to which other two angles?
Solution: F and H

Example C

What is the measure of angle G?
Solution: 80◦
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s think about what the word congruent means. Congruent means exactly the same. For an object to
be congruent, the side lengths have to be the same. The triangles in the geodesic dome have to be congruent
for it to stand up because the triangle is a structure that is well balanced to help with structure and security.
Triangles are used in all kinds of construction like roofs and bridges.
Dylan can test the congruence of his triangles because he can see that the side lengths are the same.

Guided Practice

Here is one for you to try on your own.
Are these two hexagons congruent?
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Solution
These two figures are both hexagons, but they are different hexagons. One is a regular hexagon where all of the sides
are congruent, and one is irregular. The irregular hexagon has six sides, but they are different lengths, etc. These
two hexagons are not congruent.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59820

Congruent Figures
Explore More

Directions: Answer each question true or false.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

Congruent means that a figure has the same side lengths but not the same angle measures.
Congruent means exactly the same in every measure.
Similar means having the same shape, but not the same size.
Two congruent figures would have the same size and shape.
Corresponding parts are parts that are in the same figure.
You need to understand corresponding parts before you can determine if two figures are congruent.
You can determine if two figures are congruent without knowing any of their measurements.
Similar figures are also congruent.
If two triangles are equilateral triangles, then they are automatically congruent.
If two quadrilaterals have measures of 360◦ , then they are congruent.

Directions: The two figures shown are congruent. Use the illustration to answer each question.
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If angle B has a measure of 75◦ , which other angle has the same measure?
If angle F is 120◦ , which other angle has the same measure?
True or false. Angle E and angle K have the same measure.
True or false. Angle C and angle H have the same measure.
Name this figure.

575

6.11. Identify and Apply Theorems to Triangle Congruence

www.ck12.org

6.11 Identify and Apply Theorems to Triangle
Congruence
Here you’ll identify and apply theorems to test triangle congruence.
Have you ever made a kite? Take a look at this dilemma.
Justin wants to make a kite. To help, he created the following pattern.

Justin needs to be sure that each triangle is congruent. He knows that there is a way to do this, but he can’t remember
how to figure this out.
Pay attention and this Concept will teach you what you need to know to figure out whether Justin’s triangles
are congruent or not.

Guidance

You can identify the congruent sides and angles of polygons and use that to determine congruence.
If the sides and the angles of any two polygons are congruent, then we know that the two polygons are also
congruent.
We can also work with triangles, because after all a triangle is also a polygon. Triangles are unique because there
are a few rules that we can use to help us to identify whether or not two triangles are congruent. You will notice that
if you learn these rules, that you won’t have to compare every angle and every side to determine whether or not two
triangles are congruent.
The first rule represents the side-side-side, or SSS , relationship. It says that if each of the three sides of one
triangle is congruent to a side in a second triangle, then the two triangles are congruent. We do not need to check the
angles. In triangles, angles are always in a fixed relationship with the side opposite them. The wider the angle, the
longer the side opposite it must be. If we know the sides are congruent, then we know the angles must be also.
The second rule says that if one angle and the sides adjacent to it in one triangle are congruent to an angle
and its adjacent sides in the second triangle, the triangles will be congruent. We call this the side-angle-side (
SAS ) rule. In other words, this time we only need to make sure one angle and two sides are congruent to know that
all parts of the triangles are congruent. However, remember that the angle you use must be located between the two
sides.
The third rule tells us that if two angles and the side between them in one triangle are congruent to two angles
and the side between them in the second triangle, the two triangles are congruent. This is the angle-side-angle
( ASA ) rule. We can determine congruence just by knowing two angles and one side.
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Are the triangles below congruent? Explain your reasoning.

Now let’s start by looking at the triangles and looking for the given information. We know that we need three
side measurements for SSS, or a side measurement, an angle measurement and a side measurement for SAS,
or an angle side angle measurement for ASA.
We know that two pairs of sides match: one pair is 7.5 centimeters and the other is 4 centimeters. This is not
enough information to know for sure that the triangles themselves are congruent, because the sides may be in
different places. Which rule can we use to check for congruence? We cannot use SSS because we only know
the lengths of two sides.
We can use SAS, however. Remember, to use SAS, the angle must be between the two sides. In the first
triangle, the angle between the two sides is a right angle, so we know that it is 90◦ . Does the second triangle
also have a right angle? It sure does, and the right angle is between the 7.5 and 4 centimeter sides. Using the
SAS rule, we can compare the triangles: 7.5 centimeters (side), 90◦ (angle), 4 centimeters (side). The triangles
must be congruent.
Are these two triangles congruent? Explain your reasoning.
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Here we have two triangles with given side lengths. We can see that these two triangles are congruent because
their side lengths are congruent. The side lengths of both triangles are labeled and we can prove they are
congruent by applying the SSS rule.
You can see how helpful these rules are in thinking about triangles and their congruence.
Name the theorem that you could use to prove triangle congruence based on each description.

Example A

You have been given two side lengths and an angle measure.
Solution: SAS

Example B

You have been given two angle measures and one side length.
Solution: AAS

Example C

You have been given three side lengths and no angle measures.
Solution: SSS
Now let’s go back to the dilemma from the beginning of the Concept.

Here is the pattern that Justin drew for his kite.
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Now let’s think about which theorem we can use to prove that the two triangles are congruent. These triangles share
a side, so we know that that side is congruent to both triangles. The tic marks show that the other two sides are
congruent as well.
We can say that the SSS theorem proves that these triangles are congruent.
Guided Practice

Here is one for you to try on your own.
Use this illustration to answer the following question.

Which theorem could you use to prove that these triangles are congruent? Explain your thinking.
Solution
First, notice that we haven’t been given any angle measures or specific side lengths. However, the tic marks show
that the side lengths in triangle ABC have a corresponding side length of the same measure in angle LKM.
Therefore, we can use the SSS theorem to prove that these triangles are congruent.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5434

Congruent and Similar Triangles
Explore More

Directions: Use the given information to figure out each congruence statement.
∆ABC ∼
= ∆DEF
1. 6 A ∼
=
2. 6 B ∼
=
3. 6 C ∼
=
4. AB ∼
=
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5.
6.
7.
8.
9.
10.
11.
12.

BC ∼
=
∼
AC =
If line segment AC has a length of 8, which other segment also has a length of 8?
If angle A has a measure of 55◦ , which other angle has a measure of 55◦ ?
If angle B has a measure of 45◦ , which other angle has a measure congruent to that?
If these two triangles are congruent, are the side lengths and angle measures the same?
Would these two triangles look identical?
Which two letters would represent the vertex of each triangle?

Directions: Name the theorem that would best prove triangle congruence based on each description.
13. Three side lengths, 6 inches, 5 inches and 4 inches.
14. One angle measure and two side lengths.
15. Two angle measures and one side length.
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6.12 Recognizing Reflections
Here you’ll recognize reflections as flips and also lines of reflection.
Have you ever been to an estate in the country? Take a look at this dilemma.

Kevin and his sister Kim went to visit their great aunt in the country. On the drive in, Kevin and Kim enjoyed looking
at the scenery. It was so different from their home in the city. As they turned down the drive leading up to the estate,
Kim gasped at the lovely tree lined road.
"Look at the symmetry. It is a perfect reflection," she said.
Do you know what she means?
This Concept will help you to understand reflections and symmetry.

Guidance

We are going to create congruent figures by using transformations . A transformation is moved in some way. One
kind of transformation is called a reflection or a flip.
We can look at these figures and see that they can be reflected over a line of reflection.

We can also find reflections on the coordinate plane.
To understand reflection transformations, we first need to review the coordinate plane. We examine and perform
reflections in the coordinate plane. The coordinate plane is a representation of two-dimensional space. It has a
horizontal axis, called the x−axis, and a vertical axis, called the y−axis.
We can graph and move geometric figures on the coordinate plane. Here is a picture of the coordinate plane.
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When we work with reflections or flips, we can see a figure in the coordinate plane. Look at this one.

Here are two right triangles. We can say that they are reflected over the y−axis because the y−axis is acting like a
mirror for the two triangles. We call this the line of reflection, because the y−axis is doing the reflecting. Imagine
standing in front of a mirror and holding up your left hand. Where is your hand in the mirror’s reflection? A reflected
figure works the same way: when we flip it over the line of reflection, all of its points are reversed.
We can reflect an image over the x−axis or over the y−axis.
We can draw reflections on the coordinate plane, and we can also write about the reflections that we draw using
something called coordinate notation.
Think back to when you plotted points on the coordinate plane.
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Take a look at how this is done.

Here point A is plotted on the coordinate plane. This is a drawing of the point plotted. We can also write about it
being plotted. To write about it, we name it with a set of ordered point. We write the x−coordinate first and then the
y−coordinate.
Point A = (3, 4)
This is an example of coordinate notation.
When a figure is drawn on the coordinate plane, we can use coordinate notation to describe the figure drawn. If we
draw a triangle, then there will be three sets of ordered pairs to represent each vertex that has been drawn.
Look at this one.
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This triangle has three vertices that represent it.
(-1, 1)
(-3, 1)
(-1, 6)
What if we reflected this triangle over the y−axis?
If we did this, then the coordinates of the first triangle would change. Let’s look at this reflection and examine the
new coordinates. As with all things in math, look for a pattern first.

The reflected triangle has the following coordinates for vertices.
(1, 1)
(3, 1)
(1, 6)
Do you see any patterns?
If you look carefully, you will see that the x−coordinates of the reflected triangle are opposite those of the first
triangle. This is a rule to help you.
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Write these two rules down in your notebooks.
Now that you know the two rules for figuring out the coordinates of a figure reflected on the coordinate plane, so
you can use those rules to figure out new reflections whether you have been given an image or not.

Example A

Define reflection.
Solution: A reflection is a perfect mirror image.

Example B

Is this an example of a reflection?

Solution: Yes, because the figure can be divided so that one side perfectly matches the other.

Example C

Is this an example of a reflection?
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Solution: No, because there are specific images on the circle that would not reflect if the image was divided.
Now let’s go back to the dilemma from the beginning of the Concept.

Kim made the statement that she did because one side of the road is a perfect reflection of the other side. In other
words, one side matches the other side. You could draw a line right down the center of the road separating the left
side from the right side and then the reflection would be perfect.

Guided Practice

Here is one for you to try on your own.
What would be the new coordinates of a figure reflected over the x−axis?
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Solution
First, we can look at this figure and write down the coordinates of this trapezoid.
(2, 1)
(7, 1)
(3, 3)
(6, 3)
Next, we can use the rule to figure out the new coordinates of the reflected trapezoid. We are going to reflect this
trapezoid over the x−axis, so the y−coordinates will become the opposite and the x−coordinates will remain the
same. Here are the new coordinates.
(2, -1)
(7, -1)
(3, -3)
(6, -3)
Now we can graph the reflected trapezoid on the coordinate plane.
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You can see that the x−axis forms a line of reflection so that one trapezoid becomes the mirror image of the other
trapezoid.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/59815

Khan Academy Reflections
Explore More

Directions: Define the following terms.
1.
2.
3.
4.

Reflection
Coordinate Plane
x−axis
y−axis

Directions: Write each set of coordinates for a reflection of each figure over the x−axis.
5.
6.
7.
8.
9.
10.

(1,3) (2,5) (3, 2)
(2, 1) (5, 1) (2, 4)
(-1, 1) (-1, 3) (-4, 1)
(1, 2) (1, 5) (5, 2) (5, 5)
(1, 2) (6, 1) (6, 3) (2, 3)
(-1, 3) (-3, 1) (-5, 1) (-4, 6)

Directions: Write a new series of coordinates for a figure reflected over the y−axis.
11.
12.
13.
14.
15.
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(1, 3) (2, 5) (3, 2)
(-1, 1) (-1, 3) (-4, 1)
(2, 1) (5, 1) (2, 4)
(1, 2) (1, 5) (5, 2) (5, 5)
(-1, 3) (-3, 1) (-5, 1) (-4, 6)
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6.13 Identify Lines of Symmetry
Here you’ll identify lines of symmetry.
Have you ever tried to balance a pattern? Well, if so then symmetry was probably involved. Take a look at this
dilemma.

Dylan looked at the work his friend Marcus was doing in class. Marcus had decided to design and build a tepee.
Like Dylan’s geodesic dome, Marcus was having a difficult time with the construction aspect of the teepee.
“What seems to be the trouble?” Dylan asked Marcus as he saw Marcus sit down frustrated next to his sticks and
cloth covering.
“This thing won’t stand up. I put the sticks together. They are all the same length, then I try to put the canvas over
the sticks and it doesn’t fit. I am so frustrated!” Marcus exclaimed putting his head in his hands.
Dylan looked at the sticks and then as the canvas. As soon as he looked at the canvas, he knew what was wrong with
Marcus’ design.
“I know how to fix it.”
“How?” Marcus asked puzzled.
“Symmetry is the key here, not the length of the sticks.” Dylan said.
Do you know what Dylan means? What is symmetry? How does a teepee have symmetry? What would
Marcus have to do to be sure that his canvas was symmetrical?
Pay attention during this Concept and you will learn all that you need to know to solve this problem and help
Marcus with his teepee.

Guidance

Sometimes, a figure will have parts that mirror themselves within one object. In this case, parts of the object match
other parts of the picture. This is called symmetry. Take a look.
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Look at this heart. It has two sides that match. The heart is symmetrical because there is symmetry in its design.
This heart can be divided in half vertically where one half matches the other half. This line that divides the heart
into matching parts is called the line of symmetry.
We can determine other lines of symmetry by looking at other objects.

Look at this cross. It has two lines of symmetry. If you look, the cross can be divided in half perfectly vertically and
in half horizontally. This means that there are two lines of symmetry in the cross.
We can find symmetry all around us. There is symmetry in real –world objects that we see all the time. Look
around you today and locate three different things that have lines of symmetry.
Here are some butterflies to think about.
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Example A

Does the figure below have symmetry? Can it be a reflection?

Solution: Yes, this figure has symmetry and can be a reflection.

Example B

How many lines of symmetry does this figure have?

Solution: This figure has two lines of symmetry.
Example C

Do these figures have symmetry?
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Solution: No, these figures do not have symmetry.
Now let’s go back to the dilemma from the beginning of the Concept.
We need to answer three questions.
What is symmetry?
Symmetry is when two halves of an object match. In other words, you can divide the object into parts and the parts
are congruent. A heart is a symmetrical object, so is a teepee.
How does a teepee have symmetry?
A teepee has symmetry because it can be divided in half so that one half of the teepee matches the other half.
What would Marcus have to do to be sure that his canvas was symmetrical?
While Marcus was sure that his sticks were all the same length that is only half of the necessary piece. Marcus
also needs to be sure that the canvas is the same all the way around. If he does, then all sides will match or be
symmetrical, if not then one side will be different that the other.
Guided Practice

Here is one for you to try on your own.
Does this figure have symmetry? Can it be a reflection?

Solution
Yes, you can divide this butterfly evenly so that one side can reflect the other. Therefore, it has symmetry.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65524
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Explore More

Directions: Use the illustration to answer each question.

1. Do these figures have symmetry?
2. Can they be reflections?
3. How many lines of symmetry does each figure have?
Directions: Find all lines of symmetry for the shapes below.
4.

5.

6.

Directions: Name the number of lines of symmetry for each letter.
7.

8.
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9.

10.

11.

Directions: Answer each question true or false.
12. All triangles have symmetry.
13. All circles have symmetry.
14. The letter "x" has two lines of symmetry.
15. The letter "s" has two lines of symmetry.
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6.14 Recognizing Translation Transformations
Here you’ll recognize translation transformations also called slides.
Have you ever seen something that looked like this? Take a look at this dilemma.

This diagram represents a transformation. Do you know which one?
Pay attention and you will learn how to identify transformations like this one.

Guidance

A transformation is the movement of a geometric figure on the coordinate plane.
There are several different types of transformations. One of these is called a translation. A translation is when
a geometric figure slides up, down, left or right on the coordinate plane. The figure moves its location, but
doesn’t change its position. It also doesn’t change its size or shape.
Let’s look at translations or slides.
When we perform translations, we slide a figure left or right, up or down. This means that, in the coordinate
plane, the coordinates for the vertices of the figure will change.
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We can represent this triangle by using coordinate notation. Coordinate notation is when we write ordered pairs to
represent each of the vertices of a geometric figure that has been graphed on the coordinate plane.
(-1, 5)
(-1, 2)
(-5, 2)
These are the coordinates of the vertices of the triangle.
If we slide this triangle 3 places down, all of its vertices will shift 3 places down the y−axis. That means that
the ordered pairs for the new vertices will change. Specifically, the y−coordinate in each pair will decrease by
3.

Now the y−coordinate of each ordered pair decreased by three units. We can see how the ordered pairs
changed from the first image to the next image.

(−1, 5) → (−1, 2)
(−1, 2) → (−1, −1)
(−5, 2) → (−5, −1)
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The y−coordinate changed from 5 to 2, from -1 to 2 and from 2 to -1. As we move down, the value of the
coordinate also moved down.
If we were to move the image up three units on the y−axis, then we would increase the value of the y−coordinate
by three units.
If we were to move the image to the right then we would increase the x−coordinate. If we were to move it to
the left, then we would decrease the x−coordinate.
We can translate figures in other ways too. We can move figures diagonally by changing both their x− and
y−coordinates. One way to recognize translations, then, is to compare their points. The x−coordinates will
all change the same way, and the y−coordinates will all change the same way.
To graph a translation, we perform the same change for each point.
Now let’s try graphing a translation. Take a look at this one.
Graph the following translation five places to the right.

Now you can see by looking at this square that there are four vertices, so there are four sets of ordered pairs
to represent these vertices. Here are the ordered pairs.
(-4, 3)
(-1, 3)
(-1, 6)
(-4, 6)
The translation is to move the square five places to the right. That means that we are going to change the
x−coordinate and not the y−coordinate.

(−4, 3) + 5 = (1, 3)
(−1, 3) + 5 = (4, 3)
(−1, 6) + 5 = (4, 6)
(−4, 6) + 5 = (1, 6)
Now let’s look at the graph of the translation.
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Notice that while it is helpful to graph the square both first and then as a translation, it isn’t necessary to do
so to figure out the coordinate notation. If you know the vertices of the figure that you are translating and you
know how you are moving it, then you can figure out the new coordinates of the vertices.
Use this diagram to answer the following questions.

Example A

Is this figure a translation?
Solution: Yes, it shows a slide.
Example B

How many units up or down has the figure been moved?
Solution: Four units down or -4
Example C

How many units to the right or left?
Solution: Six units to the right or +6
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Now let’s go back to the dilemma from the beginning of the Concept.

Looking at this diagram, you can see that the figure, a quadrilateral has been shifted to the right and then up. It has
not been flipped or turned. It has been moved, so this is a slide. Another name for a slide is a translation.
This is our answer.

Guided Practice

Here is one for you to try on your own.
A triangle with the coordinates (0, 2), (2, 2) and (2, 5) is graphed on the coordinate grid. Find the coordinates of a
translation moved three units down. Then graph the translation.
Solution
To work through this one, first notice the direction of the translation. It is to move the triangle three units down.
Down means that we will be subtracting three and down also means that we will be changing the y−coordinate since
up and down involves the y−axis. Here is our action.

(0, 2) − 3 = (0, −1)
(2, 2) − 3 = (2, −1)
(2, 5) − 3 = (2, 2)

If we were to graph the translation, here is what we would see.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54475

Transformation: Translation CK-12
Explore More

Directions: Use the following diagram to answer each question.

1. What kind of transformation is shown in the diagram?
2. What are the coordinates of the first triangle?
3. What are the coordinates of the translated triangle?
4. What direction was the triangle first moved?
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5. How many units?
6. Then which direction was the triangle moved?
7. How many units?

8. What are the coordinates of the first triangle?
9. What are the coordinates of the translated triangle?
10. Was the figure moved right or left?
11. How many units?
12. Was the figure moved up or down?
13. How many units?
14. True or false. Another name for a slide is a translation.
15. True or false. A rotation and a translation have the same characteristics.
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6.15 Recognizing Rotation Transformations
Here you’ll recognize rotation transformations and rotational symmetry.
Have you ever seen something rotate? Do you know what it takes to classify a rotation transformation? How about
rotational symmetry? Take a look at this dilemma.
Does this figure have rotational symmetry?

To answer this question, you will need to know about rotations and rotational symmetry. This Concept will
teach you all you need to know to answer this question successfully.

Guidance

A transformation is the movement of a geometric figure on the coordinate plane.
A rotation is a turn. A figure can be turned clockwise or counterclockwise on the coordinate plane. In both
transformations the size and shape of the figure stays exactly the same.
Let’s look at rotations or turns.
A rotation is a transformation that turns the figure in either a clockwise or counterclockwise direction.
We can turn a figure 90◦ , a quarter turn, either clockwise or counterclockwise. When we spin the figure exactly
halfway, we have rotated it 180◦ . Turning it all the way around rotates the figure 360◦ .
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Now if you look at these two triangles, you can see that one has been turned a quarter turn clockwise. If we talk
about that turn or rotation in mathematical language, we can describe the turn as 90◦ clockwise. We could also turn
it 180◦ , which would show a triangle completed upside down.

Next, let’s look at rotating figures on the coordinate plane.
Rotate this figure 90◦ clockwise on the coordinate plane.
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First, let’s write down the coordinates for each of the points of this pentagon.

A(−3, 5)
B(−4, 4)
C(−3, 3)
D(−1, 2)
E(−1, 4)

Now we have the points. The easiest way to think about rotating any figure is to think about it moving around a fixed
point. In the case of graphing figures on the coordinate plane, we will be rotating the figures around the center point
or origin.
If we rotate a figure clockwise 90◦ , then we are going to be shifting the whole figure along the x−axis. To figure
out the coordinates of the new rotated figure, we switch the coordinates and then, we need to multiply the second
coordinate by -1. This will make perfect sense given that the entire figure is going to shift.
Let’s apply this to the coordinates above.

A(−3, 5) = A0 (5, −3) = (5, 3)
B(−4, 4) = B0 (4, −4) = (4, 4)
C(−3, 3) = C0 (3, −3) = (3, 3)
D(−1, 2) = D0 (2, −1) = (2, 1)
E(−1, 4) = E 0 (4, −1) = (4, 1)

Now we can graph this rotated figure. Notice that we use A0 to represent the rotated figure. Here is the graph of this
rotation.
604

www.ck12.org

Chapter 6. Geometry and Transformations

That is a great question. Let’s think about what would happen to the figure if we were to rotate it counterclockwise. To do this, the figure would move across the y− axis in fact, the x−coordinates would change
completely. In actuality, we would switch the original coordinates around. The x−coordinate would become
the y−coordinate and the y−coordinate would become the x−coordinate. Then, we need to multiply the new
x−coordinate by -1.
Here is what that would look like.

A(−3, 5) → A0 (−5, −3)
B(−4, 4) → B0 (−4, −4)
C(−3, 3) → C0 (−3, 3)
D(−1, 2) → D0 (−2, −1)
E(−1, 4) → E 0 (−4, −1)

Now we can graph this new rotation.
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We can also graph figures that have been rotated 180◦ too. To do this, we multiply both coordinates of the
original figure by -1.
Let’s see what this looks like.

A(−3, 5) = A0 (3, −5)
B(−4, 4) = B0 (4, −4)
C(−3, 3) = C0 (3, −3)
D(−1, 2) = D0 (1, −2)
E(−1, 4) = E 0 (1, −4)

Now we can graph this image.
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Write the three ways to figure out new coordinates for rotating 90◦ clockwise and counterclockwise and for
rotating a figure 180◦ . Put these notes in your notebook.
Now let’s think about symmetry and rotations.
We can call this rotational symmetry.
A figure has rotational symmetry if, when we rotate it, the figure appears to stay the same. The outlines do not
change even as the figure turns.
Look at the figure below.

Look at this image. The star will look the same even if we rotate it. We could turn it 72◦ or 144◦ clockwise or
counterclockwise. It won’t matter. The star will still appear the same.
Do the following figure have rotational symmetry?
Example A

A square.
Solution: Yes, because you can turn it and it will appear exactly the same.
Example B

The letter U.
Solution: No, it will not appear the same if it is turned.
Example C

An octagon.
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Solution: Yes, because you can turn it and it will appear exactly the same.
Now let’s go back to the dilemma from the beginning of the Concept.
Does this figure have rotational symmetry?

While the outline of this image has rotational symmetry, the design inside prevents it from having rotational
symmetry. If we turn the circle, then the design inside will change. Therefore this image does not have
rotational symmetry.
Guided Practice

Here is one for you to try on your own.
Does a hexagon have rotational symmetry?
Solution
It has rotational symmetry. You can see that because we can rotate it 90◦ and 180◦ and it will still look exactly the
same. We could rotate it less than 90◦ too and it still has rotational symmetry. We can also look at the angles to
determine rotational symmetry. Each time we turn the figure, it has two parallel sides on the top and bottom and four
other sides at the same angles. It has rotational symmetry.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54479

Transformation: Rotation CK-12
Explore More

Directions: Answer the following questions about rotations, translations and tessellations.
1. What is a translation?
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2.
3.
4.
5.
6.
7.
8.

What is a rotation?
What is a tessellation?
True or false. A figure can be translated up or down only.
True or false. A figure can be translated 180◦ .
True or false. A figure can be rotated 90◦ clockwise or counterclockwise.
True or false. A figure can’t be translated 180◦ .
When rotating a figure 90◦ counterclockwise, we switch the x and y coordinates and multiply which one by
-1?
9. When rotating a figure 90◦ clockwise, we multiply which coordinate by -1?
10. True or false. When rotating a figure 180◦ , we multiply both coordinates by -1.
Directions: Write the new coordinates for each rotation given the directions.
A Triangle with the coordinates (-4, 4) (-4, 2) and (-1, 1)
11. Rotate the figure 90◦ clockwise
12. Rotate the figure 90◦ counterclockwise
13. Rotate the figure 180◦
A Triangle with the coordinates (1, 3) (5, 1) (5, 3)
14. Rotate the figure clockwise 90◦
15. Rotate the figure counterclockwise 90◦
16. Rotate the figure 180◦
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6.16 Identifying Tessellations
Here you’ll identify tessellations.

Dylan came storming in the door after a busy day at school. He slammed his books down on the kitchen table.
“What is the matter?” his Mom asked sitting down at the table.
“Well, I made this great geodesic dome. It is finished and doing great, but Mrs. Patterson wants me to investigate
other shapes that you could use to make a dome. I don’t want to do it. I feel like my project is finished,” Dylan
explained.
“Maybe Mrs. Patterson just wanted to give you an added challenge.”
“Maybe, but what other shapes can be used to form a dome? The triangle makes the most sense,” Dylan said.
“Yes, but to figure this out, you need to know what other shapes tessellate,” Mom explained.
“What does it mean to tessellate? And how can I figure that out?”
Pay attention to this Concept and you will know how to answer these questions by the end of it.

Guidance

We can use translations and reflections to make patterns with geometric figures called tessellations.
A tessellation is a pattern in which geometric figures repeat without any gaps between them.
In other words, the repeated figures fit perfectly together. They form a pattern that can stretch in every direction on
the coordinate plane.
Take a look at the tessellations below.
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This tessellation could go on and on.
We can create tessellations by moving a single geometric figure. We can perform translations such as translations
and rotations to move the figure so that the original and the new figure fit together.
How do we know that a figure will tessellate?
If the figure is the same on all sides, it will fit together when it is repeated. Figures that tessellate tend to
be regular polygons. Regular polygons have straight sides that are all congruent. When we rotate or slide a
regular polygon, the side of the original figure and the side of its translation will match. Not all geometric
figures can tessellate, however. When we translate or rotate them, their sides do not fit together.
Remember this rule and you will know whether a figure will tessellate or not! Think about whether or not there
will be gaps in the pattern as you move a figure.

Sure. To make a tessellation, as we have said, we can translate some figures and rotate others.
Take a look at this situation.
Create a tessellation by repeating the following figure.
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First, trace the figure on a piece of stiff paper and then cut it out. This will let you perform translations easily so you
can see how best to repeat the figure to make a tessellation.
This figure is exactly the same on all sides, so we do not need to rotate it to make the pieces fit together. Instead,
let’s try translating it. Trace the figure. Then slide the cutout so that one edge of it lines up perfectly with one edge
of the figure you drew. Trace the cutout again. Now line the cutout up with another side of the original figure and
trace it. As you add figures to the pattern, the hexagons will start making themselves!
Check to make sure that there are no gaps in your pattern. All of the edges should fit perfectly together. You should
be able to go on sliding and tracing the hexagon forever in all directions. You have made a tessellation!
Do the following figures tessellate? Why or why not?

Example A

Solution: Yes, because it is a regular polygon with sides all the same length.
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Example B

Solution: No, because it is a circle and the sides are not line segments.

Example C

Solution: Yes, because it is made up of two figures that tessellate.
Now let’s go back to the dilemma at the beginning of the Concept.
First, let’s answer the question about tessellations. What does it mean to tessellate?
To tessellate means that congruent figures are put together to create a pattern where there aren’t any gaps or spaces
in the pattern. Figures can be put side by side and/or upside down to create the pattern. The pattern is called a
tessellation.
How do you determine which figures will tessellate and which ones won’t?
Regular polygons will tessellate as long as one of their interior angles is a factor by 360◦ . One interior angle of a
◦
= 540
regular pentagon is 180(5−2)
5
5 = 108 . Because 108 is not a factor of 360, a regular pentagon will not tessellate.
Try it out to prove it to yourself! A regular hexagon, on the other hand, does tessellate. One interior angle of a
◦
regular hexagon is 180(6−2)
= 720
6
6 = 120 . Because 120 is a factor of 360, a regular hexagon will tessellate.
Guided Practice

Here is one for you to try on your own.
Draw a tessellation of equilateral triangles.
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Solution
In an equilateral triangle each angle is 60◦ . Therefore, six triangles will perfectly fit around each point.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65525

Explore More

Directions: Will the following figures tessellate?
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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A regular pentagon
A regular octagon
A square
A rectangle
An equilateral triangle
A parallelogram
A circle
A cylinder
A cube
A cone
A sphere
A rectangular prism
A right triangle
A regular heptagon
A regular decagon
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6.17 Recognizing Similarity
Here you’ll recognize similarity and use similar figures with indirect measurement.
Have you ever thought about shadows? Take a look at this dilemma.
A person is five feet tall and casts a shadow of 2 feet. A tower casts a shadow that is 10 feet long. What is the height
of the tower?
Do you know how to figure this out?
Pay attention and you will learn how to accomplish this task in this Concept.

Guidance

Congruent means exactly the same, having the same size and shape.
Sometimes, a figure will have the same shape, but not the same size. It will be either smaller or larger than the
original figure. When this happens, we say that the two figures are ’similar.
Similar figures have the same shape, but not the same size.
Think about this for a minute, if a figure has the same shape, but not the same size, then there is still a relationship
between the two figures. The relationship is created based on the shape being the same.

That is a good question.
Let’s start by thinking about angles. With similar figures, each angle of one figure in a similar pair corresponds and is congruent to an angle in the other.
For instance, the top point of one triangle corresponds to the top point of the other triangle in a similar pair. We call
these corresponding parts.
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Notice that the angles match in these two triangles. The shape of the triangles is the same, and you can see that the
angles do match.

What about the side lengths?
The sides in similar pairs also correspond to each other (such as the base of each triangle), but they are not
congruent; they are proportional. We can determine whether figures are similar to each other by comparing their
corresponding parts. Corresponding parts are especially helpful when one figure is rotated so that it is not clear
which angles and sides correspond to which in the other figure.

Now let’s look at the corresponding side lengths. In the first rectangle, the short side is 4 and the long side is 8.
We know that opposite sides of a rectangle are congruent, so we don’t need to worry about writing measurements on
the other two sides. We can compare the measurements in the first rectangle with the ones in the second rectangle.
In the second rectangle, the short side is 2 and the long side is 4.
Let’s write a proportion to compare the corresponding sides.
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short side long side
=
short side long side
4 8
=
2 4
You can see that these two ratios form a proportion. You can use this information to prove whether or not
two figures are similar as well. Remember, the angle measures must be the same, and the side lengths must
be proportional.

Write these notes on similar figures down in your notebooks.
Now that you understand how to identify whether or not two figures are similar, we can look similar triangles.
Similar triangles are very useful because we can use them to figure out measurements. Many years ago, this is how
people used to figure out the measurements for things that were too high or big to measure. They used indirect
measurement. Indirect measurement uses similar triangles and proportions to figure out lengths or distances.
But first, let’s think about similar triangles.
Similar triangles have the same properties as other similar figures. The angle measures are the same and the
corresponding side lengths are proportional. Let’s look at this diagram to understand this.

Now we can compare the angles and corresponding side lengths. Let’s begin with the angles.

6

6

6

A∼
=6 D
B∼
=6 E
C∼
=6 F
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Next, we can look at the corresponding side lengths. In the diagram, we haven’t been given any measurements, but
we can use the lowercase letters to show which sides correspond.
a
d

=

b
e

=

c
f

This shows that the side lengths form a ratio and that each of these is proportional to the other.
We can use this information when problem solving for missing side lengths.

That is a good question. First, we would have to know some of the side lengths. Let’s assign some lengths to
the sides in the diagram above.

a = 12
b =?
c=3
d=4
e=3
f =1
Now we can take these given measures and substitute them into the proportion that we wrote earlier. Notice
that we don’t have the measure of side b, so we will need to solve for that missing measurement.
12
4

=

b
3

=

3
1

Next, we can use two of the three ratios to solve the proportions. We have three ratios, but we don’t need all three
because two equal ratios form a proportion. This means that we only need to work with two ratios to solve for the
value of b.
12
4

=

b
3

Now we can cross - multiply and solve the proportion.

4b = 36
b=9
The value of b is 9.
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The key to working with indirect measurement is to always be clear about what is being compared. You write
your ratios and then form a proportion and solve for the missing length or distance.

Write some notes about indirect measurement down in your notebook.
Solve each for the missing value.
Example A
2
3

=

4
6

=

x
18

Solution: x = 12
Example B
4
5

=

12
15

=

x
30

Solution: x = 24
Example C
8
9

=

16
x

=

32
36

Solution: x = 18
Now let’s go back to the dilemma from the beginning of the Concept.
This may seem like a very challenging problem to solve, however if you think about people and shadows as they are
related to triangles it becomes much easier. Look at this picture.
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Notice that the person and the shadow form two sides of a triangle and we can draw an imaginary line from the head
of the person to the tip of the shadow. Shadows are a way of working with triangles and indirect measurement. In
fact, you will often hear these types of problems referred to as shadow problems.
To solve this one, let’s figure out how to use similar triangles to figure out the height of the tower. First, think
about what is being compared. We are comparing the height of the person with the length of the shadow. That is the
first ratio.
person
shadow

=

5 ft
2 ft

Next, we look at the tower. We don’t know the height of the tower that is our variable. We do know the length of the
shadow. Here is our second ratio.
tower
shadow

=

x
10 f t

We can say that these two triangles are similar and that similar triangles are proportional. Therefore, these two ratios
form a proportion. Let’s write them as a proportion.
5 ft
2 ft

=

x
10 f t

Now we can cross - multiply and solve the proportion.

2x = 50 f t
x = 25 f t
The tower is 25 feet tall.
Guided Practice

Here is one for you to try on your own.
1
4

=

2
8

=

24
x

Solution
First, we can look at the relationship between the numerators.
One was multiplied by two to get two. Then two was multiplied by 12 to get 24.
Now let’s look at the denominators.
Four was multiplied by two to get 8. Then we need to multiply 8 by 12 to find the missing denominator.
Our answer is x = 96.
Explore More

Directions: Identify whether or not each pair of triangles is similar based on the ratios of their sides.
1. Triangle A has side lengths of 2, 4, and 6. Triangle B has side lengths of 6, 12 and 24. Are these triangles
similar?
2. Triangle C has side lengths of 4, 5, and 10. Triangle B has side lengths of 2, 2.5 and 5. Are these two triangles
similar?
3. Triangle D has side lengths of 5, 8, and 12. Triangle B has side lengths of 10, 16 and 24. Are these two
triangles similar?
4. Triangle A has side lengths of 10, 12, and 14. Triangle B has side lengths of 5, 7 and 9. Are these two triangles
similar?
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5. Triangle B has side lengths of 8, 14, and 20. Triangle C has side lengths of 4, 7 and 10. Are these two triangles
similar?
6. Triangle E has side lengths of 20, 11 and 8. Triangle F has side lengths of 10, 5.5 and 5. Are these two
triangles similar?
7. Triangle G has side lengths of 6, 8 and 12. Triangle H has side lengths of 18, 24 and 36. Are these two
triangles similar?
8. Triangle I has side lengths of 8, 12, and 16. Triangle J has side lengths of 4, 8 and 10. Are these two triangles
similar?
Directions: Find the missing length by looking at each series of ratios. The top value represents the side lengths of
the first similar triangle. The bottom value represents the side lengths of the second similar triangle.
9.
10.
11.
12.
13.
14.
15.

1
3
9
2 = 6 = x
3
6
10
6 = 12 = x
4
10
12
2 = x = 6
9
12
6
2 = x = 4
5
10
15
10 = 20 = x
12
20
15
6 = 10 = x
20
24
16
x = 5 = 6
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6.18 Recognizing Dilations
Here you’ll recognize dilations and use scale factor to determine measurements.
Have you ever thought about a log cabin? Take a look at this dilemma about building log cabins?

Sherri decided to do her project on a log cabin. Mrs. Patterson suggested that she choose a time period to work with
because log cabins have been being built for a long time. Years ago, they were quite small, but today, log cabins can
be designer homes too.
“Mrs. Patterson, I am going to focus on a log cabin from the 1800’s,” Sherri said taking out a book that she found at
the library on log cabins.
“That is a great idea. What was the average size of a log cabin in 1800?” Mrs. Patterson asked.
“What do you mean?”
“I mean the square footage. How many feet wide was the average house and how many feet long?” Mrs. Patterson
explained.
“Oh, I get it. The average house was 20 × 40 f eet. So the average was 800 square feet,” Sherri said.
“Terrific, now make sure that your plan shows that,” Mrs. Patterson said walking away.
Sherri is puzzled. She knows that the shape of the log cabin is a rectangle given the length and width. She knows the
area of the house. To create a plan, she will need to create a dilation. Sherri decides that she will use a scale factor
1
of 16
. Given this information, what will the dimensions be of her house plan?
Use this Concept to learn about dilations and figure out the dimensions of the house by the end of it.
Guidance

There are all kinds of transformations. We can flip or reflect a figure, translate or slide a figure and rotate a figure.
We can also stretch or shrink a figure to create a new one. This is called a dilation.
A dilation is a transformation created by a scale factor.
We can create a dilation that is smaller or larger than the original figure. Either way, a similar figure is created
through a dilation.
622

www.ck12.org

Chapter 6. Geometry and Transformations

Let’s think about scale factors for a minute.
The scale factor is the ratio that determines the proportional relationship between the sides of similar figures.
For the pairs of sides to be proportional to each other, they must have the same scale factor. In other words, similar
figures have congruent angles and sides with the same scale factor. A scale factor of two means that each side of the
larger figure is exactly twice as long as the corresponding side in the smaller figure.
When we compare the corresponding sides of a figure, we can figure out the scale factor of that figure.
A figure has a side length of 3 feet. What would be the corresponding side length of the next figure is the scale
factor was 4?
Let’s think about this. We know the length of one of the sides of the first figure and we know the scale factor. To
figure out the new length, we can multiply the scale factor times the first length.
3 × 4 = 12
The length of the corresponding side of the second figure is 12 feet.
When we have a figure that is larger than the original, we have a scale factor that is greater than one. If we
have a figure that is smaller than the original, then we have a scale factor that is less than one or a fraction.
A figure has a side length of 5 meters. What would be the corresponding side length of the new figure if the
scale factor is 21 ?
To figure this out, we have to take the given length of the first figure and divide it in half. This will give us the
corresponding length of the second figure.

5 21 = 2.5
The length of the corresponding side will be 2.5 meters.
Now that you understand dilations, we can look at how to work with them on the coordinate plane. Once again, we
will be using coordinate notation to describe the different dilations that are created on the coordinate plane.
Let’s look at this figure and then see how we can graph the dilation of it.

Graphing dilations of geometric figures is actually fairly easy to do when we know the scale factor. We simply
multiply both coordinates for each vertex by the scale factor to produce new coordinates.
Suppose we want to make an enlargement of the rectangle above using a scale factor of 3. We need to multiply each
coordinate by 3.
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(−2, −3) (−2, 3) (2, 3) (2, −3)
×3
(−6, −9) (−6, 9) (6, 9) (6, −9)
Now we can graph it on the coordinate plane.

We can create a reduction too. We create a reduction by dividing each coordinate by the scale factor. This
will give us the new measurements of the figure.
Find each new measurement given the scale factor.
A quadrilateral with side measures of 6, 15, 27, 30.
Example A

A scale factor of 13 .
Solution: 2, 5, 9, 10
Example B

A scale factor of 12 .
Solution: 3, 7.5, 13.5, 15
Example C

A scale factor of 2.
Solution: 12, 30, 54, 60
Now let’s go back to the dilemma from the beginning of the Concept.
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To solve this problem, we begin with the actual dimensions of the log cabin. The log cabin has real –world
dimensions of 20 × 40 f eet.
Sherri is using a scale factor of
by 16.

1
16 .

That means that the dilation will be a reduction. We divide both dimensions

20 ÷ 16 = 1.25 f t.
40 ÷ 16 = 2.5 f t
The dimensions of Sherri’s plan will be 1.25 f t wide × 2.5 f t long.

Guided Practice

Here is one for you to try on your own.
Graph a reduction of the following figure if the scale factor is 12 .
Solution

Notice that each of the original coordinates were divided by two to create the coordinates of the reduction.

(2, 4) ÷ 2 = (1, 2)
(8, −4) ÷ 2 = (4, −2)
(−6, −2) ÷ 2 = (−3, −1)

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65526

Explore More

Directions: Use each scale factor to determine the new dimensions of each figure.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

A triangle with side measures of 4, 5, 9 and a scale factor of 2.
A triangle with side measures of 4, 5, 9 and a scale factor of 3.
A triangle with side measures of 4, 5, 9 and a scale factor of 4.
A triangle with side measures of 8, 10, 14 and a scale factor of 2.
A triangle with side measures of 8, 10, 14 and a scale factor of 4.
A triangle with side measures of 2, 4, 6 and a scale factor of 2.
A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 12
A quadrilateral with side measures of 12, 16, 20, 24 and a scale factor of 41
A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 2
A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 3
A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 4
A quadrilateral with side measures of 9, 12, 18, 24 and a scale factor of 13
A quadrilateral with side measures of 9, 12, 18, 24 and a scale factor of 2
A quadrilateral with side measures of 9, 12, 18, 24 and a scale factor of 3
A quadrilateral with side measures of 8, 12, 16, 24 and a scale factor of 14
A quadrilateral with side measures of 9, 12, 18, 24 and a scale factor of 12

Summary
You learned that two angles are complementary if the sum of their measures is 90◦ and two angles are supplementary
if the sum of their measures is 180◦ . You also learned to identify vertical angles and that vertical angles are always
congruent. You then learned about lines and how lines can be parallel, perpendicular, or neither.
Next you focused on polygons, and learned how to accurately classify triangles, quadrilaterals, and other polygons.
You learned that two shapes are congruent if they are exactly the same shape and the same size. Two shapes are
similar if they are exactly the same shape but not necessarily the same size.
Finally, you learned about the geometric transformations of reflection, rotation, translation, and dilation. You learned
that reflections, rotations, and translations all produce congruent shapes, while dilations produce similar shapes. You
also learned about tessellations, and how to determine whether or not a regular polygon will tessellate.
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Introduction
In Math 8, the learning content is divided into Concepts. Each Concept is whole and complete providing focused
learning on an indicated objective. Real-world Concepts involve the student in the learning objective of each
Concept. Students are given opportunities to practice skills through real-world situations, examples, guided practice
and independent practice sections. There are video links provided for Concept connections with technology. In this
Chapter, students will engage with content that is related to using real numbers and right triangles. Concepts will
include evaluating radical expressions, evaluating fractional powers, solving equations with radicals, classifying and
comparing real numbers, irrational numbers, the Pythagorean Theorem, the Converse of the Pythagorean Theorem,
indirect measurement, perimeter, area, the distance formula, special right triangles and trigonometric ratios.
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7.1 Evaluate Radical Expressions
Here you’ll evaluate radical expressions including perfect squares, cubes and approximate square roots.
Have you ever played baseball or thought about the measurements of a baseball diamond? Take a look at this
dilemma.

"Did you know that the distance between any two bases on a baseball diamond is the same as the square root of
8100?" Mark asked his sister Sara one afternoon.
Sara looked at Mark.
"Are you sure?" Sara asked trying to figure out the problem in her head.
Mark simply smiled.
Is Mark correct?
This Concept is all about square roots and perfect squares. You will know how to figure out this dilemma by
the end of the Concept.
Guidance

Do you remember exponents?
An exponent is a number that raises a base to a power.
We can recognize exponents because they are little numbers next to larger numbers. The little number is the exponent
and the large number is the base. The exponent tells you how many times to multiply a base by itself.
Take a look at this value.
72
This means that we multiply the base of 7 by itself two times. This is how we evaluate a power.
7 × 7 = 49
This is the answer.
We can also perform an operation that is the opposite of raising a number to a power; we can find the root
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of a number. This is an expression that is the opposite of raising a number to a power. We call it a root or a
radical.
√
When you see a number that looks like this, 16, this means that we are looking for the root of the number that is
inside the radical symbol.
Now let’s look at how we can work with roots and radicals.
Think about the value from above.
72 = 7 × 7 = 49
If we use verbal language to explain this, we can say that seven squared is equal to 49. When the exponent is
a 2, we can say that the number is squared because it is multiplied by itself.
We can work in the opposite of squaring, and find the square root of a number.
√
49
When we see a number inside the radical symbol, we are looking to figure out the square root of that number.
In other words, what times itself two times is equal to the value inside the radical symbol.
The answer is 7 because 7 squared is equal to 49.
We can also cube a number. When a number is cubed , the exponent is a 3. This means that we multiply the
base by itself three times.
23
This means that we multiply the base two by itself three times.
2×2×2 = 8
We can also find the cube root of a number.
√
3
8
When looking for a cube root, we are looking for a value that we can multiply by itself three times.
The cube root of 8 is 2.

We can determine if a value is a perfect square or a perfect cube.
Is 64 a perfect square? Is it a perfect cube?
To figure this out, we need to look and see if there is one number that we can multiply by itself to equal 64. This
means that we are looking for the square root of 64.
Let’s evaluate this radical expression.
√
64 = 8
Since 82 = 64, 64 is a perfect square.
629

7.1. Evaluate Radical Expressions

www.ck12.org

Now is it a perfect cube? To figure this out, we need to see if there is a value that when cubed is equal to 64.
√
3
64 = 4
Since 4 × 4 × 4 = 64, 64 is a perfect cube.
64 is a perfect square and a perfect cube.

Write down the definition of a radical expression, a square root and a cube root in your notebook. Also be sure
that you understand how to figure out if a number is a perfect square or a perfect cube.
Roots are pretty easy to find when the numbers are perfect squares or perfect cubes. When you can’t find a root that
easily squares or cubes, you will need to use a different method. If you just need to estimate a square root, you can
identify which two numbers a root would be between.
If you need more information, you can refer to a table that shows square roots, or use a calculator to find an exact
decimal point.

That is exactly what we are going to look at next.
√
Evaluate 30
We know by looking at 30 that it is not a perfect square. Therefore, we will need to approximate the square
root. We can do this by figuring out the two values that the square root will be between.
Which values squared will equal a number close to 30?
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52 = 25
62 = 36
We can say that the square root of 30 is between 5 and 6. Since 25 and 36 are almost the same number of units
apart, we can say that an approximate answer for the square root of 30 is 5.5.
Sometimes, you will want an answer that is exact. An approximate answer will not work, when this happens, you
will need to use a calculator or a table. There are tables that will tell you the exact square root of a number.
√
Use your calculator to find the value of 42.
Type the square root symbol and 42 to find the square root of 42 on your calculator.
The result shown is 6.48074069840786. You can round this to the nearest hundredth and record the value as
6.48.
Example A

Evaluate

√
62

Solution: The answer will be between 7 and 8.
Example B

Evaluate

√
11

Solution: The answer will be between 3 and 4.
Example C

Is 16 a perfect square?
Solution: Yes, because 4 × 4 = 16.
Now let’s go back to the dilemma from the beginning of the Concept.
To figure this out, we have to take the square root of 8100. If you look back at the diagram from the beginning of
the Concept, you will see that the distance between the bases is 90 feet.
We are going to prove that the square root of 8100 is equal to 90 feet. If this is accurate, then Mark will be correct.
√
8100 = 90 × 90 or 902
Mark is correct!
Guided Practice

Here is one for you to try on your own.
Is 40 a perfect square?
Solution
To figure this out, we need to figure out the square root of 40.
Let’s evaluate this radical expression.
631

7.1. Evaluate Radical Expressions

www.ck12.org

√
40
There is not a number that when squared is equal to 40 without any remainders, so 40 is not a perfect square.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57614

Khan Academy Understanding Square Roots
Explore More

Directions: Evaluate each radical expression.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

√
√16
√25
√81
√121
√36
169
√
3
125
√
3
64
√
3
√27
144

Directions: Approximate each square root by listing the two values that the square root can be found between.
11.
12.
13.
14.
15.
16.
17.
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√
√12
√15
√20
√22
√31
√90
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www.ck12.org

Chapter 7. Using Real Numbers and Right Triangles

7.2 Evaluate Radical Expressions and Fractional Powers
Here you’ll evaluate radical expressions and fractional powers.
Have you ever collected canned goods for charity?

The eighth grade student council decided that the theme for the school year would be “Helping Hands.” With this
theme, the eighth graders would focus on different community service projects throughout the year. When the
president of the class, Margaret, proposed this to the student body, the students were all very excited. They decided
to let each home room figure out what project they were going to focus on.
Mrs. Garibaldi’s class held a canned-food drive to aid a local relief shelter. Juan was the team leader. He sent out a
notice for each family to begin gathering food in the beginning of November. He figured that they could collect all
of their cans by Thanksgiving and provide some families with extra food for the holidays.
They collected 121 cans for the shelter. Many different types of canned food were collected. Juan counted the
number of cans containing vegetables.
“How many cans contained vegetables?” Margaret asked Juan at lunch.
1

Juan simply smiled and wrote this expression on a piece of paper: 121 2 + 14.
“That is a weird way to write it!” she said. “I still don’t know how many cans contained vegetables!”
Do you know? This Concept will work with fractional exponents and radicals. At the end of it, you will know
how to help Margaret figure things out.
Guidance

You can evaluate a radical expressions by evaluating the exponent or the root.
Do you remember exponents?
An exponent is a number that raises a base to a power.
We can recognize exponents because they are little numbers next to larger numbers. The little number is the exponent
and the large number is the base. The exponent tells you how many times to multiply a base by itself.
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52
This means that we multiply the base of 5 by itself two times. This is how we evaluate a power.
5 × 5 = 25
We can also perform an operation that is the opposite of raising a number to a power; we can find the root
of a number. This is an expression that is the opposite of raising a number to a power. We call it a root or a
radical.
√
When you see a number that looks like this, 49, this means that we are looking for the root of the number that is
inside the radical symbol.
Now let’s look at how we can work with roots and radicals.
52 = 5 × 5 = 25
If we use verbal language to explain this, we can say that seven squared is equal to 49. When the exponent is
a 2, we can say that the number is squared because it is multiplied by itself.
We can work in the opposite of squaring, and find the square root of a number.
√
25
When we see a number inside the radical symbol, we are looking to figure out the square root of that number.
In other words, what times itself two times is equal to the value inside the radical symbol.
The answer is 5 because 5 squared is equal to 25.
Consider this statement of equivalence.

72 = 49
√
49 = 7
There is also equivalence when we use radical expressions and fractional powers. Take a look.
There is a connection between radical expressions and fractional powers.
A fractional power is when the exponent is in the form of a fraction.
Square roots and cube roots can also be represented by fractional exponents.
If a number is raised to the power of 13 , it is the same as taking the cube root. Similarly, if a number is raised to the
power of 12 , it is the same as taking the square root.
Take a look at this situation.
1

Elena was asked to find the value of 27 3 . How should Elena find this value?
The first step Elena should take is to convert the fractional exponent to a root. Since the fraction is 13 , she will
need to find the cube root of 27 to solve the problem.
√
1
3
27 3 = 27
To simplify the cube root, Elena should think of a number that, when multiplied three times in a row, yields
27.
If you multiply 3 × 3 × 3, the product is 27. So, the cube root of 27 is 3.
√
1
3
27 3 = 27 = 3
The answer is 3.
Evaluate each example.
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Example A
1

64 3

Solution: 4

Example B
1

49 2
Solution: 7

Example C
1

343 3
Solution: 7
Now let’s go back to the dilemma from the beginning of the Concept.
To create an equation for this scenario, it is important to first identify the variable. The unknown in this
problem is the number of cans that contain vegetables. We can name that quantity c.
1

The problem tells us that c is equal to the expression 121 2 + 14. So we can write an equation with c on one
1
side and 121 2 + 14 on the other.
1

c = 121 2 + 14
To solve this equation, you can simplify the exponent and add. We know that when a number is raised to the
power of 12 , it is the same as finding the square root. So, the equation can be rewritten.
√
c = 121 + 14
The square root of 121 is 11, since 11 × 11 = 121. So, the equation becomes even simpler.
c = 11 + 14
Since 11 + 14 = 25, the value of c is 25.
c = 25
The number of cans that contained vegetables in Mrs. Garibaldi’s class was 25.

Guided Practice

Here is one for you to try on your own.
1

Birgit needs to solve the equation x = 81 2 . How can she find the value of x?
Solution
Birgit should realize that raising something to the power of
needs to find the square root of 81 to find the value of x.

1
2

is the same as taking the square root. So, Birgit simply

To find the square root of 81, Birgit could use her calculator, or think about what number, when multiplied by itself,
will yield a product of 81.
Since 9 × 9 = 81, the square root of 81 is 9.
1

In the equation x = 81 2 , x = 9.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/109

Khan Academy Fractional Powers
Explore More

Directions: Evaluate each fractional power.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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1

64 2
1
16 2
1
144 2
1
81 2
1
92
1
25 2
1
216 3
1
100 2
1
16 4
1
256 4
1
125 3
1
36 2
1
81 4
1
121 2
1
169 2
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7.3 Solve Equations Involving Radicals
Here you’ll solve equations involving radicals.
Have you ever planted a garden? Take a look at this dilemma.

Mario and his brother have built a garden bed with an area of 144 square feet. If the shape of the garden is a square,
then what is the length of one side of the garden? What is the perimeter of this garden?
To figure this out, you will need to understand how to solve equations that involve radicals. This Concept will
teach you how to find success.
Guidance

Do you remember exponents?
An exponent is a number that raises a base to a power. We can recognize exponents because they are little
numbers next to larger numbers. The little number is the exponent and the large number is the base. The exponent
tells you how many times to multiply a base by itself.
72
This means that we multiply the base of 7 by itself two times. This is how we evaluate a power.
7 × 7 = 49
This is the answer.
We can also perform an operation that is the opposite of raising a number to a power; we can find the root
of a number. This is an expression that is the opposite of raising a number to a power. We call it a root or a
radical.
√
When you see a number that looks like this, 16, this means that we are looking for the root of the number that is
inside the radical symbol.
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In this case, the answer would be 4 because 4 x 4 = 16.
We can also see radicals in an equation. When we have a radical in an equation, we can solve the equation by using
what we have learned about squares and square roots. Let’s take a look.
x2 = 100
To solve this equation let’s think about what we know. We know that a value times itself is going to equal 100.
Up until this point we have solved equations by using the inverse operation. We can use that again here too.
The variable is squared; we want to get it by itself by using an inverse operation. The inverse of squaring a
number is to find the square root of the number. Let’s see what happens if we find the square root of both
sides of the equation.
√
√
x2 = 100
The exponent 2 and the radical cancel each other out because they are inverses of each other. Let’s cross them
out.
√
√
x2 = 100
Now are left with:

x=

√
100

x = 10
This is the answer.
Solve each equation.
Example A

x2 = 36
Solution: x = 6
Example B

x2 = 81
Solution: x = 9
Example C

x3 + 2 = 66
Solution: x = 4
Now let’s go back to the dilemma from the beginning of the Concept.
First, we have to break down what we know about the garden. We know the area.
A = 144 sq. f eet
We also know that the formula for area is s2 .
Now we can write an equation to figure out the first part of the problem, the length of one of the sides.
s2 = 144 sq. f eet
638

www.ck12.org

Chapter 7. Using Real Numbers and Right Triangles

If we take the square root of both sides, then we will be able to solve for the value of the side of the garden.

sqrts2 =

√
144

s = 12 f eet
The length of one of the sides of the garden is 12 feet.
Next, we need to figure out the perimeter of the garden.
P = 4s
Let’s substitute in the known value for the side of the garden.
P = 4(12)
The perimeter of the garden is 48 square feet.
Guided Practice

Here is one for you to try on your own.
x2 = 121
Solution
To solve this equation let’s think about what we know. We know that a value times itself is going to equal 100. Up
until this point we have solved equations by using the inverse operation. We can use that again here too. The variable
is squared; we want to get it by itself by using an inverse operation. The inverse of squaring a number is to find the
square root of the number. Let’s see what happens if we find the square root of both sides of the equation.
√
√
x2 = 121
The exponent 2 and the radical cancel each other out because they are inverses of each other. Let’s cross them
out.
√
√
x2 = 121
Now are left with:

x=

√
121

x = 11
This is the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57615

Solving Radical Equations with One Radical
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Explore More

Directions: Solve each equation involving radical expressions.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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x2 = 121
x2 = 144
x2 = 64
x2 = 169
x2 = 16
x3 = 64
x3 = 27
x2 + 3 = 147
x2 − 2 = 23
x2 + 5 = 30
x3 + 4 = 68
x3 + 10 = 135
x2 − 4 = 21
x2 − 6 = 30
x2 − 12 = 37
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7.4 Classify Real Numbers
Here you’ll classify real numbers as rational numbers, whole numbers, integers, and irrational numbers. Then you’ll
compare the real numbers.
Have you ever thought about circles? What about types of numbers? Take a look at this dilemma.

In the front of Kenneth Graham Middle School there is a flag with a circular garden beneath it. The students in
Mr. Kennedy’s homeroom decided that this circular garden would be their community service project. The students
elected Candice the leader of the project and she got right to work organizing the decorating. She asked for a group
of students to plant flowers and rake the leaves left from last autumn. It was a perfect spring project.
“We need more dirt,” Sam said soon after the clean-up had begun.
“I think so too,” said Kyle.
Candice went out to assess the situation. The rain and snow of the winter and early spring had left the ground sparse.
There definitely was not enough dirt to plant in. Candice began to figure out the area of the circular garden.
She knew that the formula for area is A = πr2 . The diameter of the garden is 16 feet.
That is as far as Candice got. She couldn’t remember the next step. This is where you come in. Using
irrational numbers is necessary to solve this problem. But first, you should understand what we mean when
we say “irrational number”.
Guidance

There are many different ways to classify or name numbers.
All numbers are considered real numbers.
When you were in the lower grades, you worked with whole numbers. Whole numbers are counting numbers.
We consider whole numbers as the set of numbers {0, 1, 2, 3, 4 . . .}.
In middle school, you may also have learned about integers. The set of integers includes whole numbers, but
also includes their opposites. Therefore, we can say that whole positive and negative numbers are part of the set of
integers {. . . − 2, −1, 0, 1, 2, 3 . . .}.
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We can’t stop classifying numbers with whole numbers and integers because sometimes we can measure a part of a
whole or a whole with parts. These numbers are called rational numbers. A rational number is any number that
can be written as a fraction where the numerator or the denominator is not equal to zero. Let’s think about
this. A whole number or an integer could also be a rational number because we can put it over 1.
-4 could be written as − 14 , therefore it is an integer, but also a rational number.

Exactly. We can also think about decimals too. Many decimals can be written as fractions, so decimals are also
rational numbers.
There are two special types of decimals that are considered rational numbers and one kind of decimal that
is NOT a rational number. A terminating decimal is a decimal that is considered to be a rational number. A
terminating decimal is a decimal that looks like it goes on and on, but at some point has an end. It terminates
or ends somewhere.
.3456798
This is a terminating decimal. It goes on for a while, but then ends.
A repeating decimal is also considered a rational number. A repeating decimal has values that repeat forever.
.676767679...
This is a repeating decimal.
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Ah ha! This is the last type of number that is a decimal, but is NOT a rational number. It is called an irrational
number. An irrational number is a decimal that does not end and has no repetition. It goes on and on and on.
Irrational numbers cannot be represented as fractions. The most famous irrational number is pi (π). We use
3.14 to represent π, but you should know that pi is an irrational number meaning that it goes on and on and
on forever.
How can we determine if a fraction or a decimal is rational or irrational?
If a number can be written in fraction form then it is rational. If a number cannot be written in fraction √
form then
√it
is irrational. Besides π, roots of many numbers are also examples of irrational numbers. For example, 2 and 3
are both irrational numbers.

Example A

√
7
Solution: Irrational number

Example B
1
9

Solution: Rational number

Example C

−98
Solution: Integer and rational number
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s take the measurement for the diameter and figure out the measurement of the radius. The radius
is one-half of the diameter.

16 f eet = diameter
8 f eet = radius
Now we can substitute this into the formula and solve. We can use 3.14 as an approximation for π in order to
get the approximate area.
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A = πr2
A = (3.14)(82 )
A = 200.96 sq. f eet
Vocabulary

Whole Numbers
The whole numbers are all positive counting numbers and zero. The whole numbers are 0, 1, 2, 3, ...
Integer
The integers consist of all natural numbers, their opposites, and zero. Integers are numbers in the list ..., -3,
-2, -1, 0, 1, 2, 3...
Rational Numbers
A rational number is a number that can be expressed as the quotient of two integers, with the denominator not
equal to zero.
Irrational Numbers
An irrational number is a number that can not be expressed exactly as the quotient of two integers.
Pi
π (Pi) is the ratio of the circumference of a circle to its diameter. It is an irrational number that is approximately
equal to 3.14.
Real Numbers
A real number is a number that can be plotted on a number line. Real numbers include all rational and irrational
numbers.
Guided Practice

Here is one for you to try on your own.
Is

23
4

rational or irrational?

Solution
Because the number is written as a fraction, we know it is a rational number.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/58518

Khan Academy Identifying Rational Numbers
644

www.ck12.org

Chapter 7. Using Real Numbers and Right Triangles

Explore More

Directions: Classify each of the following numbers as real, whole, integer, rational or irrational. Some numbers will
have more than one classification.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

3.45
-9
1,270
1.232323
4
5

-232,323
-98
1.98
√
√16
2

Directions: Answer each question as true or false.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

An irrational number can also be a real number.
An irrational number is a real number and an integer.
A whole number is also an integer.
A decimal is considered a real number and a rational number.
A negative decimal can still be considered an integer.
An irrational number is a terminating decimal.
A radical is always an irrational number.
Negative whole numbers are integers and are also rational numbers.
Pi is an example of an irrational number.
A repeating decimal is also a rational number.
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7.5 Approximate Solutions to Equations Involving Irrational Numbers
Here you’ll approximate solutions to equations involving irrational numbers.
A common place where you will see irrational numbers is when you are working with circles or spheres. Since pi is
related to a circle, you will need to work with irrational numbers when solving problems involving circles. Take a
look at this dilemma.
Henrietta knew that to find the circumference of a circle, she needed to multiply the diameter by π. If the diameter
of Henrietta’s circle is 6 inches, what is the approximate circumference of the circle?
Pay attention and you will learn how to successfully solve this problem.
Guidance

There are many different ways to classify or name numbers.
All numbers are considered real numbers.
When you were in the lower grades, you worked with whole numbers. Whole numbers are counting numbers.
We consider whole numbers as the set of numbers {0, 1, 2, 3, 4 . . .}.
In middle school, you may also have learned about integers. The set of integers includes whole numbers, but
also includes their opposites. Therefore, we can say that whole positive and negative numbers are part of the set of
integers {. . . − 2, −1, 0, 1, 2, 3 . . .}.
We can’t stop classify numbers with whole numbers and integers because sometimes we can measure a part of a
whole or a whole with parts. These numbers are called rational numbers. A rational number is any number that
can be written as a fraction where the numerator or the denominator is not equal to zero.
Take a look at these definitions and then write them in your notebook.

Sometimes, you will need to find estimates of irrational numbers to solve an equation. The easiest way to do this is
to find a decimal value on your calculator that is close to the irrational number. Remember that the more decimal
points you include, the more accurate your answer will be. For these purposes, it is usually okay to round an
irrational number to the nearest hundredth or thousandth. Once you have found the decimal approximate, solve the
equation normally. It is crucial to use words or signage to show that your answer is approximate, not exact. The
symbol ≈ means approximately equal to, and is more appropriate than an equals sign in these situations.
Take a look at this situation.
Solve for a: a = 4π.
646

www.ck12.org

Chapter 7. Using Real Numbers and Right Triangles

First find a decimal approximation for π using your calculator. The value of π is 3.1415927... This can be rounded
to 3.14 for these purposes.
To solve the equation, multiply 3.14 by 4. This will be the approximate value of a.
3.14 × 4 = 12.56
So the value of a is approximately 12.56. a ≈ 12.56
Evaluate each solution.
Example A

a: a = 3π
Solution: 9.42
Example B

x: x = 7π
Solution: 21.98
Example C

y: y = 5π
Solution: 15.7
Now let’s go back to the dilemma from the beginning of the Concept.
First, translate the information in the problem into an equation. Let C equal the circumference.

C = π×6
The value of π is 3.1415927... Rounded to the nearest hundredth, this value is 3.14. You can substitute this value
back into the equation to find the value of C. Remember to use the approximately equals sign after you make this
estimation.

C = π×6
C ≈ 3.14 × 6
C ≈ 18.84
The circumference of Henrietta’s circle is approximately 18.84 inches.
Guided Practice

Here is one for you to try on your own.
√
Solve for y: 12 − 7 = y.
Solution
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√
√
7 using your calculator. The value of 7 is 2.64575... This can be rounded

To solve the equation, subtract 2.65 from 12. This will be the approximate value of y
12 − 2.65 = 9.35
So, the value of y is approximately 9.35. y ≈ 9.35
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65523

Explore More

Directions: Approximate the solution for each equation given the irrational numbers.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

648

a: a = 3π
x: x = 8π
b: b = 9π
c: c = 12π
a: a = 2π
y: y = 6π
b: b = 7π
d: d = 12π − 6
a: a = 14π − 9
x:
√ x = 11π − 5
2+
√5 = x
8 = 2+x
t√= π −√
5.3
h = 6 − 43
√
Mrs. DeFazio wrote the following equation on the board. w = 11 − 22 What is the value of w in Mrs.
DeFazio’s equation?
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7.6 Derive and Use the Pythagorean Theorem
Here you’ll derive and use the Pythagorean Theorem.
Have you ever painted something taller than you are? Take a look at this dilemma.

While Mr. Kennedy’s class was working on the garden, the students in Ms. Richardson’s class decided to paint the
equipment shed where all of the sports equipment was kept.
“That thing hasn’t been painted in decades,” Karen said in the first meeting.
“I agree, it does look awful,” Cameron added.
“Well, I don’t know about decades, but it does need to be painted, so that is what we are going to do. Now to work
on this project, we will need to choose a ladder that will reach up high enough. How can we figure this out?” Ms.
Richardson asked.
The class was silent.
“I have an idea,” Veria said smiling. “It has to do with triangles. We need to figure out the height of the ladder,
compared to the height of the building.”
“Yes, but don’t forget that the ladder reaches out from the building, not up against it. So we have to consider that
measurement too,” Aran chimed in.
“What can we use to figure that out?” Karen asked.
Once again, the group was silent.
A mathematical formula involving the Pythagorean theorem is needed to solve this problem. The students
have their work cut out for them. So do you. Pay attention to this Concept so that you can explain the formula
that they will need and why they will need it.
Guidance

You have probably already studied many different types of triangles.
Acute triangles have angles that are all less than 90◦ .
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Obtuse triangles have one angle that is between 90◦ and 180◦ .
Right triangles have one angle that measures exactly 90◦ —in other words, it has one right angle.
This Concept focuses entirely on properties specific to right triangles. While all of the equations and strategies you
are about to learn are helpful, they apply only to right triangles –they will not work with acute or obtuse triangles.
To begin, let’s look at the parts of a right triangle.

The legs are the two sides of the triangle that are labeled a and b. The hypotenuse is the longest side of a
right triangle and it is labeled c. There is a special relationship between the legs of a right triangle and the
hypotenuse of a right triangle.
One of the special characteristics of right triangles is described by the Pythagorean Theorem, thought to have been
developed around 500 B.C.E. It states that the squared value of the hypotenuse will equal the sum of the squares of
the two legs. In the triangle above, the sum of the squares of the legs is a2 + b2 and the square of the hypotenuse is
c2 . So, the Pythagorean theorem is commonly represented as a2 + b2 = c2 where a and b are the legs of the right
triangle and c is the hypotenuse.
The Pythagorean Theorem is known as a2 + b2 = c2 .
You may be asking yourself why that is the case. Well, we can think about the Pythagorean Theorem in terms of
a square. We know that there is a relationship between a square and a right triangle. We can divide a square with
a diagonal and because a square has four right angles, the diagonal will divide the square into two right triangles.
Now because a right triangle comes from the square, the sides will also be related to the square. This is where the
Pythagorean Theorem comes from.
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Let’s look at one.
Use the measures of the triangle below to test the Pythagorean theorem.

The legs of the triangle above are 3 inches and 4 inches. The hypotenuse is 5 inches. So, a = 3, b = 4, and
c = 5. We can test the formula to see if this is true.
a2 + b2 = c2
32 + 42 = 52
(3 × 3) + (4 × 4) = (5 × 5)
9 + 16 = 25
25 = 25
Since both sides of the equation equal 25, the equation is true. Therefore, the Pythagorean theorem worked on this
right triangle.
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This combination of numbers (3, 4, 5) is one possible combination of numbers called a "Pythagorean Triple."
A Pythagorean Triple is a set of three whole numbers a, b and c that satisfy the Pythagorean Theorem, a2 + b2 = c2 .
Now that you are thinking about the relationship between the sides of a right triangle, you have learned how to derive
and execute the Pythagorean Theorem. There are many different ways to apply it. Any time you have two out of
three sides in a right triangle, you can find the third using the equation a2 + b2 = c2 , where a and b are the lengths of
the legs of the triangle and c is the length of the hypotenuse.
When applying the Pythagorean Theorem, be sure to use exponents and square roots accurately.
What is the length of b in the triangle below?

Use the Pythagorean Theorem to identify the length of the missing leg, b. Be sure to simplify the exponents
and roots carefully. Also remember to use inverse operations to solve the equation properly.
a2 + b2 = c2 , where a = 6 and c = 10

62 + b2 = 102
36 + b2 = 100
36 + b2 − 36 = 100 − 36
b2 = 64
√
√
b2 = 64
b=8
The length of the missing side is 8 inches.
You already know about the Pythagorean triple 3:4:5. Notice that this triangle is proportional to that ratio. If you
divide the lengths of the triangle in the example by two, you find the same proportion—3:4:5. Whenever you find a
Pythagorean triple, you can apply those ratios with greater factors as well. So, 6, 8, 10 is another Pythagorean triple.
Notice that as long as you use the Pythagorean Theorem you can figure out the missing length of any of the three
sides of a right triangle.
Find the missing side length for each right triangle.
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Example A

9, 12
Solution: 15
Example B

15, 20,
Solution: 25
Example C

21, 28,
Solution: 35
Now let’s go back to the dilemma from the beginning of the Concept.
The students will need to use the Pythagorean Theorem to figure out this problem.

a2 + b2 = c2
Why? They will need to use the Pythagorean Theorem because the ladder against the shed forms a right
triangle with the ground. The shed and the distance that the ladder is placed from the shed form the sides a
and b of the right triangle. The ladder is the c side of the triangle.
Look at the diagram below.

Guided Practice

Here is one for you to try on your own.
Find the length of the missing side in the triangle below.
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Solution
Use the Pythagorean Theorem to identify the length of the missing hypotenuse. Be sure to simplify the exponents
and roots carefully. Also remember to use inverse operations to solve the equation properly.
a2 + b2 = c2 , where a = 5 and b = 12

52 + 122 = c2
25 + 144 = c2
169 = c2
√
√
169 = c2
13 = c
The length of the missing side is 13 centimeters.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61347

Khan Academy Introduction to the Pythagorean Theorem
Explore More

Directions: Use the Pythagorean Theorem to find the missing dimensions of right triangles.
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a = 3, b = 4, c =?
a = 6, b = 8, c =?
a = 9, b = 12, c =?
a = 27, b = 36, c =?
a = 15, b = 20, c =?
a = 18, b = 24, c =?
a =? , b = 16, c = 20
a =? , b = 28, c = 35
a = 30, b =? , c = 50
a = 33, b =? , c = 55
a = 1.5, b =? , c = 2.5
a = 36, b =? , c = 60

Directions: Answer the following questions True or False.
13. The Pythagorean Theorem will work for any triangle.
14. The longest side of a right triangle is called the hypotenuse.
15. A Pythagorean Triple can only be found in a right triangle.
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7.7 Derive and Use the Converse of the
Pythagorean Theorem
Here you’ll derive and use the converse of the Pythagorean Theorem.
Do you know how to prove that a triangle is a right triangle? Take a look at this dilemma.
A triangle has side lengths of 6.6, 8.8 and 11. Is this triangle a right triangle?
To figure this out, you will need to know how to use the Converse of the Pythagorean Theorem. Pay attention
and you will know how to accomplish this task by the end of the Concept.
Guidance

Do you remember the Pythagorean Theorem? Well first, think about a right triangle and its properties.

The legs are the two sides of the triangle that are labeled a and b. The hypotenuse is the longest side of a
right triangle and it is labeled c. There is a special relationship between the legs of a right triangle and the
hypotenuse of a right triangle.
One of the special characteristics of right triangles is described by the Pythagorean Theorem, thought to have been
developed around 500 B.C.E. It states that the squared value of the hypotenuse will equal the sum of the squares of
the two legs. In the triangle above, the sum of the squares of the legs is a2 + b2 and the square of the hypotenuse is
c2 . So, the Pythagorean theorem is commonly represented as a2 + b2 = c2 where a and b are the legs of the right
triangle and c is the hypotenuse.
The Pythagorean Theorem is known as a2 + b2 = c2 .
You may be asking yourself why that is the case. Well, we can think about the Pythagorean Theorem in terms of
a square. We know that there is a relationship between a square and a right triangle. We can divide a square with
a diagonal and because a square has four right angles, the diagonal will divide the square into two right triangles.
Now because a right triangle comes from the square, the sides will also be related to the square. This is where the
Pythagorean Theorem comes from.
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If you use logic when thinking about the Pythagorean Theorem, there are many ways that you might find it useful.
Always see how your knowledge might be applied to help you on a tough problem.
Take a look at this one.
Classify the triangle below as acute, right, or obtuse.

This triangle is specifically drawn not to scale. Therefore, you cannot decide whether the triangle is acute,
right, or obtuse just by looking at it. Take a moment to analyze the side lengths and see how they are related.
Two of the sides (15 and 17) are relatively close in length. The third side (8) is about half the length of the two
longer sides.
To see if the triangle might be right, try plugging the values into the Pythagorean theorem to see if it makes
it true. The hypotenuse is always the longest side, so 17 should be set equal to c. The other two values can
represent a and b.
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a2 + b2 = c2
82 + 152 = 172
(8 × 8) + (15 × 15) = (17 × 17)
64 + 225 = 289
289 = 289

Since both sides of the equation are equal, the Pythagorean Theorem is true.
Therefore, the triangle described in the problem is a right triangle. We can use this logic to determine whether a
triangle is a right triangle or not.
Using this logic is referred to as using the converse of the Pythagorean Theorem. The Pythagorean theorem
states that in a right triangle, a2 + b2 = c2 .
The converse of the Pythagorean theorem states that if a2 + b2 = c2 , the triangle is a right triangle.
We can use the converse to prove whether or not a triangle is a right triangle.
Remember, if the Pythagorean Theorem works for the values of the triangle, then the triangle is a right
triangle. If not, then the triangle is not a right triangle.
Identify whether the triangle below is a right triangle.

This triangle is specifically drawn not to scale. Therefore, you cannot decide whether the triangle is acute,
right, or obtuse just by looking at it. Take a moment to analyze the side lengths and see how they are related.
Two of the sides (5 and 8) are relatively close in length. The third side (12) is longer.
To see if the triangle might be right, try plugging the values into the Pythagorean theorem to see if it makes
it true. The hypotenuse is always the longest side, so 12 should be set equal to c. The other two values can
represent a and b.
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a2 + b2 = c2
52 + 82 = 122
(5 × 5) + (8 × 8) = (12 × 12)
25 + 64 = 144
89 6= 144
At the end of the solution, you can see that the result on the left side was 89, and the result on the right side
was 144. Therefore, the sum of the squares of the legs did not equal the square of the hypotenuse. So, the
triangle is not a right triangle.
Remember to use the Pythagorean Theorem whenever you want to prove that a triangle is or is not a right triangle.
Example A

Is this triangle a right triangle, a = 7, b = 8, c = 15?
Solution: No.
Example B

Is this triangle a right triangle, a = 9, b = 12, c = 18?
Solution: No.
Example C

Is this triangle a right triangle, a = 15, b = 20, c = 25?
Solution: Yes.
Now let’s go back to the dilemma from the beginning of the Concept.
If a triangle has side lengths of 6.6, 8.8 and 11, we can substitute these values into the Pythagorean Theorem and by
"working backwards", we can prove that this triangle is or is not a right triangle.
a2 + b2 = c2
6.62 + 8.82 = 112
43.56 + 77.44 = 121
121 = 121
Because both sides of this equation are equal, the triangle is a right triangle.
Guided Practice

Here is one for you to try on your own.
Is this triangle a right triangle if it has side lengths of 7.5, 10, and 12.5?
Solution
To figure this out, we can use the converse of the Pythagorean Theorem. It states that if the side lengths form a true
statement when substituted into the Pythagorean Theorem, then the triangle is a right triangle.
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To figure this out, we substitute these side lengths into the Pythagorean Theorem. If the value on the left side of the
equation is equal to the value on the right side of the equation, then our triangle is a right triangle.

a2 + b2 = c2
7.52 + 102 = 12.52
56.25 + 100 = 156.25
156.25 = 156.25
Our triangle is a right triangle.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1364

The Pythagorean Theorem and its Converse
Explore More

Directions: Think about what you have learned about the Pythagorean Theorem and answer true or false for the
following questions.
1.
2.
3.
4.
5.
6.
7.
8.

The Pythagorean Theorem will work for an acute triangle with all 60◦ angles.
The Pythagorean Theorem will work for a right triangle.
The Pythagorean Theorem will only work if the triangle is a right triangle.
The legs of a right triangle are considered the two shorter sides of the right triangle.
The hypotenuse is the longest side of a right triangle.
The converse of the Pythagorean Theorem is used to find the angle measures of an obtuse triangle.
A Pythagorean Triple is when you multiply all of the angle measures by three.
You can use the Pythagorean Theorem to figure out if the side lengths of a triangle make it a right triangle or
not.

Directions: Identify whether or not each of the following values is a Pythagorean Triple. Write yes or no for your
answer.
9.
10.
11.
12.
13.
14.
15.

660

4, 5, 6
6, 8, 10
5, 6, 9
9, 12, 15
30, 40, 55
21, 28, 35
12, 16, 20
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7.8 Use the Pythagorean Theorem
Here you’ll use the Pythagorean Theorem with indirect measurement.
Have you ever had to use indirect measurement? Take a look at this dilemma.

The students in Mrs. Richardson’s class need to use the Pythagorean Theorem to measure so that they can paint.
Now they are left with the question of which ladder to use. Mrs. Richardson has told them that the height of the
shed is 23 feet.
They have the choice of two different ladders. One ladder is 20 feet long and one ladder is 25 feet long.
“If we choose the 20 foot ladder and it is about 4 feet from the shed, how high up will it go?” Aran asked taking out
a piece of paper and a pencil.
“I don’t know. We also have to think about the 25 foot ladder. If it is also 4 feet from the shed, how high up will it
reach?” Amy said. “We need the Pythagorean Theorem for this one,” Aran said.
Both students took out a piece of paper and a pencil and began to work.
Learning to use the Pythagorean Theorem in real –world problems is important because of its many uses. Pay
attention to this Concept and you will be able to figure out how high each ladder will reach by the end of it.

Guidance

Do you remember the Pythagorean Theorem? Take a look.
To begin, let’s look at the parts of a right triangle.
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The legs are the two sides of the triangle that are labeled a and b. The hypotenuse is the longest side of a
right triangle and it is labeled c. There is a special relationship between the legs of a right triangle and the
hypotenuse of a right triangle.
One of the special characteristics of right triangles is described by the Pythagorean Theorem, thought to have been
developed around 500 B.C.E. It states that the squared value of the hypotenuse will equal the sum of the squares of
the two legs. In the triangle above, the sum of the squares of the legs is a2 + b2 and the square of the hypotenuse is
c2 . So, the Pythagorean theorem is commonly represented as a2 + b2 = c2 where a and b are the legs of the right
triangle and c is the hypotenuse.
The Pythagorean Theorem is known as a2 + b2 = c2 .
Now that you are familiar with the Pythagorean Theorem, there are many different ways you can use it. Math
questions will often require you to use the theorem even if it isn’t mentioned specifically in the text. Whenever you
look at a shape, think about whether or not a right angle is present. If there is a right triangle in the shape,
you may need to use the Pythagorean Theorem.

Write this statement down in your notebook.
There are many situations in which you may need to use the Pythagorean Theorem on objects that don’t even appear
(at first) to be right triangles. Often, you will find that measurement involves a figure that looks like a right triangle.
You can use the Pythagorean Theorem in these situations. This skill is called indirect measurement, and it is
important to be comfortable using it in many situations.
Indirect measurement allows you to figure out lengths or distances that would be difficult by using logic and
mathematical knowledge.
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The situation below requires indirect measurement to solve the problem.
The diagram below shows the distance on roads to get from point A to point B. If you bike, however, you can travel
in a straight line between those two points. What is the shortest possible distance between points A and B?

If you look at the image above, you see a rectangle, not a triangle. So, at first, you are unlikely to notice that
you must use the Pythagorean Theorem to solve the problem. The question asks for the shortest distance
between points A and B. You know from your geometry studies that the shortest distance between two points
is always a straight line, so this distance will be a diagonal in the rectangle.

Now that the diagonal is drawn in, the triangle is more noticeable. In fact, this triangle is a 3:4:5 triangle,
so you can quickly see that the hypotenuse will be 5 miles. Use the Pythagorean Theorem to confirm your
answer.
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a2 + b2 = c2
32 + 42 = c2
(3 × 3) + (4 × 4) = c2
9 + 16 = c2
25 = c2
√
√
25 = c2
5=c
Five miles is the correct answer. If you bike between points A and B on the map, and you can go in a straight
line, the distance will be 5 miles.

Working with the Pythagorean Theorem in this way requires you to be a detective of sorts. When you see a figure,
you can think about what the characteristics of the figure are. This can help you. A big clue in the last example
is that a rectangle has 90◦ angles. When you see a figure with 90◦ angles, you will know that you can form right
triangles in that figure.
Find each missing measure using the Pythagorean Theorem.
Example A

1.5, 2, ?
Solution: 2.5
Example B

12, ? , 20
Solution: 16
Example C

18, 24, ?
Solution: 30
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Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s start with the ladder that is 20 feet long. We use the ladder length as the c in the Pythagorean
Theorem. It is the long side of the triangle. The height that the ladder will reach on the shed is what we are
looking to solve, we will call that a and that is our unknown value. We know that the ladder is four feet from
the shed, and so this is our b value.

a2 + b2 = c2
a2 + 42 = 202
a2 + 16 = 400
a2 = 400 − 16 = 384
a = 19.59 f eet
Now we can look at the ladder that is 25 feet long.

a2 + b2 = c2
a2 + 42 = 252
a2 + 16 = 625
a2 = 625 − 16
a = 24.5 f eet
If the shed is 23 feet high, then the students should use the ladder that is 25 feet long so that they can paint all
the way to the top of the shed.
Guided Practice

Here is one for you to try on your own.
Karen’s yard is a square shape with 90 degree angles in each corner. She put a diagonal path from one end of the
yard to the other end. If the diagonal is 35 feet long, how long is each side of the yard?
Solution
To figure this out, we can use the relationships of side lengths associated with the Pythagorean Theorem. We know
that the diagonal is 35 feet long. Therefore side a and b need to correspond with the values needed to make the
Pythagorean Theorem a true statement.
We can use the relationships of a Pythagorean triple because 35 is a multiple of 5. We know that the hypotenuse is
35 feet long.
5 × 7 = 35
If we multiply the other two values in the model by 7, we should have the correct lengths.
3 × 7 = 21
Side a is 21 feet long.
4 × 7 = 28
Side b is 28 feet long.
This is our answer.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61345

Khan Academy Pythagorean TheoremII
Explore More

Directions: Identify whether or not each set of measurements indicates a Pythagorean Triple.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

3, 4, 5
6, 8, 12
6, 8, 10
15, 20, 25
5, 9, 14
9, 12, 15
18, 24, 30
5, 12, 13
7, 24, 25
8, 15, 17

Directions: Find the missing side length of each right triangle by using the Pythagorean Theorem. You may round
to the nearest tenth when necessary.
11.
12.
13.
14.
15.
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a = 6, b = 10, c =
a = 5, b = 7, c =
a = 7, b = 9, c =
a = 6, b = 8, c =
a = 9, b = 12, c =
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7.9 The Pythagorean Theorem, Perimeter and
Area
Here you’ll use the Pythagorean Theorem to find perimeter and area.
Have you ever tried to measure a poster board? Take a look at this dilemma.
Lena had a piece of poster board that measured 12 inches by 16 inches. She cuts the poster board in half diagonally
and wants to know the perimeter of one piece. What is the perimeter of half of Lena’s board?
Pay attention and you will know how to solve this problem by the end of the Concept.
Guidance

Do you remember how to identify perimeter and area? Do you know how to use the Pythagorean Theorem to
calculate the perimeter and area of a figure.
Take a look.
The perimeter of an object is the distance around the outside of it.
So, for a triangle, it would be the sum of the two legs and the hypotenuse.
The area of an object is the amount of space it occupies, or how many square it would cover on a grid.
The area formula for a triangle is A = 21 bh where b is the length of the base of the triangle, and h is the height. In a
right triangle, the product bh can always be found by multiplying the two legs together.
Sometimes, you won’t know all of the dimensions of a right triangle. In order to find the perimeter of a right triangle,
you have to know all three sides. In order to find the area of a right triangle, you have to know the base and the
height. If you don’t know all of the dimensions that you need to solve a problem, you can use the Pythagorean
Theorem to help you in problem solving.
What is the perimeter and area of the triangle below?

The first thing to notice is that there is a missing leg of this triangle. Before we can do anything, we have to
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figure out the length of the missing side. This is a right triangle, so the first step in completing this problem is
using the Pythagorean Theorem to identify the length of the missing leg.
a2 + b2 = c2 , where a = 5 and c = 13

52 + b2 = 132
25 + b2 = 169
25 + b2 − 25 = 169 − 25
b2 = 144
√
√
b2 = 144
b = 12
The length of the missing side is 12 inches.
Now, to find the perimeter (P) of the triangle, add up the lengths of the three sides.

P = leg + leg + hypotenuse
P = 5 + 12 + 13
P = 30
The perimeter of the triangle is 30 inches.
To find the area, use the area formula shown above. Remember that in this triangle, b = 5 and h = 12. The
height is the other leg because it is a right triangle.
1
A = bh
2
1
A = (5)(12)
2
1
A = (60)
2
A = 30
The area of the triangle is 30 square inches. Remember to use square units when measuring area.
This triangle is unique in that the numerical value for both the perimeter and the area are the same. Remember
however, that the true values are different because the units are different.
Example A

What is the perimeter of a triangle with side lengths of 6, 8 and 10?
Solution: 24
Example B

If a triangle has leg lengths of 12 and 16. What is the length of the hypotenuse?
Solution: 20
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Example C

What is the area and the perimeter of the triangle in Example B?
Solution: Area = 96, Perimeter = 48
Now let’s go back to the dilemma from the beginning of the Concept.
To find the perimeter, you must find the length of the missing side (the hypotenuse). You may recognize 12
and 16 as being multiples of 3 and 4 (greater by a factor of 4) and could conclude that the hypotenuse will be
four times five, or 20. However, you can solve this using the Pythagorean Theorem even if you don’t notice the
Pythagorean triple.
a2 + b2 = c2 , where a = 12 and b = 16

122 + 162 = c2
144 + 256 = c2
400 = c2
√
√
400 = c2
20 = c
The missing side is 20 inches.
Don’t stop here, though! You have to find the perimeter of the triangle, so add the three sides together.

P = leg + leg + hypotenuse
P = 12 + 16 + 20
P = 48
The perimeter of half of Lena’s poster board is 48 inches.
Guided Practice

Here is one for you to try on your own.
What is the area of a right triangle that has one leg of 6 yards and a hypotenuse of 10 yards?
Solution
To figure this out, we must first use the Pythagorean Theorem to find the length of the missing leg.
a2 + b2 = c2
Now substitute in the given values and solve.

62 + b2 = 102
36 + b2 = 100
b2 = 100 − 36
b2 = 64
Finally we take the square root of 64. This is our answer.
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b=8
Now we can find the area of the triangle.
1
A = bh
2
1
A = (8)(6)
2
1
A = 48
2
A = 24
The area of the triangle is 24 units.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/35

Khan Academy Pythagorean TheoremIII
Explore More

Directions: Find the missing side length of each right triangle by using the Pythagorean Theorem. You may round
to the nearest tenth when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

a = 10, b = 14, c =
a = 6, b =
, c = 10
, b = 12, c = 15
a=
a = 15, b =
, c = 25
a=
, b = 32, c = 40
a = 30, b = 40, c =
a = 1.5, b = 2, c =
a = 4.5, b = 6, c =
a = 6.6, b = 8.8, c =
a = 36, b = 48, c =
a = 27, b = 36, c =

Directions: Answer each question.
12. A television is measured by the length of the diagonal from one corner to another. If the screen is 8 inches by
15 inches, what is the length of the diagonal?
13. Do the numbers 15, 20 and 25 comprise a Pythagorean triple?
14. What is the perimeter of a right triangle with a hypotenuse of 30 inches and a leg of 18 inches?
15. What is the area of a right triangle with a hypotenuse of 30 inches and a leg of 18 inches?
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7.10 Identify and Use the Distance Formula
Here you’ll identify and use the distance formula.
Have you ever designed a vegetable garden? Take a look at this dilemma.

The eighth grade is doing a community service project, and all the homerooms have selected their projects. Mr.
Henry’s class has decided to make a vegetable garden. They hope that if they are successful that the seventh graders
will help them and that they can give a percentage of the food grown to charity.
The students have drawn a map of the garden plan. The biggest obstacle is where to put the garden. They know that
it needs to be a level area free of obstructions, but it also needs to be accessible to a water source.
“This is my plan. We can figure out the distance from the water source to the center of the garden. Then if we can
buy a hose the correct length and a sprinkler, we should be able to water the garden,” Belinda said to the class.
“It’s a good idea. Why did you put it on a grid?” Carmen asked.
“Because that way we can figure out the exact distance between the two points and each square on the grid represents
one foot. I measured it out yesterday. But the exact distance from the water to the center was a little too tough to
figure out using a tape measure. That is why I drew it on the grid. Now we can use the distance formula,” Belinda
explained.
The class looked puzzled.
Are you puzzled? The distance formula is a great way to figure out exact distances using coordinates and a
coordinate grid. Use this Concept to learn all about it and then you can figure out the distance from the water
source to the center of the garden at the end.
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Guidance

When working with points and lines on coordinate grids, there are many different ways to solve problems. You can
use your knowledge of algebra, rational numbers, and the Pythagorean Theorem to help you. You can apply the
distance formula and understand the relationship between points on a coordinate grid.
You can use the Pythagorean Theorem to understand different types of right triangles, find missing lengths, and
identify Pythagorean triples. Now, you will apply the Pythagorean Theorem to a coordinate grid and learn how to
use it to find distances between points.
Let’s look at how we can do this.
Look at the points on the grid below. Then find the distance of the line represented.

The question asks you to identify the length of the line. How can we do this accurately? We can think of this line as
the hypotenuse of a right triangle. Draw a vertical line at x = 1 and a horizontal line at y = 2 and find the point of
intersection. This point represents the third vertex in the right triangle.
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You can easily count the lengths of the legs of this triangle on the grid. The vertical leg extends from (1,2) to (1,5), so
it is 3 units long. The horizontal leg extends from (1,2) to (5,2), so it is 4 units long. Use the Pythagorean Theorem
with these values to identify the length of the hypotenuse.

a2 + b2 = c2
32 + 42 = c2
(3 × 3) + (4 × 4) = c2
9 + 16 = c2
25 = c2
√
√
25 = c2
5=c
The hypotenuse is 5 units long.
Mathematicians have simplified this process and created a formula which uses these steps to find the distance. This
formula is called the distance formula. If you use the distance formula, you don’t have to draw the extra lines.
Here is the distance formula.
q
D = (x2 − x1 )2 + (y2 − y1 )2
Now let’s apply the distance formula.
q
Use the distance formula D = (x2 − x1 )2 + (y2 − y1 )2 to find the distance between the points (1,5) and (5,2)
on a coordinate grid.
You already know from the first example that the distance will be 5 units, but you can practice using the Distance
formula to make sure it works. In this formula, substitute 1 for x1 , 5 for y1 , 5 for x2 , and 2 for y2 because (1,5) and
(5,2) are the two points in question.
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D=
D=
D=
D=
D=

q

(x2 − x1 )2 + (y2 − y1 )2
q
(5 − 1)2 + (2 − 5)2
q
(4)2 + (−3)2
√
16 + 9
√
25

D=5
So you see, no matter which way you solve this problem, you find that the distance between (1,5) and (5,2) on
a coordinate grid is 5 units.
Notice that the distance formula helps you eliminate the need to graph the line and count all the units. We
can use the formula to solve the problem mathematically.
Now let’s practice using the distance formula to solve problems. It is important to become comfortable applying the
distance formula to many types of problems and situations. Remember that either points can be considered (x1 , y1 )
or (x2 , y2 ), but it crucial to keep your assignments consistent through the problem. The most common error students
make when using the distance formula is in incorrect substitution. Keep your variables straight and your algebra
careful and you’ll be fine.
Use the distance formula to find the distance between the points (-3,2) and (4,-5) on a coordinate grid.
Because we know the distance formula, we don’t even have to draw this out on a coordinate grid. All you have
to do is substitute the values in the problem into the distance formula and solve. In this formula, substitute -3
for x1 , 2 for y1 , 4 for x2 , and -5 for y2 because (-3,.2) and (4,-5) are the two points in question.

D=
D=
D=
D=
D=

q

(x2 − x1 )2 + (y2 − y1 )2
q
(4 − (−3))2 + ((−5) − 2)2
q
(7)2 + (−7)2
√
49 + 49
√
98

You can leave the answer as the radical as shown, or use your calculator to find the approximate value of
9.899 units.
Notice that this answer is not a Pythagorean Triple, so finding a perfect square root is not possible. When this
happens, you can either leave the answer in the radical form or find an approximate answer by using a calculator
and rounding.
Example A

Use the distance formula to find the distance between the points (2,3) and (7,15) on a coordinate grid.
Solution: The distance between the two points in the problem is 13 units.
Example B

What is the distance between (6, -1) and (6, 3)?
674

www.ck12.org

Chapter 7. Using Real Numbers and Right Triangles

Solution: The distance between the two points is 4 units.

Example C

What is the distance between (1, 5) and (6, 4)?
Solution: The distance between the two points is 5.1 units.
Now let’s go back to the dilemma from the beginning of the Concept.
To solve this problem, first you will need the coordinates of each point on the grid. This is the distance that
you are measuring. In this problem, you will be measuring from point A to point B.
Water Source = A(8, 5)
Center of Garden = B(1, 0)
Now substitute these values into the distance formula and solve.

q

(x2 − x1 )2 + (y2 − y1 )2
q
D = (1 − 8)2 + (5 − 0)2
p
D = 72 + 52
√
D = 74
D=

D = 8.6 f eet

The students will need a hose that is at least 9 feet long.

Guided Practice

Here is one for you to try on your own.
The map below shows the location of various points in Helene’s town.
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What is the distance, between the library and the school in Helene’s town?
Solution
All you have to do for this problem is identify the coordinates of the school (-1,9) and the library (5,1) on the map
and substitute them into the distance formula. Then solve as usual.

D=
D=
D=
D=
D=

q
(x2 − x1 )2 + (y2 − y1 )2
q
(5 − (−1))2 + (1 − 9)2
q
(6)2 + (−8)2
√
36 + 64
√
100

D = 10
So, the distance between the two places is 10 units. You can see on the scale that one unit is equal to one mile,
so the real distance is 10 miles.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1336

The Distance Formula
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Explore More

Directions: Use the distance formula to find the distance between the following pairs of points. You may round to
the nearest tenth when necessary.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

What is the distance between (3, 6) and (-1, 3)?
What is the distance between (-2,-2) and (10, 3)?
What is the distance between (1,9) and (9,1)?
What is the distance between (-5,-5) and (-2,-1)?
What is the distance between (2, 12) and (3,7)?
What is the distance between (2, 2) and (8, 2)?
What is the distance between (-3, 4) and (2, 0)?
What is the distance between (3, 4) and (3, -4)?
What is the distance between (-4, -3) and (1, -1)?
What is the distance between (-6, 2) and (-3, 1)?

Directions: Answer each of the following questions.
11. The map below shows Bryan’s town. What is the distance between the pet store and town hall?

12.
13.
14.
15.

The map below shows Bryan’s town.
The map below shows Bryan’s town.
The map below shows Bryan’s town.
The map below shows Bryan’s town.

What is the distance between the pet store and the courthouse?
What is the distance between the courthouse and the library?
What is the distance between the library and the town hall?
What is the distance between the pet store and the library?
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7.11 45-45-90 Triangles
◦ triangle is an isosceles triangle and
Here you’ll identify special right triangles and recognize that a 45◦ − 45◦ − 90√
that the length of the hypotenuse is the product of the length of either leg and 2.

Have you ever planned a flower garden where you needed to figure out the length of a diagonal? It is a special type
of project, so take a look at this dilemma.
Ms. Kino’s class decided to do a community service project that everyone could enjoy. They decided to create a
meditation garden that would be a rock garden.
Chas and Juanita took charge of the project. They drew a sketch of the rock garden and the rest of the class loved it
so much that they instantly agreed to use the sketch that the pair had created. Here is their sketch.

“Let’s put a diagonal path in it,” Frankie suggested looking at the sketch.
“That’s a great idea, how long will the path be?” Chas asked.
The class wants to add a diagonal path. If they do that from one corner to another, how long will the path be?
This Concept will teach you all that you need to know to solve this problem.

Guidance

There are a few types of right triangles it is particularly important to study. Their sides are always in the same
ratio, and it is crucial to study the 45◦ − 45◦ − 90◦ and the 30◦ − 60◦ − 90◦ triangles and understand the relationships
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between the sides. It will save you time and energy as you work through math problems both straight-forward and
complicated.
Let’s start by learning about the 45◦ − 45◦ − 90◦ .
First, think about that 45◦ − 45◦ − 90◦ refers to. Those values refer to the angle measures in the right triangle.
We can see that there is one 90 degree angle and that the other two angles have the same measure. This
particular triangle is also isosceles . An isosceles triangle has two side lengths that are the same. An isosceles
right triangle will always have the same angle measurements: 45◦ , 45◦ , and 90◦ and will always have two side
lengths that are the same. These characteristics make it a special right triangle.
Because these angles will always remain the same, the sides will always be in proportion. To find the relationship between the sides, use the Pythagorean Theorem.
Take a look at this situation.
The isosceles right triangle below has legs measuring 1 centimeter. Use the Pythagorean Theorem to find the
length of the hypotenuse.

As the problem states, you can use the Pythagorean Theorem to find the length of the hypotenuse. Since the
legs are 1 centimeter each, set both a and b equal to 1 and solve for c.

a2 + b2 = c2
(1)2 + (1)2 = c2
1 + 1 = c2
2 = c2
√
√
2 = c2
√
2=c
We can look at this and understand that there is also a 1 in front of the square root of two. This shows that the
relationship between one side length and the length of the hypotenuse will always
be the same. The hypotenuse of
√
an isosceles right triangle will always equal the product of one leg and 2.
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Write this down in your notebook under 45◦ − 45◦ − 90◦ special right triangles.
Find each hypotenuse.

Example A

A triangle with side lengths of 9.
√
Solution: 9 2

Example B

A triangle with side lengths of 15.
√
Solution: 15 2

Example C

√
A triangle with side lengths of 3 2
Solution: 6
Now let’s go back to the dilemma from the beginning of the Concept.
The first step in a word problem of this nature is to add important information to the drawing. Because the
problem asks you to find the length of a path from one corner to another, you should draw that path in.
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Once you draw the diagonal path, you can tell that this is a triangle question. Because both legs of the triangle
have the same measurement (10 feet), this is an isosceles right triangle. The angles in an isosceles right triangle
are 45◦ , 45◦ , and 90◦ .
√
In an isosceles right triangle, the hypotenuse is always equal
to
the
product
of
the
length
of
one
leg
and
2.
√
√
So, the length of the path will be the product of 10 and 2, or 10 2 f eet. This value is approximately equal
to 14.14 feet.

Guided Practice

Here is one for you to try on your own.
What is the length of the hypotenuse in the triangle below?
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Solution

√
Since the length of the hypotenuse is the product of one leg and 2, you can easily calculate this length. It is easy
because we know that with any 45/45/90 degree triangle, that the hypotenuse is the product of one of the legs and
the square root of 2.
√
One leg is 3 inches, so the hypotenuse will be 3 2, or about 4.24 inches.
To get that answer, we took the square root of two on the calculator, 1.414 and then multiplied it times 3.
3 × 1.414 = 4.242
We rounded to get the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61349

Special Right Triangles
Explore More

Directions: Find the missing hypotenuse in each 45◦ − 45◦ − 90◦ triangle.
1.
2.
3.
4.
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5. Length of each leg = 7
Directions: Now use a calculator to figure out the approximate value of each hypotenuse. You may round to the
nearest hundredth.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

√
5 √2
4 √2
6 √2
3 √2
7 √2
8 √
2
10 √2
13 √2
21 √2
17 2
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7.12 30-60-90 Triangles
Here you’ll learn about special triangle relationships and recognize that a 30◦ − 60◦ − 90◦ triangle is half of an
equilateral triangle, that the length√of the hypotenuse is twice the length of the shorter leg, and that the longer leg is
the product of the shorter leg and 3.
Have you ever tried to measure a flagpole? How about a shadow? Take a look at this dilemma.
The
√ diagram below shows the shadow a flagpole casts at a certain time of day. If the height of the flagpole is
7 3 f eet, what is the length of the hypotenuse of the triangle formed by the flagpole and its shadow?

This Concept will show you how to work with special triangle relationships and solve this dilemma.

Guidance

A special type of triangle has angles measuring 30◦ , 60◦ , and 90◦ . These triangles are exactly one half of equilateral
triangles.
Do you remember what an equilateral triangle is?
An equilateral triangle is a triangle with equal angle measures.
The equal angle measures of an equilateral triangle are 60◦ − 60◦ − 60◦ . If we divide an equilateral triangle in half,
then we have a 30◦ − 60◦ − 90◦ triangle.
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You can tell in the diagram that since the original triangle was equilateral, the short leg will be one-half the length
of the hypotenuse.
Take a look at this situation.
Find the length of the missing leg in the triangle below. Use the Pythagorean theorem to find your answer.

Just like you did for 45◦ −45◦ −90◦ triangles, use the Pythagorean Theorem to find the missing side. In this diagram,
you are given two measurements. The hypotenuse (c) is 2 feet and the shorter leg (a) is 1 foot. Find the length of
the missing leg (b).
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a2 + b2 = c2
(1)2 + b2 = (2)2
1 + b2 = 4
1 + b2 − 1 = 4 − 1
b2 = 3
√
√
b2 = 3
√
b= 3
You can leave the answer as the radical as shown, or use your calculator to find the approximate value of
1.732 feet.
So, just as there is a constant proportion relating the sides of the 45◦ − 45◦ − 90◦ triangle, there is also one
relating the sides of the 30◦ − 60◦ − 90◦ triangle. The hypotenuse will
√always be twice the length of the shorter
leg, and the longer leg is always the product of the shorter leg and 3.

Write this information down under 30/60/90 degree right triangles.
You can also use this information when problem solving. Take a look.
What is the length of one leg in the triangle below?
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The first step in this problem is to identify the type of right triangle depicted.
√ The angles show that this is
◦
◦
◦
a 30 − 60 − 90 triangle. So, the longer leg is the product of one leg and 3. The hypotenuse is twice the
length of the shorter leg. The shorter leg is 4 meters.
The hypotenuse will be 4 × 2, or 8 meters long.
Problem solve using what you have learned about special right triangles.

Example A

What is the length of the hypotenuse if the shorter leg is 6 units?
Solution: 12 units

Example B

What is the length of the longer leg if the shorter leg is 5 units?
√
Solution: 5 3

Example C

If the length of the hypotenuse is 14, what is the length of the longer side?
√
Solution: 7 3
Now let’s go back to the dilemma from the beginning of the Concept.
The wording in this problem is complicated, but you only need to notice a few things. You can tell in the
picture that this triangle has angles of 30◦ , 60◦ , and 90◦ . The actual flagpole is the longer leg in the triangle,
so use the ratios in the diagrams above to find the length of the hypotenuse.
√
The longer leg is the product of the shorter leg and 3. So, the length of the shorter leg will be 7 feet.
The hypotenuse in a 30◦ − 60◦ − 90◦ triangle will always be twice the length of the shorter leg, so it will equal
7 × 2, or 14 feet.
The answer is 14 feet.

Guided Practice

Here is one for you to try on your own.
What is the length of the missing leg in the a 30/60/90 degree right triangle with a short leg of 5 and a
hypotenuse of 10?
Solution

√
Since the length of the longer leg is the product of
√the shorter leg and 3, you can easily calculate this length. The
short leg is 5 inches, so the hypotenuse will be 5 3, or about 8.66 inches.
This is our answer.

Video Review
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Directions: Find the missing length of the longer leg in each 30◦ − 60◦ − 90◦ triangle.
1.
2.
3.
4.
5.

short leg = 3
short leg = 4
short leg = 2
short leg = 8
short leg = 10

Directions: Now use a calculator to figure out the approximate value of each longer leg. You may round your answer
when necessary.
6.
7.
8.
9.
10.

√
3 √3
4 √3
2 √3
8 √
3
10 3

Directions: Use what you have learned to solve each problem.
11. Janie had construction paper cut into and equilateral triangle. She wants to cut it into two smaller congruent
triangles. What will be the angle measurement of the triangles that result?
12. Madeleine has poster board in the shape of a square. She wants to cut two congruent triangles out of the poster
board without leaving any leftovers. What
√ will be the angle measurements of the triangles that result?
13. A square window has a diagonal of 2 2 f eet. What is the length of the shorter of its sides?
14. A square block of cheese is cut into two congruent wedges. If the shortest side of the original block was 9
inches, how long is the diagonal cut?
15. Jerry wants to find the area of an equilateral triangle but only knows that the length of the shorter side is 4
centimeters. What is the height of Jerry’s triangle?
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7.13 Understanding Sines
Here you’ll learn to identify trigonometric ratios, specifically the sine ratio and use it in problem solving.
Have you ever built a ramp? Take a look at this dilemma.
Mr. Watson’s homeroom decided to do a community service repairing the ramp outside the shed. The fresh coat of
paint shone in the bright sunlight and Mr. Watson walked across the grass with all of his students to look at the ramp
outside the door of the shed.
“Has that always been there?” asked Dan.
“No, in fact it was just brought out here yesterday,” Mr. Watson explained.
“Well if it’s brand new, then why do we need to fix it?” Emily asked.
“Because it doesn’t fit neatly under the door.”
Sure enough, the students looked and could see that the back of the ramp was too tall and the students would need
to fix the back to make it fit beneath the doorway. Fixing this ramp would help everyone because it would make it
easy to push or pull the cart with the athletic equipment out onto the field and since the equipment was used by local
kid’s teams as well as the school, this was a definite way to give back to the community.
“What do we need to do?” Dan asked.
They looked at the ramp. Mr. Watson drew the following sketch.

“Well that’s not very helpful,” Dan commented.
“Sure it is,” Emily said.
Who is right? Is it possible to figure out the length of the missing side using Mr. Watson’s diagram? What
kind of math will you need? This Concept will show you how to use trigonometric ratios to solve problems
like this one.
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Guidance

One way to analyze right triangles is through trigonometric ratios.
There are three trigonometric ratios and they help us to understand the proportions between the sides and
the angles.
Let’s look at the first trigonometric ratio.
It is called the sine.
A sine refers to a particular angle in a right triangle. The sine of an angle is the ratio of the length of the leg
opposite the angle we are focusing on to the length of the hypotenuse.
Remember that in a ratio, you list the first item on top of the fraction and the second item on the bottom. So, the
opposite
ratio of the sine will be hypotenuse
.
Let’s look at how we can find the sine of a particular angle.
What are the sines of 6 A and 6 B in the triangle below?

To find the sine, all you have to do to is build the ratio carefully.

3
opposite
= = 0.6
hypotenuse 5
opposite
4
sine6 B =
= = 0.8
hypotenuse 5
sine6 A =

Notice that once we have the ratio, that we can divide the numerator by the denominator to convert it to a
decimal. The decimal is the answer that we are looking for with regard to the trigonometric ratio.
The sine of 6 A is 0.6 and the sine of 6 B is 0.8.
As you could see, the side opposite an angle is the one that an angle opens up to. An opposite side will never
be one of the rays that forms and angle.
Use this triangle to answer the following questions. You may round to the nearest hundredth.
The length of the hypotenuse is 13.
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Example A

What is the sine of 6 A?
Solution:

12
13

= .92

Example B

What is the sine of 6 B?
Solution:

5
13

= .38

Example C

What is the ratio for sine?
Solution: Side length opposite the angle over the hypotenuse.
Now let’s go back to the dilemma from the beginning of the Concept.
In thinking about this problem, Emily is correct. You can use the diagram to solve the problem. To do this,
you will need to use trigonometric ratios. In fact, you will need to use the sine ratio to figure out the height of
the ramp.

Guided Practice

Here is one for you to find on your own.
Find the sine of each acute angle in the diagram.
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Solution
First, we need to identify the acute angles. We know that an acute angle is less than 90◦ , so in this triangle, 6 A and
6 C are the acute angles. We will find the sine of each of these angles.
We know that the sine is the opposite over the hypotenuse. Here are the sine ratios.

8
= .8
10
6
Sine6 C =
= .6
10
Sine6 A =

Video Review

MEDIA
Click image to the left or use the URL below.
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Directions: solve each problem.
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1. What is the sine of 6 G?
2. What is the sine of 6 H?
3. Can you find the sine of 6 A?

4. What is the sine of 6 R?
5. What is the sine of 6 S?

6. What is the sine of 6 A?
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7. What is the sine of 6 B?
8. What is the length of the missing side rounded to the nearest hundredth?
Directions: Answer each question true or false.
9.
10.
11.
12.
13.
14.
15.
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You can use the Pythagorean Theorem to find the length of a missing side in a right triangle.
A right triangle must have a 90 degree angle.
The sine ratio is the hypotenuse over the opposite side.
If you know only side length, then you can figure out all the side lengths.
Sine ratio has to do with side lengths.
The hypotenuse is always opposite the right angle.
You must be given all three side lengths to figure out the sine ratio.
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7.14 Understanding Cosines
Here you’ll identify cosines and recognize the cosine of a given acute angle of a right triangle as the ratio of the
length of the adjacent leg to the length of the hypotenuse
Do you know how to identify a cosine? Do you know what a cosine is?
Knowing about cosines can help you when working with the relationships between side lengths and angle measures
in a right triangle. When finished with this Concept, you will understand how to identify a cosine.

Guidance

One way to analyze right triangles is through trigonometric ratios.
There are three trigonometric ratios and they help us to understand the proportions between the sides and
the angles.
Pay special attention to the specifics of each ratio, as you will have to remember these.
Let’s talk about cosines.
The cosine is the ratio of the adjacent side of an angle to the hypotenuse.
Now let’s apply this definition to a situation.
What are the cosines of 6 M and 6 N in the triangle below

To find these ratios, identify the sides adjacent to each angle and the hypotenuse. Remember that an adjacent
side is the one that does create the angle and is not the hypotenuse.
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ad jacent
15
=
≈ 0.88
hypotenuse 17
ad jacent
8
cosine6 N =
=
≈ 0.47
hypotenuse 17

cosine6 M =

Once again notice that we divided the numerator by the denominator to find a decimal representation of the
cosine of each of the angles. You can figure these ratios out on your calculator.
The cosine of 6 M is about 0.88 and the cosine of 6 N is about 0.47.
Use this triangle to answer the following questions. You may round to the nearest hundredth.
The length of the hypotenuse is 13.

Example A

What is the cosine of 6 A?
Solution:

5
13

= .38

Example B

What is the cosine of 6 B?
Solution:

12
13

= .92

Example C

What is the ratio for cosine?
Solution: Adjacent side of the identified angle over the hypotenuse.
Now let’s go back to the dilemma from the beginning of the Concept.
A cosine is a trigonometric ratio. When working with a cosine, first there is an angle identified. Then the side length
adjacent to that angle is written over the length of the hypotenuse. Dividing the numerator by the denominator will
give you a numerical value for the cosine.

Guided Practice

Here is one for you to try on your own.
Find the cosines of 6 A and 6 C in the triangle pictured below.
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Solution
The cosine is the ratio of the adjacent side to the hypotenuse. Here are the cosine ratios.

6
= .6
10
8
Cosine6 C =
= .8
10
Cosine6 A =

Video Review
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Directions: Solve each problem.
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1. What is the cosine of 6 G?
2. What is the cosine of 6 H?
3. How do you identify a cosine?

4. What is the cosine of 6 R?
5. What is the cosine of 6 S?

6. What is the cosine of 6 A?
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7. What is the cosine of 6 B?
8. What is the length of the missing side rounded to the nearest hundredth?
Directions: Answer each question.
9.
10.
11.
12.
13.
14.
15.

Is the cosine related to an angle?
Do you need to know side lengths of a triangle to write a cosine?
Which side lengths do you need?
5
If the cosine was 20
, what would the numerical value of the cosine be?
5
If the cosine was 25
, what would the numerical value of the cosine be?
3
If the cosine was 33 , what would the numerical value of the cosine be?
If the cosine was 12
14 , what would the numerical value of the cosine be?
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7.15 Understanding Tangents
Here you’ll identify tangents and recognize the tangent ratio of a given acute angle of a right triangle as the ratio of
the length of the opposite leg to the length of the adjacent leg.
Have you ever built a ramp? Do you know how to use angles and side lengths with ratios? Take a look at this
dilemma.
Karen is building a ramp. She has a height, a base and a point drawn in her design. She is wondering what the
tangent of the angle would be if the height of the ramp is 2.5 feet and the base is 6 feet? Here is a picture of her ramp
drawing. She needs to find the tangent of 6 B.

Do you know how to figure this out?
Pay attention and you will learn how to answer this question by the end of the Concept.

Guidance

One way to analyze right triangles is through trigonometric ratios.
These trigonometric ratios help us to understand the proportions between the sides and the angles.
Let’s look at a trigonometric ratio called a tangent.
The tangent is the ratio of the opposite side to the adjacent side of an angle.
The hypotenuse is not involved in the tangent at all.
What are the tangents of 6 X and 6 Y in the triangle below?
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To find these ratios, first identify the sides opposite and adjacent to each angle.

opposite
5
=
≈ 0.417
ad jacent
12
opposite
12
tangent6 Y =
=
= 2.4
ad jacent
5

tangent6 X =

The tangent of 6 X is about 0.417 and the tangent of 6 Y is 2.4.
This Concept focuses on tangents, but there are two other trigonometric ratios, the sine and the cosine.
Use this triangle to answer the following questions. You may round to the nearest hundredth.
The length of the hypotenuse is 13.

Example A

What is the tangent of 6 A?
Solution:

12
5

= 2.4

Example B

What is the tangent of 6 B?
Solution:

5
12

= .42
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Example C

What is the ratio for tangent?
Solution: Side length opposite the angle over the hypotenuse.
Now let’s go back to the dilemma from the beginning of the Concept.
To figure this out, we first have to write the ratio of the length of the side opposite to 6 B compared with the adjacent
side.
2.5
6

Next we divide.
.42
This is the tangent for 6 B.
Guided Practice

Here is one for you to try on your own.
Find the tangent ratios in the following triangle.

Solution
Tangent is the ratio of the opposite side to the adjacent side. Here are the tangent ratios.

8
= 1.333
6
6
Tangent6 C = = .75
8
Tangent6 A =

Video Review
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Directions: solve each problem.

1. What is the tangent of 6 G?
2. What is the tangent of 6 H?
3. True or false. The sine and the tangent use the same ratios.
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4. What is the tangent of 6 R?
5. What is the tangent of 6 S?

6. What is the tangent of 6 A?
7. What is the tangent of 6 B?
8. What is the length of the missing side rounded to the nearest hundredth?
Directions: Answer each question. You may round to the nearest hundredth.
9.
10.
11.
12.
13.
14.
15.
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If a tangent ratio is 45 , what is the measure of the tangent?
14
If a tangent ratio is 20
, what is the measure of the tangent?
6
If a tangent ratio is 7 , what is the measure of the tangent?
If a tangent ratio is 29 , what is the measure of the tangent?
4
If a tangent ratio is 20
, what is the measure of the tangent?
7
, what is the measure of the tangent?
If a tangent ratio is 21
9
If a tangent ratio is 19
, what is the measure of the tangent?
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7.16 Determine and Use the Sine Ratio
Here you’ll determine and use the sine ratio.
Mr. Watson’s homeroom decided to do a community service repairing the ramp outside the shed. The fresh coat of
paint shone in the bright sunlight and Mr. Watson walked across the grass with all of his students to look at the ramp
outside the door of the shed.
“Has that always been there?” asked Dan.
“No, in fact it was just brought out here yesterday,” Mr. Watson explained.
“Well if it’s brand new, then why do we need to fix it?” Emily asked.
“Because it doesn’t fit neatly under the door.”
Sure enough, the students looked and could see that the back of the ramp was too tall and the students would need
to fix the back to make it fit beneath the doorway. Fixing this ramp would help everyone because it would make it
easy to push or pull the cart with the athletic equipment out onto the field and since the equipment was used by local
kid’s teams as well as the school, this was a definite way to give back to the community.
“What do we need to do?” Dan asked.
They looked at the ramp. Mr. Watson drew the following sketch.

“Well that’s not very helpful,” Dan commented.
“Sure it is,” Emily said.
This Concept is about using the sine ratio. By the end of the Concept, you will know how to figure out the
height of the ramp.
Guidance

Let’s think about trigonometric ratios.
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A trigonometric ratio for a specific angle will remain constant no matter how large or small the triangle is. The
idea is that the sides will always be in proportion to each other. So, if you know the measure of an angle (and can
therefore identify the value of a trigonometric ratio) and the value of one side, you can use trigonometry to calculate
the lengths of other sides.
The trick is to use good algebra technique, and make sure that every time you set up a ratio, you are putting the
values and variables in the correct places.
You can find trigonometric ratios by using your calculator.
You understand trigonometric ratios and have had a chance to practice reading specific values out of a table.
You can find the ratio for any trigonometric value using your calculator. Take a moment to locate the buttons
for sine, cosine, and tangent on the calculator. Keep in mind that usually, sine is abbreviated as sin , cosine is
usually abbreviated as cos , and tangent is usually abbreviated as tan.
Press the key of the ratio you want to find, and enter the angle in question. If you hit enter, or calculate, the calculator
will show you the value of that specific ratio.
Let’s look at finding the sine ratio by using a calculator.
sine 47◦
You can find the values for each ratio using your calculator. When dealing with large decimals values, it is
usually best to round the numbers to the nearest thousandth. It gives you a reasonably accurate value without
being too long of a number to work with.
The sine of 47◦ is 0.73135370161917..., or about 0.731.
Notice that because we are using a calculator, that we don’t need to know the side lengths. The calculator figures
out the trigonometric ratio based on proportions and the given angle. Figuring out sine, cosine and tangents
using a calculator is as easy as pressing a button!
Now let’s use the sine ratio when problem solving.
opposite
The ratio of sine is hypotenuse
. If you know the sine value of the angle in question, and the length of the hypotenuse,
you can find the measure of the opposite side. Look at the algebraic manipulation below.

opposite
hypotenuse
opposite
sine6 X × hypotenuse =
× hypotenuse
hypotenuse
sine6 X × hypotenuse = opposite
sine6 X =

If you multiply the sine of any angle X and the length of the hypotenuse, the result is the length of the opposite
side.

Write this statement down in your notebook. Be sure that you write that it is connected to the sine ratio.
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Now take a look at this situation.
What is the length of side AC in the triangle below?

Use the following equation to find the length of the side opposite angle B.
Notice that we are going to multiply the sine of Angle B by the length of the hypotenuse to find the other side.
Therefore, you will have to find the sine of angle B first.
Then you multiply that times the length of the hypotenuse.
Notice that we are finding the length of the opposite side with sine.

sine6 B × hypotenuse = opposite
sine14.5 × 5 = opposite
0.250 × 5 = opposite
1.25 = opposite
The length of side AC is 1.25 units.
Use a calculator to determine each sine. You may round to the nearest hundredth.
Example A

Sine 45◦
Solution: .71
Example B

Sine 83◦
Solution: .99
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Example C

Sine 27◦
Solution: .45
Now let’s go back to the dilemma from the beginning of the Concept.
Now apply the sine ratio and figure out the height of the ramp.
First, we take the measurements and use the sine ratio.
Sine 15◦ =

Opposite
Hypotenuse

The opposite in this example is the missing side. We use x to represent this unknown measure. This is the
measure that we are searching for.
Sine 15◦ =

opposite
hypotenuse

=

x
4 ft

Now we can multiply both sides by 4 to find the measure.

4 Sine 15 = x
2.6 = x
The height of the ramp is 2.6 feet

Guided Practice

Here is one for you to try on your own.

Find the length of the hypotenuse.
Solution
First, here is the ratio that we are going to be using.
Sine 45◦ =

Opposite
Hypotenuse

The hypotenuse in this example is the missing side. We use x to represent this unknown measure. This is the
measure that we are searching for.
Sine 45◦ =

opposite
hypotenuse

=

4
x

Now we can write the following equation.
xSine 45◦ = 4
Next, find the Sine of 45 = .8 = .71
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.71x = 4
x = 5.6
This is our answer.
Video Review
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Directions: Use a calculator to find each Sine. You may round to the nearest hundredth.
1.
2.
3.
4.
5.
6.
7.
8.

Sine 55◦
Sine 25◦
Sine 11◦
Sine 60◦
Sine 75◦
Sine 12◦
Sine 29◦
Sine 15◦

Directions: Use the information given and what you have learned about trigonometric ratios to figure out the measure
of each missing side. You may round when necessary.
9.
10.
11.
12.
13.
14.
15.

Sine angle D 2◦ , hypotenuse –12, what is the length of the opposite side?
Sine angle E 65◦ , hypotenuse –8, what is the length of the opposite side?
Sine angle F 45◦ , hypotenuse –2, what is the length of the opposite side?
Sine angle D 25◦ , hypotenuse –10, what is the length of the opposite side?
Sine angle D 80◦ , hypotenuse –8, what is the length of the opposite side?
Sine angle D 45◦ , hypotenuse –5, what is the length of the opposite side?
Sine angle D 40◦ , hypotenuse –18, what is the length of the opposite side?
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7.17 Determine and Use the Cosine Ratio
Here you’ll determine and use the cosine ratio.
Do you know how to use cosines when problem solving? Take a look at this dilemma.
A triangle has a hypotenuse of 4.5 inches. Angle A is equal to 40 degrees. Find the length of the adjacent side.
To figure this out, you will need to know how to use angle measures and cosines. You will learn how to
accomplish this task in this Concept.

Guidance

Let’s think about trigonometric ratios.
A trigonometric ratio for a specific angle will remain constant no matter how large or small the triangle is. The
idea is that the sides will always be in proportion to each other. So, if you know the measure of an angle (and can
therefore identify the value of a trigonometric ratio) and the value of one side, you can use trigonometry to calculate
the lengths of other sides.
The trick is to use good algebra technique, and make sure that every time you set up a ratio, you are putting the
values and variables in the correct places.
You can find trigonometric ratios by using your calculator.
You understand trigonometric ratios and have had a chance to practice reading specific values out of a table.
You can find the ratio for any trigonometric value using your calculator. Take a moment to locate the buttons
for sine, cosine, and tangent on the calculator. Keep in mind that usually, sine is abbreviated as sin , cosine is
usually abbreviated as cos , and tangent is usually abbreviated as tan.
Press the key of the ratio you want to find, and enter the angle in question. If you hit enter, or calculate, the calculator
will show you the value of that specific ratio.
Let’s look at finding the cosine ratio by using a calculator.
cosine 23◦
You can find the values for each ratio using your calculator. When dealing with large decimals values, it is
usually best to round the numbers to the nearest thousandth. It gives you a reasonably accurate value without
being too long of a number to work with.
The cosine of 23◦ is 0.92050485345244..., or about 0.921.
Now as we work with cosines, we will be using given information to find the length of the adjacent side of a right
triangle.
Remember that the adjacent side is the side next to the angle that we are working with. As you recall, the ratio of
ad jacent
.
cosine is hypotenuse
If you know the cosine value of the angle in question, and the length of the hypotenuse, you can find the measure of
the adjacent side.
Look at the algebraic situation below.
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ad jacent
hypotenuse
ad jacent
cosine6 X × hypotenuse =
× hypotenuse
hypotenuse
cosine6 X × hypotenuse = ad jacent
cosine6 X =

If you multiply the cosine of any angle X and the length of the hypotenuse, the result is the length of the
adjacent side.

Write this statement in your notebook. Be sure to include that it is for cosines.
Take a look at this situation.
What is the length of side BC in the triangle below?

Use the following equation to find the length of the side adjacent to angle B. Notice that to find the length of
the adjacent side that you will first need to find the cosine for angle B. Then you can multiply that answer
with the length of the hypotenuse. This will give you the measurement of the side next to or adjacent to the
angle.
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cosine6 B × hypotenuse = ad jacent
cosine14.5 × 5 = ad jacent
0.968 × 5 = ad jacent
4.84 = ad jacent
The length of side BC is 4.84 units.
Use a calculator to find each cosine. You may round to the nearest hundredth.

Example A

Cosine 45◦
Solution: .71

Example B

Cosine 62◦
Solution: .47

Example C

Cosine 22◦
Solution: .93
Now let’s go back to the dilemma from the beginning of the Concept.
To work through this dilemma, we can use the following equation and solve.

cosine6 A × hypotenuse = ad jacent
cosine40 × 4.5 = ad jacent
.77 × 4.5 = ad jacent
3.46 = ad jacent
The missing length of the adjacent side is 3.46 inches.

Guided Practice

Here is one for you to try on your own.
A triangle has a hypotenuse of 7.5 inches. Angle A is equal to 55 degrees. Find the length of the adjacent side.
Solution
To do this, we can use the following equation.
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cosine6 A × hypotenuse = ad jacent
cosine55 × 7.5 = ad jacent
.57 × 7.5 = ad jacent
4.27 = ad jacent
The length of the adjacent side is 4.27 inches.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61343

Khan Academy Trigonometry Word Problems
Explore More

Directions: Use a calculator to find each cosine. You may round to the nearest hundredth.
1. Cosine 33◦
2. Cosine 29◦
3. Cosine 73◦
4. Cosine 88◦
5. Cosine 50◦
6. Cosine 67◦
7. Cosine 42◦
8. Cosine 18◦
9. Cosine 9◦
Directions: Find the length of the adjacent side.
10. A triangle has a hypotenuse of 7 inches. Angle A is equal to 60 degrees. Find the length of the adjacent side.
11. A triangle has a hypotenuse of 12 inches. Angle B is equal to 45 degrees. Find the length of the adjacent side.
12. A triangle has a hypotenuse of 8 inches. Angle A is equal to 35 degrees. Find the length of the adjacent side.
13. A triangle has a hypotenuse of 12 inches. Angle A is equal to 28 degrees. Find the length of the adjacent side.
14. A triangle has a hypotenuse of 6 inches. Angle A is equal to 33 degrees. Find the length of the adjacent side.
15. A triangle has a hypotenuse of 14 inches. Angle A is equal to 72 degrees. Find the length of the adjacent side.
16. A triangle has a hypotenuse of 11 inches. Angle A is equal to 80 degrees. Find the length of the adjacent side.
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7.18 Determine and Use the Tangent Ratio
Here you’ll determine and use the tangent ratio.
Have you ever built and launched a rocket? Take a look at this dilemma.
Craig launched a model rocket and wanted to calculate how high it went. He stood 10 feet away from the launch site
and used a tool to calculate the angle between the ground and his line of sight to the rocket at its highest point. His
data is shown in the diagram below.

Calculate the greatest height the model rocket reached.
To figure this out, you will need to use a trigonometric ratio called a tangent. Pay attention and you will learn
how to successfully solve this problem.
Guidance

Let’s think about trigonometric ratios.
A trigonometric ratio for a specific angle will remain constant no matter how large or small the triangle is. The
idea is that the sides will always be in proportion to each other. So, if you know the measure of an angle (and can
therefore identify the value of a trigonometric ratio) and the value of one side, you can use trigonometry to calculate
the lengths of other sides.
The trick is to use good algebra technique, and make sure that every time you set up a ratio, you are putting the
values and variables in the correct places.
You can find trigonometric ratios by using your calculator.
You understand trigonometric ratios and have had a chance to practice reading specific values out of a table.
You can find the ratio for any trigonometric value using your calculator. Take a moment to locate the buttons
for sine, cosine, and tangent on the calculator. Keep in mind that usually, sine is abbreviated as sin , cosine is
usually abbreviated as cos , and tangent is usually abbreviated as tan.
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Press the key of the ratio you want to find, and enter the angle in question. If you hit enter, or calculate, the calculator
will show you the value of that specific ratio.
Let’s look at finding the tangent ratio by using a calculator.
tangent 82◦
You can find the values for each ratio using your calculator. When dealing with large decimals values, it is
usually best to round the numbers to the nearest thousandth. It gives you a reasonably accurate value without
being too long of a number to work with.
The tangent of 82◦ is 7.11536972238419..., or about 7.115.
Now we can use the tangent ratio to find the length of the height of a right triangle. We can see that the height in a
right triangle looks like side a. This is because of the type of triangle that a right triangle is. As you recall, the ratio
opposite
of tangent is ad
jacent . If you know the tangent value of the angle in question, and the length of the adjacent side, you
can find the measure of the opposite side.
Look at the algebraic situation below.

opposite
ad jacent
opposite
× ad jacent
tangent6 X × ad jacent =
ad jacent
tangent6 X × ad jacent = opposite
tangent6 X =

If you multiply the tangent of any angle X and the length of the adjacent side, the result is the length of the
opposite side.

Write this statement in your notebook. Be sure that it is connected to tangents.
Take a look at this situation.
What is the length of side QR in the triangle below?
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Use the following equation to find the length of the side opposite angle P. Notice that to find the measure of
the opposite side we need to first find the tangent of the angle we are working with. Then we can take that
measure and multiply it with the adjacent side.

tangent6 P × ad jacent = opposite
tangent 72 × 8 = opposite
3.078 × 8 = opposite
24.624 = opposite
The length of side QR is 24.624 units.
Use a calculator to figure out each tangent. You may round to the nearest hundredth.
Example A

tangent 32◦
Solution: .62
Example B

tangent 15◦
Solution: .27
Example C

tangent 89◦
Solution: 57.29
Now let’s go back to the dilemma from the beginning of the Concept.
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In this problem, you have a lot of information, but the only important data is the shape of the triangle, the length of
the base, and the measurement of the angle. The base is the side adjacent to where Craig is standing, and you want
to find the value of the side opposite where Craig was standing. For these purposes, the hypotenuse of the triangle is
irrelevant.
Since you have the angle, and the adjacent side, you can find a tangent to discover the height of the triangle.
opposite
ad jacent
opposite
tangent 65◦ =
10 f eet
opposite
2.145 =
10 f eet
opposite
2.145 × 10 f eet =
× 10 f eet
10 f eet
21.45 f eet = opposite
tangent =

Craig’s rocket reached it’s highest height at 21.45 feet, almost 21 and

1
2

feet high!

Guided Practice

Here is one for you to try on your own.
We have a right triangle. Angle A is 50 degrees. The side of the triangle adjacent to angle A is 4 inches. What is the
length of the opposite side?
Solution
To figure this out, we can use the tangent of the angle and multiply times the length of the adjacent side.
Take a look.

tangent6 A × ad jacent = opposite
tangent 50 × 4 = opposite
1.19 × 4 = opposite
4.76 = opposite
The length of the opposite side is 4.76 inches.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61348

Khan Academy Basic Trigonometry II
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Direction: Use a calculator to figure out each tangent. You may round to the nearest hundredth.
1. Tangent 7◦
2. Tangent 41◦
3. Tangent 65◦
4. Tangent 22◦
5. Tangent 18◦
6. Tangent 35◦
7. Tangent 50◦
8. Tangent 54◦
9. Tangent 66◦
10. Tangent 70◦
Direction: Find the length of the opposite side in each example.
11. We have a right triangle. Angle A is 45 degrees. The side of the triangle adjacent to angle A is 6 inches. What
is the length of the opposite side?
12. We have a right triangle. Angle B is 63 degrees. The side of the triangle adjacent to angle B is 7 inches. What is
the length of the opposite side?
13. We have a right triangle. Angle A is 29 degrees. The side of the triangle adjacent to angle A is 6 inches. What
is the length of the opposite side?
14. We have a right triangle. Angle B is 12 degrees. The side of the triangle adjacent to angle B is 4.5 inches. What
is the length of the opposite side?
15. We have a right triangle. Angle A is 9 degrees. The side of the triangle adjacent to angle A is 8 inches. What is
the length of the opposite side?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including evaluating radical expressions,
evaluating fractional powers, solving equations with radicals, classifying and comparing real numbers, irrational
numbers, the Pythagorean Theorem, the Converse of the Pythagorean Theorem, indirect measurement, perimeter,
area, the distance formula, special right triangles and trigonometric ratios.
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Measurement, Area and
Volume

Chapter Outline
8.1

F IND THE D IMENSIONS AND A REA OF T RIANGLES

8.2

F IND THE D IMENSIONS AND A REA OF Q UADRILATERALS

8.3
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8.4
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8.5
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8.6

S URFACE A REA OF P RISMS

8.7

S URFACE A REA OF C YLINDERS

8.8

S URFACE A REA OF P YRAMIDS

8.9

S URFACE A REA OF C ONES

8.10

VOLUME OF P RISMS

8.11

VOLUME OF C YLINDERS

8.12

VOLUME OF P YRAMIDS

8.13

VOLUME OF C ONES

8.14

S URFACE A REA OF S PHERES

8.15

VOLUME OF S PHERES

Introduction
Here you will explore measurement including area and volume. You will start by finding the dimensions and area
of triangles and quadrilaterals. Next, you will learn to find the circumference and area of circles. Then, you will
learn the characteristics of solid figures and you’ll learn how to identify them. Next, you will use this information to
figure out the surface area of different solid figures. Finally, you will learn to find the volume of solid figures.
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8.1 Find the Dimensions and Area of Triangles
Here you’ll find the dimensions and area of triangles.
Have you ever seen flowers in a median on a highway? Take a look at this dilemma.

Jessie saw this median as she rode to school. The height of each triangle in the median is 7 feet and the base is 5.
Jessie wondered about the area of each triangle. If there are seven triangles in a row, what is the total area of all
seven triangles?
To figure this out, you will need to understand area and triangles. Pay attention and you will be able to solve
this two-part problem at the end of the Concept.

Guidance

Area is the amount of two-dimensional space a figure covers.
Do you know how to find the area of triangles using formulas and problem solving? Let’s see how this works by
first understanding the formula for the area of triangles.
How do we find the area of a triangle?
Area, as we have said, is the amount of space a figure covers. To find area, we multiply the dimensions, or sides, of
the figure. In a triangle, those dimensions are its height, h, and its base, b. The area formula for triangles is
A = 21 bh
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Write this formula for area of a triangle down in your notebook. Be sure to write “Triangle Area” with it.
The base is the area at the bottom of the triangle opposite the vertex or top point.
When finding the area of triangles, remember that the height of a triangle is always perpendicular to the base.
The height is not necessarily a side of the triangle; this happens only in right triangles, because the two sides joined
by a right angle are perpendicular.

You can see in the right triangle that the left side is also the height of the triangle. It is perpendicular to the base.
The equilateral triangle has a dotted line to show you the measurement for the height of the triangle.
Find the area of the triangle below.
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We can see that the base is 11 centimeters and the height is 16 centimeters. We simply put these numbers into
the appropriate places in the formula.

1
A = bh
2
1
A = 11(16)
2
1
A = (176)
2
A = 88 cm2

Remember that we always measure area in square units because we are combining two dimensions.
The area of this triangle is 88 square centimeters.
Finding the area of a triangle is just that simple. We can also use this same formula to figure out a missing dimension
of the triangle. This is possible if we are given the area and one dimension to start with. Then we can use the
formula, substitute the values and solve for the missing dimension.
Let’s take a look.
A triangle has an area of 44 m2 . The base of the triangle is 8 m. What is its height?
In this problem, we know the area and the base of the triangle. We put these numbers into the formula and
solve for the height, h.
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1
A = bh
2
1
44 = 8h
2
1
44 ÷ = 8h
2
 
2
44
= 8h
1
88 = 8h
11 m = h
Remember, when you divide both sides by a fraction, you need to multiply by its reciprocal. To divide by 12 ,
then, we multiply by 2. Keep this in mind when you use the area formula.
By solving for h, we have found that the height of the triangle is 11 meters.
Find the area of each triangle given the base and the height.
Example A

Base = 6 inches, Height = 4 inches
Solution: 12 square inches
Example B

Base = 3.5 feet, Height = 4 feet
Solution: 7 sq. feet
Example C

Base = 8 mm, Height = 9 mm
Solution: 36 sq. mm
Now let’s go back to the dilemma from the beginning of the Concept.
To figure this out, first, we have to find the area of one triangle.
1
A = bh
2
1
A = 7(5)
2
1
A = (35)
2
A = 17.5 f t 2
Next, we take the 17.5 and multiply it by 7 because there are 7 triangles in the median.
17.5 x 7 = 122.5 square feet.
Here are the two answers to the dilemma.
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Guided Practice

Here is one for you to try on your own.

Solution
You can see that the base is 11 centimeters and the height is 16 centimeters. We simply put these numbers into the
appropriate places in the formula.

1
A = bh
2
1
A = 11(16)
2
1
A = (176)
2
A = 88 cm2
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5265

Area of a Triangle
Explore More

Directions: Find the area of each triangle described below.
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b = 10 inches, h = 5 inches
b = 7 inches, h = 5.5 inches
b = 8 f eet, height = 6 f eet
b = 9 f eet, height = 7.5 f eet
b = 12 meters, h = 9 meters
b = 15 f eet, h = 12 f eet
b = 12.5 f eet, h = 3.5 f eet
b = 15.25 f eet, h = 8.5 f eet
b = 25.75 f eet, h = 13.5 f eet

Directions: Find the missing dimension for each triangle given the area and one other dimension.
10.
11.
12.
13.
14.
15.

A = 4.5 sq.in, b = 4.5 in, h =?
A = 21 sq. f t, b = 7 f t, h =?
A = 60 sq.in, h = 10 in, b =?
A = 97.5 sq. f t, h = 13 f t, b =?
A = 187 sq. f t, b = 22 f t, h =?
A = 405 sq. f t, b = 30 f t, h =?
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8.2 Find the Dimensions and Area of Quadrilaterals
Here you’ll find the dimensions and areas of different quadrilaterals.
Have you ever been to a school Olympics? Take a look at this dilemma.

Montgomery Middle School is going to host a school wide Olympics for the first time. The students have been
studying the Greek Olympics. There has been so much enthusiasm over the content that the administration has
decided to promote this event. Each class is taking on one piece of the project. The initial preparations have already
started and a fantastic two day Olympic event will take place in six weeks.
Mrs. Hamilton’s class is going to prepare an area for students to be awarded prizes after the competition. The area
is in the shape of a trapezoid. Mr. Samuels the custodian dug out a great spot for a platform and the students will
need to use cement to fill in the area for the award area.
“How are we going to do this?” Kelly asked Mrs. Hamilton.
“Well, let’s think it through. We know that the area will be level and Mr. Samuels already helped us with that piece.
Now we need to figure out the area of the trapezoid and how much cement we will need.”
“We can start with the area,” Casey said smiling.
“Probably a good idea,” Mrs. Hamilton agreed.
If the bases of the trapezoid are 35 feet and 41 feet and the height of the trapezoid is 7.5 feet, what is the area
of the trapezoid?
If one bucket of cement covers 25 square feet, how many buckets will the students need?
This is the work that you will learn about in this Concept. Pay close attention and you will be able to solve
this dilemma very soon.
Guidance

Quadrilaterals are four-sided polygons. Rectangles, squares, parallelograms, rhombi, and trapezoids are all
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quadrilaterals.
Each of these has its own area formula. We can also find the area of any of these quadrilaterals by using what we
know about triangles, because we can divide them all into two triangles.
Take a look.

But even though we know that we can find the area of these quadrilaterals by dividing them into triangles, this is still
a bit tricky. For example, think about figuring out the height of a trapezoid? This is why it is very helpful to have
area formulas for each of the different types of quadrilaterals.
Let’s start by looking at rectangles.
To find the area of a rectangle, we multiply the length times the width.
A = lw
Now let’s apply that formula.
What is the area of a rectangle with a length of 6 inches and a width of 4 inches?
To figure this out, we substitute the values for length and width into the formula.

A = lw
A = (6)(4)
A = 24 sq.in.
This is the answer.
Notice that we write the units for measurement as square inches because we are solving for area.
What about parallelograms?
Parallelograms are very similar to rectangles. In fact, a rectangle is a type of parallelogram. However, some
parallelograms do not have four right angles. Because of this, we have to use a different formula for them. To
find the area of a parallelogram, we multiply the base times the height.
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Now we can substitute these values into the formula.

A = bh
A = (5)(4)
A = 20 sq.meters

This is the answer.
What about trapezoids?
A trapezoid is an interesting figure because it has two bases and a height. We have to consider the lengths of
both of the bases and the height of the trapezoid to figure out its area. Here is the formula that we can use for
finding the area of a trapezoid.
A = 12 (b1 + b2 )h
If we substitute the given values into this formula, then we can find the area of any trapezoid.
Take a look at this one.
Find the area of this trapezoid.
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1
A = (5 + 8)(4)
2
1
A = (13)(4)
2
1
A = (52)
2
A = 26 sq.inches
This is the answer.
In the same way that we did for triangles, we can use the area formulas of quadrilaterals to solve for unknown
dimensions. We simply fill the information we have been given into the appropriate formula and solve for the
unknown variable. Just be sure that you know which formula to use.
Find the area of each quadrilateral.
Example A

A square with a side length of 4.5 inches.
Solution: 20.25 sq. inches
Example B

A rectangle with a length of 8 feet and a width of 6.25 feet.
Solution: 50 sq. feet
Example C

A parallelogram with a base of 10 meters and a height of 7.5 meters.
Solution: 75 square meters
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Now let’s go back to the dilemma from the beginning of the Concept.
The first thing we need to do is decide which kind of polygon we are dealing with. The driveway in the picture
has two parallel sides, but one is shorter than the other. This is a trapezoid, so we know we’ll need to use the
area formula for trapezoids.
What is the problem asking us to find? We need to find the number of buckets of cement necessary to cover
the award area. In order to figure this out, though, we first need to find the area of the trapezoid so we know
how much space needs to be covered. We will use the formula to solve for the area of the trapezoid.
What information have we been given? We know that one base, the long side of the trapezoid, is 41 feet. The
shorter base is 35 feet. In this case the height of the trapezoid is the distance across the platform, and this is
7.5 feet. Let’s put this information into the formula and solve for A:

1
A = (b1 + b2 )h
2
1
A = (41 + 35)(7.5)
2
1
A = (76)(7.5)
2
A = 38(7.5)
A = 285 f t 2
The area of the platform is 285 square feet.
But we’re not done yet! Remember, we need to find a number of buckets of cement. What information have
we been given about the cement? We know that one bucket of cement covers 25 square feet.
To find the number of buckets of cement necessary to cover the whole driveway, we need to divide the area by
25.
285 ÷ 25 = 11.4
The students therefore must buy 12 buckets of cement to pave the award area.
Guided Practice

Here is one for you to try on your own.
A parallelogram has an area of 105 m2 The height of the parallelogram is 7 m. What is its base?
Solution
First of all, what kind of quadrilateral are we dealing with in this problem? It tells us that the figure is a parallelogram,
so we will need to use the formula A = bh. We know the area and the height of the parallelogram, so we can put
these numbers into the formula and solve for the base, b.

A = bh
105 = b(7)
105 ÷ 7 = b
15 m = b
By solving for b, we have found that the base of the parallelogram is 15 meters.
730

www.ck12.org

Chapter 8. Measurement, Area and Volume

Let’s check our calculation to be sure. We can check by putting the base and height into the formula and solving for
area:

A = bh
A = 15(7)
A = 105 m2
We know the area is 105 m2 , so our calculation is correct.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5310

Area of Rectangles
Explore More

Directions: Find the area of the following rectangles.
1.
2.
3.
4.

l = 10 in, w = 7.5 in
l = 12 f t, w = 9 f t
l = 14 f t, w = 11 f t
l = 21 f t, w = 19 f t

Directions: Find the area of each parallelogram.
5.
6.
7.
8.

b = 11 f t, h = 9 f t
b = 13 in, h = 11 in
b = 22 f t, h = 19 f t
b = 31 meters, h = 27 meters

Directions: Find the area of each trapezoid.
9. Bases = 5 in and 8 in, height = 4 inches
10. Bases = 6 in and 8 in, height = 5 inches
11. Bases = 10 f eet and 12 f eet, height = 9 f eet
Directions: Find the area of each square.
12.
13.
14.
15.

side length of 8 inches
side length of 15 feet
side length of 22.5 mm
side length of 18.25 cm
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8.3 Circumference of Circles
Here you’ll find the diameter, radius and circumference of circles.
Have you ever seen a discus? Take a look at this dilemma.

“I don’t know how to figure this out,” Jesse said to his friend Emory one morning.
“Figure what out?” Emory inquired.
“I have to figure out the distance around the discus ring. That is what Mrs. Henry asked me to figure out,” Jesse said.
“Well, what do you know?”
“I know that the shape of it is a circle. I also know that the diameter of the circle is 8 feet. I need the circumference
of the ring now and that is where I am stuck,” Jesse explained.
“That’s not so hard,” Emory said.
Jesse looked at his friend puzzled.
Do you know what Emory knows? In this Concept you will learn all about circles. At the end of the Concept,
you will see this problem again. Then you will need to help Jesse solve for the area of the discus ring.
Guidance

Circles are unique geometric figures. A circle is the set of points that are equidistant from a center point.
The radius of a circle is the distance from the center to any point on the circle. The diameter is the distance
across the circle through the center. The diameter is always twice as long as the radius.
We also use the special number pi when dealing with circle calculations.
Pi is a decimal that is infinitely long (3.14159265...), but in our calculations we round it to 3.14.
We use the symbol π to represent this number.
Pi is the ratio of the circumference, or distance around a circle, to the diameter.
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In other words, these two measurements are related. If we change the diameter, the circumference changes proportionally. For example, if we double the length of the diameter, the circumference doubles also.
Let’s review working with the radius and diameter while finding the circumference.
As the diameter of the circle grows, the circumference of the circle grows at the same rate.
In other words, however the diameter of the circle changes, the circumference of the circle must change exactly the
same way. This is a proportional relationship.
We express this proportional relationship as a ratio.
A ratio simply means that two numbers are related to each other.
Circles are special in geometry because this ratio of the circumference and the diameter always stays the same.
We can see this when we divide the circumference of a circle by its diameter. No matter how big or small the circle
is, we will always get the same number.
Let’s try it out on the circles below.

Circum f erence 6.28
=
= 3.14
Diameter
2
Circum f erence 12.56
=
= 3.14
Diameter
4
Even though we have two different circles, the result is the same. Therefore the circumference and the
diameter always exist in equal proportion, or a ratio, with each other. Whenever we divide the circumference
by the diameter, we will always get 3.14, pi .
Using the equations above, we can write a general formula that shows the relationship between pi, circumference,
and diameter. When we rearrange it, we get the formula for the circumference of a circle.
π = Cd so C = πd
If we divide the circumference by the diameter to find pi, then we can use the formula circumference equals pi times
the diameter to find the circumference of any circle.
Take a look at this one.
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What is the circumference of a circle that has a diameter of 3 inches?
To find the circumference, we can substitute these values into the formula.

C = π(3)
C = 3.14(3)
C = 9.42 inches
What about if we were given the measurement for the radius instead of the diameter?
Well, we know that the radius is one –half of the diameter, so we can use the following formula or you can figure
out the measurement for the diameter by using mental math.
C = 2πr
You can see that we can use either the measurement for the radius or for the diameter to find the measurement
for the circumference.

Write both of these formulas down in your notebook.
Find the circumference of each circle given the diameter or radius.
Example A

Diameter = 6 inches
Solution: 18.84 inches
Example B

Radius = 4.5 feet
Solution: 28.26 feet
Example C

Diameter = 3.5 meters
Solution: 10.99 or 11 meters
Now let’s go back to the dilemma from the beginning of the Concept.
The diameter of the discus ring is 8 feet. We can use the following formula to figure out the circumference of the
ring.
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C = π(8)
C = 3.14(8)
C = 25.12 f eet
This is our answer.
Guided Practice

Here is one for you to try on your own.
What is the circumference of a circle if the radius is 2.5 feet?
Solution
First, we can find the diameter using this measurement. If the radius is 2.5 feet, then the diameter is 5 feet. Let’s
find the circumference using this measurement.

C = 3.14(5)
C = 15.7 f eet
We could also have used the radius alone to find the circumference. We just use a different formula.

C = 2(3.14)(2.5)
C = 15.7 f eet
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54802

Khan Academy Circumference
Explore More

Directions: Find the circumference of each circle given the radius or diameter.
1.
2.
3.
4.

d = 10 in
d = 5 in
d = 7 ft
d = 12 mm
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5.
6.
7.
8.
9.
10.

d = 14 cm
r = 4 in
r = 6 meters
r = 8 f t.
r = 11 in
r = 15 cm

Directions: Find the diameter given each circumference.
11.
12.
13.
14.
15.
16.
17.
18.
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53.38 inches
43.96 f eet
56.52 inches
65.94 meters
48.67 meters
37.68 f eet
78.5 meters
100.48 cm
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8.4 Area of Circles
Here you’ll calculate the area of circles and the area of sectors of circles.
Have you ever thrown a discus? Take a look at this dilemma.

“I don’t know how to figure this out,” Jesse said to his friend Emory one morning.
“Figure what out?” Emory inquired.
“I have to figure out the area of the discus ring. That is what Mrs. Henry asked me to figure out,” Jesse said.
“Well, what do you know?”
“I know that the shape of it is a circle. I also know that the diameter of the circle is 8 feet. I need the area of the ring
now and that is where I am stuck,” Jesse explained.
“That’s not so hard,” Emory said.
Jesse looked at his friend puzzled.
Here you will learn all about area and circles. At the end of the Concept, you will know how to find the area
of the discus ring.

Guidance

Circles are unique geometric figures. A circle is the set of points that are equidistant from a center point.
The radius of a circle is the distance from the center to any point on the circle. The diameter is the distance
across the circle through the center. The diameter is always twice as long as the radius.
We also use the special number pi when dealing with circle calculations. Pi is a decimal that is infinitely long
(3.14159265...), but in our calculations we round it to 3.14. We use the symbol π to represent this number.
Area is the amount of two-dimensional space a figure takes up. In other words, area is the space contained
within a circle’s circumference.
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In rectangles, we know that area is a measure of the length times the width (the two dimensions). Circles are curved,
so how can we measure its length and width?
Well, we can cut up a circle into smaller portions, called sectors.
A sector is a part of a circle with radii for two sides and part of the curved circumference as another. Sectors
look like pie slices.
We can arrange the sectors of a circle to approximate a rectangle. Take a look at this picture.

To find the area of the rectangle, we multiply the two dimensions, length and width. This gives us the formula
A = lw. We can do the same for the sectors that have been arranged to form a rectangle. This gives us A = πr × r, or
πr2 . Therefore the formula for finding the area of circles is here.
A = πr2
We already know that the symbol π represents the number 3.14, so all we need to know to find the area of a circle is
its radius. We simply put this number into the formula in place of r and solve for the area, A.
We can use this formula whether we have been given the radius or the diameter of the circle.
Take a look.
What is the area of the circle below?
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We know that the radius of the circle is 12 centimeters. We put this number into the formula and solve for A.

A = πr2
A = π(122 )
A = 144π
A = 452.16 cm2
Remember that squaring a number is the same as multiplying it by itself. The area of a circle with a radius of 12
centimeters is 452.16 square centimeters when we approximate pi as 3.14. We always show area in square units.
Nice work! We can also use the formula to find the radius or diameter if we know the area. Let’s see how this works.
The area of a circle is 113.04 square inches. What is its radius?
This time we know the area and we need to find the radius. We can put the value for area into the formula and use it
to solve for the radius, r.

A = πr2
113.04 = πr2
113.04 ÷ π = r2
36 = r2
√
36 = r
6 in. = r
To solve this problem, we need to isolate the variable r. First we divide both sides by π, or 3.14. Then, to
remove the exponent, we take the square root of both sides. A square root is a number that, when multiplied
by itself, gives the number shown. We know that 6 is the square root of 36 because 6 × 6 = 36.
The radius of a circle with an area of 113.04 square inches is 6 inches.
Using what we have learned, can we find the area of a sector?
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Sometimes we may be asked to find the area of a sector, or portion, of a circle, such as a quarter or half of the circle.
As long as we know the radius, we can find the area of the whole circle. Then we can divide that area into smaller
pieces or subtract a portion to find the area of part of the circle. Let’s try this out.
What is the area of the figure below?

This figure is a quarter of a circle, formed by a 90◦ angle. Remember, circles contain 360◦ . One-quarter of
360◦ is 90◦ . We know that the radius of the whole circle is 8.5 inches because the two sides of the sector are
radii of the circle. Let’s use this value to solve for the area of the whole circle first.
A = πr2
A = π(8.52 )
A = 72.25π
A = 226.87 in.2
We know that the area of a whole circle with a radius of 8.5 inches is 226.87 square inches.
Therefore the quarter circle formed by the 90◦ angle must have 14 of this area. We can divide the area by 4 to
find the area of the sector: 226.87 ÷ 4 = 56.72 square inches. As long as we can find the area of a whole circle,
we can divide or subtract to find the area of a sector of a circle.

Write down how you can find the area of a circle and the area of a sector in your notebook.
Find the area of each circle by using the given dimension.
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Example A

Diameter = 8 inches
Solution: 50.24 sq.in.

Example B

Radius = 3 feet
Solution: 28.26 sq. f t.

Example C

Radius = 2.5 inches
Solution: 19.63 sq.in.
Now let’s go back to the dilemma from the beginning of the Concept.
To solve this problem, let’s begin by looking at the known information. We know that the circle is the shape
of the discus ring. We also know the diameter of the ring is 8 feet. This information is all that we need.
Let’s look at the formula for finding the area of a circle.
A = πr2
We know that the diameter of the circle is 8 feet. The radius is unknown. Radius is
radius of the discus ring is 4 feet.

1
2

of the diameter so the

Now we can substitute the given information into the formula and solve.

A = πr2
A = (3.14)(42 )
A = (3.14)(16)
A = 50.24 sq. f eet
This is the area of the discus ring.

Guided Practice

Here is one for you to try on your own.
What is the area of a circle with a diameter of 45 centimeters?
Solution
Read the problem carefully! We need to find the area, but what information is given in the problem? This time we
know the diameter, not the radius. How can we find the radius so that we can use the area formula?
We know that the diameter of a circle is always twice the length of the radius.
If the diameter is 45 centimeters, then the radius must be 45 ÷ 2 = 22.5 centimeters.
Now we can put this number into the formula.
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A = πr2
A = π(22.52 )
A = 506.25π
A = 1, 589.63 cm2
The area of a circle with a diameter of 45 centimeters (and a radius of 22.5 centimeters) is 1,589.63 square
centimeters when we approximate pi as 3.14.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/61342

Khan Academy Area of a Circle
Explore More

Directions: Find the area of each circle given the radius.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

r = 4 in
r = 3 ft
r = 2.5 in
r = 5 cm
r = 3.5 in
r = 9 mm
r = 11 cm
r = 10 in
r = 7 ft
r = 8 in

Directions: Find the area of each sector given the radius and the angle measure. You may round to the nearest
hundredth as needed.
11.
12.
13.
14.
15.
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45◦ angle with a radius of 3 in.
55◦ angle with a radius of 4 mm
60◦ angle with a radius of 5 cm
43◦ angle with a radius of 6 in
70◦ angle with a radius of 2 in.
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8.5 Classifying Solid Figures
Here you’ll learn how to classify solid figures by identifying faces, edges and vertices.
Have you ever received a medal or trophy? Take a look at this dilemma.

“Rather than medals, I think it would be really cool if we used a pyramid as an award,” Jose said at lunch on Monday.
“I don’t. A medal is what is traditional and I think we should stick with medals,” Travis disagreed.
“Well, medals are so flat. I like the idea of being different. Besides, this is our first Olympics we could make our
award interesting and unique,” Marcy added in.
“What about a prism instead? Something cool like a pentagonal prism. I’ll draw my idea out and then we can take a
look at it,” Jose said taking out a piece of paper and pencil.
“What is that?” Marcy asked leaning over his shoulder.
“A pentagonal prism,” Jose said.
“Nope, you have the faces and edges all wrong.”
How many faces and edges are there in a pentagonal prism? When working with solid figures, there are
patterns that can help you to figure out this information. At the end of this Concept, you will need to figure
out the parts of a pentagonal prism.

Guidance

Solid figures are shapes that exist in three-dimensional space.
Unlike plane figures, which have only length and width, solid figures have length, width, and height.
Let’s take a look at identifying solid figures.
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Here are three different prisms. Each figure has two common congruent bases and these bases are hexagons,
pentagons and triangles. The sides of each figure are made up of rectangles. We name these figures according
to the base: a hexagonal prism, a pentagonal prism and a triangular prism. Notice that the key with prisms is that the
sides are rectangles.
Another type of solid figure is called a pyramid.
A pyramid has a base and triangular sides that meet at a single vertex.
We identify a pyramid according to its base.
Here are some pyramids.

There are other solid figures too that have circles in them. Here is a cylinder, a cone, and a sphere.
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Solid figures have faces, edges and vertices. We can use the number of faces, edges and vertices to identify the solid
figures.
What is a face?
A face is the flat side of a solid figure. Faces are in the form of plane shapes, such as triangles, rectangles, and
pentagons.
What is an edge?
An edge is the place where two faces meet. Edges are straight; they cannot be curved.
What is a vertex?
Vertices or a vertex is the point where edges meet. We often think of them as the points of a figure.
We can identify the three parts of a solid by looking at the following diagram.

Once you know how to identify the faces, edges and vertices of a solid, you can count them too.
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How many faces, edges, and vertices does the figure below have?

Let’s count the faces first.
Remember, each face is a flat plane shape. In this figure, the bases, or top and bottom, are hexagons and the sides
are all rectangles. There are six faces around the sides and two bases. This figure has eight faces in all.
Next let’s count the edges where each face meets another.
There are six around the top hexagon where it meets each side, and six more around the bottom hexagon where it
meets each side. And there are six more where each side meets another. This figure has 18 edges.
Now let’s find the vertices.
Remember, a vertex is like a corner. This figure has six corners, or vertices, on the top and six on the bottom. It has
twelve vertices in all.
We can count faces, edges and vertices of all the solids.
This information can also help us to classify them. If you think about prisms and pyramids, you can think about the
number of edges, faces and vertices. However, if you think about a sphere, a cone and a cylinder, you will notice
that faces, edges and vertices don’t apply to all of theses.
Let’s look at a chart to help us classify solid figures according to their faces, edges and vertices.

TABLE 8.1:
Figure Name
sphere
cone
cylinder
triangular pyramid
square pyramid
prism
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Number of Faces
0
1
2
4
5
at least 5

Number of Edges
0
0
0
6
8
at least 9

Number of Vertices
0
0
0
4
5
at least 6
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Copy this chart down in your notebook.
If you know how to identify a figure, then you can draw it too. Take a look.
Draw a triangular prism.
We know that a triangular prism has two bases shaped like triangles. To draw the triangular prism, let’s
begin by drawing its base.

Next, let’s draw the side that is facing toward the front. We know that a prism has rectangular sides that are
all the same height. We also know that the bottom edge of the rectangular side connects to one edge of the
base, so we can draw the rectangular face attached to the base.
Now we have shown the width and height of the prism. Let’s draw the top face next. The top face is exactly
the same size and shape as the base, only it is connected to a top edge of the rectangular side. Imagine you
could slide the base triangle up and put it on top of the rectangle.
We now have shown the front and top views of the prism. All we need to do is connect any other vertices in
the top face with the corresponding vertices in the base. In this case, we only need to draw one more edge
connecting the top and bottom triangles
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It becomes easy to figure out how to draw this figure once you understand that the bases are triangles and as
with any prism, the sides are rectangles. Connecting them together forms the solid figure.
Name each solid figure.

Example A

Solution: Rectangular Prism

Example B

Solution: Hexagonal Prism
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Example C

Solution: Cone
Now let’s go back to the dilemma from the beginning of the Concept.
To figure out the faces, edges and vertices of a pentagonal prism, we can look at patterns. First, we know that
n + 2 gives us the pattern for the number of faces in a prism. In this pattern, n represents the number of sides
in the base. The pentagon has five sides, so we know that n is 5.

Faces = n + 2
Faces = 7 f aces
Now we can draw a picture of a pentagonal prism.

From the drawing, you can count the edges. There are 15 edges in the pentagonal prism.
There are 10 vertices in the pentagonal prism.
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Guided Practice

Here is one for you to try on your own.
Sketch a cylinder.
Solution
Again, let’s think about the bases first. Cylinders have two circular bases. Therefore we’ll need to draw a circular
base and a circular top face. Let’s draw the base first.

Next, we add the front view, as we did when we drew the rectangular side of the prism above. Cylinders, however,
do not have a side face. They are curved. Imagine holding up a cylinder and looking at it from the side. What would
it look like? From the side, the cylinder would appear to have a rectangular face. This is a bit of an illusion, but we
should sketch the cylinder as we would see it. Even though the side meets the base around the curve of the circle, we
can draw a rectangle. But let’s show the top and bottom of the rectangular side with dashed lines so that we know
there isn’t really a straight edge there.
Now we can add the top face. Remember, in a cylinder, the top and bottom face are exactly the same. Imagine you
could slide the base up to the top of the rectangle and draw it again. This gives us the top face. There aren’t any
vertices to connect between the top and bottom faces since they are round, so we’re done. We have drawn a cylinder
that looks like this.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65520

Explore More

Directions: Answer the following questions about each solid figure.

1. What is the name of this figure?
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2. How many faces does it have?
3. How many vertices does it have?
4. How many edges does it have?

5.
6.
7.
8.

What is the name of this figure?
How many faces does it have?
How many edges does it have?
How many vertices does it have?

9. What is the name of this figure?
10. How many faces, edges and vertices does it have?
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11.
12.
13.
14.
15.
16.
17.
18.
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What is the name of this figure?
How many faces does it have?
How many edges does it have?
How many vertices does it have?
A figure has one circular face, no edges, and no vertices. What kind of figure is it?
A figure has one pair of parallel sides that are circular. What kind of figure is it?
Sketch a cone.
Sketch a pentagonal prism.
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8.6 Surface Area of Prisms
Here you’ll find the surface area of prisms.
Have you ever honored someone with a gift? Take a look at this dilemma.
Mr. Samuels, the custodian, has been working overtime getting ready for the Olympics at Montgomery Middle
School. To help the students, he has been creating long jump fields, bringing in tons of sand and offering to help out
after school and on weekends.
“I think that we should do something nice for Mr. Samuels,” Crystal said at lunch.
“I agree. But what?” Kenneth responded.
“How about giving him one of our prism awards? I could wrap it up and we could present it to him at the Olympics,”
Crystal suggested.
Kenneth, Marcy and Dylan all agreed. So that week, Crystal found a box for the prism award and began to wrap it.
Because of the size of the award, she needed a good sized box.

How much wrapping paper will she need?
Surface area is the topic for this Concept, and Crystal’s wrapping paper dilemma is all about surface area.
By the end of this Concept, you will know how much wrapping paper she will need to cover this box.
Guidance

A three–dimensional or solid figure has length, width and depth.
This Concept focuses on prisms and surface area.
What is a prism?
A prism is a three–dimensional figure with two parallel congruent polygons as bases. The side faces of a prism are
rectangular in shape.
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One of the things that we can measure when working with three–dimensional figures is called surface area .
Surface area is the total of the areas of each face of a solid figure. Imagine you could wrap one of the figures
above in wrapping paper, like a present.
The amount of wrapping paper needed to cover the figure represents its surface area. To find the surface area, we
must be able to calculate the area of each face and then add these areas together.
There are several different ways to calculate surface area.
One way is to use a net.
A net is a two-dimensional diagram of a three-dimensional figure. Imagine you could unfold a box so that it is
completely flat. You would have something that looks like this.

If we folded this up, you could see that it would form a cube. A cube is made up of faces that are squares. If we
wanted to figure out the surface area or measurement of the outer covering of this cube, then we could find the area
of each surface of the cube and then add the products together.
We could also look at a net of a rectangular prism.
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A rectangular prism is made up of rectangles. To find the surface area of a prism, we would need to calculate the
area of each of the faces and then add them together.
Let’s begin by calculating the surface area of a rectangular prism.

Now that we have all the information we need, we can calculate the area of each face and then add their areas
together.

bottom face

top face

long side

long side

short side

short side

A = lw

A = lw

A = lh

A = lh

A = wh

A = wh

12 × 7 +

12 × 7 +

12 × 3

+

12 × 3 +

7×3

+

7×3

36

+

36

21

+

21

84

+

84

+

+

= 282 in.2

We found the area of each rectangular face and then added all of these areas together. The total surface area
of the rectangular prism is 282 square inches. Using a net helped us to locate all of the faces and find the
measurements of each side.
Nets let us see each face so that we can calculate their area and then add them together. However, we can also use
a formula to represent the faces as we find their area. The formula gives us a nice short cut that we can use for any
kind of prism, no matter what shape its base is. Take a look at the formula below.
SA = Ph + 2B
Let’s look at the first part of the formula. P represents the perimeter of the base, and h represents the height
of the prism. By multiplying the perimeter and height, we are finding the area of all of the side faces at once.
This will be very useful if the prism that we are working with isn’t just a cube or a rectangular prism.
The second part of the formula represents the area of the top and bottom faces. B represents the area of one
base, which we find using whichever area formula is appropriate for the shape of the base. Then we multiply
it by 2 to show the area of the top and bottom faces at once. Let’s give it a try to see how this works.
Find the surface area of this figure using a formula.
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We have all the measurements we need. Let’s find the perimeter of the base first. It is a rectangle, so we add
the lengths and widths: 21 + 21 + 14 + 14 = 70. We can put this number in for P in the formula. The height,
we can see, is 5 centimeters.
Now let’s solve for B, the area of the base. The base of this prism is a rectangle, so we use the formula A = lw
to find its area.

B = lw
B = 21 × 14
B = 294 cm2
Now we have all of the information we need to fill in the formula. Let’s put it in and solve for SA, surface area.

SA = Ph + 2B
SA = 70(5) + 2(294)
SA = 350 + 588
SA = 938 cm2
This rectangular prism has a surface area of 938 square centimeters.
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Write this formula for finding the surface area of a prism down in your notebook.
Answer each question.
Example A

True or false. The surface area includes the inside of a prism.
Solution: False. The surface area is the measurement of the outer covering of a prism.
Example B

True or false. A net shows all three dimensions of a prism.
Solution: True.
Example C

True or false. You know a figure is a prism because the faces are rectangles.
Solution: True
Now let’s go back to the dilemma from the beginning of the Concept.
First of all, what kind of solid figure is this? All of the faces are rectangles, including the base, so it is a
rectangular prism. The picture clearly shows us what its length, width, and height are, so let’s use the formula
for finding the surface area of prisms.
What is the perimeter of the base?
12 + 12 + 9 + 9 = 42 inches.
We’ll put this in for P.
We also need to find the area of the base, B. This base is a rectangle, so we use the formula B = lw.

B = lw
B = 12(9)
B = 108 in.2
Now we have all of the measurements to put in for the appropriate variables in the formula.

SA = Ph + 2B
SA = 42(6) + 2(108)
SA = 252 + 216
SA = 468 in.2
Crystal will need 468 square inches of wrapping paper in order to cover the present.
Guided Practice

Here is one for you to try on your own.
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What is the surface area of the figure below?

Solution
Let’s look at the base first to find its perimeter. The triangle has two sides of 5 inches and one that is 8 inches:
5 + 5 + 8 = 18 inches. This will be P in the formula. The height of the prism is 15 inches. Be careful not to confuse
the height of the prism with the height of the triangular base!
To find B, we need to use the area formula for triangles: A = 21 bh. The base of the triangle is 8 inches, and the height
is 3 inches.

1
A = bh
2
1
A = (8)(3)
2
A = 4(3)
A = 12 in.2
The area of the triangular base is 12 square inches, so we put this in for B in the formula. Let’s put all of the values
in and solve.

SA = Ph + 2B
SA = 18(15) + 2(12)
SA = 270 + 24
SA = 294 in.2
The surface area of this triangular prism is 294 square inches.
Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54801

Surface Area of a Box

Explore More

Directions: Look at each figure and then answer the following questions about each.

1.
2.
3.
4.
5.
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What is the name of the figure pictured above?
What is the surface area of this figure?
What is the shape of it’s base?
What is the height of this figure?
What is the area of this figure’s base?
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6.
7.
8.
9.
10.

What is the name of this figure?
What is the surface area of this figure?
What is the shape of it’s base?
What is the height of this figure?
What is the area of this figure’s base?

11.
12.
13.
14.
15.

What is the name of this figure?
What is the shape of the base
How many bases does this figure have?
How many side faces are there?
What is the surface area of this figure?
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8.7 Surface Area of Cylinders
Here you’ll find the surface area of cylinders.
Have you ever tried to wrap a cylinder? Take a look at this dilemma.
Mrs. Johnson is wrapping a cylindrical package in brown paper so that she can mail it to her son. The package
is 22 centimeters tall and 11 centimeters across. How much paper will she need to cover the package?

You will learn how to solve problems like this one in this Concept.

Guidance

A three–dimensional or solid figure has length, width and depth. It is not simply a flat two–dimensional plane
figure.
What is a cylinder?
A cylinder has two parallel congruent circular bases with a curved rectangle as its side.
One of the things that we can measure when working with three–dimensional figures is called surface area .
Surface area is the total of the areas of each face of a solid figure. Imagine you could wrap one of the figures
above in wrapping paper, like a present.
The amount of wrapping paper needed to cover the figure represents its surface area. To find the surface area, we
must be able to calculate the area of each face and then add these areas together.
There are several different ways to calculate surface area.
One way is to use a net.
A net is a two-dimensional diagram of a three-dimensional figure. Imagine you could unfold a box so that it is
completely flat. You would have something that looks like this.
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We can look at the net of a cylinder too.

With the net of a cylinder, we would need to calculate the area of each circle and the area of the curved side of the
cylinder. Then we could add these values together to find the surface area.
How can we find the surface area of a cylinder?
To find the surface area, we need to calculate the area for each circle in the net. We use the formula A = πr2 to find
the area of a circle. If we know the radius or diameter of each circle, we can calculate its area. Look closely again
at the cylinder above. The two circular faces are congruent, so they must have the same radius and diameter. Let’s
calculate the area for each face.
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bottom face
A = πr

top face

2

A = πr2

A = π(42 )

A = π(42 )

A = 16π

A = 16π
2

A = 50.24 cm2

A = 50.24 cm

The area of each circular face is 50.24 square centimeters when we use 3.14 to approximate pi.
Now we need to find the area of the side. The net shows us that, when we “unroll” the cylinder, the side is actually
a rectangle. Recall that the formula we use to find the area of a rectangle is A = lw. For cylinders, the width of the
rectangle is the same as the height of the cylinder. In this case, the height of the cylinder is 8 centimeters.
What about the length? The length is actually the same as the perimeter of the circle, which we call its circumference.
When we “roll” up the side, it fits exactly once around the circle. To find the area of the cylinder’s side, then, we
multiply the circumference of the circle by the height of the cylinder. We find the circumference of a circle with the
formula C = 2πr, and then we multiply it by the height. Let’s try it.

C = 2πr
C = 2π4
C = 8π
C = 25.12 × 8 = 200.96 cm2
Now we know the area of both circular faces and the side. Let’s add them together to find the surface area of
the cylinder.

bottom face
2

50.24 cm
764

top face
+

side
2

50.24 cm

+

surface area
2

200.96 cm

=

301.44 cm2
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The total surface area of the cylinder is 301.44 square centimeters. Using a net helped us to locate the faces
and the find the measurements of the side.
Did you know that you can use a formula to find the surface area of a cylinder?
We use the formula, Ph + 2B, to find the surface area of cylinders, too. As we know, the top and bottom faces of a
cylinder are circles. The perimeter of a circle is its radius. We find circumference by using the formula 2πr. Then
we multiply it by the height of the cylinder.
To find the area of the base, B, we use the area formula for circles: πr2 . We still multiply it by 2 because there is a
circular top face and bottom face. This gives us the formula

SA = 2πr2 + 2πrh
(2B)

(Ph)

This formula may look long and intimidating, but all we need to do is put in the values for the radius of the
circular faces and the height of the cylinder and solve.

Write this formula and the sentence on how to use it down in your notebooks.
Now let’s apply this information.
What is the surface area of the figure below? Use 3.14 to approximate pi.
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We have all of the measurements we need. Let’s put them into the formula and solve for surface area, SA.
SA = 2πr2 + 2πrh
SA = 2π(3.52 ) + 2π(3.5)(28)
SA = 2π(12.25) + 2π(98)
SA = 24.5π + 196π
SA = 220.5π
SA = 692.37 cm2
This cylinder has a surface area of 692.37 square centimeters.
That wasn’t so bad! We just have to be careful to put each measurement in the right place in the formula and take it
one step at a time.
Sometimes, we can have a cylinder that has been cut. We call it a truncated cylinder . This is where you only
see a section of the cylinder and will need to figure out the surface area of what you see.

Now let’s say that one –half of the cylinder is pictured. We know that the radius of the circle will not change,
so we can use that given measurement. The height of the cylinder will change because it has been cut in half.
Therefore, we can figure out the surface area by using the given measurements and the same formula. We
don’t have to do anything different because we are looking for the measurement of what is shown, the surface
area of half of the cylinder.
SA = 2πr2 + 2πrh
SA = 2π(22 ) + 2π(2)(4)
SA = 2π(4) + 2π(8)
SA = 8π + 16π
SA = 75.36 cm2
We could also find the surface area of the whole cylinder by changing the height from 4 cm to 8 cm. Then we
could use the same measurement for radius and calculate the surface area of the cylinder.
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Find the surface area of each cylinder.

Example A

A cylinder with a radius of 6 inches and a height of 5 inches.
Solution: 414.48 square inches

Example B

A cylinder with a radius of 4 cm and a height of 12 cm.
Solution: 401.92 square cm

Example C

A cylinder with a diameter of 10 meters and a height of 15 meters.
Solution: 1099 square meters
Now let’s go back to the dilemma from the beginning of the Concept.

The picture clearly shows us the height and diameter of the cylinder, so let’s use the formula for finding the
surface area. But be careful—we have been given the diameter, not the radius. We need to divide it by 2 to
find the radius: 11 ÷ 2 = 5.5. Now we have the radius and height, so we can put these in for the appropriate
variables in the formula.
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SA = 2πr2 + 2πrh
SA = 2π(5.52 ) + 2π(5.5)(22)
SA = 2π(30.25) + 2π(121)
SA = 60.5π + 242π
SA = 302.5π
SA = 949.85 cm2
Mrs. Johnson will need 949.85 square centimeters of brown paper in order to wrap the entire package.
Guided Practice

Here is one for you to try on your own.
What is the surface area of the figure below?

Solution
Look carefully at the cylinder. This time we have been given the diameter, not the radius. Remember, the diameter
of a circle is always twice the length of the radius. We can divide the diameter’s length by 2 to find the radius:
13 ÷ 2 = 6.5. Now we have the radius and the height, so let’s put the numbers into the formula and solve.

SA = 2πr2 + 2πrh
SA = 2π(6.52 ) + 2π(6.5)(11)
SA = 2π(42.25) + 2π(71.5)
SA = 84.6π + 143π
SA = 227.6π
SA = 714.66 f t 2
This cylinder has a surface area of 714.66 square feet when we approximate pi as 3.14.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5270

Khan Academy and Surface Area

Explore More

1.
2.
3.
4.
5.

What is the name of this figure?
What is the shape of the base of this figure?
How many bases are there?
What is the surface area of this figure?
Which measurement is needed the radius or the diameter?
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6. What is the name of this figure?
7. Which measurement is given the radius or the diameter?
8. What is the surface area of the figure?
Directions: Use what you have learned to answer each question.
9.
10.
11.
12.
13.
14.
15.

770

A cylindrical water tank is 35 long and 10 feet across. How much sheet metal is the tank made of?
Did you use area or surface area to solve this problem?
True or false. You can only find the surface area if you know the volume.
True or false. Surface area and volume measure the same thing.
True or false. Surface area measures the outside of a cylinder.
True or false. You need the radius to find the surface area of a cylinder.
True or false. The radius is one-half of the diameter.
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8.8 Surface Area of Pyramids
Here you’ll find the surface area of pyramids.
Have you ever tried to calculate the surface area of a pyramid? Take a look at this dilemma.
Find the surface area of the figure below.

You will learn how to solve this dilemma in this Concept.

Guidance

A pyramid has sides that are triangular faces and a base. The base can be any shape.
Surface area is the total of the areas of each face in a solid figure.
Imagine you could wrap a pyramid in wrapping paper, like a present. The amount of wrapping paper needed to cover
the figure represents its surface area. To find the surface area, we must be able to calculate the area of each face and
then add these areas together.
We will look at different ways to calculate surface area.
One way is to use a net .
A net is a two-dimensional diagram of a three-dimensional figure.
Imagine you could unfold a pyramid so that it is completely flat.
Here is what the net of a pyramid would look like.
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This net is of a square pyramid. You can imagine folding up the sides to create a pyramid. With a net, we can see
each face of the pyramid more clearly.
To find the surface area, we need to calculate the area for each face in the net: the sides and the base. The
side faces of a pyramid are always triangles, so we use the area formula for triangles to calculate their area:
A = 21 bh. For triangles, we will need the height or slant height in the case of a pyramid.
The area of the base depends on what shape it is. Remember, pyramids can have bases in the shape of a
triangle, square, rectangle, or any other polygon. We use whichever area formula is appropriate for the
shape.
Here are some common area formulas:
Rectangle: A = lw
Square: A = s2
Triangle: A = 21 bh
In the pyramid of the net above, we can see that it is a square pyramid. Imagine that it has a slant height of 4 cm and
a side length of 6 cm. We can use these measurements to find the area of each face of the pyramid.
The base has a side length of 6 cm, so we use the formula for finding the area of a base.

A = s2
A = 62
A = 36 sq.cm

The area of the base of the pyramid is 36 sq. cm.
Next, we need to find the area of each triangular side. To find the area of one side, we use the formula for
finding the area of a triangle.
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1
A = bh
2
1
A = (6)(4)
2
A = 12 sq.cm

This is the area of one triangle. We have four total, so we can multiply this value by 4.
12 × 4 = 48 sq.cm
Next, we add up all of the areas.
48 + 36 = 84 sq.cm
The surface area of this square pyramid is 84 sq. cm.
Nets let us see each face of a pyramid so that we can calculate its area. However, we can also use a formula to
represent the faces as we find their area. The formula is like a short cut, because we can put the measurements in
for the appropriate variable in the formula and solve for SA, surface area. Let’s start with pyramids.
Here is the formula for finding the surface area of a pyramid.

SA =

1
perimeter × slant height + B
2

Now let’s look at how we can understand this formula.
The first part of the formula, 21 perimeter × slant height, is a quick way of finding the area of all of the triangular
sides of the pyramid at once. Remember, the area formula for a triangle is A = 21 bh. In the formula, b stands for
base. The perimeter of the pyramid’s bottom face represents all of the bases of the triangular faces at once, because
it’s their sum. The height of each triangle is always the same, so we can just call this the slant height of the pyramid.
Therefore “ 21 perimeter × slant height” is really the same as 12 bh.
The B in the formula represents the base’s area. Remember, pyramids can have bases of different shapes, so
the area formula we use to find B varies. We will find the base’s area first and then put it into the formula in
place of B.
Sometimes, you will have to find a linear measurement. This means that you will be given the surface area and
one other dimension. Then you will need to work backwards to figure out the measurement for the missing
dimension. This may seem challenging, but if you think of it as a puzzle, then you will be right on track.
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The base of a square pyramid has sides of 4 cm each and a surface area of 96 cm2 . What is the slant height of
the pyramid?
This time we know the surface area, but we need to find the slant height. Let’s find the perimeter and B first so
that we can put these into the formula. The base is a square with sides of 4 centimeters, so the perimeter must be
4 × 4 = 16 cm. Now we use the square area formula to find B.

B = s2
B = 42
B = 16 cm2

B is 16 square centimeters. Let’s put these values in for the appropriate variables in the formula and solve for
s, the slant height.

1
perimeter × slant height + B
2
1
96 = (16)s + 16
6
96 = 8s + 16

SA =

96 − 16 = 8s
80 = 8s
80 ÷ 8 = s
10 cm = s

A square pyramid with a base of 4 centimeters on each side and a surface area of 96 square centimeters must
have a slant height of 10 centimeters.
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Write these formulas for finding the surface area of a pyramid in your notebook. Be sure to note that you will
need to find the area of the base (B) before putting values into the formula for surface area.
Find the surface area of each pyramid.
Example A

A square pyramid with side of 8 in, slant height of 9 in
Solution: 208 in2
Example B

A rectangular pyramid with a length of 6 in, a width of 4 in and a slant height of 3 in
Solution: 54 in2
Example C

A square pyramid with side of 6 cm, slant height of 5 cm
Solution: 96 cm2
Now let’s go back to the dilemma from the beginning of the Concept.
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First of all, what kind of pyramid is this? It is a triangular pyramid because its base is a triangle. That means
we need to use the area formula for triangles to find B. The base’s sides are all the same length, so we can
calculate the perimeter by multiplying 16 × 3 = 48. Now let’s find B

1
B = bh
2
1
B = (16)(13.86)
2
B = 8(13.86)
B = 110.88 cm2
Now we’re ready to put all of the information into the formula. Let’s see what happens.

1
perimeter × slant height + B
2

1
SA = (48) × 13.86 + 110.88
2
SA = (24 × 13.86) + 110.88
SA =

SA = 332.64 + 110.88
SA = 443.52 cm2
The surface area of this triangular pyramid is 443.52 square centimeters.
Guided Practice

Here is one for you to try on your own.
What is the surface area of the pyramid below?

Solution
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This is a square pyramid. The four sides of the base are all 8 inches, so the perimeter of the base is 8 × 4 = 32 inches.
We also know we will need to use the area formula for squares to find B, the base’s area.

B = s2
B = s2
B = 82
B = 64 in2 .

Now that we have the area of the base, we have all the information that we need. We can put it into the formula and
solve for SA, surface area.

1
perimeter × slant height + B
2

1
SA = (32) × 13.6 + 64
2
SA = (16 × 13.6) + 64
SA =

SA = 217.6 + 64
SA = 281.6 in2 .

The surface area of the pyramid is 281.6 square inches.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65531
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1. What is the name of the figure represented by this net?
2. What is the length of each of the sides of the base?
3. What is the surface area of the figure?

4.
5.
6.
7.
778

What is the name of this figure?
What is the shape of the base?
How many faces does this figure have?
What is the surface area of this figure?
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8. What is the name of the figure represented by this net?
9. What is the length of each of the sides of the base?
10. What is the surface area of the figure?

11. What is the name of the figure represented by this net?
12. What is the length of each of the sides of the base?
13. What is the surface area of the figure?
14. True or false. The B in the formula for surface area of a pyramid stands for bottom.
15. True or false. You need to know the slant height to figure out the perimeter of a pyramid.
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8.9 Surface Area of Cones
Here you’ll calculate the surface area of cones and truncated cones.
Have you ever measured a platform that was rounded? Take a look at this dilemma.
The students ordered an award platform from a company for the Olympics. This platform would go on top of the
cement area that the students already made and would be the place for the first place finisher in each event to stand
and receive his/her award.
“It isn’t a trapezoid like the area we created,” Jose commented when the platform arrived at school.
“I know. They didn’t have a trapezoid. We got this instead,” Carmen explained.
“I think it will still work, and we can paint it,” Jose said.

“How much paint will we need?” Carmen asked.
“I’m not sure,” Jose said scratching his head.
This figure is a different kind of cone called a truncated cone. You can figure out the surface area of a figure
like this one, but you will need a special formula. As you work through this Concept, look for the formula.
You will have a chance to use it at the end of the Concept.
Guidance

Cones are three-dimensional figures that have a base and a point at the top. However, cones always have a
circular base.
We can calculate the surface area of a cone. Do you remember how to define surface area? Take a look.
Surface area is the total of the areas of each face in a solid figure.
Imagine that you could wrap a pyramid or cone in wrapping paper, like a present. The amount of wrapping paper
needed to cover the figure represents its surface area. To find the surface area, we must be able to calculate the area
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of each face and then add these areas together.
We will look at different ways to calculate surface area. One way is to use a net .
A net is a two-dimensional diagram of a three-dimensional figure.
Cones have different nets. Imagine you could unroll a cone.
Here is what the net of a cone would look like.

The shaded circle is the base. Remember, cones always have circular bases. The unshaded portion of the cone
represents its side. Technically we don’t call this a face because it has a round edge.
To find the surface area of a cone, we need to calculate the area of the circular base and the side and add them
together. The formula for finding the area of a circle is A = πr2 , where r is the radius of the circle. We use this
formula to find the area of the circular base.
The side of the cone is actually a piece of a circle, called a sector. The size of the sector is determined by the
ratio of the cone’s slant height to its radius, or rs .
To find the area of the cone’s side, we multiply the radius, the slant height, and pi.
A = rsπ
Now, let’s apply this information.
Find the surface area of the following cone.
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Now that we have the measurements of the sides of the cone, let’s calculate the area of each. Remember to use
the correct area formula.

Bottom face (circle)

Side

A = πr2

A = πrs

2

π(5 )

π(5)(11.7)

25π

π(58.5)

78.5

58.5π

We know the area of each side of the cone when we approximate pi as 3.14. Now we can add these together to
find the surface area of the entire cone.

bottom face
78.5

side
+

183.69

surface area
=

262.19 in2 .

We used the formula A = πr2 to find the area of the circular base. Then we found the area of the side by multiplying
πrs.
When we add these together, we get a surface area of 262.19 square inches for this cone.
Here is the formula for finding the surface area of a cone.
SA = πr2 + πrs
The first part of the formula, πr2 , is simply the area formula for circles. This represents the base area. The
second part, as we have seen, represents the area of the cone’s side. We simply put the pieces together and
solve for the area of both parts at once.
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Write this formula down in your notebook.
Now let’s look at how we can find the surface area of part of a cone.
First, let’s think about what a truncated cone would look like. A truncated cone is one where the point of the
cone is cut off leaving two circular bases and a side face.
Here is what one looks like.

Notice that with a truncated cone, that we will have two different circular bases-a top radius and a bottom one. We
will have to find the area of both bases plus the area of the sector to find the surface area.
The formula for finding the surface area of a truncated cone is:

SA = π[s(R + r) + R2 + r2 ]
Notice that s stands for slant height and the capital R stands for the larger radius and the lowercase r stands for the
smaller radius.
What is the surface area of a truncated cone with a slant height of 6 cm, a radius of 8 cm and a radius of 6
cm?
To find the surface area of this figure, we fill the dimensions into the formula and solve.
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SA = π[6(8 + 6) + 82 + 62 ]
SA = π[84 + 64 + 36]
SA = 3.14(184)
SA = 577.76 cm2
Find the surface area of each cone.
Example A

A cone with a radius of 4 inches and a slant height of 6 inches.
Solution: 125.6 sq. inches
Example B

A cone with a radius of 5 feet and a slant height of 8 feet.
Solution: 204.1 sq. feet
Example C

A cone with a radius of 3 inches and a slant height of 4.5 inches.
Solution: 70.65 sq. inches
Now let’s go back to the dilemma from the beginning of the Concept.
We can use the following formula to find the surface area of a truncated cone.

π[s(R + r) + R2 + r2 ]
Now we can take the given information and substitute it into the formula.

3.14[3(3 + 2) + 32 + 22 ]
3.14[3(5) + 9 + 4]
3.14[28]
SA = 87.92 f t 2
Guided Practice

Here is one for you to try on your own.
Trey is decorating conical party hats for his party by wrapping them in colored tissue paper. Each hat has a
radius of 4.2 centimeters and a slant height of 8.6 centimeters. If he wants to wrap 6 party hats, how much
paper will he need?
Solution
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This problem involves a cone. It does not include a picture, so it may help to draw a net. In your drawing, label the
radius and the slant height of the cone. We can also use the formula. We simply put the radius and slant height in
for the appropriate variables in the formula and solve for SA.

SA = πr2 + πrs
SA = π(4.22 ) + π(4.2)(8.6)
SA = 17.64π + 36.12π
SA = 53.76π
SA = 168.81 cm2
Trey will need 168.81 square centimeters of tissue paper to cover one hat, when we approximate pi as 3.14.
But we’re not done yet! Remember, he wants to cover 6 party hats.
We need to multiply the surface area of one hat by 6 to find the total amount of paper he needs: 168.81 × 6 =
1, 012.86. Trey will need 1,012.86 square centimeters of paper to cover all 6 hats.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65517

Explore More

1. What is the name of the figure represented in this net?
2. What is the diameter of this figure?
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3. What is the slant height of the figure?
4. What is the surface area of the figure?

5.
6.
7.
8.

What is the name of this figure?
What is the shape of the base?
What is the diameter of the base?
What is the surface area of this figure?

9.
10.
11.
12.

What is the name of this figure?
What is the shape of the base?
What is the diameter of the base?
What is the surface area of this figure?

Directions: Find the surface area of each cone.
13. r = 4 in, sh = 5 in
14. r = 5 m, sh = 7 m
15. r = 3 cm, sh = 6 cm
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8.10 Volume of Prisms
Here you’ll calculate the volume of different prisms.
Have you ever had a fish tank? Take a look at this dilemma.

Carlos is cleaning out his fish tank, so he filled the bathtub to the rim with water for his fish to swim in while he
empties their tank. If the bathtub is 5.5 feet long, 3.3 feet wide, and 2.2 feet deep, how many cubic feet of water can
it hold?
To solve this problem, you will need to understand volume. Pay attention to this Concept and you will know
how to solve this dilemma by the end of it.

Guidance

What is volume?
Volume of a solid figure is the measure of how much three-dimensional space it takes up or holds.
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Imagine an aquarium for fish. Its length, width, and height determine how much water the tank will hold. If we fill
it with water, the amount of water tells the volume of the tank.
We measure volume in cubic units, because we are multiplying three dimensions: length, width, and height.
There are several different ways that we can calculate volume. The first way that we are going to explore is by
looking at we can calculate volume using unit cubes.
What are unit cubes?
Unit cubes are singular cubes used to represent one unit. When we “fill up” a solid figure with unit cubes, we can
see the unit cubes lining up the figure. Then we can count or calculate the number of unit cubes in the solid. The
number of unit cubes in the solid figure is the volume of the figure. Let’s examine what this would look like in the
following prism.

Now you can see that this prism holds unit cubes. It has three unit cubes lined up for the length, it has two unit cubes
along the side for the width and it has four unit cubes lined up for the height. If we count all of these unit cubes, then
we can see that we have 24 unit cubes.
We would write our answer for volume as 24 cubic units. Notice that we use cubic units because we have
length times width times height.
The formula for volume is a simplified version of the method we just learned. As we saw, we used length and width
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to find the number of unit cubes in the first layer of the figure. This is the same as finding the area of its base. Let’s
see how this works.

In this case, the base of the prism is a rectangle. We can use the area formula for rectangles to find the area of the
base: A = lw. This is the same as counting the number of unit cubes in each row and the number of rows. Once we
find the area, we simply multiply it by the height to add the rest of the layers. Therefore the formula for the volume
of a rectangular prism is
V = Bh
B represents the base area of the prism. Remember, a prism can have a base in the shape of any polygon.
Therefore, the formula we need to use to find the area of the base will change. But the process stays the same:
we find the area of the face that is the base and then multiply this by the height of the prism. Remember, you
will need to figure out the area of the base and then multiply it by the height to figure out the volume.
Let’s try it out.
Find the volume of the prism below.
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We simply put the values for the length, width, and height in for the appropriate variables in the formula.
Then we solve for V , volume.
First we find the area of the base. This is the rectangular side on the bottom. Remember, to find the area of a
rectangle we multiply the length times the width. This is our first step.

A = lw
A = (16)(9)
A = 144 sq.cm

The area of the base is 144 sq. cm.
But we are not done yet. We need to figure out the volume, so we will need to take the measurement for the
area of the base of the figure and multiply it by the height of the figure. We use the following formula to
calculate this measurement.

V = Bh
V = 144(4)
V = 576 cm3

The volume of this rectangular prism is 576 cm3 . Notice that we used the exponent three to represent the cubic
units of the figure. All volume is measured in cubic units, so you will need to use this exponent when working on
figuring out the volume of a solid.

Now write this formula down in your notebook. Be sure to make a note that you will need to find the area of the
base of the figure and that this could be different depending on the figure.
We can also use what we have learned to work backwards. If we know the volume and the area of the base of a
prism, then we can figure out the height of the prism which would be the missing dimension. Remember that this is
the same thing as working out a puzzle!
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The base of a rectangular prism with a volume of 1,145.52 cubic feet has sides of 17.2 feet and 11.1 feet. What is
the height of the prism?
First, we need to find the area of the base, B. We know this is a rectangular prism, so we use the formula
B = lw.

B = lw
B = 17.2(11.1)
B = 190.92 f t 2
We can put this into the formula for B. We also have been given the volume of the prism, so we put this in for
V . Then we solve for h, the height.

V = Bh
1, 145.52 = 190.92h
1, 145.52 ÷ 190.92 = h
6 ft = h
The height of the prism is 6 feet.
Find the volume of each prism.
Example A

A triangular prism with a b = 12 in, h = 10 in, H = 15 in
Solution: 900 in3
Example B

A rectangular prism with a length of 8 m, width of 7 m, height of 3 meters
Solution: 168m3
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Example C

A rectangular prism with a length of 10 in, width of 8 in, height of 6 inches
Solution: 480in3
Now let’s go back to the dilemma from the beginning of the Concept.
First of all, what is the problem asking us to find? We need to find the volume of the bathtub. Is a bathtub a
prism or cylinder? It is a rectangular prism, so we’ll need to use the area formula for rectangles to find B.

B = lw
B = 5.5 × 3.3
B = 18.15 f t 2
Now we put this value into the volume formula and solve.

V = Bh
V = 18.15 × 2.2
V = 39.93 f t 3
Carlos’s bathtub can hold 39.93 square feet of water.
Guided Practice

Here is one for you to try on your own.
What is the volume of the prism below?

Solution
As we have seen, the volume formula for any prism is V = Bh. First we need to find the base area. Take a look at
the prism above. The base is a triangle, so this time we need to use the formula for the area of a triangle, 21 bh, to find
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B. The height of the triangle, h, is indicated by a dashed line. The base of the triangle, b, is the side perpendicular to
the height. Remember, we use the height and base measurements for the triangular face, not the height measurement
for the whole prism. Look carefully at the image!
Now let’s use the formula for finding the area of a triangle to find the area of base of the triangle.

1
B = bh
2
1
B = (16)(6)
2
B = 8(6)
B = 48 in.2

We now have the base area: 48 square inches.
Next, we simply multiply it by the height of the prism, according to the volume formula.

V = Bh
V = 48(10)
V = 480 in.3

The volume of this triangular prism is 480 in3 .

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54800

Khan Academy Solid Geometry Volume

Explore More

Directions: Look at each figure and then answer the questions about each figure.
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1.
2.
3.
4.
5.

Name the figure pictured above.
What is the length of the figure?
What is the width of the figure?
What is the height of the figure?
What is the volume of the figure?

6.
7.
8.
9.

What is the name of the figure pictured above?
What is the shape of the bases?
What is the shape of the side faces?
What is the volume of the figure?
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10. What is the name of the figure pictured?
11. What is the volume of the figure?
Directions: Use what you have learned about volume to solve each problem.
12. A rectangular prism has a base measuring 16.2 by 14.8 feet. If its volume is 2,877.12 cubic feet, what is its
height?
13. Kelly is using a rectangular container to fill up a bucket of water. The container is 3.8 inches long, 2.5 inches
wide, and 7.2 inches tall. If the bucket holds 1,368 cubic inches of water, how many times will Kelly have to
fill the cup in order to fill the bucket?
14. True or false. Volume can be used to measure the amount of water in a pool.
15. True or false. Surface area and volume measure the same thing.
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8.11 Volume of Cylinders
Here you’ll calculate the volume of cylinders.
Have you ever wondered how much soup is in one can? Take a look at this dilemma.

In the midst of all of the painting, Jose and Carmen sent Alicia out to the grocery store to pick up some lunch. Since
the three were painting at Jose’s house, his mother had made some bread and soup seemed like an obvious choice.
When Alicia got to the store, she wasn’t sure how much soup to buy. She picked out a yummy looking organic
chicken vegetable soup that she was sure everyone would like, but she couldn’t decide between two and three cans.
After standing there for a few minutes, her stomach began grumbling and she decided to go with the three cans.
“If there is any extra, someone at Jose’s will eat it,” she thought to herself.
Alicia bought the three cans of soup and headed back to Jose’s house.
Each can had a diameter of 5.4 inches and a height of 6.7 inches. What is the total volume of soup that Alicia
bought?
To figure this problem out, you will need to know about volume. Pay close attention to the work being done
in this Concept and by the end of it, you will know how to answer this question.

Guidance

What is volume?
Volume of a solid figure is the measure of how much three-dimensional space it takes up or holds.
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Imagine an aquarium for fish. Its length, width, and height determine how much water the tank will hold. If we fill
it with water, the amount of water tells the volume of the tank.
We measure volume in cubic units, because we are multiplying three dimensions: length, width, and height.
There are several different ways that we can calculate volume. The first way that we are going to explore is by
looking at we can calculate volume using unit cubes.
What are unit cubes?
Unit cubes are singular cubes used to represent one unit. When we “fill up” a solid figure with unit cubes, we can
see the unit cubes lining up the figure. Then we can count or calculate the number of unit cubes in the solid. The
number of unit cubes in the solid figure is the volume of the figure.
We can use unit cubes to calculate the volume of a cylinder.
This one will be a little funnier because a cylinder is circular and unit cubes are squares. This means that since we
can’t cut a unit cube into sections, that it will be impossible for us to calculate an accurate measurement for volume.
We will be estimating the volume of the cylinder.

You can see that it doesn’t always work to calculate the volume of a figure by counting unit cubes. You can think
about this in the case of the cylinder. There is an easier way. We can calculate the volume of any solid figure by
using a formula.
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Now let’s look at the formula.

Write this formula down in your notebook.
All we need to know is the radius of the circular faces and the height of the cylinder. We simply put these numbers
into the formula and solve for volume, V . Let’s give it a try.
Find the volume of the cylinder below.

We have been given all the information we need in order to solve for volume. Let’s put the numbers into the
formula.

V = πr2 h
V = π(5.52 )(2.7)
V = π(30.25)(2.7)
V = 81.68π
V = 256.48 cm3
The volume of this cylinder is 256.48 cubic centimeters.
We can also think about working backwards if we have the volume and one other dimension. Then we can
problem solve to figure out the missing dimension.
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A cylinder with a radius of 3 inches has a volume of 140.4π cubic inches. What is the height of the cylinder?
What is the problem asking us to find? We need to solve for the height of the cylinder. The problem tells us
the radius and the volume. This time the volume is written as a function of pi. This is a way of showing a more
specific number, rather than approximating with 3.14. We simply put the whole number into the formula for
V and then solve for h, the height.

V = πr2 h
140.4π = π(32 )h
140.4π = 9πh
140.4π ÷ 9π = h

Divide both sides by 9π. π cancels out.

15.6 in. = h
We used the volume formula to solve for h and found that the height of the cylinder is 15.6 inches.
Find the volume for each cylinder.

Example A

A cylinder with a radius of 3 inches and a height of 9 inches.
Solution: 254.34 sq.inches

Example B

A cylinder with a radius of 2.5 feet and a height of 6 feet.
Solution: 117.75 sq. feet

Example C

A cylinder with a diameter of 5 inches and a height of 7 inches.
Solution: 137.37 sq. inches
Now let’s go back to the dilemma from the beginning of the Concept.
What do we need to find?
We need to find the volume of soup that Alicia bought. Keep in mind that she bought 3 cans of soup. We need
to find the volume of one can of soup and then multiply this amount by 3 to find the total volume.
What information have we been given?
First, we know that the soup cans are cylinders, so we’ll need to use the volume formula for cylinders. We
also know that the height of each can is 6.7 inches. What is the radius? We have only been given the diameter,
which is 5.4 inches. Therefore we need to divide by 2 to find the radius.
5.4 ÷ 2 = 2.7
The radius of each can is 2.7 inches. Now we can put this information into the formula and solve for V ,
volume.
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V = πr2 h
V = π(2.72 )(6.7)
V = π(7.29)(6.7)
V = 48.84π
V = 153.36 in.3

Each can has a volume of 153.36 cubic inches when we approximate pi as 3.14.
But we’re not done yet! Remember, we need to find the total volume of three cans of soup. Therefore we need
to multiply the volume of one can by 3.
153.36 × 3 = 460.08 in3
Alicia bought a total of 460.08 cubic inches of soup.

Guided Practice

Here is one for you to try on your own.
Find the volume of the following cylinder.

A water tank has a radius of 45 feet and a height of 300 feet. How many cubic feet of water will the tank hold when
it is full?
Solution
To solve this problem, we use the formula for finding the volume of a cylinder and substitute the given values into
that formula.
800

www.ck12.org

Chapter 8. Measurement, Area and Volume

V = πr2 h
V = π(452 )(300)
V = π(2025)(300)
V = 607, 500π
V = 1, 907, 550 f t.3
This is the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5270

Khan Academy and Volume of Cylinders
Explore More

1.
2.
3.
4.

Name the figure pictured above.
What is the diameter of the figure?
What is the radius is the figure?
What is the volume of the figure?

Directions: Find the volume of each cylinder given the radius and height.
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6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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r = 4 f eet, h = 5 f eet
r = 6cm, h = 8cm
r = 4.5 f eet, h = 5 f eet
r = 3.5m, h = 7m
r = 13 f t, h = 2 f t
r = 11m, h = 12m
r = 1.5 f t, h = 3 f t
r = 7in, h = 12in
r = 8cm, h = 11cm
r = 5m, h = 9m
r = 4.5 f t, h = 6 f t
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8.12 Volume of Pyramids
Here you’ll find the volume of pyramids.
Have you ever seen a candle that is shaped like a pyramid? Take a look at this dilemma.
Brianna bought the candle below for her friend’s birthday. The package says that the candle burns one hour for every
20 cubic centimeters of wax. For how many hours will it take for the entire candle to burn?

Pay attention and this Concept will teach you all that you need to know about volume and pyramids.

Guidance

What is volume?
Volume is the measure of how much space a three-dimensional figure takes up or holds.
Imagine a funnel. Its size determines how much water the funnel will hold. If we fill it with water, the amount of
water tells the volume of the funnel. Volume is often what we think of when we talk about measuring liquid or liquid
capacity.
We measure volume in three dimensions: length, width, and height. We therefore measure volume in cubic
units. We can use unit cubes to represent volume. Have a look at the cube below.
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You can see that the cube is 3 × 3 × 3. If we wanted to find the volume of this cube, we could find the area of the
base and then multiply it by the height.

V = Bh
V = (s2 )3
V = 32 (3)
V = 27 cubic units
Notice that we measure volume in cubic units.
Pyramids are unusual, however, because they are so much smaller at the top than they are at their base. It becomes
very difficult to use unit cubes to measure the volume of these solids because we would be calculating parts of unit
cubes.
The important thing to remember is that measuring volume involves filling up a solid figure.
A pyramid has exactly one-third the volume of a cube.
Here is the formula for finding the volume of pyramids.
1
V = Bh
3
Pyramids can be tricky, however, because they can have bases of any shape. Pyramids can have triangular,
rectangular, or square bases. That means we need to choose the appropriate formula for finding the area of
the base, or B. Here are the common area formulas:
Square: A = s2
Rectangle: A = lw
Triangle: A = 21 bh
When given a pyramid, the first thing we need to do is determine the shape of the base. Then we’ll know
which formula to use to find the base area. Once we have the base area, we put it into the volume formula
along with the height of the pyramid and then solve for V .
Let’s give it a try.
What is the volume of the pyramid below?
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First, let’s decide what shape the base of the pyramid is. There are two pairs of parallel sides that meet at
right angles, so it must be a rectangle. We need to use the area formula for rectangles to find B, the base area.

B = lw
B = 11(6.3)
B = 69.3 cm2
The area of this pyramid’s base is 69.3 square centimeters. Now we multiply this by the height and 13 ,
according to the formula.
1
V = Bh
3
1
V = (69.3)(15)
3
V = 23.1(15)
V = 346.5 cm3
The volume of this pyramid is 346.5 cm3 . Remember that volume is always measured in cubic units and that is
why our exponent is a three.
Find the volume of each pyramid.
Example A

A square pyramid with a base of 5.5 in and a height of 4 in.
Solution: 40.33 in3
Example B

A square pyramid with a base of 8 cm and a height of 6 cm.
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Solution: 128 cm3

Example C

A rectangular pyramid with a length of 10 cm, a width of 8 cm and a height of 9 cm.
Solution: 240 cm3
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s determine what the problem is asking us to find. We need to find the number of hours the candle
will burn. This depends on how big the candle is, so first we need to find its volume. The volume of the candle
is the amount of wax it holds.
What information have we been given? We know the dimensions of the base, which is a square, so let’s use
the area formula for squares to find the base area.

B = s2
B = (122 )
B = 144 cm2
The base area of the pyramid is 144 square centimeters. We can put this information into the formula and
solve for V , volume.

1
V = Bh
3
1
V = (144)(24)
3
V = 48(24)
V = 1, 152 cm3
Now we know that the candle contains 1,152 cubic centimeters of wax.
But we’re not done yet! Remember, we need to find how many hours the candle will burn. Look back at the
problem. It tells us that the candle burns one hour for every 20 cubic centimeters of wax. To find how many
hours the candle will burn, we need to divide the total volume of wax by 20.
1, 152 ÷ 20 = 57.6
The candle will burn for 57.6 hours. This is our answer.
Guided Practice

Here is one for you to try on your own.
A triangular pyramid has a volume of 266 cubic feet and a base area of 42 square feet. What is its height?
Solution
What do we need to find? We need to solve for the height, h. We have been given the volume and the base area so
we simply put this information into the formula. Volume the capacity inside a solid figure or the amount of space a
solid figure can hold.
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1
V = Bh
3
1
266 = (42)h
3
266 = 14h
266 ÷ 14 = h
19 = h
The height of this pyramid is 19 feet.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65521

Explore More

1. What is the formula that you would need for finding the volume of a pyramid?
2. When you see a capital B in a formula it means that you are looking for the perimeter or area of the base?
3. What is the name of the figure pictured below?
4. What is the shape of the base?
5. What is the volume of the figure?
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What is the name of the figure pictured above?
What is the difference between this figure and the last figure?
What is the volume of this figure?
What is the shape of the base?

Directions: Use what you have learned to solve each of the following problems.
10. A square pyramid has a base with sides of 6 yards each and a volume of 175 cubic yards. What is its height?
11. Claire has a perfume bottle shaped like a triangular pyramid. Its base area is 48 square centimeters, and its
height is 28 centimeters. How much does the bottle hold when it is exactly half full?
12. Find the volume of a square pyramid with a base of 4 inches and a height of 6 inches.
13. Find the volume of a rectangular pyramid with a length of 5 inches, a width of 7 inches and a height of 8
inches.
14. Find the volume of a square pyramid with a base of 8 meters and a height of 12 meters.
15. Find the volume of a square pyramid with a base of 13.5 meters and a height of 15 meters.
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8.13 Volume of Cones
Here you’ll calculate the volume of cones and truncated cones.
Have you ever measured how much ice cream one cone can hold? Take a look at this dilemma.

“We need a fundraiser,” Maria said at the planning meeting for the school Olympics.
“I agree, and besides, people like to eat,” Jamie agreed.
“How about ice cream cones? We can use the freezer in the lunch room and scoop and serve,” Dan suggested.
“I think that’s a great idea. How about using waffle cones?” Maria added.
The group continued to discuss the ice cream cones and finally agreed on two different sized cones, one that is 400 in
diameter and 400 long and one that is 500 in diameter and 600 long.
“We can charge double for the larger cone,” Jamie said.
“I don’t think so. It isn’t double the size,” Dan disagreed.
“But it will hold double the amount of ice cream,” Jamie explained.
“I don’t think so because it isn’t twice as large.”
“That doesn’t matter when it comes to volume,” Jamie said.
Who is correct? To figure this out, you will need to find the volume of both cones. Then you will be able to
decide whether the group can charge double for the larger cone.
Guidance

What is volume?
Volume is the measure of how much space a three-dimensional figure takes up or holds.
Imagine a funnel. Its size determines how much water the funnel will hold. If we fill it with water, the amount of
water tells the volume of the funnel.
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Volume is often what we think of when we talk about measuring liquid or liquid capacity.
We measure volume in three dimensions: length, width, and height. We therefore measure volume in cubic
units. We can use unit cubes to represent volume.
Cones are unusual, however, because they are so much smaller at the top than they are at their base. It becomes very
difficult to use unit cubes to measure the volume of these solids because we would be calculating parts of unit cubes.
The important thing to remember is that measuring volume involves filling up a solid figure.
A cone has exactly one-third the volume of a cylinder.
Here is the formula for finding the volume of a cone.

1
V = Bh
3

When using this formula, you have to keep in mind that the base of a cone is circular.
To find the base area, then, we need to use the formula for finding the area of a circle: A = πr2 .
With a cone, you will always have a circular base, so you will always be using the same formula for area to find the
base. Here is what it would look like as one formula.
V = 13 (πr2 )(h)
Now you can see that we would find the area of the base, multiply it by the height and then multiply it by
one-third or take one-third of the product of the base area and the height.

Let’s apply this.
What is the volume of the cone below?
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First, we need to find the base area. The base is a circle, so we use the area formula for circles.

B = πr2
B = π(3.52 )
B = 12.25π
B = 38.47 cm2

The circular base has an area of 38.47 square centimeters. Now we can put this measurement into the formula
for volume.

1
V = Bh
3
1
V = (38.47)(22)
3
V = 12.82(22)
V = 282.04 cm3

The volume of this cone is 282.04 cm3 .
Do you know what a truncated cone looks like?
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Notice that we have two radii to work with and the height of the truncated cone as well. We can use the following
formula to calculate volume.
V = 31 π(r12 + (r1)(r2) + r22 )h

Take a few minutes and write this formula down in your notebook.
Now we can take some measurements and figure out the volume of the truncated cone.
What is the volume of a truncated cone with a top radius of 2 cm, a bottom radius of 4 cm and a height of 4.5
cm?
To work through this problem, we have to substitute the given values into the formula and solve for the
volume.
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1
V = π(r12 + (r1)(r2) + r22 )h
3
1
V = π(22 + (2)(4) + 42 )4.5
3
1
V = π(4 + 8 + 16)4.5
3
1
V = π(126)
3
1
V = (395.64)
3
V = 131.88 cm3
This is the volume of this truncated cone.
Find the volume of each cone. You may round to the nearest hundredth when necessary.

Example A

A cone with a radius of 2 inches and a height of 4 inches.
Solution: 16.75 in3

Example B

A cone with a radius of 5 cm and a height of 7 cm.
Solution: 183.17 cm3

Example C

A cone with a radius of 3 m and a height of 8 m.
Solution: 75.36 m3
Now let’s go back to the dilemma from the beginning of the Concept.
We can begin by figuring out the volume of both ice cream cones.
Cone 1 has a diameter of 400 and a height of 400
Cone 2 has a diameter of 500 and a height of 600
The formula for volume of a cone is 13 πr2 h
Cone 1
1
2
3 (3.14)(2 )(4)

= 16.75 in3

Cone 2
1
2
3 (3.14)(2.5 )(6)

= 39.25 in3

The volume of Cone 2 is more than double that of Cone 1. The students could definitely charge double for the
cone if they chose to.
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Guided Practice

Here is one for you to try on your own.
What is the height of a cone whose radius is 1.6 meters and volume is 20.1 cubic meters?
Solution
What information have we been given, and what do we need to find? We know the radius, so we can calculate the
base area. We also know the volume, so we can put this into the formula and solve for h, the height. Let’s find B
first.

B = πr2
B = π(1.62 )
B = 2.56π
B = 8.04 m2
The base area is 8.04 square inches when we approximate pi. Now let’s put this into the volume formula.

1
V = Bh
3
1
20.1 = (8.04)h
3
20.1 = 2.68h
20.1 ÷ 2.68 = h
7.5 m = h
We found that the height of the cone must be 7.5 meters.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5449

Volume of a Cone
Explore More

Directions: Answer each of the following questions.
1. What is the formula for finding the volume of a cone?
2. True or false. A truncated cone is a cone without a vertex.
3. True or false. You can use the same formula to find the volume of a truncated cone as a regular cone.
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4. What is the diameter of this cone?
5. What is the height of the cone?
6. What is the volume of the cone?

7. What is the diameter of this cone?
8. What is the height of the cone?
9. What is the volume of the cone?

10.
11.
12.
13.

What is the diameter of this cone?
What is the radius of this cone?
What is the height of the cone?
What is the volume of the cone?
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Directions: Use what you have learned to solve each of the following problems.
14. A cone has a radius of 6 meters and a volume of 168π. What is its height?
15. The containers of icing for Tina’s cake decorator are cones. Each container has a radius of 2.4 inches and a
height of 7 inches. If Tina buys containers of red, yellow, and blue icing, how much icing will she buy?
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8.14 Surface Area of Spheres
Here you’ll calculate the surface area of a sphere.
Have you ever made a pinata? Have you ever smashed one? Take a look at this dilemma.

The Olympics at Montgomery Middle School was a huge success. The students and guests had a terrific time and
all decided that this event would be an annual event from now on.
For the final celebration, the students hosted a huge party in the gymnasium. Joe took on creating a pinata ball that
students could enjoy. In fact, he made four of them for the party. When finished with the basic shape, Joe began
decorating the sphere-shaped pinata with green construction paper.
Each sphere has a radius of 2.4 feet, and Joe made four pinatas. How much construction paper will he need to cover
each pinata completely?
Figuring out the surface area of a sphere can be a tricky thing to figure out. For this problem, you will need
to know how to solve for the surface area of a sphere. Pay close attention throughout this Concept and you
will know how to solve the problem by the end of it.

Guidance

A sphere is a solid figure that exists in three-dimensional space. Spheres consist of all the points that are
equidistant from a center point. Every point on the sphere is the distance of the radius from the center.
Spheres are perfectly round.
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Did you know you can calculate the surface area of a sphere? Do you know how to do this?
First, think about surface area.
Surface area is the total of the areas of each face in a solid figure.
Spheres do not have any faces because they are round. Still, we can think of its surface as a flat plane that we can
unroll. Imagine you could wrap a sphere in wrapping paper, like a present. The amount of wrapping paper needed
to cover the figure exactly represents its surface area.
If we could “unroll” the sphere and show it as a rectangle, the rectangle would have a width that is equivalent to the
diameter of the sphere. Its length would be the same as the circumference of the sphere (recall that circumference is
the distance around a circle). Now this gives us something we can work with, because we can use the area formula
for rectangles to find the area of the “unrolled” sphere.
The formula for the area of rectangles is A = lw. In other words, we multiply the length and the width. Now let’s
think about this in terms of the sphere. We have said that the length is the same as the circumference and that the
width is the same as the diameter. This gives us A = Cd. Now let’s substitute the formula for circumference in for
C, which is 2πr, where r is the radius. Now we have A = 2πrd. There’s one more substitution we can make to make
the calculations easier. Remember, the diameter of a circle or sphere is exactly twice the radius. Let’s us 2r instead
of d. Now we have A = 2πr × 2r. Finally, we can simplify this by multiplying to get 4πr2 . Let’s sum all of this up:

A = l ×w
A =C×d
A = 2πr × 2r
SA = 4πr2
The formula for finding the surface area of a sphere is 4πr2 .
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Write this formula down in your notebook.
All we need to do is substitute the measure of the radius for r in the formula and solve for SA, the surface area.
Let’s give it a try.
What is the surface area of the sphere below?

We can see that the radius of the sphere is 8, so we put this into the formula and solve.

amp; SA = 4πr2

Calculating numbers with pi is a bit complicated, because pi is actually a decimal number that goes on forever.
The most exact measure of the sphere’s surface area is to leave it as 256π. However, we often round pi to the
decimal 3.14 for calculations. In that case, you could multiply 256 by 3.14 to get an approximate surface area
of 803.84 square centimeters for this sphere. Remember to always use square units to measure area, because
area is measured in two dimensions.
For examples A, B, and C below, find the surface area of each sphere.

Example A

A sphere with a radius of 5 inches.
Solution: 314 in2
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Example B

A sphere with a radius of 8 meters.
Solution: 803.84 m2
Example C

A sphere with a radius of 12 feet.
Solution: 1808.64 f t 2
Now let’s go back to the dilemma from the beginning of the Concept.
This problem is asking us about covering the surface of a pinata , so we will need to calculate its surface area.
The problem tells us that the radius of the pinata i s 2.4 feet, so we can put this into the surface area formula
and solve.

amp; SA = 4πr2

The pinata has a surface area of 72.35 square feet when we approximate pi as 3.14, so this is how much paper
Joe will need to cover one pinata.
Joe made four pinatas, so multiply this answer by 4.
72.35(4) = 289.4 sq. f eet
This is the final answer.
Guided Practice

Here is one for you to try on your own.
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This sphere has a radius of 8.5 inches. What is the surface area of the sphere?
Solution
To figure this out, we can use the formula for finding the surface area of a sphere and substitute in the given value
for radius.

amp; SA = 4πr2

This is the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65518

Explore More

Directions: Find the surface area of each sphere. Use 3.14 to approximate pi.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

A sphere with a radius of 4 in.
A sphere with a radius of 2 in.
A sphere with a radius of 3.5 ft.
A sphere with a radius of 6.7 in.
A sphere with a radius of 12 cm.
A sphere with a radius of 1.6 ft.
A sphere with a radius of 9 m.
A sphere with a diameter of 9 m.
A sphere with a diameter of 18 in.
A sphere with a diameter of 10 cm.
A sphere with a diameter of 12 m.
A sphere with a diameter of 13 ft.
A sphere with a diameter of 15 m.

14. What is the surface area of a sphere whose diameter is 22 centimeters?
15. Bruce is making a sculpture in his art class that is made of 3 spheres. Each sphere has a radius of 2.3 feet. He
will paint them all with blue poster paint. If each bottle of paint covers 20 square feet, how many bottles will
Bruce need to buy?
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8.15 Volume of Spheres
Here you’ll calculate the volume of a sphere.
Have you ever calculated volume? Take a look at this dilemma.
Maria has a paperweight that is a glass sphere. The sphere is full of red, sparkly liquid. If the diameter of the
paperweight is 6 inches, how much red liquid does it contain?
You will know how to solve this dilemma by the end of the Concept.

Guidance

Volume is the measure of three-dimensional space a figure takes up. We can also think of it as how much
space the figure “holds.”
For spheres, finding volume is a bit complicated because it doesn’t have any flat surfaces.
To find the volume of spheres, we can use pyramids. Imagine a pyramid with its base on the surface of the
sphere and its point as the center of the sphere. The radius of the sphere would be the height of the pyramid.

The pyramid makes up a portion of the sphere’s volume. If we can fill the whole sphere with pyramids like this, we
would know the volume of the sphere. It would be equal to the volumes of all the pyramids put together. How many
pyramids would it take to fill a sphere? That depends on the surface area of the sphere. We can combine the surface
area of a sphere with the volume formula for a pyramid to calculate the volume of all the pyramids contained within
the sphere.
Let’s look at how this information can give us the formula for finding the volume of a sphere.
V = 31 Bh
Volume formula for a pyramid, where B represents the area of its base
V = 13 × surface area of sphere × r
The surface area of the sphere is equal to the area of the bases of all the pyramids. The height of the pyramid is equal
to the radius of the sphere, so we substitute r for h.
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V = 31 × 4πr2 × r
We can simplify the formula by combining like terms.
V = 43 πr3
The formula for finding the volume of a sphere is V = 43 πr3 .

Write this formula down in your notebook.
Again, all we need to know is the radius of the sphere. We put the value in for r in the formula and solve for
V , the volume.
Let’s try it.
Find the volume of the sphere below.

We know that the radius of the sphere is 6 meters, so we put this value in for r and solve.
4
V = πr3
3
4
V = π(63 )
3
4
V = (216)π
3
V = 288π
823
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We can leave the volume as 288π, or we can use 3.14 to approximate an answer. This gives us 288 × 3.14 =
904.32 cubic meters. Remember, we measure volume in three dimensions, so we use cubic units.
Find the volume of each sphere. You may round to the nearest hundredth when necessary.

Example A

A sphere with a radius of 4 inches.
Solution: 267.95 in3

Example B

A sphere with a radius of 5 ft.
Solution: 523.33 f t 3

Example C

A sphere with a radius of 3.5 inches.
Solution: 179.50 in3
Now let’s go back to the dilemma from the beginning of the Concept.
First of all, what is the problem asking us to find? We need to find how much liquid the paperweight contains.
This amount will be the volume of the paperweight, so we’ll need to use the volume formula. Now let’s see
if we know the radius of the paperweight. We know that the diameter is 6 inches. Therefore the radius is
6 ÷ 2 = 3 inches. Now we can put this into the volume formula and solve.

4
V = πr3
3
4
V = π(33 )
3
4
V = (27)π
3
V = 36π

The sphere has a volume of 36π. We can approximate a numeric value if we use 3.14 for pi. This gives us a
volume of 36 × 3.14 = 113.04 cubic inches.

Guided Practice

Here is one for you to try on your own.
Find the volume of the following sphere.
824

www.ck12.org

Chapter 8. Measurement, Area and Volume

Solution
Let’s use the formula for finding the volume of a sphere with the given value for the radius.

4
V = πr3
3
4
V = π(83 )
3
4
V = (512)π
3
V = 682.67π
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65519

Volume of a Sphere
Explore More

Directions: Find the volume of each sphere. You may round to the nearest hundredth when necessary.
1. A sphere with a radius of 3 m.
825

8.15. Volume of Spheres
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
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A sphere with a radius of 2.5 m.
A sphere with a radius of 5 in.
A sphere with a radius of 6 in.
A sphere with a radius of 7 ft.
A sphere with a radius of 4.5 cm.
A sphere with a radius of 5.5 m.
A sphere with a radius of 13 mm.
A sphere with a diameter of 8 in.
A sphere with a diameter of 10 ft.
A sphere with a diameter of 3 m.
A sphere with a diameter of 13 m.
A sphere with a diameter of 22 ft.

Directions: Use what you have learned to solve each problem.
14. A sphere has a diameter of 12 feet. What is its volume?
15. Kelly has a perfume bottle in the shape of a sphere. The diameter of the bottle is 6 inches. How much perfume
does Kelly have left if the bottle is only half full?

Summary
You started by learning all about area. You learned how to find dimensions and areas of different triangles and
quadrilaterals. While working with quadrilaterals, you learned how to identify different quadrilaterals too.
Next, you learned all about circles. After identifying circles, you saw how to use the formula for circumference
to determine the circumference of different circles. Then you used the formula for finding the area of a circle to
determine the area of different circles.
Then, you learned about solid figures. You saw how nets and different characteristics can help you to identify
different solid figures. Once you could identify different solid figures, you learned how to find the surface area of
these figures. Finally, you learned how to apply different formulas to calculate the volume of different solid figures.
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9.17
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Introduction
Here you will explore linear functions and graphs. You will begin with functions. You will learn how to identify,
describe and write functions. This will involve function rules, function notation and function tables. Next, you will
learn about slope and about how to use intercepts. Then, you will explore linear equations and slope together and
will learn new ways to write linear equations. Next, you will recognize, solve and graph linear systems of equations.
Finally, you will solve and graph linear inequalities.
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9.1 Recognizing Functions
Here you’ll recognize functions by understanding relations, ranges and domains.
Do you know how to identify a function? Have you ever volunteered at a soup kitchen? Take a look at this dilemma.
A soup kitchen prepares food for people every day of the month. The supervisor keeps count of the number
of people who eat every day. Her data table for the first few days is below.

TABLE 9.1:
Day of Month
1
2
3
4
5
6
7
8
9

# of Visitors
82
84
87
80
91
93
104
84
88

Can you identify the range of this data? The domain of the data? Is this set of data a function?
This Concept will teach you about relations, ranges, domains and functions. You will know how to answer
these questions by the end of the Concept.

Guidance

Many numbers have precise and predictable relationships—the number of motorcycles and the number of tires, the
numbers of hours you work and the money you get paid, the number of years you go to college and your lifetime
earnings.
Here, you will learn to recognize a relation as a set of ordered pairs that relates an input to an output, and a function
as relation for which there is exactly one output for each input, using tables.
When we work with relations and functions, we work with the world of relationships. We look at how one factor
impacts or effects another factor.
What is a relation?
A relation is written as a set of ordered pairs where one value is equal to x and one value is equal to y.
With a relation, we are looking at the relationship between one factor and another.
Take a look.
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A motorcycle has an ordered pair of bikes to tires as (1, 2).
This means that for every one motorcycle there are two tires. This is a relation.
A relation is a set of ordered pairs.
The first coordinate would be the number of motorcyles and the second coordinate would be the number of tires.
There are parts of a relation too. We can have a domain and a range for every relation. The values in the
domain and range help us to understand the relation.
The domain is composed of the values in first column or the x coordinate in the relation.
The range is composed of the second column or the y value of the relation.
There are different types of relations too. A relation can be a function or not a function.
A function is a relation in which each member of the domain is paired with exactly one member of the range.
In other words, a number in the domain cannot have two values for the range. When we look at the values in the
domain and the range, we can figure out if the relation is a function or not.

Example A

(1, 2)(2, 6)(7, 9)(8, 4)
Solution: Function
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Example B

(3, 2)(2, 5)(3, 9)(4, 4)
Solution: Not a function
Example C

(1, 11)(2, 12)(3, 16)(1, 14)
Solution: Not a function
Now let’s go back to the dilemma at the beginning of the Concept.
We can rewrite this data as a relation , a set of ordered pairs. The first coordinate would be the day of the
month and the second coordinate would be the number of visitors.
The relation would look like this {(1, 82), (2, 84), (3, 87), (4, 80), (5, 91), (6, 93), (7, 104), (8, 84), (9, 88)}. Notice
that the days of the week form the x value and the number of visitors forms the y value.
The braces, {}, indicate that these are all the ordered pairs in the set.
We can have a domain and a range for every relation.The values in the domain and range help us to understand the
relation.
The domain is made up of the values in first column or the x coordinate in the relation.
The range is made up of the second column or the y value of the relation.
A function is a relation in which each member of the domain is paired with exactly one member of the range.
In other words, a number in the domain cannot have two values for the range.
In this chart, every day of the month has only one number of visitors. Therefore, this relation is a function.
Vocabulary

Relation
A relation is any set of ordered pairs (x, y). A relation can have more than one output for a given input.
Domain
The domain of a function is the set of x-values for which the function is defined.
Range
The range of a function is the set of y values for which the function is defined.
Function
A function is a relation where there is only one output for every input. In other words, for every value of x,
there is only one value for y.
Guided Practice

Here is one for you to try on your own.
Is this relation a function? {(8, -2), (5, -3), (0, -9), (8, -4)}
Solution
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To figure this out, we look at the values in the domain. The value 8 has two values in the range that are
matched with it, so this relations is not a function.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57644

Introduction to Functions
Explore More

Directions: Are the relations functions? Write function if it is a function and not a function if it is not a function.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

{(4, 7), (8, 11), (4, 9), (8, 13)}
{(2, 7), (2, 11), (4, 12), (8, 13)}
{(3, 4), (5, 6), (7, 8), (8, 10)}
{(12, 7), (11, 11), (14, 9), (18, 13)}
{(3, 7), (4, 11), (3, 9), (12, 13)}
{(8, 7), (9, 6), (10, 5), (11, 4)}
{(4, 2), (8, 1), (3, 9), (8, 7)}
{(11, 17), (18, 21), (14, 19), (18, 13)}
{(4, 7), (8, 11), (4, 9), (8, 13)}
{(-3, 0), (-2, 0), (-1, 0), (0, 0), (1, 1)}
{(6, 25), (12, 35), (18, 45), (24, 55)}
{(2, 4), (3, 5) (2, 6), (7, 9)}
The amount of bananas you buy at a store for $.85 per pound.
The amount of carrots that you buy at a store for $.29 per pound.
The steady price increase of a bus ticket over time.
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9.2 Evaluating Function Rules
Here you’ll evaluate a function rule by finding outputs for a given input.
Have you ever been bowling? Take a look at this field trip dilemma.

The seventh grade class is planning a field trip. There are two proposals, one to a bowling alley and one to the Omni
Theater. To make the best choice, the students have to do some research.
Casey and his friend Max are in charge of researching different bowling alleys to find the best price. They find out
that the local bowling alley that is closest to school has a very good offer. This bowling alley charges a flat fee for
shoes and then a fee per game.
“I wonder how many games we will have time for,” Casey said to Max.
“I don’t know, but that will impact the cost,” Max responded.
“Let’s figure it out. What is the flat fee for shoes?” Casey asked.
“It is $2.00 and it is $3.00 per game,” Max said.
The two boys took out a piece of paper and began to figure out how much the total would be based on games.
To solve this problem, you will need to understand functions. A function is when one variable is impacted by
another. In this case, there is a fee for shoes and a fee per game. The total cost per student will depend on the
number of games. The cost is a function of the games. Learn all that you can and you will be able to figure
out the fees at the end of the Concept.
Guidance

Do you remember how to identify a function, a relation, a range and a domain?
A function is a relation in which each member of the domain is paired with exactly one member of the range.
In other words, a number in the domain cannot have two values for the range. When we look at the values in the
832
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domain and the range, we can figure out if the relation is a function or not.
A set of ordered pairs is a relation.
The values in the domain and range help us to understand a relation.
The domain is made up of the values in first column or the x coordinate in the relation. The range is made up
of the second column or the y value of the relation.
One of the great things about functions is that they can be applied to all kinds of situations. Just remember that in
order for a relation to be a function, that the values of the domain need to be assigned to only one value of the range.
One way of thinking about functions is through the use of function tables.
A function table is an input/output table where the input is the domain and the output is the range.
Look at this table below.

TABLE 9.2:
Input
3
4
5
6

Output
6
8
11
12

Here is function where we have an input and an output. The input is the domain and the output is the range. If
we were going to write this function as ordered pairs, we would use the input for the x value and the output
as the y value.
Let’s write out this relation: (3, 6) (4, 8) (5, 10) (6, 12). There is a relationship between the values of the domain and
the values of the range. We can say that the range was created when some operation or operations was completed
with the domain value.
The output is a result of an operation to the input!
What happened to the input to equal the output?
If you think about this, you will see that the x value was multiplied by 2 or doubled to equal the y value. We can
write this as an equation.
y = 2x
This says that the value of y is created whenever the x value is multiplied by 2.
This is called a Function Rule. It can be written in words or in the form of an equation. The function rule
tells you what operation or operations to perform with the input to get the output.
Now that you understand how to identify a function rule, let’s look at applying this information.
Use the function rule 3x to evaluate the given inputs and complete each output.

TABLE 9.3:
Input
2
3
4
5

Output

Now not all inputs will be this simple, but it will give you some practice applying a function rule. We know
that the function rule is 3x, so we can take each value from the input column and multiply it by 3. This will
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give us the correct value for the output table.

TABLE 9.4:
Input
2
3
4
5

Output
6
9
12
15

You can see that the function rule was applied to each input value and the resulting output values complete
the table.
Look at each list of values. Write the output for each list by using 2x − 2 as the function rule.
Example A

4, 5, 7, 9
Solution: 6, 8, 12, 16
Example B

−3, 4, −5, 7
Solution: −8, 6, −12, 12
Example C

−1, −9, 11, 12
Solution: −4, −20, 20, 22
Now let’s go back to the dilemma at the beginning of the Concept.
The first thing to do is to write an equation that represents the given information. We know that each game is
$3.00 and the flat rate for shoes is $2.00. The varying value is the cost and that is impacted by the number of
games played. The number of games played is our variable.
C(g) = 3g + 2
This equation means that c the cost is a function of the number of games plus the $2 shoe fee.

TABLE 9.5:
Games Played
2
4
5
6

Cost ($)
8
14
17
20

The data show that when the number of games increases by 2, the cost increases by $6. Based on the number
of games played, the cost could be anywhere from $8 to $20.00 although it is unlikely that any student would
have time for 6 games.
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Guided Practice

Here is one for you to try on your own.
Use the function rule 2x + 1 to evaluate each input value. Complete the given table.

TABLE 9.6:
Input
−2
−1
−0
−1
−2

Output

Solution
This table has negative and positive input values, but we will follow the same procedure. Simply substitute each x
value into the function rule and evaluate for the output value.

2(−2) + 1 = −4 + 1 = −3
2(−1) + 1 = −2 + 1 = −1
2(0) + 1 = 0 + 1 = 1
2(1) + 1 = 2 + 1 = 3
2(2) + 1 = 4 + 1 = 5
Now we can substitute those values into the output column of our function.

TABLE 9.7:
Input
−2
−1
−0
−1
−2

Output
−3
−1
−0
−1
−3

This is the answer and our work is complete.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57644

Introduction to Functions
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Explore More

Directions: For numbers 1 - 5, find each output if the function rule is 3x + 2

TABLE 9.8:
Problem Number
1.
2.
3.
4.
5.

Input
3
5
6
9
11

Output

Directions: For numbers 6 - 8, find each output if the function rule is 4x

TABLE 9.9:
Problem Number
6.
7.
8.
9.
10.

Input
-3
-4
0
1
2

Output

Directions: For numbers 11 - 15, find each output if the function rule is −3x

TABLE 9.10:
Problem Number
11.
12.
13.
14.
15.

Input
4
5
7
9
10

Output

Directions: Answer each question about functions.
16. A pastry chef needs to purchase enough dough for her cookies. She buys one pound of dough for every twenty
c
cookies she is going to make. She uses the function d(c) = 20
where c is the number of cookies and d is the
pounds of dough she should buy. Identify which variable is the domain and which is the range.
17. Evaluate the function f (x) = 2x + 7 when the domain is {-3, -1, 1, 3}.
18. Evaluate the function f (x) = 25 x − 6 when the domain is {-10, -5, 0, 5, 10}.
19. Evaluate the function f (x) = 3x − 1 when the domain is {5, 6, 7, 8, 9}.
20. Evaluate the function f (x) = x − 9 when the domain is {1, 2, 3, 4, 5}.
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9.3 Writing Function Rules
Here you’ll use input/output tables to write function rules.
Have you ever eaten a churro? Take a look at this dilemma.
You are going to order a bunch of churros from a vender for your family. Each one costs $1.50. How much will they
cost if you buy 6 or 8 or 10? What’s the function rule?
This Concept will show you how to write a function rule for a situation like this one.
Guidance

Do you remember how to identify a function, a relation, a range and a domain?
A function is a relation in which each member of the domain is paired with exactly one member of the range.
In other words, a number in the domain cannot have two values for the range. When we look at the values in the
domain and the range, we can figure out if the relation is a function or not.
A set of ordered pairs is a relation.
The values in the domain and range help us to understand a relation.
The domain is made up of the values in first column or the x coordinate in the relation. The range is made up
of the second column or the y value of the relation.
One of the great things about functions is that they can be applied to all kinds of situations. Just remember that in
order for a relation to be a function, that the values of the domain need to be assigned to only one value of the range.
One way of thinking about functions is through the use of function tables.
A function table is an input/output table where the input is the domain and the output is the range.
There are function rules that go with function tables. Do you know what a function rule is?
A function rule can be written in words or in the form of an equation. The function rule tells you what
operation or operations to perform with the input to get the output.
We can also use input/output tables to help us to write function rules. When we look at the input and decipher what
happened to it to create the output, then we can write a function rule based on our discoveries. This is like being a
detective! You will have to use what you have learned and look for clues.
Take a look.
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TABLE 9.11:
x
0
3
6
9

f (x)
5
8
11
14

The first thing to notice is that the words input and output have been replaced by the x and the f (x). This
means that we are using function notation to say that x is the input and that the output is a function of x. That
is what the f (x) means.

That is exactly what you need to do.
In looking at this pattern, you can see that the x value is increased in each step of the table. Each x value is increased
by 5. This means that we can write the following rule for our function.
f (x) = x + 5
This is our answer.

Write down an example of function notation and that you need to look for a pattern when figuring out function
rules. Put this information in your notebook.
Write a function rule for each example.
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Example A
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TABLE 9.12:
f (x)
8
10
14
16

x
9
11
15
17
Solution:x − 1
Example B

TABLE 9.13:
f (x)
7
19
21
25

x
3
9
10
12
Solution:2x + 1
Example C

TABLE 9.14:
f (x)
−27
−33
−45
−48

x
9
11
15
16
Solution:−3x

Now let’s go back to the dilemma at the beginning of the Concept.
First, we can take the given information to write the rule.
p(c) = 1.50c where p is total price and c is the number of churros.
Next, we can we can substitute different values into the function rule to figure out the cost for 6, 8 or 10
churros.

p(c) = 1.50c

p(c) = 1.50c

p(c) = 1.50c

p(6) = 1.50 · 6

p(8) = 1.50 · 8

p(10) = 1.50 · 10

p(6) = 9

p(8) = 12

p(10) = 15

$9 for 6 churrors

$12 for 8 churros

$15 for 10 churros

Based on the number of churros, we can figure out the differences in cost. This is our answer.
840
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Guided Practice

Here is one for you to try on your own.
Use function notation to write a function rule for the given table.

TABLE 9.15:
f (x)
6
4.5
3.5
2

x
12
9
7
4
Solution
Let’s start by looking for a pattern. Do you notice one?

Each value of the input has been divided in half. We can write this function rule in two ways.

1
f (x) = x
2
x
or f (x) =
2
Both of these will work as a correct answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5542

Writing Function Rules
Explore More

Directions: Write function rules.
1. Write a function rule for the following data.

TABLE 9.16:
x
9
11
15
16

f (x)
27
33
45
48
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2. Write a function rule for the following data:

TABLE 9.17:
f (x)
-6
−4
−2
0

x
−2
0
2
4
3. Write a function rule for the following data:

TABLE 9.18:
f (x)
0
2
8
10

x
0
1
4
5
4. Write a function rule for the following table.

TABLE 9.19:
f (x)
0
2
6
14

x
1
2
4
8
5. Write a function rule for the following table.

TABLE 9.20:
x
2
4
8
10
18

f (x)
1
2
4
5
9

6. Write a function rule for each table.

TABLE 9.21:
x
6
9
842

f (x)
2
3
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TABLE 9.21: (continued)
f (x)
5
7
10

x
15
21
30
7. Write a function rule for each table.

TABLE 9.22:
f (x)
3
10
16
22
31

x
2
9
15
21
30
8. Write a function rule for each table.

TABLE 9.23:
f (x)
−6
−18
−30
−40
−48

x
3
9
15
20
24
Directions: Solve the following problem.
9.
10.
11.
12.
13.
14.
15.

Sandwich cost $3.45 each. Write a function rule for the cost, c, for a number of sandwiches, s.
Now, find the cost of 3 sandwiches.
Find the cost of 6 sandwiches.
Find the cost of 9 sandwiches.
Find the cost of 2 sandwiches.
Find the cost of 8 sandwiches.
Find the cost of a dozen sandwiches.
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9.4 Finding Solutions for Equations in Two
Variables
Here you’ll recognize an ordered pair as a solution to an equation in two variables and you’ll use tables to find those
solutions. You will use function form and standard form.
Have you ever been to an OmniTheater? Take a look at this dilemma.

Tasha and Uniqua think that their seventh grade class should go to the Omni Theater to see a film on the rainforest.
By calling the Science Museum where the theater is located, they discover the following information.
The cost of a ticket is $5.00, but there is a $2.00 service fee per ticket.
“That is a lot of money,” Tasha says.
“Well, it depends on how many students actually go,” Uniqua says.
“Let’s figure it out. There are 22 students in our class and we could have anywhere from 22 to 18 students go based
on the number of students absent. Now we need to do the math,” Tasha says taking out a piece of paper.
You will need to use a function to solve this dilemma. To figure out the range of costs with this trip, you will
need to write an equation and create a table to show how the cost changes based on the number of students
who attend the trip. By the end of this Concept, you will know how to go about solving this problem.

Guidance

Do you remember how to identify a function and a function rule?
A function is a relation in which each member of the domain is paired with exactly one member of the range.
In other words, a number in the domain cannot have two values for the range. When we look at the values in
the domain and the range, we can figure out if the relation is a function or not.
Functions can be represented with values in a table. A function table is an input/output table where the input is the
domain and the output is the range.
There are function rules that go with function tables. Do you know what a function rule is?
844
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A function rule can be written in words or in the form of an equation. The function rule tells you what
operation or operations to perform with the input to get the output.
You can also start with equations or rules and then see how these equations can help us to figure out ordered pairs.
Let’s start by thinking about the following equation.
3+2 = 5
This is a true equation. You probably remember equations like this one from back in your elementary school days.
However, we can look at this equation in a new way. Here we have the statement that three plus two is equal to
five. Well, there are other values that could also be added together to equal 5. We could add positive and negative
numbers to equal five. Therefore, there are many possible values that could be added together to equal five. Let’s
change this equation to one where that is clear.
x+y = 5
Now we have used the values x and y to show that we have two different values that can be added together to equal
y.
Think about ordered pairs. An ordered pair has an x and a y value. If we were to find values that would make
this a true statement, then we could also say that we had ordered pairs that would make this a true statement.
One answer for this equation is the ordered pair (2, 3) where the x value is 2 and the y value is 3. The sum is
equal to five.
Let’s look at another situation.
Find three solutions to the equation 2x + y = 12 and write them in ordered pairs.
2 · 2 + 8 = 12 so the ordered pair is (2, 8).
2 · 3 + 6 = 12 so the ordered pair is (3, 6).
2 · −5 + 22 = 12 so the ordered pair is (-5, 22).
When an equation is written in a form where x and y are added together to equal a third value, we call that
standard form . We can say that standard form is Ax + By = C.

Write the definition for standard form and its equation in your notebook.
You just learned how to identify an equation in standard form. We can also write equations in function form.
Function form is when the y value is equal to the rest of the equation.
y = 2x + 1
This is an equation in function form. We can see that the y value is a function of 2x plus one. This means that the
value of y will change based on what the x value is. We can also use f (x) to show that the y value is a function of
the rest of the equation. The f (x) is used to substitute for y.
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Exactly, let me try to explain this a little clearer. We know that the value of y depends on the rest of the
equation including whichever values we substitute for x. Well, we can say that y is a function of the rest of the
equation. Therefore, we can say that the f (x) is also dependent on the rest of the equation. The f (x) is the
same as y.
Take a look at this situation.
y = 3x + 1
To work with this equation, we have to create a table of values. Then we will know what the value of y is based on
the values that we substitute for x.

TABLE 9.24:
x
1
2
3
4
5

y
4
7
10
13
16

Now we have the values for x and y. You can also notice that since we have these two values, we also have a set
of ordered pairs that have been created in a table form.
Write each equation in function form.

Example A

2x + y = 7
Solution: y = −2x + 7

Example B

−3x + y = 18
Solution: y = 3x + 18
846
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Example C

x + y = 10
Solution: y = −x + 10
Now let’s go back to the dilemma from the beginning of the Concept.
The problem can first be solved by writing an equation. To do this, we need to look at the given information.
Total cost = y
x = number of students and this can vary
$2.00 is the service fee
$5.00 per ticket
y = 5x + 2
Now we can create our table of values based on the range of students in attendance. Uniqua and Tasha think
that there will be anywhere from 22 to 18 students on the trip.

TABLE 9.25:
x
22
21
20
19
18

y
$112
$107
$102
$97
$92

Guided Practice

Here is one for you to try on your own.
Rewrite this equation into function form.
4x − y = −1
Solution
Here we have an equation in standard form. We will need to rewrite this equation into function form. To do this, we
will move the negative one with the 4x and the −y to the opposite side of the equals. We can do this by using inverse
operations. Remember that an inverse operation is an opposite operation.

4x − y + y = −1 + y
4x = −1 + y
4x + 1 = y or y = 4x + 1
Once we have an equation written in function form, we can use a table of values to figure out a set of ordered
pairs.

TABLE 9.26:
x
0
1

y
1
5
847
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TABLE 9.26: (continued)
x
2
3

y
9
13

Now we have a set of ordered pairs for the equation y = 4x + 1.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/85

Linear Equations in Standard Form
Explore More

Directions: Find 4 solutions to the function 3x + y = 24. Write your answers as ordered pairs.
1.
2.
3.
4.

.
.
.
.

Directions: Find 4 solutions to the function 2x − y = 9. Write your answers are ordered pairs.
5.
6.
7.
8.

.
.
.
.

Directions: Write each equation in standard form.
9.
10.
11.
12.
13.
14.
15.
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y = 2x + 3
y = −4x + 6
y = −2x − 4
y = −5x + 4
y = −3x − 2
y = −4x − 6
y = 6x − 1
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9.5 Using Tables to Graph Functions
Here you’ll use a table to graph functions recognizing linear equations and the equations of horizontal lines and
vertical lines.
Do you know how to graph an equation? Take a look at this dilemma.
y = 2x − 1
Here is an equation. This equation is in function form and can be graphed. Do you know how to do this? Is this a
linear equation?
This Concept will show you how to graph and identify different equation. You will see this one again at the
end of the Concept.
Guidance

Do you know how to graph an equation from a table of values? Well, once you have a table of values that has been
created from a function or an equation, you can take the values in the table and graph them.
Take a look.
y = 4x + 1

TABLE 9.27:
x
0
1
2
3

y
1
5
9
13

Now we have an equation in function form. We have a table of values that makes this equation true, so we can
look at graphing this function.
First, let’s write out the ordered pairs from the table. Notice that these values are all positive, however, you can have
positive and negative values that make an equation true.
(0, 1)
(1, 5)
(2, 9)
(3, 13)
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Notice that the graph of this equation forms a straight line. When a set of values are graphed to represent an
equation, if a straight line is created, we call this a linear equation . Linear means line.
Now you know how to graph a linear equation and how to identify this equation based on the graph. What about an
equation like y = 5 or x = −3? These are equations we don’t need to make tables. If y is equal to five, then we could
say that x is equal to all of the other values.
Now let’s look at the graph of this equation.
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You can see that the graph of this line is a horizontal line.
Next, we can look at the equation x = −3. Now we can graph this line. If we know that the x value is -3, then we
can say that all of the other y values are all of the other numbers. Let’s take a look at this graph.

The graph of the equation x = −3 is a vertical line.
We can say that when x is equal to one value, then we have a vertical line and when y is equal to one value that
we have a horizontal line.

Write this information down in your notebook. Be sure that you understand how to identify the graph of a
horizontal or a vertical line.
Describe each line.
Example A

x=5
Solution: Vertical line at positive 5
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Example B

y = −2
Solution: Horizontal line at negative 2
Example C

y = 3x + 1
Solution: A straight line that is slanted going through point (0,1) on the y-axis.
Now let’s go back to the dilemma at the beginning of the Concept.
First, notice that this equation is already in function form, so we can create a table of values. This table will
give us our ordered pairs for graphing.

TABLE 9.28:
x
0
1
2
3

Here are the ordered pairs.
(0, -1)
(1, 1)
(2, 3)
(3, 5)
Now let’s graph the equation.
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You can see from the graph that this is a linear equation. The graph of the line is a straight line.

Guided Practice

Here is one for you to try on your own.
Use this graph to create a table of values.
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Solution

TABLE 9.29:
x
1
0
-1

y
11
7
3

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63314

Graphing a Basic Function
Explore More

Directions: Create a table of values for each equation and then graph it on the coordinate plane.
854

www.ck12.org
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Chapter 9. Linear Functions and Graphs

y = 2x + 1
y = 3x + 2
y = −4x
y = −2x
y = −3x + 3
y = 2x + 3
y = 3x − 2
y = −8x
y = 3x + 1
y = 4x
y = −2x + 2
y = 2x − 2
y = x−1
x=4
y = −2
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9.6 Using Intercepts
Here you’ll identify and use x and y-intercepts when problem solving.
Have you ever tried to choose between two things that you really wanted to do? Take a look at this dilemma.

The seventh graders have to decide between two field trips. One is bowling and the other is a trip to the Omnitheater.
It is time for them to figure out which field trip to attend. Mr. Thomas has scheduled a meeting during homeroom to
discuss options.
“I think we should go to the Omni Theater because it is more educational,” Tasha stated strongly.
“This trip doesn’t have to be educational we can just have a fun field trip,” Casey said.
Arguments began between the students. Mr. Thomas whistled and all were quiet.
“Is there anything that the two have in common that we can think of?” Mr. Thomas asked.
“You mean money?” Casey asked.
“Yes. Is there a common fee between them both?”
The students began to think about this. Intercepts are places where two or more equations meet. In the case of the
students, they wrote two equations one for each field trip. Is there a common cost in each?
Use this Concept to learn about intercepts and then return to this problem and Mr. Thomas’ question at the
end of it.
856

www.ck12.org

Chapter 9. Linear Functions and Graphs

Guidance

In football, a player makes an interception when he catches a ball thrown by the other team that was not intended
for him. Intercept means to catch or to interrupt. In graphs, we will find that most lines intercept the x- and y-axes.
We’ll call these points the x- and y-intercepts and we will use them in a variety of ways.
Consider the graph below. As you know, the x-axis is horizontal and the y-axis is vertical. Do you see that the graph
crosses, or intercepts, both the x- and y-axes?
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In looking at this graph, you can see that the line crosses the x-axis and the y-axis. These are the two intercepts of
this graph.
The line crosses the x –axis at -1.
The line crosses the y –axis at 3.
These are the two intercepts.
We can figure out the two intercepts of any linear equation. All you have to do is to look for the place where
the line crosses the two axis’.

That is a great question. Because a vertical line is x =
, it would not have a y –intercept. A horizontal line has
the equation y =
, so it does not have an x –intercept. Therefore, we would only name the x –intercept or the y
–intercept in these two examples. Here is a graph of both a horizontal line and a vertical line. You can see what we
mean by looking at this one.
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In these two graphs, x is equal to 4 and y is equal to -1. You can see that each of these special types of graphs
only has one intercept.
Find the x- and y-intercepts and then graph the equation 2x + 3y = 6.
First, notice that this is an equation in standard form. We will need to find the x and y –intercepts.
To find the x-intercept, set y equal to zero. Think about this and it makes perfect sense. If you have an intercept
with the x –axis, then it makes sense that the y value is 0.
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2x + 3y = 6
2x + 3 · 0 = 6
2x = 6
x=3
We now have the ordered pair (3, 0) or the x-intercept 3.
To find the y-intercept set x equal to zero. Think about this and it makes perfect sense. If you have an intercept
with the y –axis, then it makes sense that the x value is 0.

2x + 3y = 6
2 · 0 + 3y = 6
3=6
y=2
We now have the ordered pair (0, 2) or the y-intercept 2.
Consider a graph whose x-intercept is 5. Not only does this indicate to us that the graph will cross the x-axis at 5,
but it necessitates that when x is 5, the y value is zero. Likewise, for whatever value the y-intercept has, the x value
must be zero.
Look at the following graph and interpret the intercepts of the graph.

Now let’s look at what information we can interpret from this graph. First, this is a graph of the equation
y = −2x − 4.
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Notice that the coordinates of the y –intercept is (0, -4). We can see that the -4 can also be found in the equation
itself. Notice how it is the value that is not connected to the x variable. When looking at an equation and a
graph, this is one way to determine the y –intercept.
Now we can look at the value of the x-intercept. In this case, it is (-2, 0). Don’t let this fool you, the y –intercept
can be found in the equation, but the x –intercept is determined by the steepness of the line. Therefore, we will
have to use the equation and a table of values to determine the x –intercept. However, you can still determine
it when looking at the graph of a line.
Determine the x and y-intercepts for each equation.

Example A

2x + 4y = 8
Solution: (4,0) and (0,2)

Example B

3x + 2y = 6
Solution: (2,0)(0,3)

Example C

4x − 3y = 12
Solution: (3,0)(0,-4)
Now let’s go back to the dilemma from the beginning of the Concept.
To determine the intercept, we must first begin with the two equations.
The bowling trip used the equation y = 3g + 2.
The Omni trip used the equation y = 5x + 2
You might notice right away that the 2 is common in both. We can check and see if this is indeed the intercept
by graphing both equations. Here is the graph.
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The $2.00 fee for shoes or ticket service fee is the common factor between both trips.
Guided Practice

Here is one for you to try on your own.
Martha likes to go to the park every day but it’s 6 o’clock and her parents are waiting for her at home. She has her
bike but she sometimes walks it. She walks at 3mph and she rides her bike at 9mph. If she is 6 miles from home,
how long might her parents have to wait?
Solution
w = time (in hours) walking and b = time(in hours) on her bike

3w + 9b = 6
3 · 0 + 9b = 6
9b = 6
2
b=
3
If she only rides her bike, it will take her

2
3

or 40 minutes.

3·w+9·0 = 6
3w = 6
w=2
If she only walks, it will take her 2 hours! Hope she rides her bike.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/58470

X and Y Intercepts
Explore More

Directions: Determine the x and y –intercepts of each equation. There will be two answers for each equation.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

3x + 4y = 12
6x + 2y = 12
4x + 5y = 20
4x + 2y = 8
3x + 5y = 15
−2x + 3y = −6
−3x + y = 9
−2x − 2y = 6
7x + 3y = 21
2x + 9y = 36

Directions: Look at each graph and identify the x and y –intercept of each equation. Each graph will have two
answers.

11.
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13.
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14.

15.
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9.7 Finding the Slope of a Line
Here you’ll find the slope of a line and identify different types of slopes.
Do you know the difference between a positive slope and a negative slope? How can you tell whether the slope of a
line will be positive or negative by looking at the equation?
To answer these questions, you will need to understand slope, be able to identify slope and know how to identify
different types of slopes.
You will be able to answer these questions by the end of the Concept.

Guidance

We have described linear graphs by where the cross the x- and y-axes. But, what about the steepness of the line? If
you’ve ever been skiing, you know that the most important thing about a ski slope is how steep it is. In mathematics,
we use numbers to quantify steepness so that you can describe graphs more precisely, predict its movement, and
compare it with others.
When we have a line that has been graphed on the coordinate plane, we can calculate the steepness of the line.
In mathematics, we call this steepness the slope of the line. The slope of the line is how steep the line is.
Take a look at this situation.
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Now we want to calculate the steepness of this line. We want to calculate the slope. The slope of the line can
be calculated by using a ratio. Remember that a ratio compares two quantities. In this case, we are going to
compare the rise of the line with the run of the line.
Slope =

rise
run

Here is a graph where the slope is highlighted.

You can see that the rise is 2 and the run is 1. It is moving up so it is a positive slope. We can write this as the
868
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following ratio.
Slope =

2
1

=2

The slope of this line is 2.

Write this ratio down in your notebook.
Sometimes, you won’t have a graph to look at. We can also calculate the slope of a line when we have been
given two sets of ordered pairs. Then we can use a formula to calculate the slope of the line.
Slope =

y2 −y1
x2 −x1

Write this formula down in your notebook.
Here is another one.
Calculate the slope of a line that passes through the points (0, -2) and (1, 2).
To start, we substitute the values of these coordinates into our formula. It doesn’t matter which value you use
as y2 or y1 the key is that you are consistent in your choices. Here is how these values can be substituted into
the formula.

2 − −2
1−0
Slope = 4
Slope =

The slope of this line is 4.
Note: Sometimes, you will also see the letter “m” used in place of the word “slope”.
There are different types of slopes too.
Look at this graph of a positive slope.
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We can also see what a graph with a negative slope would look like.

Notice that this line goes down from left to right. By looking at it, we can see that it is negative. We can also look at
the slope of the line. Look at these arrows to see how this is a negative slope.
870
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We can also have lines with a slope of zero.
Take a look at this graph.

This line doesn’t go up and doesn’t go down. It has a slope of zero.
What about a vertical line?
Now use the slope formula on the line that goes through the points (2, 3) and (2, -3).
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x1 = 2, y1 = 3, x2 = 2, y2 = −3
y2 − y1
x2 − x1
−3 − 3
m=
2−2
−6
m=
0
m=

Slope here is undefined since it has a denominator of zero, m is undefined. Graph this line.
This line is vertical!

All vertical lines have an undefined slope.
We’ve seen four types of slopes.
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TABLE 9.30:
Positive slopes
Rise up and run right

Negative slopes
Rise up and run left

Zero slopes
Horizontal lines

Undefined slopes
Vertical lines

But we have yet to compare their steepness. If you consider the ski slopes, you know that some slopes are steeper
than others. In the graph below, you can also see that some lines are steeper, or have a greater slope, than others.

In looking at these lines, we can determine that some lines are steeper than others. In the example above, lines
with a greater slope are steeper than lines with a smaller slope.
Slope of 5 is >slope of

1
2

As you continue to work with slope, you will see how the steepness of a line can be measured and how to determine
the slope by looking at the equation of a line.
Find the slope of each line by using each set of ordered pairs.
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Example A

(0, 3)(1, 4)
Solution: Slope of 1
Example B

(−1, 2)(−3, 6)
Solution: Slope of -2
Example C

(4, −2)(3, 1)
Solution: Slope of -3
Now let’s go back to the dilemma at the beginning of the Concept.
When the x-value is positive, the slope of the line will be positive. When the x-value is negative, then the slope
will also be negative. When graphed, a positive slope is a line that goes up from left to right. When graphed,
a negative slope is a line that goes down from right to left.
Guided Practice

Here is one for you to try on your own.
Now use the slope formula on the line that goes through the points (1, 3) and (-1, -3).
x1 = 1, y1 = 3, x2 = −1, y2 = −3
y2 − y1
x2 − x1
1−3
m=
−1 − −3
−2
m=
2
m=

The slope of the line is −1.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/60086

The Slope of a Line
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Explore More

Directions: Answer true or false for each of the following questions.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

True or false.
True or false.
True or false.
True or false.
True or false.
True or false.
True or false.
True or false.
True or false.
True or false.

The equation of a line is always linear.
A linear equation will be shown as a straight line on a graph.
The x –intercept is where the line crosses the y axis.
The y –intercept is where the line crosses the y axis.
A vertical line has an undefined slope.
A horizontal line has a slope of 0.
Slope is the distance that the line travels on the coordinate graph.
Slope is found using a ratio.
You can figure out the slope of a line if you have been given one set of points.
You will need two sets of points that a line passes through to figure out the slope.

Directions: Figure out the slope of a line that passes through each of the following pairs of points.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

(2, 3) (3, 4)
(4, 5) (2, 3)
(2, 1) (-1, 3)
(3, 1) (4, 3)
(5, 7) (3, 6)
(3, 0) (4, 1)
(6, 4) (2, 7)
(2, 0) (0, 1)
(6, 1) (1, 6)
(4, 4) (5, 0)
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9.8 Direct and Inverse Variation
Here you’ll identify and understand direct and inverse variation.
Have you ever thought about how one variable can affect another? Take a look at this dilemma.

After a lot of debating and discussing, an eighth grade class decided to attend the Omni Theater. The presentation on
the rainforest was fascinating and all of the students were glad that this was the decision that they had made. While
the film did show the animals and insects of the rainforest, it also focused on ecology and on scientists and other
people working to save the rainforest.
When they returned to school, Mr. Thomas had them talk about different parts that had interested them.
“I was fascinated on the bus ride that the scientists took to get to the rainforest. It was amazing to me that the bus
could travel over all of those bumpy roads and not have an accident,” Mark commented.
“Yes, if you think about it, the bus ride was pretty cool to see from the Omni point of view. I mean I felt like I was
going to fall over the edge some of the time,” Karen added.
Others smiled as well. Mr. Thomas seizing the opportunity wrote the following problem on the board.
A bus leaves Boston traveling at a constant speed of 60mph. You can make a table showing the distance, d, in miles
that the train has traveled after h hours.
This is your task. After learning about slope, you will learn about direct and indirect variation. This Concepts
will help you with Mr. Thomas’ dilemma.

Guidance

Do you know that one variable can affect another variable? Did you know that this often happens in real-world
situations?
Take a look at this situation.
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A train leaves Boston traveling at a constant speed of 60mph. You can make a table showing the distance, d, in miles
that the train has traveled after h hours.

TABLE 9.31:
h
0
3
6
9
12

d
0
180
360
540
720

This relationship can be shown in the function d = 60h.
This type of function is called a direct variation .
It is a linear equation that can be written in the form y = kx, where k 6= 0.
This is a linear function whose x- and y-intercepts are always zero—it always passes through the origin. The variable
k is called the constant of variation which is also the slope of the line. In the case above, the distance varies directly
with the time because it increases in proportion to the time. That is, if the time doubles, the distance doubles, and so
on.
In a direct variation, as one variable increases, the other increases, too. In a direct variation, for any ordered
pair (x, y), k = xy ,.
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Good question. We call this an inverse variation.
An inverse variation can be written in the form y =
variations but the product of the ordered pairs is k.

k
x

where k is still the constant of variation as in direct

A plane flying is a situation describing an inverse variation. When the speed of the plane increases, the time
that the plane is in the air actually decreases.
Look at each situation and determine if they represent an inverse variation or a direct variation.
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Example A

A car racing on a track. The relationship between speed and time.
Solution: Inverse variation
Example B

The price of a plane ticket that increases year to year.
Solution: Direct variation
Example C

The number of miles traveled in relationship to distance.
Solution: Direct variation
Now let’s go back to the dilemma from the beginning of the Concept.
Now here is the table and the graph to represent the data.

TABLE 9.32:
h
0
3
6
9

d
0
180
360
540
879
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TABLE 9.32: (continued)
h
12

d
720

This relationship can also be shown by the function d = 60h.
Guided Practice

Here is one for you to try on your own.
The caloric intake of a hummingbird varies directly with the amount of nectar that it consumes. For each gram the
hummingbird consumes, it takes in 5 calories. Write an equation that shows the direct variation. Identify k. Then
create a t-table.
Solution
First, think about what is being affected. For each gram of nectar, a hummingbird takes in 5 calories. The 5 calories
represents the k value. Here is an equation for this situation.
c = 5g
Where c is the calorie total and g represents grams.
Now we can create a t-table.

TABLE 9.33:
h
0
1
2
3

d
0
5
10
15

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63312

Direct and Inverse Variation
Explore More

Directions: State whether each situation described is an example of direct variation or inverse variation.
1. The train traveled at a speed of 80 miles per hour. The number of miles increased with every hour that the train
was running.
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2. The train traveled at a speed of 80 miles per hour, then it increased it’s speed. The number of hours on the train
decreased with the increase in speed.
3. Mary is training for a marathon. She runs many hours each week. After a few weeks of running, she noticed that
her speed increased.
4. Kevin has been working for the same company for several years. He has received a raise each year that he has
been with the company.
5. Joseph has been working for the same company too, but his salary has decreased each year.
6. Kelly spent more hours studying than she ever had before. She was surprised when she received a lower score on
this test than she had on any previous tests.
7. Jeff is on a diet. He knows that the number of calories that he burns is directly connected with the number of
hours that he exercises.
8. Seth and Sarah spent a lot of time eating while they were on vacation. After vacation was over, they both noticed
that they had each gained five pounds.
9. Mary’s training has increased. She has been keeping track of how long it takes her to run 1 mile. She noticed that
the she trained, the faster her time became.
10. Over time, the price of a postage stamp has increased a few pennies each year.
Directions: Answer each question true or false.
11. In direct variation, one factor increases as the other factor increases.
12. In inverse variation, one factor increases, but the other factor decreases.
13. When you see the letter k in a situation, you can think of a constant variable.
14. If a plane ascends and then quickly descends, this is an example of direct variation.
15. If your exercise increases and you lose weight, then this is an example of direct variation.
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9.9 Using Slope-Intercept Form
Here you’ll use slope-intercept form and identify the slope and the y-intercept.
Do you know how to identify the slope in an equation? How about the y-intercept?
Take a look at this situation.
y = −2x − 8
In this Concept, you will learn how to figure out the slope and the y-intercept by looking at an equation. We
will look at this one again at the end of the Concept.
Guidance

We have seen linear equations in function form, have created tables of values and graphs to represent them, looked
at their x- and y-intercepts, and studied their slopes. One of the most useful forms of a linear equation is the slopeintercept form which we will be using with standard form in this Concept.
Remember standard form?
The standard form of an equation is when the equation is written in Ax + By = C form.
This form of the equation allows us to find many possible solutions. In essence, we could substitute any number of
values for x and y and create the value for C. When an equation is written in standard form, it is challenging for us
to determine the slope and the y –intercept.

Think back, remember that the slope is the steepness of the line and the y –intercept is the point where the line
crosses the y –axis.
We can write an equation in a different form than in standard form. This is when y = an equation. We call
this form of an equation slope –intercept form .
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Slope –Intercept Form is y = mx + b –where m is the slope and b is the y –intercept.
Take a look at this graph and equation.
Graph the line y = 3x + 1

Here we can calculate the slope of the line using the rise over the run and see that it is 3. The y –intercept is 1.
Notice that we can find these values in our equation too.
When an equation is in slope –intercept form, we can spot the slope and the y –intercept by looking at the equation.
y = mx + b
Here m is the value of the slope and b is the value of the y –intercept.
For any equation written in the form y = mx + b, m is the slope and b is the y-intercept. For that reason, y = mx + b
is called the slope-intercept form. Using the properties of equations, you can write any equation in this form.
Because we can use slope –intercept form, we can rewrite equations in standard form into slope –intercept
form. Then we can easily determine the slope and y –intercept of each equation.
Take a look here.
Write 4x + 2y = 6 in slope –intercept form. Then determine the slope and the y –intercept by using the equation.

4x + 2y = 6
4x + 2y − 2y = 6 − 2y
4x = 6 − 2y
4x − 6 = −2y
4x − 6
=y
−2
y = −2x + 3
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Now we can determine the slope and the y –intercept from the equation.

−2 = slope
3 = y − intercept

Think back to our work with functions. Remember how we could write a function in function form? Well
take a look at function form compared with slope –intercept form.
Function form = f (x) = 2x + 1
Slope –Intercept Form = y = 2x + 1
Yes! The two are the same. These two equations are equivalent!
Determine the slope and the y-intercept in each equation.

Example A

y = x+4
Solution: slope = 1, y-intercept = 4

Example B

2x + y = 10
Solution: slope = -2, y-intercept = 10

Example C

−3x + y = 9
Solution: slope = 3, y-intercept = 9
Now let’s go back to the dilemma at the beginning of the Concept.
y = −2x − 8
Looking at this equation, you can see that the slope is −2 and the y-intercept is 8.

Guided Practice

Here is one for you to try on your own.
Write this equation in slope-intercept form and then determine the slope and the y-intercept.
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−18x + 6y = 12
−18x + 6y = 12
−18x + 6y + 18x = 18x + 12
6y = 18x + 12
6y = 18x + 12
18x + 12
=y
6
y = 3x + 2
Given this equation, the slope is 3 and the y-intercept is 2.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63315

Converting to Slope-Intercept Form
Explore More

Directions: Look at each equation and identify the slope and the y –intercept by looking at each equation. There are
two answers for each problem.
1.
2.
3.
4.
5.
6.
7.
8.

y = 2x + 4
y = 3x − 2
y = 4x + 3
y = 5x − 1
y = 21 x + 2
y = −2x + 4
y = −3x − 1
y = −1
3 x+5

Directions: Use what you have learned to write each in slope –intercept form and then answer each question.
9.
10.
11.
12.
13.
14.
15.

2x + 4y = 12
Write this equation in slope –intercept form.
What is the slope?
What is the y –intercept?
6x + 3y = 24
Write this equation in slope –intercept form.
What is the slope?
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16.
17.
18.
19.
20.
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What is the y –intercept?
5x + 5y = 15
Write this equation in slope –intercept form.
What is the slope?
What is the y –intercept?
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9.10 Graphing Linear Equations
Here you’ll graph linear equations by using the slope and the y-intercept.
Have you ever been on a hiking trip where you needed to pack your own food? Take a look at this dilemma.

The rainforest was such a popular topic of discussion that Mr. Thomas let the students talk about it all week. They
loved discussing all of the things that they had seen. One day, they began talking about the scientists and all of the
things that they had to carry with them into the rainforest.
“You know, they couldn’t exactly run out to the store to pick something up,” Casey commented.
“Or call for a pizza!” Susan said.
Mr. Thomas once again seized a great opportunity to write the following problem on the board.
A group of backpackers leaves with 84lbs. of food. They plan to eat 11lbs. per day. Use an equation to show
on a graph how much food they should have after each day. How long should their food last?
To work on this problem, you will need to know about slope. The food changes per day based on how much
the backpackers eat. This Concept will teach you all that you need to know to work on this problem.
Guidance

The slope-intercept form of an equation, y = mx + b, is very helpful when you need to find the slope and y-intercept.
Using this form, graphing is going to be easy, too. Since we know the slope and we know the y-intercept, then
instead of using a table of values, we can plot the y-intercept on the coordinate plane and find our next point using
the slope.
For any equation written in the form y = mx + b, m is the slope and b is the y-intercept.
For that reason, y = mx + b is called the slope-intercept form.
Using the properties of equations, you can write any equation in this form.
Because we can use slope –intercept form, we can rewrite equations in standard form into slope –intercept
form. Then we can easily determine the slope and y –intercept of each equation.
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Now let’s use the slope and the y-intercept to graph equations.
Graph the line that goes with the equation y = −x + 5
First, we can determine that the slope is -1 and the y –intercept is 5. Next, we can graph this line using these
two pieces of information.

We can also graph lines in a different form. First, we will need to rewrite them into slope –intercept form.
Then we can graph the equation.
Take a look at this situation.
Graph the line 3x + y = 9
First, we rewrite this equation from standard form to slope –intercept form. We do this by using inverse
operations.

3x − 3x + y = −3x + 9
y = −3x + 9

Now we know that the slope is -3 and the y –intercept is 9. Next, we can graph the equation of the line.
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Use what you have learned to answer each question.

Example A

True or false. The slope of a horizontal line is greater than the slope of a vertical line.
Solution: False.

Example B

Identify the slope in the following equation.
y = −2x + 7
Solution: −2

Example C

Identify the slope and the y-intercept of this equation.
−3x − 3y = 18
Solution: slope = −1, y − intercept = −6
Now let’s go back to the dilemma at the beginning of the Concept.
First, we need to write an equation to represent the food. Use the equation f = −11d + 84 where f is the food
they have remaining and d is the number of days that have been gone.
The graph shows that they have enough food for a little more than seven days.
889

9.10. Graphing Linear Equations

www.ck12.org

Guided Practice

Here is one for you to try on your own.
A store employee gets paid $12.50 per hour plus a weekly bonus of $50 for punctuality. Assuming the employee is
on time every day, graph her wages earned. How much would she earn for working 10 hours? 20 hours? 30 hours?
Solution
First, write an equation. We could use the equation w = 12.5h + 50.
Next, we can graph the equation by using the slope and the y-intercept.
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The graph shows that wages for 10 hours would be $175, for 20 hours $300 and for 30 hours $425.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63317

Graphing Linear Equations
Explore More

Directions: Use what you have learned to complete each task.
2x + 2y = 8
1.
2.
3.
4.

Write this equation in slope –intercept form.
What is the slope?
What is the y –intercept?
Graph the equation.

3x + 6y = 2
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5.
6.
7.
8.
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Write the following equation in slope –intercept form.
What is the slope?
What is the y –intercept?
Graph the equation.

Directions: Use what you have learned to solve each problem.
Miguel wants to save $47 for a video game. He received $20 as a gift and gets $4 per week for allowance.
9. Write an equation in slope-intercept form that represents this situation.
10. How long will it take him to save enough money?
y = .8x + 3
11.
12.
13.
14.
15.

892

What is the slope of this line?
Which form is the equation written in?
What is the y-intercept of this line?
What is the graph of this line?
Is this a linear graph? How can you tell?
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9.11 Writing Linear Equations
Here you’ll write linear equations given two points on a line, x and y –intercepts, slope and y –intercept, or a table
of values.
Have you ever studied banana plants? Take a look at this dilemma.

Mr. Thomas’ class is having a discussion on the rainforest. The students have been doing some research, and now
they are ready to talk about their findings.
“The vegetation of the rainforest was very interesting,” Carmen commented in Mr. Thomas’ class.
“There were so many different things growing,” Mark agreed.
The students began having a discussion about the things that had intrigued them about the plant life of the rainforest.
One of the points that was brought up is that there are plants in the rainforest that can’t be found anywhere else in
the world. Mr. Thomas spotted the opportunity and wrote the following problem.
You buy a banana tree that is 8 inches tall. It grows 4 inches per day. Its height (in inches) h is a function of
time (in days) d.
You can express this function as an equation. This Concept will show you how to write linear equations.
Guidance

The y = mx + b form of an equation was most useful in rapidly identifying both the slope, m, and the y-intercept, b.
In fact, if we know what the slope of an equation is and we know its y-intercept, then we can just as easily write the
equation. All you have to do is plug in the slope for m in the y = mx + b form and the y-intercept for b.
Take a look at this situation.
m = 4, y − intercept = 3
We know that we are going to use the form of the equation y = mx + b, so we can substitute these values into
the equation and write it.
y = 4x + 3
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This is the answer. The key is to always watch for negative signs and be sure to include them when you write
your equation.
Sometimes, we can also be given the slope and a point that the line crosses through. We can also use this information
to write an equation of a line.
Slope = −2, the line passes through the point (0,-3)
With this example, we know the slope, so that can be easily substituted into the slope-intercept form. The
point has a 0 for the x value, so that means that we have been given the coordinate of the y –intercept.
y = −2x − 3
This is the answer.
What if you only know two points and you don’t know the slope? It’s a similar operation that we can use in
order to write the equation.
−y1
? In other words, given any two points (x1 , y1 ) and (x2 , y2 ), we can
Do you recall that the slope formula is m = xy22 −x
1
use the slope formula to calculate the slope of the line that passes through those points. Even when you only know
two points, finding the slope is just a matter of using the formula. But then what?

We will use the notion below.
−y1
y−y1
if m = xy22 −x
then m = x−x
because the slope is the same on any part of a line. In other words, we can use a formula
1
1
similar to the slope formula for finding the equation. This time, however, we will leave x and y as variables because
the relationship is true for any values of x and y in that equation.

Write the equation of the line that passes through the points (3, 7) and (5, 11). First we will find the slope using the
slope formula for x1 = 3, y1 = 7, x2 = 5, y2 = 11.
y2 − y1
x2 − x1
11 − 7
m=
5−3
4
m=
2
m=2
m=

Now plug in our known values of m, x1 , and y1 .
y − y1
x − x1
2 y−3
=
1 x−7

m=

Do you see that we have a proportion? This can be solved by cross multiplying.
2 y−3
=
1 x−7
1(y − 3) = 2(x − 7)
y − 3 = 2x − 14
y = 2x − 11
This is the answer.
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What about when you have been given a table of values? Well, there is a way to figure out the equation quite
simply when you have a table of values. Take a look.

TABLE 9.34:
x
0
1
2
3
4

y
5
7
9
11
13

First, notice that the y –intercept is the value that has an x value of 0. With an x value of 0, we know that the
y –intercept is 5.
Now we need to figure out the slope. Look at the y values in the table. Can you see a pattern? If you look
carefully, you will see that the values jump by +2 each time. This is the slope. Think about how the line would
move when graphed. The pattern of the y values represents the slope of the line.
y = 2x + 5
This is the answer.
What about function notation? Well first, think about independent and dependent variables.
In science, an independent variable is a parameter that is manipulated or chosen by a scientist while the dependent
variable is a parameter that is measured. Scientists oftentimes look for a correlation between an independent variable
and a dependent variable—they want to know if the dependent variable depends on the independent variable. For
example, a scientist might measure the speed at which a car is moving and the force upon impact when the car hits a
wall. The scientist can manipulate the speed of the car—she can make the car move slower or faster. She would then
measure the force of impact related to the given speed. Then, a conclusion can be drawn about their relatedness and
cars, in this case, might be designed based on that relation. The independent variable will be shown in the left
column of a t-table and on the x-axis of a graph. The dependent variable will be shown in the right column of
a t-table and on the y-axis of a graph.
f (x) = 4x + 1
Here we know that the function of x is dependent on 4 times that value, x and one.
Write a linear equation by using the given information.
Example A

m = 2, y − intercept = 5
Solution: y = 2x + 5
Example B

m = −4, y − intercept = 6
Solution: y = −4x + 6
Example C

m = 8, y − intercept = −2
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Solution: y = 8x − 2
Now let’s go back to the dilemma from the beginning of the Concept.
First, we need to write an equation. We can use the h to represent the height of the banana tree. We can use
the d to represent the number of days. The 8 is the height that the tree started with. Here is our equation.
h = 4d + 8
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write an equation in slope-intercept form with a slope of -4 and a y-intercept of 13.
Solution
To do this, we can take slope-intercept form and substitute in the given values.
y = mx + b
The m represents the slope.
The b represents the y-intercept.
y = −4x + 13
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63316

Slope-Intercept Form
Explore More

Directions: Write the equation of a line with the following slopes and y –intercepts.
1.
2.
3.
4.
5.
6.
7.
8.
9.
896

slope = 2, y int = 4
slope = −3, y int = 2
slope = −4, y int = 4
slope = 3, y int = −5
slope = 21 , y int = −2
slope = − 13 , y int = 2
slope = 1, y int = 8
slope = −2, y int = 4
slope = −1, y int = −1
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10. slope = 5, y int = −2
Directions: Write the following horizontal or vertical line equations.
11.
12.
13.
14.

A horizontal line with a b value of 7.
A horizontal line with a b value of -4.
A vertical line with an x value of 2
A vertical line with an x value of -5

Directions: Write the equation of a line that passes through the following points.
15. (3, -3) and (-3, 1)
16. (2, 3) and (0, -3)
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9.12 Use Function Notation to Graph Functions
Here you’ll use function notation to graph functions.
Have you ever thought about how to represent a function with a graph? Take a look at this dilemma about banana
plants.

Let’s say that you buy a banana tree that is 8 inches tall. It grows 4 inches per day. Its height (in inches) h is a
function of time (in days) d.
We can write that linear equation as h = 4d + 8.
Can you graph this function?
You will learn how to use function notation to graph functions like this one.
Guidance
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In science, an independent variable is a parameter that is manipulated or chosen by a scientist while the dependent
variable is a parameter that is measured. Scientists oftentimes look for a correlation between an independent variable
and a dependent variable—they want to know if the dependent variable depends on the independent variable. For
example, a scientist might measure the speed at which a car is moving and the force upon impact when the car hits
a wall. The scientist can manipulate the speed of the car—she can make the car move slower or faster. She would
then measure the force of impact related to the given speed. Then, a conclusion can be drawn about their relatedness
and cars, in this case, might be designed based on that relation.
The independent variable will be shown in the left column of a t-table and on the x-axis of a graph. The
dependent variable will be shown in the right column of a t-table and on the y-axis of a graph.
If you think about this it makes perfect sense. The function of y depends on the rest of the equation. Then we can
use function notation to represent this situation.

f (x) = 4x + 1
Here we know that the function of x is dependent on 4 times that value, x and one.
Once you understand the connection between independent variables and dependent variables, we can move on to
graphing these linear equations.
As with any other linear equation, functions can be graphed using a t-table or using the slope-intercept form. It is
important to place the independent variable on the x-axis and the dependent variable on the y-axis or the results can
be misinterpreted. Let’s look at how to do this.
A group of students measure the length of their classmates’ arms and legs and found the following data:

TABLE 9.35:
arm(in)
25
27
26

legs(in)
30
33.2
31.6

Assume there is a linear relationship. Write and graph the linear function that describes this data.
Use the table to determine ordered pairs. Then you can find the slope. Find the slope using the slope formula for
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x1 = 25, y1 = 30, x2 = 27, y2 = 33.2.
y2 − y1
x2 − x1
33.2 − 30
m=
27 − 25
3.2
m=
2
m = 1.6
8
m=
5
m=

Now substitute in our known values of m, x1 , and y1 .
y − y1
x − x1
8 y − 30
=
5 x − 25
5(y − 30) = 8(x − 25)
m=

5y − 150 = 8x − 200
5 = 8x − 50
8
y = x − 10
5
Now we can graph the data.

Determine each slope and y-intercept by using the given information.
900
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Example A

f (x) = 3x + 2
Solution: Slope = 3, y-intercept = 2

Example B

f (x) = −2x − 9
Solution: Slope = -2, y-intercept = -9

Example C

f (x) = −x + 3
Solution: Slope = -1, y-intercept = 3
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the equation that we are going to graph. This equation describes the situation with the banana plant.
h = 4d + 8
Let’s use slope-intercept form to show its graph.
m = 4, b = 8
Notice that we only need the first quadrant of the coordinate plane because negative values would not make
sense.
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Guided Practice

Here is one for you to try on your own.
Do you have enough information to graph this situation?

You buy a orange tree that is 12 inches tall. It grows 3 inches per day. Its height (in inches) h is a function of time
(in days) d.
h = 3d + 12
Let’s use slope-intercept form to show its graph. We know that the slope is 3 and the y –intercept is 12. That gives
us enough information to graph this line.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/81

Linear Function Graphs
Explore More

Directions:Graph each function.
1.
2.
3.
4.
5.
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f (x) = 3x + 1
f (x) = 2x + 2
f (x) = 5x − 1
f (x) = x − 3
f (x) = −2x + 1
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f (x) = −2x − 5
f (x) = −4x + 9
f (x) = 4x + 8
f (x) = x − 10
f (x) = 2x + 6

Directions: Use what you have learned to solve each problem.
11. A migrating monarch butterfly travels 1100 miles. If it flies 30 miles per day, the distance d it still has to travel
is a function of days t it has traveled. Write a function rule for the situation.
12. What is the slope of the situation?
13. A writer gets paid a writer’s fee of $3000 plus $1.50 for each copy of the book that is sold. Create a function
rule for this situation.
14. What is the slope of this situation?
15. How many books does the writer need to sell to earn $10,000 total?
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9.13 Recognizing Linear Systems
Here you’ll recognize linear systems of equations with solutions and without solutions.
Do you know how to identify a linear system of equations?
If you think about it, you are already familiar with a linear equation.
2x + 3 = 11
Here is a linear equation. When you have a linear equation, you can simply solve it for x.
You can also have an equation where two variables are present.
2x + y = 10
This is a linear equation in standard form.
What about a system of linear equations? Do you know how to identify one? Do you know how to solve one?
This Concept will show you how to work with linear systems. You will be able to answer these questions by
the end of the Concept.

Guidance

Linear functions are useful all by themselves, and yet there are other applications of the idea. In a system of linear
equations, you will see how linear equations can work together in a system to solve even more complex problems.
Indeed, there are various ways that we can find solutions to these problems or find that there may be no solution at
all.
If you add two numbers together, you get 13. Can you think of any ordered pairs that would work for this?
(1, 12), (3, 10), (-4, 17), (4.5, 8.5)
Hopefully you’ll agree that there are infinite pairs of numbers whose sum is 13. You might also agree that there are
infinite pairs of numbers whose difference is 7.
(9, 2), (11, 4), (37, 30), (95.8, 88.8), (-3, -10)
However, which ordered pair is true for both conditions at once? Which pair has a sum of 13 and a difference of 7?
If you make a list of ordered pairs, you can check them to see which makes both equations true.
This is a system of equations —two or more equations at the same time.
In the situation above, the solution is (10, 3) because the sum of the two numbers is 13 and their difference is 7.
The pair (10, 3) makes both equations true.
A solution to a system of equations is an ordered pair that makes both equations true. Is there always a solution?
Can there be more than one solution? Let’s investigate this.
Two numbers have a sum of 17. If you add two numbers together, their sum is 15. As you know, there are infinite
ordered pairs whose sum is 17. There are also infinite ordered pairs whose sum is 15. But can a single ordered pair
have a sum of both 17 and 15 at the same time?
First, let’s write two equations to help us to sort out the information in this system of equations. There are
two equations and both have a different sum.
904
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x + y = 17
x + y = 15
If we think about these two equations, you will see that there aren’t any values that will work for both of these
equations.
Therefore, this system has no solutions.
Here is another one.
Two numbers have a sum of -8. Twice the first number plus twice the second number is -16.
First, let’s write the two equations described above. Then we can investigate possible solutions.

x + y = −8
2x + 2y = −16
Does this system have a solution? Think of a solution for the first equation. How about (-3, -5)? Does it work
for the second? Yes. Think of another solution like (9, -1). This one is also true in both equations.
This equation has an infinite number of solutions.
Some systems of equations have infinite solutions because all ordered pairs that make one equation true also
make the other true.
Answer each question true or false.
Example A

A linear system is two equations where the value of x is the solution for the system.
Solution: False

Example B

The solution for a linear system is written as an ordered pair.
Solution: True

Example C

Some linear systems do not have a solution.
Solution: True
Now let’s go back to the dilemma from the beginning of the Concept.
Identifying a linear system means that you will see two equations where there are unknown values for both x and y.
Solving a linear system requires you to find two values that will work as the values for x and y in both equations.
This solution is then written as an ordered pair.
If you can’t find a solution, then the system does not have a solution.
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Guided Practice

Here is one for you to try on your own.
Which ordered pair makes both equations true?
1.
x+y = 8
4x − y = −3
a. (2, 6)
b. (3, 15)
c. (4, 4)
d. (1, 7)
Let’s test each pair and see which pair, if any, works:
a.
x+y = 8
2 + 6 = 8?
8=8
4x − y = −3
4 · 2 − 6 = −3?
8 − 6 = −3?
2 6= −3
Solution
The ordered pair (2, 6) makes the first equation true, but not the second. Because it is not true for both equations, it
is not a solution to the system.
b.
x+y = 8
3 + 15 = 8?
18 6= 8
The ordered pair (3, 15) does not even make the first equation true. It cannot be a solution to the system.
c.
x+y = 8
4 + 4 = 8?
8=8
4x − y = −3
4 · 4 − 4 = −3?
16 − 4 = −3
12 6= −3
The ordered pair (4, 4) makes the first equation true, but not the second. Because it is not true for both equations, it
is not a solution to the system.
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d.
x+y = 8
1 + 7 = 8?
8=8
4x − y = −3
4 · 1 − 7 = −3?
4 − 7 = −3?
−3 = −3
The ordered pair (1, 7) makes both equations true. This is a solution to the system.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65508

Explore More

Directions: Figure out which pair is a solution for each given system.
1. Which ordered pair is a solution of the following system?

x − 3y = 9
3x + y = 7
(a) (6, −1)
(b) (−1, −4)
(c) (0, 7)
(d) (3, −2)
2. Which ordered pair is a solution of the following system?

y = 3x − 7
5x − 3y = 13

(a) 3, 23
(b) (2, −1)
(c) (4, 7)
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(d) (5, 8)
Directions: Determine whether each system has infinite solutions or no solutions.
3. .

x + y = 10
y = −x + 10
4. .

3x − 6y = −24
x − 2y = −8
5. .

2
3
x = y−1
4
3
9x = 8y − 12
6. .

1
y = x+3
2
1
y = x−2
2
y = 3x − 5
y = 3x − 2
7. .

1
y = x+3
2
1
y = x−2
2
Directions: Answer each question true or false.
8. Parallel lines have the same slope.
9. A linear system of equations cannot be graphed on the coordinate plane.
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Parallel lines have infinite solutions.
Perpendicular lines have one solution.
Lines with an infinite number of solutions are not parallel.
Some linear systems do not have a solution.
To solve a linear system, you must have a value for x and y.
An ordered pair is never a solution for a linear system.
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9.14 Solving Linear Systems by Graphing
Here you’ll solve linear systems by graphing.
Have you ever seen a dilemma like this one? Take a look.

Two trains leave the station going in the same direction. One train leaves two hour before the other. The first train’s
average speed is 65mph while the second train’s average speed is 90mph. How long will it take for the second train
to catch up to the first?
The two trains can represent a linear system. You can solve this linear system by graphing. You will learn
how to solve it in this Concept.

Guidance

When we have a system of equations, we can graph the equations and solve the system by graphing. When you
graph two linear equations, two lines are formed. These two lines will intersect. The point where the lines intersect
is the solution for the system.
Take a look.
Solve the following system by graphing.

y = 2x − 4
y = −2x + 8
To work on this system, we will graph both of these lines and look for the point of intersection. That point of
intersection will be the solution to the system.
910
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The point of intersection is (3, 2).
This is the solution to the system of equations.
Sometimes you might have two equations that do not intersect. If this happens, then you know that this is a
system with no solutions. Parallel lines are one possible system that would not have a solution. Parallel lines
have the same slope, so you can recognize a system with no solutions.
Answer each question true or false.
Example A

If two lines intersect at a point, then the coordinates of that point are a solution to the linear system.
Solution: True
Example B

Parallel lines have the same slope.
Solution: True.
Example C

Perpendicular lines also have the same slope.
Solution: False.
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s think about functions with regard to this problem. The second train’s distance d is a function of
time t. It can be found with the equation d = 90t.
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Since the first train left two hours before the first train, it had two hours more than the second train to travel.
Its speed was 65mph, though. Its distance can be found with the equation d = 65(t + 2).
Solve the system of equations using a graph.

From the graph you can see that the trains will meet shortly after 5 hours.
Guided Practice

Here is one for you to try on your own.
Does this graph show a solution for the following system? Why or why not?

y = −3x + 5
y = 3x − 5
912
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Solution
This graph does not show a solution for the following system. The solution (2,1) works for the second equation, but
not for the first equation.
An ordered pair must be a solution for both equations in a system.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/98

Solving Linear Systems by Graphing

Explore More

Directions: Graph the following systems of equations. Identify the solution or write no solution or infinitely many
solutions, if appropriate.
1. .

y = 2x − 3
y = x−1
2. .

2x + 2y = 1
y = −x +

1
2

3. .

y = −3x + 1
3x − y = −7
4. .
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y = 2x
y
5
= x−
2
2
5. .

y = 3x + 5
y = −3x + 8
6. .

y = 2x + 1
y = 3x + 3
7. .

1
y = x−2
2
y = −2x
8. .

y = −2x + 1
y = −2x − 2
9. .

y = 4x − 1
y = 2x + 2
10. .

y = 5x − 3
y = −5x + 1
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11. .

y = 2x
y = 3x − 5
12. .

y = −x − 1
y = −x + 6
Directions: Answer each question true or false.
13. Some linear systems do not have a solution.
14. Perpendicular lines have one solution.
15. Lines with the same slope and y-intercept have infinite solutions.
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9.15 Solving Linear Systems by Substitution
Here you’ll solve linear systems by using substitution.
Have you ever been to the Omni theater? Take a look at this dilemma.

Kelly loved the Omni presentation on the rainforest so much that she decided to go and see it again. She asked Tyler
if he wanted to go with her on Saturday afternoon.
“Do you want to go with me?” Kelly asked.
“Sure, but I have karate first, so I will have to meet you there. What time is the show?” Tyler asked.
“The show starts at 2:30 pm. I’m going to leave at one o’clock so I can look around,” Kelly said.
“Well, I don’t get done karate until then, so I probably won’t leave until 2:00 pm,” Tyler said.
On Saturday, the two went about their day and both left for the museum. Kelly’s Mom tends to drive slowly and
cautiously, so she was traveling on city streets at 45 mph. Tyler’s karate class is downtown, so he could take the
highway to get to the Omni theater and his Dad drove at an average of 55 mph. Will the two catch up to each other?
This is a problem about equations and systems of equations. You will need to solve a system of equations to
figure this one out. To figure this out, you would need to find a solution that will work for both equations. You
will learn all about it in this Concept.
Guidance

Let’s recall that in a system of equations, we are looking for the same x and y values that make all equations true.
So, the solution to the system

3y = x − 2
y−x = 4
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is the ordered pair (x, y) that makes the first and the second equation true. In other words, x in the first equation
equals x in the second equation and y in the first equation equals y in the second equation. Now, look at the second
equation, y − x = 4. It is simple to solve for the y value—add x to both sides. So y = x + 4. Well, if y is the same in
both equations and y = x + 4, then we can substitute x + 4 in the place of y in the first equation. That is why this is
called the substitution method.

Now that we have substituted, we can solve this equation because it has a single variable.

3(x + 4) = x − 2
3x + 12 = x − 2
2x + 12 = −2
2x = −14
x = −7
If x = −7, substitute again to find y:

y = x+4
y = −7 + 4
y = −3
Our solution, then, is (-7, -3).
Solve each system by using substitution.
Example A

2y = x + 4
y = 3x
Solution: x = 45 , y = 2 52
Example B

3y = x − 22
y = 4x
Solution: x = −2, y = −8
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Example C

6y = x − 34
y = 3x
Solution: x = 2, y = 6
Now let’s go back to the dilemma from the beginning of the Concept.
The first equation we can write is to represent Tyler’s time. His Dad is traveling 55 mph. Therefore his
distance is a function of speed and time.
d = 55t
Kelly left one hour before Tyler did. She is traveling 45 miles per hour. Therefore, the speed times Tyler’s
time plus one hour equals Kelly’s time.
d = 45(t + 1)
Now see if there is a solution that will work for both equations. We can try to solve this by using substitution.

55t = 45(t + 1)
55t = 45t + 1
55t − 45t = 1
10t = 1
1
t=
10
Now we go to Tyler.



1
d = 55
10
d = 5.5



The solution could be the following values for d and t. However, when you substitute those values into both
equations, the solution does not work. Therefore there isn’t a solution for this system, and the Kelly and Tyler
won’t meet up while driving.
Guided Practice

Here is one for you to try on your own.
Anglica’s mother leaves to visit her grandmother for her birthday. Her grandmother lives 450 miles away and her
mother drives at an average of 60mph. Three hours later, Angelica’s step-father notices that her mother forgot the
gift for her grandmother so he decides to try to catch up to her. If he drives at an average of 50mph, will he catch up
to her before she gets to her grandmother’s house?
Write a system of equations to model the situation and solve using the substitution method.
Solution
First, we can figure out how long it will take Anglica’s mother to reacher her grandmother’s house given the distance.
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d = rt
She is driving 50 mph, and her grandmother lives 450 miles away.

480 = 60t
8=t
It will take her eight hours.
Now let’s write and solve a system of equations to see if her step-father will catch up before her mother arrives.
d = 60t This is the mother’s driving.
d = 50t + 3 This is the step-father’s driving.
60t = 50t + 3
Now we solve the equation for t, the time.

60t − 50t = 3
10t = 3
3
t=
10
Now substitute this back into the mother’s time.
3
60 × 10

18
It will take the step-father 18 hours to catch up. He will not arrive before Anglica’s mother.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/99

Solving Linear Systems by Substitution
Explore More

Directions: Solve each linear system by using substitution.
1. .

y=8
2y + 2x = 2
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2. .

x=6
2y + 2x = 2
3. .

2x = 8
2y + x = 10
4. .

3y = 9
y + 2x = 11
5. .

y−8 = 8
2y + x = 20
6. .

4y = 8
y − 2x = 8
7. .

x−2 = 4
4x + y = 12
8. .

y = x+8
y + 2x = 11
920
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9. .

2y + 8 = 12
y + 2x = 20
10. .

y−3 = 6
3y + 3x = 9
11. .

4y − 1 = 11
y − 4x = 5
12. .

2y − 8 = 8
2y + 2x = 2
13. .

4x + y = −2
−2x − 3y = 1
14. .

y = 2x
6x − y = 8
15. .

x + 4y = −6
2x + 10y = −6
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9.16 Solving Linear Inequalities
Here you’ll write and solve linear inequalities.
Have you ever been to the rainforest? Take a look at this dilemma.

You are going on a trip in a jeep out to the rainforest. You need to have enough fuel to get there and back. It is 115
miles one way. You can buy two different kinds of fuel for your truck, gasoline or ethanol. Gasoline gets better gas
mileage at 21 mpg but ethanol is cleaner burning and gives you 17 mpg. Use a linear inequality to figure at how
many gallons of each you would need.
To write an inequality, you will first need to know about them. This Concept will teach you everything that
you need to know. By the end of it, you should be able to solve Kenya’s problem.

Guidance

Our task in equations has been to find any and all of the solutions—the solution set—that make the equation true.
As we consider inequalities, the task remains the same. We have to find all the values that make the statement true.
922
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Remember the inequality symbols that you have used before.
less than < greater than > not equal to 6=
less than or equal to ≤ greater than or equal to ≥
You may have seen a simple inequality like “a number is less than five” or x < 5 and pondered the infinite values
that would make x true. You have also solved inequalities like 3(x − 4) ≥ 7x + 10 using properties of equations.
Just as equations can be in one or two variables, so can inequalities. However, because there are five inequality
signs, we must be aware of their meanings. Additionally, there are oftentimes many ways to say the same
thing—“is less than” could be said “is not as much as”—although they use the same inequality symbol.
Translate the following expressions to inequalities:

1.
2.
3.
4.

The sum of two numbers is more than 10. x + y > 10
The difference between two numbers is at least 32. x − y ≥ 32
Four less than a number is less than one-third another number. x − 4 < 31 y
Negative 5 times the sum of two numbers is not 18. −5(x + y) 6= 18

You can see that anytime that we are talking about two numbers or two unknown numbers that we can use
two variables in an equation. This allows us to express an inequality in two variables.
Just as with equations, a solution to an inequality will be the value(s) that make the inequality true. When you saw
the inequality, x < 5, you knew that 4 is a solution, 2, 0, -3, -7.3, etc.
There are infinitely many values that make the inequality true.
When we had equations in two variables like x + y = 7, we also saw that there were infinitely many solutions. The
solutions were shown as pairs of numbers, ordered pairs, because there was more than one variable, like (3, 4) or
(-1, 8).
For the same reason, we will show solutions to inequalities in two variables as ordered pairs. We can find
solutions by guessing and checking or by using mathematical reasoning.
Take a look at this situation.
Which solution makes this inequality a true statement?
3x + 2 > y
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(3, 5)

3 · 3 + 2 > 5?

yes

(−6, 0)

3 · −6 + 2 > 0?

no

(−1, −1)

3 · −1 + 2 > −1?

no

(10, 31)

3 · 10 + 2 > 31?

yes

Here, there are two possible solutions for this inequality. Remember that oftentimes, you will have more than
one solution for an inequality.
We can also solve an inequality in the same way that we would solve a linear equation.
Take a look.
4x < 16
We can solve this inequality by dividing both sides by four. Then we will isolate the variable and figure out the range
of values that will be solution for this inequality.

4x 16
<
4
4
x<4
Any value less than four will be a solution for this inequality. We can write it as {......4}.
Multi-step inequalities can also be solved like linear equations too.

3x − 2 > 16
3x > 16 + 2
3x > 18
x>6
Any value greater than 6 will work as a solution for this inequality. We can write it as {6.......}.
Write an inequality for each situation.
Example A

The difference between a number and seven is greater than 12.
Solution: x − 7 > 12
Example B

Two times a number and six is less than twenty.
Solution: 2x + 6 < 20
Example C

Three less than four times a number is greater than 40.
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Solution: 4x − 3 > 40
Now let’s go back to the dilemma from the beginning of the Concept.
To write the solution, we first need to write an inequality. We use e for ethanol and g for gasoling and we write
the number of miles per gallon that each gets. We want to be able to travel there and back. Since it is 115
miles per way, that is a sum of 230 miles. Here is the inequality.
21g + 17e ≥ 230

Using the ordered pair (e, g), you could have (13, 2), (12, 3), (6, 8). The first value in each pair represents the
ethanol usage, the second value represents the gasoline usage.
Guided Practice

Here is one for you to try on your own.
Solve this inequality.
−4x − 5 > 15
Solution
First, we want to isolate the variable.

−4x − 5 + 5 > 15 + 5
−4x > 20
x > −5
The solution set is {-5......}.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63313

Solving Inequalities
Explore More

Directions: Translate each statement into an inequality.
1.
2.
3.
4.
5.
6.
7.
8.

The difference between two numbers is greater than 8.
Half of one number is at least 3 times another number.
A quarter the sum of two numbers is less than 15.
Seven times one number plus 3 less than another is not more than -16.
Six times a number is greater than negative thirty.
Five times a number and six is less than or equal to 39.
Twelve divided by a number is less than seven.
Six times a number and two less than another number is less than or equal to -12.

Directions: Which ordered pairs make the inequalities true?
2x − 5y ≥ 20
9.
10.
11.
12.

(10, 5)
(10, 4)
(-10, -10)
(0, 0)

y > −4x − 2
13.
14.
15.
16.
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9.17 Graphing Linear Inequalities
Here you’ll graph linear inequalities to find solutions.
Did you know that you can use an inequality to describe a real-world situation? Take a look at this dilemma.
You’re going to a party! You’re supposed to bring sodas and chips but you only have $20 to spend. Sodas cost $1.50
per bottle and chips cost $2.50 per bag. How many of each can you buy?
This situation can be modeled with a linear inequality. Here, you will learn how to solve this inequality by
graphing.

Guidance

Listing solutions to single variable inequalities is useful but, because there are infinitely many solutions, it is
impossible to show the entire solution set with a list. For that reason, we use number lines. So when x < 2, we
show it like this.

With the less than (<), greater than (>), and not equal to (6=) symbols, we use an open circle because, although
the solution set is infinitely close to the endpoint, the endpoint itself is not actually a solution. With the less than or
equal to (≤) and greater than or equal to (≥) symbols, the endpoint is a solution so we use a closed circle.
Just as we graphed linear equations, we can also graph linear inequalities. We will graph the linear inequalities using slope-intercept form. As the circle on a number line marks the end of the solution set of a single
variable inequality, so the line on the coordinate plane will mark the boundary of the solution set of a linear
inequality.
The solution set will be on one side of the line or the other. We will take a test point to figure out which side
makes the inequality true and then shade that half of the coordinate plane to indicate the solution set.
With the less than (<), greater than (>), and not equal to (6=) symbols, we will use a dotted line instead of an
open circle because, although the solution set is infinitely close to the line, the points on the line itself are not
actually solutions. With the less than or equal to (≤) and greater than or equal to (≥) symbols, the points on
the line are solutions so we use a solid line.
Take a look at this situation.
Graph the solution set of the inequality y > x + 3.
Graph using m = 1, b = 3. Use a dotted line because the symbol is >.
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Now, the solution set is on one side of the line or the other. In order to determine which side, we will just try a point
that is not on the line itself. Try, for example, (1, 1). Does the point make the inequality y > x + 3 true? 1 > 1 + 3?
No! The solution set must be on the other side of the line. As you can see in the graph, we shaded the opposite side.
We can graph any inequality in this way. First, graph the equation of the line. Then check if it is a solid or
dashed line. Then shade above or below the line based on the inequality symbol.

Write these steps down in your notebook.
Answer each question about graphing inequalities.

Example A

True or false. If the inequality is less than, then a graph will show that the area below a dotted line is shaded.
Solution: True
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Example B

True or false. If the inequality is greater than or equal to, then a graph will show that the area above a dotted line is
shaded.
Solution: False. The line will be a solid line.
Example C

True or false. With a system of linear inequalities, the area that is shaded must be shared by both inequalities.
Solution: True
Now let’s go back to the dilemma from the beginning of the Concept.
This situation can be modeled with a linear inequality.
Let s equal the number of sodas you buy and c the number of chips that you buy.
The inequality is 1.5s + 2.5c ≤ 20 because the cost of the sodas plus the cost of the chips must not be more
than $20.
Graph the inequality and shade the correct region. Find 5 combinations of sodas and chips that you could
buy by looking at the ordered pairs within the solution on the graph.

You can buy any combination that is one of the ordered pairs in the shaded region. Possible answers are (11,
1) (9, 2) (7, 3) (6, 4) etc.
Guided Practice

Here is one for you to try on your own.
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Write the inequality represented by this graph.

Solution
First, notice that the area shaded is greater than the line. Also, it is a solid line, so we know that the solution to the
inequality is above the line and includes the values on the line.
The slope of the line is 2. The y-intercept is −3.
y ≥ 2x − 3
This is our answer.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/97

Graphing Linear Inequalities

Explore More

Directions: Write an inequality for each graph.
1. .
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2. .

3. .
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4. .

Directions: Graph the following inequalities on the coordinate plane.
5.
6.
7.
8.
9.
10.

y < 2x + 1
y ≥ 3x − 2
y ≥ −1/2x
y ≤ 1/4x + 2
y < −2x
y≤4

Directions: Answer each question true or false.
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You can’t shade less than a vertical line.
A dotted line can only be used in an inequality with greater than.
A dotted line is used when the inequality sign does not include an equals.
You can shade less than or greater than a horizontal line.
You can graph a linear inequality in two variables.

Summary
First, you learned all about functions. You learned how to identify functions, how to evaluate function rules and how
to use input/output tables. You learned how to find solutions for equations in two variables, and you learned how to
graph functions.
Then you learned about slope. You learned to identify the slope in an equation as well as on a graph. You learned
how to write equations in different forms including standard form and slope-intercept form. You saw how to identify
the slope and the y-intercept in both an equation and on a graph.
Finally, you learned about linear systems of equations and inequalities. With systems of linear equations, you learned
how to identify them and to solve them through substitution and through graphing. Then you learned how to solve
linear inequalities and how to graph them on the coordinate plane.
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10.7

M AKE A S CATTERPLOT TO R EPRESENT DATA
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10.11

U NDERSTANDING B IAS

10.12
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10.13

I NTERPRETING DATA

Introduction
Here you will explore data and how to analyze data. You will begin with the measures of central tendency and
disperson. You will learn how to find the mean, median, mode and range of a data set. Then you will explore
the mean on a deeper level by learning how to calculate standard deviations from the mean. Next, you will learn
how to display data in many different forms including frequency tables, stem-and-leaf plots, histograms, scatterplots
and box-and-whisker plots. Then, you will continue to expand your knowledge of data by learning about statistics,
misleading statistics, surveys, samples and bias. Finally, you will look at interpreting data.
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10.1 Mean, Median, Mode and Range
Here you’ll understand Measures of Central Tendency by finding the mean, median, mode and range of a data set.
Have you ever been to an amusement park? Take a look at this dilemma.
An amusement park is designing a new section for children over 3 years old and under 8 years old. As part of their
research, they used a survey of the heights and weights of a thousand children in that age group. Which measure of
central tendency should they use to accommodate the greatest number of children on a roller coaster?
In this Concept, you will learn all about how to identify and find each different measure. By the end of this
Concept, you will be able to answer this question.
Guidance

In the real world, there are many situations in which a large group of data is collected. In order to make sense of
the data, we use a number of statistical measures. These measures help us to generalize a group of data, make
inferences about it, and compare it with other groups of data.
Statistical measures include mean, median, mode and range. Depending on the situation, certain measures may be
more helpful than others in interpreting data.
Let’s look at these statistical measures.
The mean, median, and mode are three common measures of central tendency; they are three mathematical tools
frequently used to analyze data.
The mean , commonly referred to as the average, is the sum of all the data items divided by the number of
data items. The median is the middle number in a set of data that is ordered from lowest to highest. If there is
an even number of data, we take the average of the middle two numbers to find the median. Finally, the mode
is the number that occurs most often.
Take a look at this dilemma.

A manager at a small movie theater was analyzing the number of people who came to the movies during the week.
Over nine days, he found the following data: 81, 89, 92, 85, 93, 62, 85, 105, and 90. Find the mean, median, and
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mode of the data.
First, let’s find the mean. Remember that the mean is the same as the average.
Mean: add all of the data items and divide by the number of items.
81 + 89 + 92 + 85 + 93 + 62 + 85 + 105 + 90
9
782
=
9
= 86.8
=

The average or mean is 86.8 which could be rounded up to 87.
Next, let’s find the median.
Median: the middle number when the data is ordered from lowest to highest.
First reorder the data from least to greatest:

62, 81, 85, 85, 89, 90, 92, 93, 105
↑
The middle number, 89, is the median.
The median is 89.
Finally, let’s find the mode.
The mode is the number that occurs most often. In this case, 85 occurs two times and all of the other number only
once. The number 85 is the mode.
The mode is 85.

Example A

Find the mean of the data set.
Solution: 21.8
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Example B

Find the median of the data set.
Solution: 20
Example C

Find the mode of the data set.
Solution: There isn’t a mode.
Now let’s go back to the dilemma from the beginning of the Concept.
In order to attract the more customers, they should accommodate as many children as possible. For this
reason, they should use the range which will include heights of children from the tallest to the shortest.
Vocabulary

Statistics
Statistics is a branch of mathematics that involves collecting, analyzing and displaying data.
Measures of Central Tendency
In statistics, a measure of central tendency of a data set is a central or typical value of the data set.
Mean
The mean of a data set is the average of the data set. The mean is found by calculating the sum of the values
in the data set and then dividing by the number of values in the data set.
Median
The median of a data set is the middle value of an organized data set.
Mode
The mode of a data set is the value or values with greatest frequency in the data set.
Range
The range of a data set is the difference between the smallest value and the greatest value in the data set.
Guided Practice

Here is one for you to try on your own.
Find the mean, median, mode and range of the following data set.
12, 13, 15, 18, 22, 25, 30, 31, 32, 34, 40
Solution
First, we find the mean by adding up all of the values in the data set and then we divide by the number of values in
the set.
The mean is 24.72.
The median is the middle score. Since these values are already in order from least to greatest, we can simply find
the middle value.
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The median is 25.
There isn’t a mode.
To find the range, we find the difference between the greatest value and the smallest value.
40 − 12 = 28
The range is 28.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5315

Mean, Median and Mode

Explore More

Directions: Find the mean, median, mode and range Round all answers to the nearest tenths place. Notice that each
answer has four answers.
13, 18, 24, 21, 16, 24, 14, 17, 24
1. Mean
2. Median
3. Mode
4. Range
116, 137, 120, 75, 98, 98, 137, 139, 139
5. Mean
6. Median
7. Mode
8. Range
22, 24, 25, 30, 32, 34, 37, 22, 22, 38, 40
9. Mean
10. Median
11. Mode
12. Range
123, 150, 163, 150, 163, 150, 180, 200, 201
13. Mean
14. Median
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15. Mode
16. Range
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10.2 Understanding the Mean
Here you’ll understand the mean and different statistical deviations.
Have you ever been on a track team? Take a look at this dilemma.

“It is time to get ready for competition!” Mr. Watson the track coach said to his track and field team on Monday
afternoon.
“What does that mean coach?” Marco asked smiling a huge grin.
The Hawks were very excited that their season had gone so well and now they were ready to prepare for regionals.
“It means that we are all going to figure out where we are in our team standings and then set goals to improve. That
way we can have a great showing at regionals,” Mr. Watson explained.
As soon as he heard this, Alfredo began to figure out his standing. Alfredo is a high-jumper at his school. He has 8
teammates whose records are 172 cm, 174 cm, 175 cm, 179 cm, 181 cm, 181 cm, 182 cm, and 185 cm. If Alfredo’s
record is 176 cm, how does he compare to the rest of the team?
You can help Alfredo figure this out by understanding statistics and data. Pay close attention during this
Concept and you will see how to solve this dilemma.
Guidance

In the real world, there are many situations in which a large group of data is collected. In order to make sense of the
data, we use a number of statistical measures. These measures help us to generalize a group of data, make inferences
about it, and compare it with other groups of data. These statistical measures include mean, median, mode, range,
deviation from the mean, and absolute deviation from the mean. Depending on the situation, certain measures may
be more helpful than others in interpreting data.
Let’s look at these statistical measures.
940
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The mean, median, and mode are three common measures of central tendency; they are three mathematical tools
frequently used to analyze data. The mean , commonly referred to as the average, is the sum of all the data
items divided by the number of data items. The median is the middle number in a set of data that is ordered
from lowest to highest. If there is an even number of data, we take the average of the middle two numbers to
find the median. Finally, the mode is the number that occurs most often.
What happens if we want to find a difference between the mean and another value? Take a look at this dilemma.

At a restaurant, the food servers report how much money in tips they earn each night. One Saturday, the food servers
reported the following tips: $45, $37.50, $51, $89, $47, and $55. Greg is the newest food server and he reported
$51. He wants to know how well he did compared with the others.
Do you know how to figure this out?
One way to do this is to find the deviation from the mean . This tells you how far away from the mean, or
average, each food server was.
Here are the steps.
First, find the mean.
Then find the difference between each number and the mean by subtracting. Because we want to find “how far away”
each person was, it is like finding a distance—we only use positive numbers.
Step 1: Find the mean.

45 + 37.5 + 51 + 89 + 47 + 55
6
324.5
=
6
= 54.08
=

The average food server tip was $54.08.
Step 2: Find the difference of each food server tip from the mean. This is the deviation from the mean. Notice that
Greg’s value is always used because we are looking for the deviation between the tips of the other waiters and Greg.
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TABLE 10.1:
Difference from mean
54.08 - 37.5
54.08 - 45
54.08 - 47
54.08 - 51
55 - 54.08
89 - 54.08

Deviation from the mean
16.58
9.08
7.08
3.08
.92
34.92

When we subtract, we place the largest of the two numbers first so that the difference is positive.
The deviation from the mean can let each food server know how far he or she was from the average tips that night.
Greg earned $51. The average was $54.08 so he was very close to the average although a little bit lower.

Write these steps down in your notebook.
Remember that when we look for the deviation from the mean, we are looking for the difference between an
average and a value.
Do you know what the mean absolute deviation is?
First, let’s think about range.
The range is found by subtracting the smallest number from the largest number. This will give you an idea of
the span or the breadth of the data.
For instance, if you are a new car buyer and have just entered the work force, it may help for you to know that
the mean price of new cars is $22,300. This may be too high for you, but the mean doesn’t really supply you with
enough information. If you know that new car prices vary from $10,500 to $89,900, then you have a better idea
about what a car might cost at the lower end, easier for your income level. The range of car prices, in this example
is $89, 900 − $10, 500 = $79, 400. It is a broad range that should allow for you to purchase a car.
A second statistical measure that can be useful is the mean absolute deviation. We already found the deviation from
the mean, which is how far an individual item is from the mean. Because we only found the positive difference, we
actually found the absolute deviation. The mean absolute deviation, then, is the mean of those deviations.
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I know that it seems confusing, try to think of it in another way.
Let’s suppose that a school teacher gives an exam. The mean in the class is 82%. That seems pretty good, right?
Doesn’t that mean that the average student got a B? Not necessarily. If the mean absolute deviation is high, it means
that the average student either did much better or much worse than 82%. It indicates a greater range of scores. On
the other hand, if the mean absolute deviation is low, it is a stronger indication that the group as a whole is working
around the B level.

A city surveyor took elevation measurements around a coastal city that has a reported mean elevation of 35 feet
above sea level. He went to various homes and gathered the following data: 152, 316, 26, 64, 20, 506, 210, and 89.
Find the range and mean absolute deviation.
Step 1: Find the range. Subtract the smallest number from the largest.
506 − 20 = 486
Step 2: Find the deviations from the mean (mean of 35 already given).

TABLE 10.2:
Difference from mean
35 –20

Deviation from the mean
15
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TABLE 10.2: (continued)
Difference from mean
35 –26
64 –35
89 –35
152 –35
210 –35
316 –35
506 –35

Deviation from the mean
9
29
54
117
175
281
471

Step 3: Find the mean of the deviations from the mean.

15 + 9 + 29 + 54 + 117 + 175 + 281 + 471
8
1151
=
8
= 143.9
=

The mean absolute deviation is about 143.9 feet.
Use the following information to answer each question.
The following scores were earned on a math test: 65, 70, 82, 83, 50, 90 and 88. Kara earned a 82.

Example A

What is the mean of the scores?
Solution: 75

Example B

Find the deviation from the mean for each score.
Solution: 10, 5, 7, 8, 25, 15, 13

Example C

How did Kara’s score compare?
Solution: Kara’s score was above the mean by 7 points.
Now let’s go back to the dilemma from the beginning of the Concept.
In this case, finding the deviation from the mean would be most useful in answering the question because he
wants to compare his individual record to that of the team.
Step 1: Find the mean.
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172 + 174 + 175 + 179 + 181 + 181 + 182 + 185
8
1429
=
8
= 178.6
=

Step 2: Calculate his deviation from the mean: 178.6 − 176 = 2.6cm.
Alfredo’s record is 2.6cm lower than the mean. He should continue to work on improving his high jump. Now that
Alfredo understands his place on the team, he can work with the coach on a plan to improve.
Notice that when comparing to others, we use the deviation from the mean.
Guided Practice

Here is one for you to try on your own.
The town keeps statistics on its local races. Here are the times from a recent 5k race. The average time was 23
minutes.
21, 21, 22, 18, 19, 23, 25, 27, 30
What is the mean absolute deviation?
Solution
To figure this out, we must first find the range.
30 − 21 = 9
Next, we find each deviation of the mean. We do this by subtracting each time from the mean of 23 minutes.
2, 2, 1, 5, 4, 0, 2, 4, 7
Now, we find the mean of the deviations.
3
The mean absolute deviation of the times is 3 minutes.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63330

Mean and Standard Deviation
Explore More

Directions: Define each term.
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Mean
Median
Mode
Deviation from the mean
Range

Directions: Use this data to complete the following questions.
Two groups of adult female harbor seals were weighed from different parts of the globe, one from the Pacific Ocean
and one from the Atlantic Ocean.
The Pacific Ocean group had weights of: 126kg, 130kg, 135kg, 136kg, 137kg, 140kg, 148kg, and 150kg. The
Atlantic Ocean group had weights of 117kg, 119kg, 122kg, 123kg, 130kg, 131kg, 141kg, 149kg, and 152kg. A
marine biologist decided to gather data to compare the two groups.
Beginning with the Pacific Ocean Group.
6.
7.
8.
9.
10.

What is the mean of the data set?
What is the median?
What is the mode?
What is the range?
If a new seal was weighed with a weight of 137kgs, what would be the deviation from the mean?

Now with the Atlantic Ocean Group.
11.
12.
13.
14.
15.
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10.3 Stem-and-Leaf Plots
Here you’ll use stem-and-leaf plots to display data.
Have you ever seen a chimpanzee? Take a look at this dilemma.
A zoologist takes the weights of male and female chimpanzees at 1 year of age. She finds the following data, in
pounds, and places it in order from smallest to largest.
Females: 14, 17, 19, 19, 20, 21, 23, 24
Males: 18, 22, 24, 25, 26, 28, 31, 32, 34
Make a double stem-and-leaf plot that represents this data so we can compare the males and the females in
the same data display. Pay attention and you will know how to do this by the end of the Concept.
Guidance

Measures of central tendency are an important method for interpreting a set of data. However, humans tend to be
very visual. That is, many people understand things best when they can see them. For that reason, we have a variety
of tools which allow us to see a set of data. These tools include plots and graphs. Each type of visual tool has
advantages and the best type of plot or graph depends on the situation. Indeed, sometimes it is a matter of preference
as many different graphs could be used to illustrate the same data.
Let’s think about stem-and-leaf plots.

Consider a stem and its leaves. The stem is a strong base from which the leaves sprout. This is the idea of a stemand-leaf plot. They allow us to see groups of data and tendencies quickly while at the same time showing every
single piece of data.
We organize a stem-and-leaf plot according to the largest base ten value and the smaller base ten values.
Take a look at this dilemma.
An accountant must consider the cost of healthcare for the employees at a company. The healthcare costs are based
on age of the employees. She finds that the ages of the employees are as follows: 32, 19, 37, 22, 25, 46, 58, 35, 41,
45, 35, 27, 29, 42, 53, 70, 56, 34, 29, 30, 21, 24, 27, and 45.
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This data is difficult to understand in an unorganized list. Measures of central tendency could be calculated but
they would not help to determine healthcare costs. A stem-and-leaf plot will give her a better idea of numbers of
employees per age group.
To create a stem-and-leaf plot, we first must put the data in order from smallest to largest:
19, 21, 22, 24, 25, 27, 27, 29, 29, 30, 32, 34, 35, 35, 37, 41, 42, 45, 45, 46, 53, 56, 58, 70.
Now, choose stem values. That means to choose values that would be the first digit(s) of appropriate groupings.
In this case, because our youngest employee is 19 and the oldest is 70, we can use the tens place as our stem.
We construct the stem vertically, then, as shown below. Then, we place each piece of data, the leaves, in the plot,
next to its stem. We place the leaves in order, only separated by a column. The stem, the tens place, is not repeated.

Stem
1
2
3
4
5
6
7

Leaves
9
1,
0,
1,
3,

2, 4, 5, 7, 7, 9, 9
2, 4, 5, 5, 7
2, 5, 5, 6
6, 8

0

The stem-and-leaf plot is complete.
Now, look at the plot. What trends can you see?
The bulk of the employees are in their 20’s and 30’s. By counting off, you can quickly locate the median. You
may also notice the importance of lining up the numbers in columns so that you can quickly see how many data
items there are per row.
If our situation had used numbers in the hundreds, then the hundreds would have become the largest stem.
If it had been in the thousands, then the thousands would have been the largest stem. You get the idea!

If we had been given two sets of data, then we could have made a double stem-and-leaf plot!
Use this data set to answer the following questions.
22, 23, 24, 25, 33, 34, 40, 51, 52, 52, 60, 61, 62
Example A

Which stem would have the most leaves?
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Solution: 20’s

Example B

Would you use stems in the ones or tens?
Solution: Tens

Example C

Which stem would have the least leaves?
Solution: 40’s
Now let’s go back to the dilemma from the beginning of the Concept.

Females

Males

9, 9, 7, 4 1 8
4, 3, 1, 0 2 2, 4, 5, 6, 8
3 1, 2, 4
In this plot, the female data on the left begins with smallest data closest to the stem and increases as you go left. You
can see from the stem-and-leaf plot that the tendency is for the males to weigh more than the females after a year.
We can also see that there are more males in this group than females.

Guided Practice

Here is one for you to try on your own.
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Create a stem-and-leaf plot of the mass of geodes found at a volcanic site. Scientists measured 24 geodes in
kilograms and got the following data: .8, .9, 1.1, 1.1, 1.2, 1.5, 1.5, 1.6, 1.7, 1.7, 1.7, 1.9, 2.0, 2.3, 5.3, 6.8, 7.5,
9.6, 10.5, 11.2, 12.0, 17.6, 23.9, 26.8.
Solution
Now we need to build a stem-and-leaf plot. We can begin by organizing the data.
The stem for this plot could be either the ones place or the tens place. If we use the ones place, it would require 24
rows. That’s too many to be useful. We should, then, use the tens place.

0 .8, .9, 1.1, 1.1, 1.2, 1.5, 1.6, 1.7, 1.7, 1.7, 1.9, 2.0, 2.3, 5.3, 6.8, 7.5, 9.6,
1 0.5, 1.2, 2.0, 7.6,
2 3.9, 6.8
The stem-and-leaf plot is complete.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/38

Stem-and-Leaf Plots
Explore More

Directions: Use each situation to answer the following questions.
Students spent the following total minutes on homework last Thursday evening: 45, 45, 40, 43, 36, 50, 60, 55, 55,
45, 60, 63, 90, 75, 80
1.
2.
3.
4.
5.
6.

Make a stem-and-leaf plot that represents the data.
Which stem has the greatest number of values?
Which stem has the least number of values?
What can you interpret from the plot?
Explain the intervals that you chose.
Why is it necessary to show intervals for which there was no data?

A hybrid car and a gasoline-only car filled up on the same days of the month. The drivers recorded the gasoline costs
for the two cars.
Hybrid: $17, $24, $19, $21, $10, $12, $15, $20, $6, $16
Gasoline-Only: $34, $27, $15, $31, $29, $27, $24, $14, $35, $28
7. Create a double stem-and-leaf plot to represent this data.
8. Which stem has the greatest number of values for a hybrid?
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9. Which stem has the greatest number of values for a gasoline-only car?
10. What can you conclude from your stem-and-leaf plot?
Kelly earned the following amounts of money babysitting: $30.00, $10.00, $15.00, $20.00, $18.00, $22.00, $35.00,
$40.00 and $58.00.
11.
12.
13.
14.
15.

Make a stem-and-leaf plot that represents the data.
Which stem has the greatest number of values?
Which stem has the least number of values?
What can you interpret from the plot?
What was the median amount of money that she made?
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10.4 Frequency Tables and Histograms
Here you’ll use frequency tables and histograms to display data.
Have you ever been on a track team? Take a look at this dilemma.

One afternoon, Mr. Watson had all of the boys on the distance running team line up on the field.
“Hey coach, what’s up?” Manuel asked taking his place on the team.
“I am checking on heights,” Mr. Watson explained taking out his tape measure. He began to measure each boy in
centimeters.
“Why?” Carl asked curiously.
“Well, I have the heights of Markwell’s team and I want to compare our heights with theirs. I am wondering if there
is a correlation between speed and height. So I am going to start with the heights,” Mr. Watson explained.
Mr. Watson wrote the following heights from smallest to largest.
Markwell Cougars: 170, 172, 175, 176, 176, 176, 178, 181, 182, 183, 183, 183, 185, 185, 187, 188, 188, 189, 190,
195
Hawks: 169, 175, 176, 176, 178, 179, 180, 183, 183, 186, 186, 186, 187, 187, 187, 187, 187, 188, 190, 191, 192
There are many different ways to display this data. In this Concept, you will learn about histograms and by
the end of this it, you will be able to create a display of the heights of both teams.
Guidance

Measures of central tendency are an important method for interpreting a set of data. However, humans tend to be
very visual. That is, many people understand things best when they can see them. For that reason, we have a variety
of tools which allow us to see a set of data. These tools include plots and graphs. Each type of visual tool has
advantages and the best type of plot or graph depends on the situation. Indeed, sometimes it is a matter of preference
as many different graphs could be used to illustrate the same data.
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Let’s take a look at frequency tables and histograms.
What does the word frequency mean? Frequency is used to measure how often something occurs. When we think
about the word frequency, we think about “how often”.
We can use a frequency table to measure and visually show how often a data value occurs.
Take a look at this situation.

A teacher is preparing for parent conferences. In order to provide parents with the most information possible about
their children, he wants to organize the grades of the class so that they can compare the grades to the rest of the class.
The math percents have been calculated and his students earned the following grades: 88, 86, 92, 65, 72, 75, 81, 84,
85, 93, 99, 50, 78, 80, 86, 76, 74, 95, 81, 87, 90, 72, 76, 61, 85, 84, 78, 83.
Grades are determined by percent where 0-59% is an F, 60-69% is a D, 70-79% is a C, 80-89% is a B, and 90-100%
is an A, so that makes the most logical intervals.
Intervals are always chosen depending on the range of the data. He will make a frequency table to illustrate the
information.
For each student who scored in the given range, he puts an X.

TABLE 10.3: Frequency Table of Grades
Interval
90-100
80-89
70-79
60-69
0-59

Tally
XXXXX
XXXXXXXXXXXX
XXXXXXXX
XX
X

Frequency
5
12
8
2
1

This tally is useful in the sense that it communicates to parents how many students in the class scored in the A range,
B range, etc. It would not be as important for the parents to see the individual scores of each student as opposed to
seeing the total number of each grade. That way, if their child earned a B, then they would know that the child falls
in a category that most other students scored in. If a child earned a D, for example, it would indicate that they are
below the general level of the other students and might need additional help.
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Notice that a frequency table showed you how often a particular score was earned. We could see it in a visual
way. Sometimes, frequency tables use X’s and other times, they can use lines for tally marks.

That is a great question. Yes, we could create a histogram .
A histogram is similar to a bar graph in that it uses columns to illustrate data on x- and y-axes. In a histogram,
we can use the same intervals as we did for the frequency table. The bars in the histogram will have no space
between them.

The histogram shows the same information as the frequency table does. However, the histogram is a type of graph,
meaning that it is visual representation. Of course, we look at all of the data with our eyes, all data is visual. But the
bars on the histogram are interpreted more easily by size than numerical data.
Answer each question about histograms and frequency tables.
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Example A

True or false. An interval is the frequency that an event happens.
Solution: False.
Example B

True or false. To create a histogram, you first need a frequency table.
Solution: True
Example C

True or false. If I wanted to create a histogram on the number of people who went to the town movie theater on the
weekend, I would first need to figure out how many people went to the movies on each weekend day and night.
Solution: True. This data would create the frequency table.
Now let’s go back to the dilemma from the beginning of the Concept.
The first thing to do is to create a frequency table using the data.

TABLE 10.4: Frequency Table
Interval
160-169
170-179
180-189
190-199

Markwell Cougars
Tally

Frequency

XXXXXXX
XXXXXXXXXXX
XX

7
11
2

Hawks
Tally
X
XXXXX
XXXXXXXXXXXX
XXX

Frequency
1
5
12
3

Now, you can use this data to create a histogram that compares the data.
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You can see from the histogram that both teams have more players in the 180-189 interval. However, while
the Cougars have more players in the 170-179 interval, the Hawks have slightly more in the taller interval.
The Hawks have a slight height advantage.
Guided Practice

Here is one for you to try on your own.
Create a histogram of the mass of geodes found at a volcanic site. Scientists measured 24 geodes in kilograms and
got the following data: .8, .9, 1.1, 1.1, 1.2, 1.5, 1.5, 1.6, 1.7, 1.7, 1.7, 1.9, 2.0, 2.3, 5.3, 6.8, 7.5, 9.6, 10.5, 11.2, 12.0,
17.6, 23.9, 26.8.
Solution
First, let’s think about intervals.
The minimum item is .8 kg and the maximum is 26.8. To get a good idea of the data, we could use intervals that
encompass perhaps 4 kg intervals, 5 kg intervals, or 6 kg intervals. Let’s try intervals of 5.
Begin with a frequency table.

TABLE 10.5:
Interval
0-5
5.1-10
10.1-15
15.1-20
20.0-25
25.1-30

Tally
XXXXXXXXXXXXXX
XXXX
XXX
X
X
X

Now we can create a histogram for this data.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/39

Histograms
Explore More

Directions: Use what you have learned about histograms to answer each question.

TABLE 10.6: Hours Slept Each Night
Number of Hours Slept
5
6
7
8
9
10
11
12

Tally
I
II
IIII
III
III
III
II
II

Frequency
1
2
4
3
3
3
2
2

1. Create a histogram that illustrates this data.
2. Explain why you chose the intervals that you chose.
3. What can you interpret from your histogram?

Compare the stem-and-leaf plot to the histogram of Melanie’s Christmas gift expenses. She told her husband, “Most
of the gifts were about $60.”

4. Is she telling the truth?
5. Which tool is more useful in making a decision about her truthfulness?

4
5
6
7

1, 6
3, 2
8, 8, 9, 9
7, 8, 9, 9, 9, 9
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Looking at this histogram, can you conclude that most people exercise between 6 - 11 hours per week?
What is the fewest number of hours?
What is the range of hours?
Why do you think they chose the interval that they did?

10 –15 Conduct your own survey and collect data. Choose attendance rates in your class or vacation days per year
for example. Then create a frequency table, histogram and analyze your data. Explain why you chose the interval
that you did and which data set had the greatest and least results.
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10.5 Box-and-Whisker Plots
Here you’ll learn to make box-and-whisker plots to represent data.
Have you ever thrown a shot-put? Take a look at this dilemma.

A track and field coach, Mr.Watson was measuring shot put distances for his varsity and junior varsity teams. Here
is his data, in feet, that he put in order from least to greatest.
Varsity: 36.8, 43.5, 45.8, 46.2, 49.1, 50.7, 52.7, 54.3, 54.4, 55.8, 56.0, 58.5
Junior Varsity: 33.2, 35.4, 36.2, 37.0, 37.6, 39.4, 40.6, 40.8, 41.3, 42.1, 44.5, 50.3
Mr. Watson wants to present this information to both of his teams. He wants to compare them. How do they
compare? How can Mr. Watson create a display that will communicate what he wants to tell his team?
To accomplish this task, you will need to know about box-and-whisker plots. Pay close attention and you will
be able to help Mr. Watson at the end of the Concept.

Guidance

At times it is useful to get a general idea of how data clusters together.
Box-and-whisker plots display the distribution of data items along a number line.
The data are divided into four equal parts, separated by points called quartiles.
You can also see the smallest data point, the extreme minimum, and the largest data point, the extreme maximum.
A box-and-whisker plot is created by determining five points.
First we’ll place the data in order from smallest to largest.
Then, we create a number line that shows the range of the data using equal intervals. We’ll use the median as our
middle point on the box-and-whisker plot and to split the data in half.
The median of each half, the quartile, is then calculated. These separate the data into quarters.
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Finally, we’ll use the highest datum and the lowest datum as our endpoints or our extremes. Boxes are drawn between
the quartiles and whiskers are drawn to the extremes.
Now let’s apply these steps with a dilemma.
Draw a box-and-whisker plot for the given data.
16, 51, 32, 16, 24, 37, 7, 22, 19, 40, 10, 31, 29, 38, 21, 11
Step 1: Put the data in order from smallest to largest.
7, 10, 11, 16, 16, 19, 21, 22, 24, 29, 31, 32, 37, 38, 40, 51
Step 2: Draw a number line that includes your extremes, 7 and 51. In this case, we will use a number line
from 5 to 55 using intervals of 5.
Step 3: Determine the median of the data. The middle points in the data are 22 and 24 so the median is 23. Mark
the median with a point beneath the number line.
Step 4: The median separates the data into two groups as shown below:

7, 10, 11, 16, 16, 19, 21, 22

24, 29, 31, 32, 37, 38, 40, 51

Find the median in each of these groups. These are the quartiles which are 16 and 34.5. These divide the data into
four groups. Mark the quartiles as you did the median, with a point.
Step 5: Draw boxes between the quartiles and the median.
Step 6: Mark the extremes, the smallest and largest numbers, with points. In this case, the extremes are 7 and
51.
Step 7: Draw whiskers, or horizontal lines, to connect the quartiles to the extremes.

You can see from the box-and-whisker plot that half of the data will be found between the first quartile and the third
quartile. A quarter of the data is between the minimum and the first quartile and the last quarter is between the third
quartile and the maximum. The median, of course, marks the half-way point between the data.
In this particular situation, the second half of the data is stretched out over a further area than the first half
and about half way is between 15 and 35.
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We can make double plots or graphs when there are two factors that we are comparing. A double box-and-whisker
plot can be made by drawing the second factor beneath the first factor. This will allow us to look at both factors on
the same plot.
Use this box-and-whisker plot to answer the following questions.

Example A

What is the minimum extreme of this box-and-whisker plot?
Solution: 34
Example B

What is the maximum extreme of this box-and-whisker plot?
Solution: 58
Example C

What is the median?
Solution: 49
Now let’s go back to the dilemma from the beginning of the Concept.
Make a double box-and-whisker plot of this data. How does the data compare?

TABLE 10.7:
Extremes:
Median:
First and third quartiles:

Varsity
36.8 and 58.5
51.7
46.0 and 55.1

Junior Varsity
33.2 and 50.3
40.0
36.6 and 41.7
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From this box-and-whisker plot, the coach can tell that the teams’ results are what he expected—the varsity is
generally better than the junior varsity. There are a number of players whose results overlap—the highest junior
varsity player is better than the entire first quartile of the varsity team. Perhaps some adjustments need to be made.
However, the coach must also consider their results in other events before switches are made. The lowest varsity
player is also the best long distance runner. It is also apparent that the results are more dispersed, or spread out, in
the varsity team than in the junior varsity team.
Guided Practice

Here is one for you to try on your own.
The data values on the table below depict the number of televisions sold at a department store each month for nine
months. Create a box-and-whisker plot to display the data.

TABLE 10.8:
April
110

May
98

June
91

July
102

August
89

September October
95
108

November December
118
152

Solution
Step 1: To determine the median of the set of data, arrange the data in order from least to greatest. Identify the data
value in the middle of the data set. For this set of data, 102 is the median.
89, 91, 95, 98, 102, 108, 110, 118, 152
Step 2: Identify the median for the lower quartile. Again, since two data values share the middle position, find their
mean. The median for the lower quartile is 93.

89, 91, 95, 98, 102, 108, 110, 118, 152
91 + 95 = 186
186 ÷ 2 = 93
Step 3: Identify the median of the upper quartile. Remember to find the mean of the two data values that share the
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middle position. The median of the upper quartile is 114.

89, 91, 95, 98, 102, 108, 110, 118, 152
110 + 118 = 228
228 ÷ 2 = 114
Step 4: Draw a number line. The first value on the number line should be near the smallest number in the data set.
In this case, the smallest number is 89. Therefore, the number line will start at 80. The last value on the number line
should be near the largest number in the set of data. The largest number in the data set is 152. Therefore, the number
line will end at 160. In this case, label the number line by tens.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/40

Box-and-Whisker Plots
Explore More

Directions: Use each data for each set of instructions.
90, 104, 98, 156, 140, 85, 122, 129, 142, 138, 131, 81, 151, 147, 130, 156
1.
2.
3.
4.

Create a box-and-whisker plot for the data.
Identify the minimum extreme.
Identify the maximum extreme.
Identify the median.
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The weight of bears varies between species. Weight also varies within species as a result of habitat and diet. The
box-and-whisker plot was created after recording the weight (in pounds) of several black bears across the country.
Use the box-and-whisker plot to answer the questions below.

5.
6.
7.
8.
9.

What is the minimum extreme?
What is the maximum extreme?
What is the median?
What is the value of the first quartile?
What is the value of the third quartile?

A group of dog sled drivers collected the following data about the number of dogs who lead sled teams. Here is the
data in a box-and-whisker plot.

10.
11.
12.
13.
14.
15.
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What is the value of the first quartile?
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10.6 Using Box-and-Whisker Plots to Understand Data
Here you’ll use box-and-whisker plots to interpret and understand data.
Have you ever thought about how sales can change? Take a look at this dilemma about the sales of television sets.
The data values on the table below depict the number of televisions sold at a department store each month for nine
months. Create a box-and-whisker plot to display the data.

TABLE 10.9:
April
110

May
98

June
91

July
102

August
89

September October
95
108

November December
118
152

Do you know how to create this data display? Pay attention and this Concept will teach you all that you need
to know.

Guidance

At times it is useful to get a general idea of how data cluster together.
Box-and-whisker plots display the distribution of data items along a number line.
The data are divided into four equal parts, separated by points called quartiles.
You can also see the smallest data point, the extreme minimum, and the largest data point, the extreme maximum.
A box-and-whisker plot is created by determining five points.
First we’ll place the data in order from smallest to largest. Then, we create a number line that shows the range of
the data using equal intervals. We’ll use the median as our middle point on the box-and-whisker plot and to split the
data in half. The median of each half, the quartile, is then calculated. These separate the data into quarters. Finally,
we’ll use the highest datum and the lowest datum as our endpoints or our extremes. Boxes are drawn between the
quartiles and whiskers are drawn to the extremes.
In order to construct a box-and-whisker plot, you must calculate several statistical measures. However, a box-andwhisker plot that is already constructed can quickly supply statistical measures by looking at the five points.
The first and last points give you the extremes of the data. The third or middle point gives you the median .
And the second and fourth points, between the median and the extremes, give you the quartiles .
The interquartile range is the range between the first quartile and the third quartile. This shows you where the
middle half of the data is. It can be calculated by subtracting the first quartile from the third quartile. Finally, the
outliers, data items that are far away from the general trend, can be located as extremes that cause the whiskers
to be exceptionally long. Data does not always have outliers. If there isn’t a single point that is exceptionally far
from other points, than an outlier doesn’t exist.
Use the given box-and-whisker plot to identify the a) extremes, b) the median, c) the quartiles, d) the interquartile
range, and e) the outliers (if any).
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a) The extremes in this data set are approximately 35 and 129.
b) The median is approximately 95.
c) The first quartile is approximately 82 and the third quartile approximately 104.
d) The interquartile range, then, is 104 –82 or 22.
e) Finally, the extreme minimum, 35, appears to be an outlier as the left whisker is very long compared to the
rest of the plot.
As you know, outliers are points that are unusually large or small compared to the rest of the data. When we discuss
measures of central tendency like mean, median, and mode, we must also remember that in the real world there are
many exceptions. Sometimes when we consider data, we might choose to remove the outliers in order to draw better
conclusions based on the data. Take a look at how removing an outlier can affect the interpretation of the data.

Shanda runs on her school’s track team. They recently ran a 100 meter dash at a track meet and recorded official
times. These are the results in seconds: 11.7, 10.8, 11.1, 10.9, 11.7, 11.6, 12.0, 19.6, 12.2, 11.6, 11.5, 11.6, 11.0,
12.0, 11.6, 11.5, 11.7, 11.3, 12.3, 10.1.
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Shanda’s time was 11.1 and she wants to know how she compares to the rest of her team. She will use a
box-and-whisker plot to help figure this out. Here are the steps to this process.
Step 1: She places the data in order.
10.1, 10.8, 10.9, 11.0, 11.1, 11.3, 11.5, 11.5, 11.6, 11.6, 11.6, 11.6, 11.7, 11.7, 11.7, 12.0, 12.0, 12.2, 12.3, 19.6
Step 2: She draws a number that includes the extremes.
Step 3: She finds the median, 11.6, and places a point on the number line.
Step 4: She finds the first and third quartiles, 11.2 and 11.85.
Step 5: She draws boxes between the quartiles and the median.
Step 6: She places the extremes, 10.1 and 19.6, on the numbers with points.
Step 7: She draws whiskers from the quartiles to the extremes.

When Shanda analyzes the box-and-whisker plot, she finds that her time, 11.1 seconds, is barely less than the first
quartile. She knows that her friend, Teresa, is super fast. She has already been offered track scholarships from major
universities. Shanda doesn’t think she can realistically catch up to Teresa. Another teammate, Lisa, had fallen during
the race but got up and continued to the finish line. Shanda believes that neither Teresa nor Lisa’s scores are useful
in gauging her speed. She decides to look at the same data but remove those two outliers.
Here’s her new data:
10.8, 10.9, 11.0, 11.1, 11.3, 11.5, 11.5, 11.6, 11.6, 11.6, 11.6, 11.7, 11.7, 11.7, 12.0, 12.0, 12.2, 12.3
She recalculates her statistical measures and creates a new box-and-whisker plot:
Extremes: 10.8 and 12.3
Median: 11.6
First and third quartiles: 11.3 and 11.7
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When the two outliers are removed, Shanda can see that most of the data is grouped closely together. Her
time, 11.1, is still in the first quartile. However, her competition is tight because the rest of the team isn’t far
behind. She is proud of her time and motivated to keep ahead of the crowd.
Answer each question about box-and-whisker plots.

Example A

What is a value called when it is found very far away from the median?
Solution: An outlier

Example B

Will removing an outlier change the median or the mean?
Solution: It will change both. The median value will be different, and the mean will be affected because the
outlier will not be calculated as part of the average.

Example C

Does a box-and-whisker plot always have quartiles?
Solution: Yes. It is organized around the quartiles and the median.
Now let’s go back to the dilemma from the beginning of the Concept.
Step 1: To determine the median of the set of data, arrange the data in order from least to greatest. Identify the data
value in the middle of the data set. For this set of data, 102 is the median.
89, 91, 95, 98, 102, 108, 110, 118, 152
Step 2: Identify the median for the lower quartile. Again, since two data values share the middle position, find their
mean. The median for the lower quartile is 93.
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89, 91, 95, 98, 102, 108, 110, 118, 152
91 + 95 = 186
186 ÷ 2 = 93
Step 3: Identify the median of the upper quartile. Remember to find the mean of the two data values that share the
middle position. The median of the upper quartile is 114.

89, 91, 95, 98, 102, 108, 110, 118, 152
110 + 118 = 228
228 ÷ 2 = 114
Step 4: Draw a number line. The first value on the number line should be near the smallest number in the data set.
In this case, the smallest number is 89. Therefore, the number line will start at 80. The last value on the number line
should be near the largest number in the set of data. The largest number in the data set is 152. Therefore, the number
line will end at 160. In this case, label the number line by tens.

The smallest value, 89 is marked with a “I” at the end of the whisker in the lower quartile. The largest value, 151is
marked with a “I” at the end of the whisker in the upper quartile.
The median of the first, second, and third quartiles are marked with a “+.”
Guided Practice

Here is one for you to try on your own.
The town hall held it’s annual 5k. Here are the times of the finishers: 12 minutes, 13 minutes, 14 minutes, 15
minutes, 16 minutes, 17 minutes, 18 minutes, 19 minutes, 21 minutes, 23 minutes and 26 minutes.
Create a box-and-whisker plot to show the data.
Solution
First, let’s analyze the data.
17 is the median time.
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12 - 16 is the lower quartile with 14 being the median of that quartile.
18 - 26 is the upper quartile with 21 being the median of that quartile.
Here is our box-and-whisker plot.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5456

Reading Box-and-Whisker Plots

Explore More

Directions: Define the following terms.
1.
2.
3.
4.
5.
6.

box-whisker-plot
quartiles
Median
Extremes
Interquartile Range
Outliers

Directions: Use the box-and-whisker plot to answer the following questions.
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What is the median value?
Identify the quartiles
Identify the interquartile range.
Identify any extremes
Identify any outliers.

Directions: Use the data set to answer each question.
26, 27, 29, 30, 32, 35, 41, 42, 44
12.
13.
14.
15.
16.

What is the median value?
Identify the median of the lower quartile.
Identify the median of the upper quartile.
Identify the lower extreme.
Identify the upper extreme.
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10.7 Make a Scatterplot to Represent Data
Here you’ll learn to make a scatterplot to represent data.
Have you ever thought about height and speed? Take a look at this dilemma.

Mr. Watson has determined that there is a correlation between speed and the height of the student. He is so sure of
it, that he gathered data to support his claim. When looking at the students who run the 800 meters, he gathered the
following heights and times.

50 300 = 2.26.11
50 200 = 3.01.11
50 400 = 2.23.20
50 500 = 2.20.01
50 600 = 2.18.23
50 600 = 2.18.25
Can you create a scatterplot of this data? You will learn how to do this in this Concept.
Guidance

In the real world, many things are related to each other. For instance, the more you smoke, the lower your life
expectancy. Or the more years you spend in college, the greater your income in the future. Many fields try to find
relationships between two variables.
One tool that helps us accomplish this is the scatterplot.
A scatterplot is a type of graph where corresponding values from a set of data are placed as points on a
coordinate plane. A relationship between the points is sometimes shown to be positive, negative, strong, or
weak.
972

www.ck12.org

Chapter 10. Analyzing Data

Sometimes a scatterplot shows that there is no relationship at all. Aside from finding relationships, scatterplots are
useful in predicting values based on the relationship that was revealed.
Let’s look at how a scatterplot can be applied to a situation.

A student had a hypothesis for a science project. He believed that the more students studied math, the better their
math scores would be. He took a poll in which he asked students the average number of hours that they studied per
week during a given semester. He then found out the overall percent that they received in their math classes. His
data is shown in the table below:

study time(hours)

4

3.5

5

2

3

Math Grade(percent)

82

81

90

74

77

6.5
97

.5

3.5 4.5

51

78

86

5

1

88 62

1.5
75

3
79

5.5
90

In order to understand this data, he decided to make a scatterplot.
In this case, our independent variable, or input data, is the study time because the hypothesis is that the math grade
depends on the study time. That means that the math grade is the dependent variable, or output data. We will place
the input data on the x-axis and the output data on the y-axis. Also, the scales and intervals on the axes will be
determined by the data. Since the greatest value on the x-axis is 6.5, we can use intervals of 1 until we reach 7. On
the y-axis, the greatest value is 97 and, since it is a percent, it makes sense to go up to 100. Our intervals could be
10 since that would give the scatterplot a workable shape.
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Now we can graph the points on the scatterplot. In order to plot the points, we will show each one as an ordered pair
(hours, percent). The first ordered pair, then, is (4, 82). Draw each of the 14 points. Remember, it takes two pieces
of data to make a single point.

You can see that there is a relationship between the independent and dependent values of the chart.
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Graphing Calculators
If you got the basic idea, you see that scatterplots are powerful tools. I’m sure you know that computers and
technology are even more powerful at times. Scientists in the real world rarely create scatterplots on a piece of
paper and compute equations by hand. They use computer programs that can approximate the trend line much more
accurately than you and I can with our eyes.
You can make scatterplots on your graphing calculator, if you have one. Then, you can compute the trend line
called the linear regression in some models. Your graphing calculator can put the equation in y = mx + b form or
Ax + By = C form, depending on the mode you choose. Then, you can choose any input values for which your
calculator will tell you the output values.
Every graphing calculator is different. The key combination necessary for these operations is shown in your
guidebook. When you study more advanced math, these operations will be required. Try it now and see how
close your response gets on your graphing calculator to the one you computed by hand.
Answer the following questions about scatterplots.
Example A

If the points on a scatterplot do not show a pattern, is there a connection between the data?
Solution: No, there isn’t one.
Example B

If the points on a scatterplot trend up to the right, is there a connection between the data?
Solution: Yes, it is called a positive correlation.
Example C

If the points on a scatterplot trend down and to the left, is there a connection between the data?
Solution: Yes, it is called a negative correlation.
Now let’s go back to the dilemma from the beginning of the Concept.
First, let’s put the data in a table so that we can see it clearly.
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TABLE 10.10:
height
50 600
50 600
50 500
50 400
50 300
50 200

time
2.18.23
2.18.25
2.20.01
2.23.20
2.26.11
3.01.01

Here is the scatterplot of the data.

Guided Practice

Here is one for you to try on your own.
Create a scatterplot of the data.
After a circus class, the following data was collected. It tracks the number of people who could balance on a tightrope
for specific lengths of time.
1 person = 7 minutes
3 people = 15 minutes
7 people = 20 minutes
9 people = 25 minutes
14 people = 32 minutes
18 people = 39 minutes
Solution
Here is the scatterplot of the data.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57655

Scatterplots
Explore More

Directions: Use what you have learned to answer each question or complete each task.
1. Make a scatterplot to display the data set in the table:

23

18

30

24

29

45

10

17

27

39

32

40

21

14

y 62

72

54

60

57

30

79

65

55

34

48

41

68

76

x

Directions: What type of relationship would you predict for the following variables, positive, negative, or no
relationship?
2. altitude vs. the amount of oxygen in the atmosphere
3. number of customers vs. profit
4. number of siblings vs. grade point average
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hours of studying vs. test score
hours of driving vs. distance traveled
speed of a car vs. distance traveled
hours at work vs. amount of money made
age of person vs. intelligence

Directions: Use this scatterplot to answer the following questions.

10.
11.
12.
13.
14.

978

True or false. This data shows a positive correlation.
True or false. This data shows a negative correlation.
True or false. This data shows no correlation.
True or false. Data is graphed on a scatterplot by using ordered pairs.
True or false. An example of a negative correlation could be the amount of time in school and an increase in
intelligence.
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10.8 Use a Scatterplot to Interpret Data
Here you’ll learn to use a scatterplot to interpret data.
Have you ever had a coach? Well, being a track and field coach is a tough job. Take a look at this dilemma.
Mr. Watson is trying to evaluate his team and their strengths. He has determined that there is a correlation between
speed and the height of the student. He is so sure of it, that he gathered data to support his claim. When looking at
the students who run the 800 meters, he gathered the following heights and times.

50 300 = 2.26.11
50 200 = 3.01.11
50 400 = 2.23.20
50 500 = 2.20.01
50 600 = 2.18.23
50 600 = 2.18.25

Mr. Watson took this data and created the following scatterplot.

Mr. Watson is sure that there is a positive correlation between speed and height.
Can he prove it with this scatterplot? Pay attention and you will learn how to use a scatterplot to interpret
data.
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Guidance

In the real world, many things are related to each other. For instance, the more you smoke, the lower your life
expectancy. Or the more years you spend in college, the greater your income in the future. Many fields try to find
relationships between two variables.
One tool that helps us accomplish this is the scatterplot.
A scatterplot is a type of graph where corresponding values from a set of data are placed as points on a
coordinate plane. A relationship between the points is sometimes shown to be positive, negative, strong, or
weak.
Sometimes a scatterplot shows that there is no relationship at all. Aside from finding relationships, scatterplots are
useful in predicting values based on the relationship that was revealed.
Take a look at this scatterplot.

You can see that there is a relationship between the independent and dependent values of the chart. Let’s look at how
we can examine these relationships.
As you may have guessed, the scatterplots are useful because their shapes may indicate a relationship between the
variables. Consider the following: what happens to people’s heating bills as the temperature outside goes up? Or,
what happens to the gasoline consumption in a vehicle as the miles traveled goes up?
For the first question, you might have thought that as the temperature outside goes up, people’s heating bills go down
because they use their heaters less. As one variable goes up, the other goes down. How about the second question?
You might imagine that as the miles traveled in a car go up, the amount of gasoline consumed also goes up. So, as
one variable goes up, the other goes up, too.
We can say that these variables correlate or are connected together. When we look at a scatterplot, we can
determine the different variables and their correlation.
In the situation above, the first illustrates a negative relationship—as one variable goes up, the other goes down.
The second illustrates a positive relationship—as one variable goes up, the other goes up, too. Well, what if there
is no relationship—while one variable goes up, the other may go up, down, or stay the same; the second variable is
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independent of the first. This oftentimes occurs, too. This is an example of no relationship. Like the number of blue
cars on a given road and the number of accidents. The two variables have no relationship.
These three trends, positive, negative, and no relationship are evident on scatterplots. This is what they look like:

Positive Relationship
As the x-values increase, the y-values increase. Some points may not follow an exact pattern but the overall trend,
the general tendency or movement, is clearly from the lower left to the upper right of the plot.

Negative Relationship
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In this case, as the x-values increase, the y-values decrease. You may argue that the slope is not as steep which is
true. However, the general tendency is evident. This graph moves from the upper left to the lower right.

No Relationship
At times, there is no relationship between variables. The scatterplots of these situations will show no trend. In other
words, there seems to be no definite pattern with the points; you cannot see any particular direction that they take.
Scatterplots are as useful for finding a relationship between variables as they are for making predictions. Here, we
will make a trend line, or a line that best describes the data on a scatterplot, in order to estimate unknown outputs
for given inputs.
A trend line is a straight line that best represents the points on a scatterplot. The trend line may go through some
points but need not go through them all. The trend line is used to show the pattern of the data. This trend line may
show a positive trend or a negative trend. However, if there is no relationship, then no trend line can be adequately
drawn.
Your trend line is your best approximation so it may be different from others’.
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The line on this graph is the trend line ; it is the line that best describes the data. About half of the points
should be on either side of the line.
You may notice that outliers are practically ignored when a trend line is drawn. This trend line goes from the
lower left to the upper right and shows a positive relationship.

Notice that this trend goes down and indicates a negative correlation or relationship. You could also see that
it goes off of the chart. Therefore, we could use a chart like this one to predict the trend. It is likely that the
trend will continue to go down.
Use what you have learned to answer these questions.
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Example A

If the data does not follow a pattern, what kind of correlation will describe this scatterplot?
Solution: No correlation.

Example B

If the data goes up in a pattern from the bottom left to the top right, what kind of correlation will describe the data?
Solution: Positive correlation.

Example C

If the distance of a car increases as it’s speed increases, what kind of correlation will the data have?
Solution: Positive correlation.
Now let’s go back to the dilemma from the beginning of the Concept.

The trend of this data shows that as the height of the runner increases, his time decreases, meaning that the
runner is faster. Therefore, Mr. Watson can prove that there is a positive correlation between height and
speed.

Guided Practice

Here is one for you to try on your own.
What kind of relationship is shown by the data?
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Solution
As one variable increases, the other variable increases as well.
This scatterplot shows a positive correlation in the data.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63328

Scatterplots and Lines of Best Fit

Explore More

Directions: What type of relationship is shown in the following scatterplots?

1. If the data decreases as one variable increases, what type of relationship is shown?
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2.
3. Use the following table to make a scatter plot.

x

3

6

8

y

55

50

46

14

18

40

23

37

29

18

26

32
20

37
18

4. Draw a trend line.
5. Identify the type of relationship.
A zoologist studied the relationship between the kilometers from a lake and number of felines per 100 square
kilometers. She found the following data:

Distance from Lake

3

1

4

3

4.5

5

.5

2

2.5

3.5

# of Felines

5

10

2

8

6

5

8

8

6

6

6.
7.
8.
9.

Make a scatterplot that illustrates this data.
Draw a trend line.
What is the correlation?
Estimate the number of felines 1.5 kilometers from a lake.

Directions: Define the following terms.
10.
11.
12.
13.
14.
15.
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Input value
Output value
Positive correlation
Negative correlation
No correlation
Data set

8
0

6
2

5
4
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10.9 Understanding Misleading Statistics
Here you’ll learn how to understand misleading statistics.
Have you ever sold candy as part of a fundraiser? Take a look at this dilemma.

Because the track team is going to regionals, they need to raise some money for the bus and the hotel. The boys
team has decided to work on selling chocolate bars. They figure that this will be an excellent choice for a bunch of
students.
“It is easy to sell and not expensive,” Chris says as he sells candy bars at lunch time.
At the end of the fundraiser, the team began to tally up their totals. Mark sold 72 bars and Clint sold 65 bars. Mark
wants to make it look like he has sold more than Clint. Is this possible? How can he do it?
To accomplish this goal, while it is dishonest, Mark will need to create a graph with misleading statistics. This
happens all the time in the real –world. We will use Mark and Clint to show how easily people can be lead
astray by misleading statistics.

Guidance

What does it mean to mislead? When we mislead someone, we want them to think something other than what
is the truth. Sometimes, there can be data displays that are misleading. Let’s think about this.
When we have built graphs and plots, we have taken care to show the data correctly by choosing appropriate intervals
and scales. There are a variety of ways that graphs can be displayed in a way that is misleading. At times, we simply
make mistakes. Other times, however, people may try to convince us of something by manipulating a graph that may
otherwise not truly support the data. We must keep a critical eye when we read graphs and compare the data.
Consider the graph below of the Yula High School Graduation Rate.
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We use bar graphs because they are visual devices which allow us to compare the size of the bars to interpret
data.
What do the bars show you about the graduation rate at Yula High School?
It appears that the graduation rate skyrocketed. However, if you look at the scale on the y-axis, you can see that
the entire graph is not represented. The scale only represents a range from 81 to 88 percent. This exaggerates the
difference in the data. Was there an improvement from 1991 to 1992? Yes. But the improvement was only 4% where
the bars can mislead into thinking that the improvement was much greater.
So you can see that the size of the intervals and bars can impact the way we interpret the data.
Here is another situation.
A sales manager at Bank X prepared a report of the number of new clients they have in the quarter compared to their
competitors. He prepared a graph and declared that, although they had fewer new clients, they’re not far behind.
What do you think?
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The graph is misleading. The number of new clients looks similar. But look at the data table:

TABLE 10.11:
Bank X
325

Bank Y
475

Bank Z
517

Bank Y has 46% more new clients and Bank Z has 59% more new clients than Bank X. Because the scale on the
y-axis goes up to 1200, it decreases the relative size of the bars on the graph. An appropriate scale would extend to
no further than 600.
Once again, we have to look at how the graph is constructed to see if the data is misleading or not.
As you can see, it is important to keep an eye on the data and the way that it is presented to us. In order to improve
your skills in spotting misleading data, let’s see how you can design data displays to intentionally exaggerate or
minimize comparisons.
Mei Ling knows that her grade point average has dropped but doesn’t want her parents to notice. It went from 3.75
to 3.25 in one semester. How can she change manipulate a graph to mislead them? She decides to change the width
of the bars to make the lower score look bigger.
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In this graph, the second semester bar looks even bigger than the first. Of course, it’s not as tall. Do you think her
parents will notice? Why or why not? Discuss your opinion with a neighbor.
Use this graph to answer the following questions.

Example A

Is there anything misleading about the data on the x-axis?
Solution: No, the dates are evenly spaced.
Example B

Is there anything misleading about the data on the y-axis?
Solution: Yes, the money amounts are not evenly represented.
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Example C

How could you fix this graph?
Solution: Make sure the intervals on the y-axis are even. Then re-draw the line to accurately represent the
data.
Now let’s go back to the dilemma from the beginning of the Concept.
Here is how we can create a misleading graph.
Create a bar graph and skip numbers in the scale. In an appropriate graph, a scale may reach 75 or 80,
beginning from 0. However, if Mark skips 0-60 on her scale, the bars will look extremely different.

In this graph, it appears that Mark sold far more bars than Clint when in reality it was only 7 more bars. You
can see how changing the size of the bars can influence how the data is viewed.
Now work with a partner and create a graph that is accurate and shows that Clint sold more bars than Mark
did.

Guided Practice

Here is one for you to try on your own.
A hospital director was up for his evaluation. He wanted to show that he has helped the community in his years on
the job. He prepared this graph for the evaluation committee to show how his work has helped to reduce cases of the
flu.
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True or false? Did flu cases decrease? Yes. Are they way down?
Solution
No. What trick did he use to mislead the committee? He did not change the scale but changed the size of the bar.
The 1990 bar is very wide; it gives the appearance of being much bigger than 2000. Of course, the width of the bar
does not make a difference for what the graph means. The flu cases dropped from about 875 to about 775. It is about
a 12% decrease.
You can see that even if the comparison looks like it is true, we have to examine the actual data to see if the
data display is accurate or misleading.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5457

Misleading Line Graphs
Explore More

Directions: Answer each of the following questions true or false.
1. To sell more a product, a company may create a display that misleads consumers.
2. You can create a graph to make it look like you have sold more of a product that you actually have.
3. Misleading statistics aren’t that relevant in sales.
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Graphs aren’t actually misleading at all.
You can create a misleading graph only if your intervals are too small.
You can create a misleading graph whether your intervals are too small or too big.
The height of the bars in a bar graph can be misleading.
If the bars of a graph are too wide this can be misleading too.
You must be careful whenever you read a data display to be sure that the data is accurate.

Directions: Why are the following graphs misleading? What is the error in the conclusions drawn based on the
graphs?

10.
Conclusion: “The population in Dagwood is exploding!”

11.
Conclusion: “George’s Café is far more successful than Rita’s Restaurant.”
12. Draw a graph to intentionally exaggerates this data: “From 2002 to 2004, the average number of semesters
that students studied in order to complete their Bachelor’s Degree increased from 4.1 to 4.5.”
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13. Explain the faulty conclusion that could be drawn from this graph.
14. Draw a graph to intentionally minimizes this data: “Mike had 110 customers on his paper route in March and
in June only 75.”
15. Explain the faulty conclusion that could be drawn from this graph.
16. Revise your graph in number 3 to represent the data more accurately.
17. Revise your graph in number 5 to represent the data more accurately.
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10.10 Using Data Displays
Here you’ll create data displays to analyze and draw conclusions about different sets of data.
Have you ever had a challenge trying on clothes? Well, take a look at this dilemma.

“I can’t believe it!” Jacob exclaimed trying on his new long sleeved team shirt for the track team.
“What’s the matter?” his friend Mattias asked.
“This shirt doesn’t fit and this always happens to me. I am going to figure out why!” Jacob said taking off the shirt
where the sleeves were too short once again.
After Jacob’s anger had subsided, he started to think about this question. Was he the only one with this problem?
Jacob decided to find out by measuring his peers’ heights and arm lengths. He used inches and create a table like
this:

Height (in)

52

53

56

58

59

62

64

65

66

67

68

69

70

Arm Length (in)

22

23

24

23

24

27

25

25

25.5

26

27

27

28

Now that Jacob has his data done, he needs to create a display. Which one should he create? Think about this
question throughout this Concept and in the end, you will help Jacob create the appropriate display for his
data.
Guidance

Data can exist in many forms. A frequent goal of collecting data is drawing conclusions based on the data. The
best conclusions correspond with trends that the data shows. Depending on the data you have, certain types of
displays are more appropriate or more effective than others. We must make good choices of displaying data in a
logical way. Of course, in a world so full of data, it must be collected and organized carefully to aid in appropriate
decision-making.
Sometimes two people look at the same graph and draw completely different conclusions. Graphs can show us many
things but the conclusions that we draw based upon the graphs is oftentimes more a matter of opinion. The idea of
graphs is, in part, to make inferences. Those inferences must be based on the data.
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Take a look at this situation.
Some scientists from the EPA were studying the amount of dissolved oxygen in a lake over several weeks. This
graph was created by the data they found.

They studied the graph and came up with the following conclusions:

1. The amount of dissolved oxygen fluctuated over the 5 weeks.
2. The average amount of dissolved oxygen has been about 110 parts per million over 5 weeks.
3. The dissolved oxygen in Week 6 will be about 60 parts per million.

Do you agree with their conclusions?
The first two conclusions are clearly shown by the data. However, the prediction about Week 6, conclusion
number 3, is not convincingly shown. The level of dissolved oxygen does seem to fluctuate and has gone
slightly higher over time and then lower, but it is not enough evidence to be sure that the Week 6 dissolved
oxygen will go even lower.
Here is another one.
The boss at an office took a survey of people’s preference for lunch because he wanted to treat the office to a lunch
for the holidays. His data is shown below.
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He ponders the following conclusions:
1.
2.
3.
4.

A lot of people like Chinese food.
Nobody likes Italian food.
If I order sandwiches, then 80% of the staff will be unhappy.
If I get some pizzas and some Chinese food, the majority will have their preference.

Do you agree with his conclusions?
According to the graph, Conclusion 1 is supported because the largest number of people selected Chinese
food.
The graph does not support Conclusion 2. Perhaps Italian food was not an option on the survey. Also, just
because you have a preference does not mean you don’t like the other choices.
For the same reason, Conclusion 3 is not supported, either. Just because you may prefer Chinese food does
not mean you do not like sandwiches.
Conclusion 4 is supported because 25% prefer sandwiches and 35% prefer Chinese food so 60%, a majority,
will have their preference.
There are many ways to display data so how do you know which is the best way to display given data? Some choices
are simply preferential but most types of data have types of displays that suit them best.
Types of Data
Two major types of data are categorical data and numerical data. Categorical data refers to data to which the
independent variable is assigned a name, not a number. For example, you may take data based on the months
May, June, July, and August or you may tally people based on males and females. Sometimes categories can be
numbers that are used to name the categories. For example, players on a team are given numbers on their shirts.
Those numbers are only used to clarify who is who. It would not make sense to use mathematical operations with
the numbers. Generally, categorical data is simply tallied.
The second type of data is numerical. Numerical data measures some characteristic of the variable. Examples
of data that is measured numerically are time, height, weight, length, volume, density, force, etc. Anything
that can be measured with a numerical system is numerical data.
Types of Displays
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We can use different data displays depending on the data. We can use line graphs, scatterplots, circle graphs, bar
graphs, stem-and-leaf plots, box-and whisker plots, and histograms.
There are many more types of displays of data, but let’s stick with these for now. Although there are few exact rules
about data displays, each type of display has certain instances for which it is ideal. Also, there are instances where
certain displays are inappropriate. Furthermore, the best display of data depends on what information you hope to
get from it.
Line graphs are generally used to show change over time.
Scatterplots are used to show a trend or a relationship (correlation) between to variables.
Circle graphs are best to show data that represents one whole or one hundred percent of something.
Bar graphs are excellent for categorical data.
Stem-and-leaf plots are useful to represent ranges and can be used to illustrate ranges of two variables.
Box-and-whisker plots are used to show how spread out data is and where the bulk of the data lies.

Write down each example of a data display and the best use for each.
Answer each question about different data displays.
Example A

Which data display is best for categorical data?
Solution: Bar graph
Example B

Which data display is best for showing how data changes over time?
Solution: Line graph
Example C

If I had data that was in the 10’s, 20’s, 40’s, 50’s and 60’s, which display would be best?
Solution: Scatterplot
Now let’s go back to the dilemma from the beginning of the Concept.
By using a scatterplot, Jacob can compare the two variables, which are both numerical data, at once to see if
there is a relationship. Here are the results.
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Jacob’s measurements were (62, 27). It looks like his measurements are slightly different than the normal
student. For this reason, his shirts don’t seem to fit quite right.

Guided Practice

Here is one for you to try on your own.
A tally of the animals at a local shelter was taken so that children visiting on a field trip could see. Here are the
results.
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When children looked at the bar graph, they shouted out :
Bobby: “Nobody likes dogs!”
Lisa: “I didn’t know that hamsters and rats were the same thing!”
Miguel: “Everyone must have taken all the turtles!”
Mona: “They must have mostly food for dogs and cats!”
How could a teacher respond? Were the conclusions of the children accurate?
Solution
The teacher responded to their comments patiently:
“Bobby, just because they have a lot of dogs doesn’t mean people don’t like them. Since dogs are the most common
pet, it makes sense that there would be more dogs at the shelter.”
“Lisa, it looks like hamsters and rats were tallied in the same category, maybe because they are kept in the same cage
or given similar food. This bar graph does not mean they are the same, though.”
“Miguel, since turtles are a less common pet, the shelter probably has fewer turtles. It doesn’t mean that they had a
lot that were taken already.”
“Yes, Mona. It does make sense that having so many dogs and cats compared to other animals requires much more
food for them than for the other animals. Also, they are bigger animals than the others, generally, so they eat more,
too. Don’t they?”
Once again, a data display was used to make connections. The children used the graph from the animal
shelter to draw conclusions.
Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5290

Reading Bar Graphs

Explore More

Directions: Answer each question about data displays.

1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.

What is considered numerical data?
What is considered categorical data?
If you were looking for a relationship between two values, would you use a scatterplot or a line graph?
If there was a relationship between the data would you have a positive correlation or a negative correlation?
The words positive correlation and negative correlation are associated with which type of data display?
If you had an outlier, then would you have a scatterplot or a box-and-whisker plot?
What is a quartile?
Which type of data display is a quartile associated with?
If you were watching a trend over time would you use a line graph or a scatterplot?
If you were comparing two trends and their results which data display would make the most sense?
What is the mean?
What is the median?
What is the mode?

Directions: Answer each question.
Do the conclusions fit the graph? Explain your reasoning.
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14.
Conclusion 1: Rats are the most feared creature. Conclusion 2: Rats are the most dangerous creature.
Conclusion 3: Nobody is afraid of bats.

15.
Conclusion 1: Prices have increased every year for 10 years. Conclusion 2: Prices of gasoline increased more
rapidly after 2000. Conclusion 3: Prices will be even higher in 2008.
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10.11 Understanding Bias
Here you’ll understand bias in surveys and samples.
Have you ever conducted a survey? Take a look at this dilemma.
The eighth graders are conducting a survey. They want to know how many people enjoy pizza verses chicken. Karen
is writing the survey. She only handed it out to all of the girls in the class. Her best friend Kevin said that she can’t
do this because the results will be skewed. Karen doesn’t understand why this would be the case.
Do you know?
This Concept will teach you how to understand bias. By the end of the Concept, you will know why Kevin has
made this statement.
Guidance

A key concern in sampling methods is getting a representative group of the entire population. This gives the study
validity; it helps us to believe what the results of the study say. However, many sampling methods are biased—they
give an unfair preference to a certain group or exclude a certain segment of the population—which gives us less
confidence in the results.
Any sampling method that favors one group or gives a group a smaller likelihood of participating is biased.
Take a look at this situation.

A biologist measures the growth of plants but only samples plants near the entrance because she cannot reach plants
in the middle of the greenhouse.
The plant growth may not have been the same near the door as in other parts of the greenhouse. She used
convenience sampling which is not always the best choice for a sample.
What is bias? Bias is when one group of people is targeted more than another group. This provides only a specific
view of the situation. Survey questions can reveal bias in the survey itself. Sometimes the people who create surveys
hope for certain results and create questions to steer the answers. At other times, there are inadvertent cultural biases
based on religion, language, age, economic level, etc.
1003

10.11. Understanding Bias

www.ck12.org

We can learn to spot potential bias in survey questions by looking for questions that exclude a particular
group or only include specific groups.
Can you find bias in the following questions?

TABLE 10.12:
Question
1. When you visited the restroom, was the cleanliness
a) bad, b) okay, c) good?
2. At what time of the day do you usually use your
swimming pool?
3. Which do you think is the most powerful book in the
Bible?
4. What was more important to the history of America,
the Emancipation Proclamation or Women’s Suffrage?
5. Do you think you should go to church every Sunday?

Possible Bias
There is the assumption that the person visited the
bathroom.
There is the assumption that the person has a swimming
pool.
There is the assumption that people belong to a certain
religion or knows about the Bible.
There is the assumption that people are familiar with
these issues from U.S. history and that they understand
the words.
There is the assumption that people believe in these
ideas.

If a person taking a survey does not feel like the options available for a question do not accurately represent
his or her true response, a bias in the survey has occurred. They may feel confused or frustrated. In some cases,
they may not even understand the meaning of the question because their education or background did not prepare
them or they don’t even speak the language in which the survey is written.
Finally, some people may not be willing to tell the truth, for one reason or another. If a person is asked to identify
themselves and then reveal confidential or personal information, they may not answer truthfully. They may not even
take the survey seriously and not answer in a sincere manner.
Will the following surveys be biased? Explain your answer.
Example A

A survey on dog food preference where only people who own big dogs are surveyed.
Solution: This will be biased. The survey should include people who own big and small dogs.
Example B

The number of children who like chocolate ice cream. A survey is conducted which asks all children who come to
the ice cream stand. The survey is conducted for three days.
Solution: No, this will be a fair survey.
Example C

The number of tenth graders who babysit, boys and girls in the tenth grade were randomly surveyed.
Solution: This will be a fair survey.
Now let’s go back to the dilemma from the beginning of the Concept.
Kevin told Karen that the survey results would be skewed because she only asked the girls their opinion about pizza
vs. chicken. Karen needs to ask the boys too since the survey is about the eighth grade not the "girls" in the eighth
grade. Asking both boys and girls is the only way to ensure successful results.
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Guided Practice

Here is one for you to try on your own.
A school polls parents about traffic congestion in the morning. They ask the parents of every 3rd car in the school
drop-off area before school bell rings to rate the traffic.
Let’s think about this method of sampling. Is it the best one? Is it biased?
Solution
If there is traffic congestion, some people may be arriving late. This sampling method is biased because it only
includes people who arrive on time. Their opinions may be different from those that arrive late. Therefore,
this is not the best way to gather a sampling.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/55

Surveys and Samples
Explore More

Directions: Are the following survey questions biased?
1.
2.
3.
4.
5.
6.
7.

How old is your spouse?
How many times do you go to the park each month? a) 1-2, b) 3-5, c) 6-10, or d) more than 10
Which is more important, the First or Second Amendment of the Constitution?
Don’t you agree that equality for all Americans is important?
Don’t you think all people should drive a car?
How do you feel about people who are vegetarians?
How do you feel about your boss at work?

Directions: Look at the following survey and then answer each question.
A survey was conducted at a veterinarian’s office. For one week, all of the clients were surveyed. They were asked
if they enjoy the management of the office. The week that the survey was conducted, 12 out of 80 clients had
appointments. The overall result is that the clients love the way the office is managed.
8.
9.
10.
11.
12.
13.
14.
15.

Is this a biased survey?
Why or why not?
Is there a statistic that supports this conclusion?
Do you believe that the overall result of the survey is accurate?
Why or why not?
How could this survey have been conducted to reach more of the clients?
What kind of sampling was conducted?
Would a random sample work better for this survey?
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10.12 Understanding Survey Data
Here you’ll understand survey data and methods of sampling.
Have you ever had your time recorded? Take a look at this dilemma.

A group of boys decided to practice their times for the 400 meters one day after school. Five of the boys on the
track team gathered together and all decided to practice. They figured out that the best way to do it was to have each
person start in turns. One person would run, then the next and then the next until everyone had run. Carla came too
so that she could run the stop watch and record the times.
All of the boys ran and at the end of it they asked Carla for the times. Although five boys ran, she had only recorded
the scores of three boys.
“Why did you do that?” Marco asked.
“I only recorded the first three to cross the finish line,” Carla explained. “At the race, those will be the three winners.”
“But that isn’t accurate?” Marco explained.
Who is correct? In this Concept, you will learn about collecting data. By the end of it, you will be able to
determine and create an argument that supports Carla or Marco as correct.

Guidance

A common tool that people use to gather information about a population is a survey.
A population can refer to any group about which information is desired. In other words, if you want to know about
the opinions of students in your school, then the population is the entire school. The population could be an entire
city, country, or even a group of plants, animals, or things. As you can imagine, a population can be very large.
For this reason, it is oftentimes impractical or even impossible to get information on every single member of the
population. In order to save time and resources, we may survey only a small percentage of the population. In order
to make sure that the information we gather from a small percentage is representative of the entire population, we
use techniques to choose the members that we survey.
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Of course, sometimes people hope to see a certain outcome. They desire to prove their hypothesis correct for one
reason or another. For this reason, we have to watch out for potential bias in a survey.
When surveys are carried out appropriately, the information that they tell us can be very.
Take a look at this situation.
Every year at Monica’s middle school, a vote for the student with the best smile takes place. This student is honored
by having his or her face on the front of the yearbook. Monica wants to win. She’s competing again four other
students who are in different classes: Winthrop, Penelope, Giovanna, and Oscar. A week before the official vote, she
wants to take a survey to see for whom other students will be voting. There are 2000 students in her school, though,
and she knows that she cannot ask everyone. She’ll have to take a sample, a small part of the population, and assume
that the information they give her is true for the rest of the school. She plans to ask 50 people. In order to choose the
50 people that she asks, she can use a variety of methods.
To help Monica, let’s think about the different types of samples that can be collected.
Sampling Methods
Random Sampling: Monica can take a random sample by giving each student in the school an equal opportunity
of being chosen. Like a lottery machine that uses ping-pong balls to choose winning numbers, Monica would have
to select students completely randomly. For example, if she had a list of students, she could mix up the names and
choose the first 50 with her eyes closed.
Stratified Random: In this method Monica would make sure that she selected an equal number of students in certain
strata. Strata means layers or levels. In her school, students are in levels by grade. In this case, strata can also refer
to gender and educational program. If she randomly chooses 25 girls and 25 boys, she is using a stratified random
method.
Systematic Sampling: Monica may also decide to sample students in a systematic manner. That is, she could stand
at the front of the school or in the lunch line and sample every 20th student. This way, she would get approximately
50 students, assuming that they all attend school on the given day and they all come through the same door or go to
lunch. If they do not, then she may not get a representative sample; the sample would be biased.
Convenience Sampling: If Monica finds these methods too difficult, she could go with an easier route—ask the first
50 students that walk by her homeroom, for example. This is called convenience sampling; it is the method that is
easiest because it selects the members of the population to whom the sampler has the most access. The problem is
that this method does not ensure a representative portion of the entire population. If she is in advanced biology, for
example, and asks only students in that room or only students who walk by that room, they may have different views
than students in the rest of the school. Perhaps the fact that they share a class or grade level with her will make them
more likely to vote for her. That may not be true of the rest of the school.
Self-Selected: There are many people who like to be asked. They like that their opinion counts, they like to express
their points-of-view, they like to participate, they like to help, or they like to influence an outcome. For whatever
reason, some people may choose to participate if you give them the chance. If Monica walks around with a sign that
says, “Tell me who you’re voting for,” she allows members of the population to select themselves. You may have seen
taste-tests in local malls, for example, that have signs reading: “Choose your favorite soda.” People who participate
are self-selecting. As with convenience sampling, this may not be a representative portion of the population. People
who do not select to participate may have different views from those that do participate.
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Write each type of sampling down in your notebook with a definition of each.
When a survey is complete, there is still a lot of work to do. As you have seen in previous lessons, data can be
analyzed using a great many choices of displays and statistical measures. From these data analyses, we hope to
make some generalizations about the population at large. We also hope, at times, to make decisions based on the
data. Name each sampling method described below.
Example A

Five students were surveyed in each of the seventh grade homerooms.
Solution: Stratified sample.
Example B

At a concert, the twentieth person in each of eight lines was asked about how he/she purchased his/her ticket.
Solution: Systematic Sampling
Example C

At a football game, only the people who wanted to be surveyed were surveyed.
Solution: Self- selected sampling
Now let’s go back to the dilemma from the beginning of the Concept.
Marco is accurate on this one. The boys all started at a different time. Therefore, the order that they crossed
the finish line does not help in determining who was fastest. You have to calculate each time to figure this out.
Time, not order is what makes the difference here.
Guided Practice

Here is one for you to try on your own.
Draw conclusions and then justify your findings.
A number of children were surveyed about the amount of time that they watch TV and the amount of time that
they spend studying. The study was completed at a charter school that specializes in college preparation for firstgeneration Americans. Three students from each class were randomly chosen to participate in the survey. Their
results are shown in the table below:
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TABLE 10.13:
TV
Studying
TV
Studying
TV
Studying

3.5
2
1
3.5
4
1.5

3.5
1.5
2
7
6
1

3.5
2.5
2
6
3
4

5
1
2
5.5
4
2

3
3.5
1.5
5
3
4.5

1
4.5
0
6
6
0

1
5
0.5
4
6.5
0.5

0
5
4
0.5
1
7

0
1
4
1
1
1

Clearly, this data is difficult to interpret in this form. Because the school is looking for a relationship between TV
time and studying time, a scatterplot is an excellent display of the data.

Solution
They drew the following conclusions:
1.
2.
3.
4.

Montoya Charter School students who watch more than 2 hours of TV do not study.
Children in the United States watch too much TV.
Students who do not study enough will get low grades.
TV is causing students to be less interested in school.

What is wrong with their conclusions based on the data?
1. The data shows that many students who watch more than 2 hours of TV do study although generally fewer
hours.
2. This sample was only taken at a charter school that serves a specific population. You cannot generalize this
data to other populations like the entire United States.
3. There is no data in this study that relates studying time to grades.
4. A scatterplot does not imply causation, only correlation; the variables are shown to have a negative relationship, but that does not mean that one causes the other. If you take television time away from students, it does
not mean that they will necessarily study more nor be more interested in school.
1009

10.12. Understanding Survey Data

www.ck12.org

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/55

Surveys and Samples
Explore More

Directions: Define each of the following terms.
1.
2.
3.
4.
5.
6.

Survey
Random sample
Stratified sample
Systematic sample
Convenience sample
Self Selected sample

Directions: Name each sampling method described below.
7. A mother asks everyone in her office-building about the best restaurant in town.
8. A police traffic stop pulls over every 3rd car to check for proper insurance.
9. A phone company uses a computer to choose customer for a satisfaction survey. 5% of each region are chosen
randomly.
10. People call a phone number given on a receipt at a restaurant to answer questions about cleanliness and service.
Each person who calls gets entered into a drawing.
11. A cattle herder checks for Mad Cow Disease by drawing blood from 30 cows that he chose by drawing their
ID numbers from a hat.
12. Every fifth person to buy gasoline is asked about their automobile.
13. An announcement for a survey is mentioned at a movie theater. Anyone who chooses to participate can.
14. Every fifth grader at Smith School is asked about the number of hours he/she watches television per week.
15. A computer calls people from the phone book and asks them about their political choices.
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10.13 Interpreting Data
Here you’ll learn to interpret data from different sources.
Have you ever had a question about how to interpret different results? Take a look at this dilemma.

“Wow! It looks like we are going to get a new track at the school,” Sam said at breakfast as he read the newspaper
over his Dad’s shoulder. “It must be because we won at regionals.”
Yes, the track team the Hawks had taken first place at regionals. It was the talk of the town and the newspaper article
seemed to suggest that great things were going to happen as a result.
“Well, I don’t want to disappoint you Sam, but 53% are for the new track but there is a 5% margin of error,” his Dad
explained.
“What does that have to do with anything?”
“A lot. A margin of error can mean that the survey results aren’t completely accurate, or you could say that you can’t
take them at face value,” his Dad said.
Sam is perplexed. 53% is 53%, or is it?
In this Concept, you will learn all about margin of error. By the end of it, you will understand how a margin
of error can impact results.
Guidance

Drawing conclusions based on data is a major goal in gathering data. Some data can be misleading and some
conclusions can be doubtful. For that reason, it is important to keep an eye open for public information that may not
be entirely based on data. We must be critical about where information comes from because biases may occur in the
sampling methods, survey questions, display methods, and conclusions. Nevertheless, good science and math can
lead to valuable information.
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Let’s look at how we can make predictions based on survey data.

A cellular phone company conducts a random survey in their service area regarding the problems encountered with
phone service. They surveyed 700 people with cellular phones in a population of 125,000 people. They find the
following results.

TABLE 10.14: Worst Problem with Telephone
Too Expensive
39%

Poor Signal
33%

Not Enough Features
16%

Ugly Design
12%

Based on their survey, they can extrapolate the data to the entire population. In other words, when the survey
was carried out in a proper manner, they can assume that the survey is accurate for the entire population. If there are
125,000 people in the population, they can assume that the same results found in the survey will be true for all of the
125,000 people. So, how many people will find the phones too expensive? Signal quality poor? Too few features?
Calculate the percent found in the data of the entire population.
Like this: .39 × 125000 = 48, 750

TABLE 10.15: Worst Problem with Telephone
Too Expensive
39%
48,750

Poor Signal
33%
41,250

Not Enough Features
16%
20,000

Ugly Design
12%
15,000

We could also calculate several other features such as mean, median and mode.
Let’s think about margin of error. Now we are looking for information that is not true. This is not the usual way
that we think through things, so we must keep this fact in mind as we work.
As you know, the method of choosing samples is important to find data whose results you can trust. The better the
sampling method is the better the data collected. When data is gathered well, its results will be truer for the entire
population. Nevertheless, most research companies and survey takers understand that it is actually quite difficult to
find a perfect sample.
There will always be a margin of error , or a percentage by which the true numbers for the entire population
may differ.
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In other words, a survey company may calculate a margin of error of ±3%. This means that the measurements for
the entire population may vary either up or down by 3%.
Take a look at this situation.
A survey company reports that 51% of people surveyed said they will vote for Candidate X (with a margin of error
of ±3%).
Can we be sure that Candidate X will win? No, since there is a margin of error of ±3%, it could be as high as
51 + 3 or 54% or it could be as low as 51 − 3 or 48%.
In modern media, particularly newspapers and magazines, it is common to find reports based on survey results.
Oftentimes a margin of error is mentioned. Keep in mind, however, that although magazines and newspapers may
intend to report just the news, there is oftentimes a bias based on the author’s opinions, the beliefs of the owners
or managers of the companies, or a sheer desire to report exciting or eye-opening news with the intent to sell more
issues. For this reason, we must keep a critical point of view when we match what an article might say to what the
data tells us.
Take a look at this situation.
A local newspaper article entitled “More Beets than Meats” discusses more people switching over to vegetarianism.
The article says, “In a hundred people surveyed in 1998, 8% reported being a vegetarian. In a similar survey taken
in 2000, that number grew by 50% to 12% (margin of error in surveys ±3%). It’s a great time to invest in produce
companies because that number will just keep on growing!”
Now let’s examine the article itself. This article reports that the number of vegetarians grew by 50%.
However, it also reports a margin of error of ±3%.
This means that the actual results may have been as high as 11% vegetarians in 1998 and as low as 9% vegetarians
in 2000. It’s possible that the number of vegetarians actually declined. Also, even if the number of vegetarians did
increase by 50% during those two years, it does not mean that the number will continue to increase at that rate.
Finally, there is no mention of the sampling method. The method they used may not have been representative of the
entire population.
All 450 students in the graduating class at Springstead High School were surveyed about homework. 27% said they
wanted more homework, while 73% said they wanted less homework.

Example A

If the margin of error was 3%, how would this impact the percentages?
Solution: More homework could be as low as 24% or as high as 30%. Less homework could be as low as 70%
or as high as 76%.

Example B

How many students wanted more homework?
Solution: 121.5 or 122 students

Example C

How many students wanted less homework?
Solution: 328.5 or 329 students
Now let’s go back to the dilemma from the beginning of the Concept.
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First, we have to look at the given information and the margin of error. We know that the survey said that
53% were in favor of the new track. The margin of error is 5%. This means that it could be as high as 58%
or as low as 48% in favor of the new track. Depending on the percentage that the school thinks it needs to
allocate funds for a new track, this percentage could impact whether or not a new track is gotten.
Guided Practice

Here is one for you to try on your own.
A high school conducts a survey for their foreign language program. They need to know how many sections of each
class they need. There are 3,400 students in the high school and each class can have a maximum of 35 students in it.
Of 200 students surveyed, they find the following number of student responses:

TABLE 10.16: Which foreign language class would you like to take?
Class
# of Responses

Spanish
85

French
35

German
39

Chinese
23

None
18

In order to apply this information to the entire student body, the percentages are calculated. Then, each percent is
applied to the entire student population.

TABLE 10.17: Which foreign language class would you like to take?
Class
Percent
Total for population

Spanish
42.5%
1445

French
17.5%
595

German
19.5%
468

Chinese
11.5%
391

None
9%
306

Chinese
12

None
0

Based on this data, how many classes of each should they offer?
Solution
Divide the number of students for each course by 35 students in each section.

TABLE 10.18:
Class
# of classes
Needed

Spanish
42

French
17

German
14

Because 35 is the maximum number of students, the number of classes must be rounded up to the next whole
number. Classes cannot go over 35 and fractional classes cannot be offered.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63329
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Margin of Error
Explore More

Directions: Use what you have learned on each problem presented below.
A job satisfaction survey is taken of 500 people who work in the auto industry. The results are shown in the table
below:

TABLE 10.19: Job Satisfaction Survey (margin of error )
Very Dissatisfied
16%
1.
2.
3.
4.
5.
6.

Dissatisfied
21%

Satisfied
41%

Very Satisfied
22%

Based on the margin of error, find the percent range of responses in each category.
Assuming that there are 340,000 people in the industry, how many people are dissatisfied?
Assuming that there are 340,000 people in the industry, how many people are satisfied?
Assuming that there are 340,000 people in the industry, how many people are very satisfied?
Assuming that there are 340,000 people in the industry, how many people are very dissatisfied?
What conclusions can you draw based upon this data?

Directions: Look at the chart regarding the Prom Location. Assume a margin of error of ±5%.

7. If the school has 420 students planning to attend, what is the percent range of students who will prefer each of
the locations?
8. How many students want the Holiday Inn?
9. How many students want the Hilton?
10. How many students want the Marriott?
11. How many students want the Four Seasons?
12. What conclusions can you draw from the data
A college newspaper reports the following:
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“Ever since the new volleyball stadium was built at the end of 2005, the interest in the Women’s Volleyball Team
has grown. In turn, that has made the team go nearly perfect this year. Their current record is 14 wins and 3 losses.
Last year at this time, they were only 13 and 4. Come and see the new stadium and encourage the college to build
the new football stadium, too!”

13. What conclusions have been drawn by the writer of this article?
14. Do you agree with them? Why or why not?
15. What bias might the writer have had?

Summary
First, you learned all about the measures of central tendency. You learned how to find the mean, median, mode and
range of a data set. You also learned how to understand the mean through the deviation from the mean and the mean
absolute deviation.
Then you learned about different data displays. You learned how to organize data in new visual ways and how to
apply the measures of central tendency to each different display. You also learned which data displays are best for
different situations.
Finally, you learned how to work with data through surveys and samples. These surveys and samples were analyzed
for bias. You saw how to recognize misleading statistics and how to adjust data to represent accurate findings.
Finally, you learned to interpret data by using percents and the margin of error.

1016

www.ck12.org

Chapter 11. Using Probability

C HAPTER

11

Using Probability

Chapter Outline
11.1

U SING T REE D IAGRAMS

11.2

C ALCULATING O UTCOMES

11.3

R ECOGNIZING P ERMUTATIONS

11.4

E VALUATE P ERMUTATIONS USING P ERMUTATION N OTATION

11.5

R ECOGNIZING C OMBINATIONS

11.6

E VALUATE C OMBINATIONS USING C OMBINATION N OTATION

11.7

T HEORETICAL P ROBABILITY

11.8

E XPERIMENTAL P ROBABILITY

11.9

W RITE AND C OMPARE P ROBABILITIES AS F RACTIONS , D ECIMALS AND P ER CENTS

11.10

I DENTIFY OVERLAPPING , D ISJOINT, AND C OMPLEMENTARY E VENTS

11.11

C ALCULATE O DDS USING O UTCOMES OR P ROBABILITY

11.12

R ECOGNIZE I NDEPENDENT AND D EPENDENT E VENTS

11.13

U NDERSTANDING C ONDITIONAL P ROBABILITY

11.14

U NDERSTANDING G EOMETRIC P ROBABILITY

11.15

U SE S IMULATIONS TO E XPLORE E XPERIMENTAL P ROBABILITY

Introduction
Here you will explore probability in many different ways. To begin, you will be calculating outcomes by using tree
diagrams and the Counting Principle. Then you will learn to calculate probability when working with permutations
and combinations. This will include evaluating permutations and combinations by using a specific type of notation.
Then you will learn how to distinguish between experimental probability and theoretical probability. When you
compare multiple events, you will learn the difference between overlapping, disjoint and complementary events.
You will learn to calculate odds for or odds against an event happening.Next, you will learn to recognize independent
and dependent events. Finally, you will understand conditional probability and geometric probability before using
simulations to explore experimental probability.
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11.1 Using Tree Diagrams
Here you’ll calculate probability by using tree diagrams.
Have you ever had a difficult time choosing options for a sandwich? Take a look at this dilemma.

For a sub sandwich, Luis has the following choices.

Choice 1: Bread

Choice 2: Cheese

Choice 3: Meat

white, wheat

swiss, cheddar

turkey, ham, tuna

How many different kinds of sandwiches can Luis make?
One way of figuring this out is to use a tree diagram. By the end of the Concept, you will know how to help
Luis with this dilemma.
Guidance

Probability is a mathematical way of calculating how likely an event is likely to occur.
An event is a result of an experiment or activity that might include such things as:
•
•
•
•

flipping a coin
spinning a spinner
rolling a number cube
choosing an item from a jar or bag

An important concept when calculating probability is to think about outcomes.
An outcome is a possible result of some event occurring. When you flip a coin, “heads” is one outcome; tails is a
second outcome.
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Total outcomes are computed simply by counting all possible outcomes.

That is a great question.
One good way to count the total number of outcomes for an event is to make a tree diagram.
A tree diagram is a branching diagram that shows all possible outcomes for an event.
For instance, if you flip a coin two times, how many different outcomes are possible? To find out, make a tree
diagram.

To make a tree diagram, split the different events into either-or choices. The first choice breaks flip 1 down into
heads or tails. Each outcome of flip 1 is broken down again for flip 2.
The pink box shows the total number of outcomes for both flips:
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heads-heads

tails-heads

heads-tails

tails-tails

What happens when you increase the number of flips to three? Just add another section to your tree diagram.

In all, there are now 8 total outcomes.

HHH

HT H

T HH

TTH

HHT

HT T

T HT

TTT

Use a tree diagram to calculate the total possible outcomes.

Example A

A car has four seats. How many different options are there if three people ride in the car?
Solution: 12 options.

Example B

Candice has two skirts, three shirts and two different sweaters. How many possible outfits can she create?
Solution: 12 options.
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Example C

Sam is trying to create a pizza. He has two crust options, four different cheese options and 8 different toppings to
choose from. How many pizzas can he make if he only chooses one topping?
Solution: 64 options.
Now let’s go back to the dilemma from the beginning of the Concept.
To figure this out, Luis can create a tree diagram to show all of his choices and calculate the sandwich
outcomes.

You can see that the tree diagram begins with the bread choices, then adds the second layer of the cheese options,
and finally adds the meat choices.
There are twelve possible sandwich outcomes for Luis.

Guided Practice

Here is one for you to try on your own.
How many possibilities are there for a win-win-win?
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Solution
You can see that when we break out all of the options that there is one chance for a win-win-win.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65529

Explore More

Directions: Use a tree diagram to figure out all of the different outcomes.
1. Jeff’s Jet Ski rentals has 3 different jet ski models: the single, the double, and the racer. Renters can rent for a
half hour or a full hour. How many rental choices are there?
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2. CableCom offers Basic Cable, Premium Cable, and Super Premium Cable service. CableCom offers these
services for home use, small business use, or large business use. How many different cable choices are there?
3. The Gotham Gazette offers the following newspaper choices:
• home or office delivery
• weekdays only, weekends only, or all seven day delivery
• monthly or weekly payments
How many different kinds of choices can you get?
4. On Main Street, Jiri has to go through 4 traffic lights that can be either red or green. How many different
outcomes are there for the 4 lights?
5. The I-Cone high tech ice cream shop offers the following options.
• cone: sugar, waffle
• size: teeny, mega, huge
• flavors: shocking blueberry, marvelous mango, chocolate attack
How many different choices are there?
6. To remodel her kitchen, Gretchen has the following choices: Floor: tile or wood; Counter: Granite or formica;
Sink: white, steel, stone. How many different choices can Gretchen make?
7. Jeff has five different pairs of socks and three pairs of shoes. How many possible combinations are there?
8. What if Jeff has six different pairs of socks and three pairs of shoes. How many possible combinations are
there?
9. What if Jeff has six different pairs of socks and four pairs of shoes. How many possible combinations are
there?
10. What if Jeff has eight different pairs of socks and three pairs of shoes. How many possible combinations are
there?
11. Jessie has three sweaters, two turtlenecks and three jackets. How many possible combinations are there?
12. What if Jessie has two sweaters, three turtlenecks and three jackets. How many possible combinations are
there?
13. What if Jessie has four sweaters, three turtlenecks and three jackets. How many possible combinations are
there?
14. What if Jessie has three sweaters, two turtlenecks, two scarfs and three jackets. How many possible combinations are there?
15. What if Jessie has four sweaters, two turtlenecks, two scarfs and three jackets. How many possible combinations are there?
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11.2 Calculating Outcomes
Here you’ll calculate outcomes with and without the Counting Principle.
Have you ever been to a bike shop? Take a look at this dilemma.

Telly and Carey are working in a bicycle shop over the spring vacation. They are excited because Ms. Kelley the
owner is going to let each of them choose a new bike when the week is done. This way, they get to work and earn a
new bike at the same time.
There are so many different types of bikes, that Telly is having a difficult time choosing. To complicate matters
even more, Ms. Kelley said that she would let Telly design her own bike so she can choose seat color and type of
handlebars as well as color of the bike. Telly knows that she wants a mountain bike, so at least that part has been
chosen. Here are all of the options that Telly has.
Mountain bike
Colors = Red, Green, Blue or Purple
Seat = normal or extra cushion
Handlebars = straight or curved
Telly took out a piece of paper and tried drawing out all of her options. She became frustrated almost immediately.
This is where you come in. You can help Telly to work through this problem by learning about the Counting
Principle. Pay attention because you will see this problem again.
Guidance

Probability is a mathematical way of calculating how likely an event is likely to occur.
An event is a result of an experiment or activity that might include such things as:
• flipping a coin
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• spinning a spinner
• rolling a number cube
• choosing an item from a jar or bag
An important concept when calculating probability is to think about outcomes.
An outcome is a possible result of some event occurring. For instance, when you flip a coin, “heads” is one
outcome; tails is a second outcome.
Total outcomes are computed simply by counting all possible outcomes.

That is a great question.
We can use arithmetic to calculate outcomes.
Take a look at this situation.
Ichiro’s Car Wash offers three different wash services –basic outer body wash, interior cleaning, and finally, custom
hand-detailing. Customers order a wash choice plus wax or no wax. You can use a tree diagram to find that there are
6 different choices, or outcomes, for a car wash.
We can look at the situation in terms of outcomes. For the first choice there are 3 different outcomes. For the
second choice there are 2 different outcomes.
3 outcomes · 2 outcomes = 6 outcomes
What if we changed the options? Would this method still work? Let’s add on to the car wash problem and
see.
Consider Ichiro’s oil change choices. Customers can get standard or synthetic oil, filter or no filter, and pay with a
coupon or for the regular price. For each choice there are 2 different outcomes.
2 outcomes · 2 outcomes · 2 outcomes = 8 outcomes
This method of calculating the number of total outcomes can be stated as a general rule called the Counting
Principle.
Counting Principle: The number of choices or outcomes for two independent events, A and B taken together, is the
product of the total number of outcomes for each event.
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Total outcomes for A and B = (number of outcomes for A) · (number of outcomes for B)
Once again, the Counting Principle requires that we take the number of choices or outcomes for two independent
events and multiply them together. The product of these outcomes will give us the total number of outcomes for
each event.
For instance, 2 tosses of a coin there are 2 outcomes for each toss. Using the Counting Principle, you can find
the total number of outcomes as:
2 outcomes · 2 outcomes = 4 total outcomes
You can use the Counting Principle to find probabilities of events. For example, suppose you wanted to know
the probability of rolling two number cubes and coming up with a sum of 5. The probability of any event is equal
to the ratio of favorable outcomes to the total number of equally likely possible outcomes.

P(event) =

favorable outcomes
total outcomes

Favorable outcomes are the outcomes you are looking for.
In this case the favorable outcomes are outcomes that have a sum of 5. To find the number of total outcomes for the
two tosses, you can use the Counting Principle. Since each toss of a number cube has 6 different outcomes.

total outcomes = 6 outcomes · 6 outcomes
= 36 total outcomes
To figure out this particular problem we must add another step. Now list those 36 outcomes and mark the outcomes
that result in a sum of 5.

1−1

2−1

3−1

4−1 5−1

6−1

1−2

2−2

3−2

4−2

5−2

6−2

1−3 2−3

3−3

4−3

5−3

6−3

1−4 2−4

3−4

4−4

5−4

6−4

1−5

2−5

3−5

4−5

5−5

6−5

1−6

2−6

3−6

4−6

5−6

6−6

Since there are 4 outcomes that have a sum of 5:
P(5) =

4
36

=

1
9

The probability of rolling two number cubes with a sum of 5 is 19 .
Calculate each outcome.

Example A

Jake has two shirts, four pairs of pants and three sweaters. How many different outfits can he make?
Solution: 24 outcomes
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Example B

What if Jake has two shirts, five pairs of pants and four sweaters. How many outfits can he make?
Solution: 40 outcomes

Example C

What if Jake only chooses one sweater. How many outfits can he create with four pairs of pants and two shirts.
Solution: 8 outcomes
Now let’s go back to the dilemma from the beginning of the Concept.
First, list out the options once again.
Mountain bike
Colors = Red, Green, Blue or Purple
Seat = normal or extra cushion
Handlebars = straight or curved
Next, we can use the Counting Principle to calculate the total number of options that Telly has for her bike.
There are four colors = 4
There are two seat options = 2
There are two handlebar options = 2
4 × 2 × 2 = 16 possible bike options
This is the answer.
Guided Practice

Here is one for you to try on your own.
What is the probability of spinning the spinner twice and having it land on the same color both times?
Solution
Step 1: Rather than draw a tree diagram, use the Counting Principle to find the number of total outcomes. Since
each spin has 4 outcomes:

total outcomes = 4 outcomes · 4 outcomes
= 16 total outcomes
Step 2: Now list all 16 outcomes and find the number of ways both spinners can land on the same color both times:

red − red

blue − red

yellow − red

green − red

red − blue

blue − blue

yellow − blue

green − blue

red − yellow

blue − yellow

yellow − yellow

green − yellow

red − green

blue − green

yellow − green

green − green
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Step 3: Find the ratio of favorable outcomes to total outcomes:

P(same) =

f avorable
4
1
=
=
total outcomes 16 4

The probability of the arrow landing on the same color two times in a row is 14 .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63332

The Counting Principle
Explore More

Directions: Use the counting principle to determine the number of outcomes.
1. Nigel dropped 3 open-faced peanut butter sandwiches that were equally likely to land face-up or face-down.
How many different outcomes are there?
2. Movie Star Toothpaste comes in 3 different flavors: sparkle, blast, and stripe, 3 different sizes, and 2 different
tube styles. How many toothpaste choices are there?
3. Dave made 3 predictions for this Sunday’s football games. How many different outcomes of being right or
wrong are there?
4. Bridget made 4 predictions for this Sunday’s football games. How many different outcomes of being right or
wrong are there?
5. How many more outcomes will there be if Bridget adds an extra prediction for problem 4 above?
6. Sandy’s Sandals come in 4 different models: sport, super-sport, casual, and chic, 5 different colors, and 9
different sizes. How many choices are there?
7. Mike’s Bikes features three different bike styles: mountain, racer, and stunt bike. You can choose from 6
different gear systems, 4 frame alloys, and 5 colors. How many bike choices are there?
8. In problem 8 above, Mike gets a new bike color but now features only 5 different gear systems. Does he have
more or fewer choices now? How many more or fewer?
9. Tilly spins a spinner that has red, blue, and yellow sections 3 times. How many different outcomes are
possible?
10. Tilly spins a spinner that has red, blue, and yellow sections and tosses a number cube. How many different
outcomes are possible?
11. Tilly tosses a number cube 2 times. How many different outcomes are possible?
12. Tilly tosses a number cube 3 times. How many different outcomes are possible?
Directions: Use the counting principle to determine probabilities for a spinner with four colors: red, yellow, blue
and green.
13. Kalyani spins the spinner 2 times. What is the probability that the arrow will land on green both times?
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14. Kalyani spins the spinner 2 times. What is the probability that the arrow will land on the same color both
times?
15. Kalyani spins the spinner 2 times. What is the probability that the arrow will land on a different color each
time?
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11.3 Recognizing Permutations
Here you’ll recognize permutations in situations where order is important.
Have you ever had a combination lock? Take a look at this dilemma.

Telly was sitting in the middle of a whole pile of combination locks when Carey arrived on Tuesday morning.
“What are you doing?” Carey asked sitting next to the pile of locks.
“I am checking to make sure that all of these locks work,” Telly explained. “Here is a pile for you.”
Carey starting working on the locks too. After about five minutes, she stopped and looked at Telly.
“You know these shouldn’t even be called combination locks. A lock isn’t a real combination, it’s actually a
permutation,” Carey said laughing.
Telly looked at her friend as if she had six heads. She was completely puzzled.
“What do you mean?” Telly asked.
Do you know what Carey means? If you don’t right now, you will by the end of this Concept. Then you will
understand permutations.

Guidance

Order is important in some situations and not important in others. For example, in following a cake recipe, the order
in which the events take place is important. You need to crack the eggs before you mix them with the flour. Similarly,
you put the icing on the cake only after it has baked.
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In buying the ingredients to make a cake, on the other hand, order is not important. Does it matter if you buy the
flour before the eggs or the milk before the icing? It doesn’t, so you would say that order is NOT important in buying
cake ingredients.
For solving many problems in which order is important, you can use permutations. A permutation is a selection
of items in which order is important. To use permutations to solve problems, you need to be able to identify the
problems in which order, or the arrangement of items, matters.
Take a look at this situation.
Francis Imelda Guzman wants to know how many ways she can arrange her initials, F, I, N. Does order matter for
this problem?
Since she wants to arrange each letter in a particular arrangement, the order does matter. This is a permutation not a combination.
Step 1: Write out a single order, or permutation.
FIG
Step 2: Now rearrange those same letters. Did changing the order of the items change the outcome? If so, then
order matters.
NGI ⇐= different than original
Each arrangement of letters is a different permutation.
We can count permutations too. There is a mathematical way to calculate the number of permutations
possible given the number of items selected.
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To count the number of permutations in a problem you need to look at the problem as a series of choices.
We can find the number of permutations in a group if you include all members of that group. Suppose there are 3
cabs in front of a hotel, Acme, Bluebird, and Checker.
If all 3 line up to wait for the next customer, the number of different lineups, or permutations, of 3 items taken
3 at a time is:

Again, this is the permutation for three cabs lined up three at a time. We could also say that this is three
objects taken three at a time.
What happens when 4 cabs show up at the hotel, but there is only room for 3 cabs to line up? For example,
how many different 3-cab lineups would there be if you started with 4 cabs –Acme, Bluebird, Checker, and
Decker?
Now, for choice 1 you have four choices instead of 3.

For the choice 2 you have 3 choices instead of 2 and for choice 3 you have 2 choices instead of 1.
The final calculation gives 24 total choices:
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This is the answer when we have four options taken three at a time.

Yes. That is true. We do count them down. This is how we can multiply them to find the accurate number of
permutations.
Example A

If five people want to go to the movies, but there are only two seats available. How many ways can the people sit if
they can only sit two at a time?
Solution: 5 × 4 = 20
Example B

How many different ways could the people be seated if there were three seats?
Solution: 5 × 4 × 3 = 60
Example C

How many different ways could the people be seated if there were four seats?
Solution: 5 × 4 × 3 × 2 = 120
Now let’s go back to the dilemma from the beginning of the Concept.
Carey said the lock should be called a permutation lock because a permutation is a series of numbers in a
specific order. If you don’t put the numbers in that order, then the lock will not open.
Guided Practice

Here is one for you to try on your own.
Three taxis –an Acme Cab, a Bluebird Limo, and a Checker –all arrive outside of the BigWig Hotel at exactly the
same moment. In how many different ways can the three line up?
Solution
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One way to look at this problem is as the product of 3 different choices. For choice 1 you can select any of the
three cabs, Acme, Bluebird, or Checker.

For choice 2, your options are now limited. You’ve already chosen the first cab, so you now only have 2 cabs
to choose from.

Finally, for choice 3 you have only 1 choice left.

You can multiply the three choices together to get the total number of choices, or permutations, as 6.

Here are the 6 different ways the cabs can line up.

Acme − Bluebird − Checker

Bluebird − Acme − Checker

Checker − Acme − Bluebird

Acme − Checker − Bluebird

Bluebird − Checker − Acme

Checker − Bluebird − Acme

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5305

Permutations
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Explore More

Directions: Figure out each permutation or each outcome.
1. Four different frogs entered the jumping contest –Spots, Dots, Slimey, and Croaky. In how many ways can the
4 finish in first, second, third, and fourth place?
2. Denise has the letters A, R, X, O, G, I, and L. How many different 4-letter arrangements can she make?
3. Six people have signed up to play Scrabble –Tim, Jim, Kim, Pam, Sam, and Cam. Only 4 people can play at
one time. How many different 4-player games are possible?
4. Arnold printed out his 8-page report without putting page numbers on the pages. Now the pages have gotten
all mixed up. In how many different ways can Arnold arrange the 8 pages?
5. The special lunch at Bamboo Restaurant gives you a choice of won-ton or hot-sour soup, a choice of kung pao
shrimp or chicken with broccoli, and a choice rice or noodles. How many different special lunches are there?
6. Rex forgot the password for his ATM bank card. He knows that the password is made of the 4 digits of his
birthday, October 24 or 1, 0, 2, 4.? How many different passwords does he need to try to be sure he gets his
password?
7. Javier wrote out wrote out the letters of Jasmine’s name on 7 cupcakes and put them in a box. How many
different ways can he take them out of the box one by one?
8. On the new reality show, Lazybones, the five finalists –Snoozin’ Betty, Lounge Man, The Yawn Meister, Lana
Later, and Bob the Procrastinator –compete to see who is the laziest person. On today’s show, the five will be
weeded down to 3 super-finalists. How many different ways can the 3 super-finalists be chosen?
9. Four friends have printed the letters M, E, T, S on the front of their shirts. They’re going to the Mets game and
will sit in 4 seats side by side. In how many different ways can the four sit?
10. How many different 3-digit numbers can you form from the digits 4, 5, and 6?
Directions: Use permutations to solve each problem.
11. How many 3-digit numbers can Blanche write using the digits 7, 8, and 9?
12. How many 4-letter arrangements can Blanche write using the letters A, B, C, D?
13. The programmer for Oddball-TV has 5 new half-hour shows she wants to air on Tuesday evenings: Strange
Days, Slightly Off, Odd Rod, Bent, and Icky the Great. In how many different orders can she present the
shows?
14. A train has 6 different cars –a passenger car, a baggage car, a mail car, a diner car, a freight car, and a caboose.
In how many different orders can the cars be arranged?
15. The last 5 digits of Beryl’s phone number are 34567. How many numbers have these same 5 digits?
16. Mia has 7 charms for her charm bracelet –a heart, a moon, a turtle, a cube, a bird, a hoop, and a car. Into how
many different orders can she arrange the 7 charms?
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11.4 Evaluate Permutations using Permutation
Notation
Here you’ll evaluate permutations by using permutation notation.
Do you know how to calculate a permutation in permutation notation? Take a look at this dilemma.
Find 8 P2
To figure out this permutation, you will need to understand permutation notation. Pay attention and you will
learn all that you need to know in this Concept.
Guidance

Order is important in some situations and not important in others. For example, in following a cake recipe, the order
in which the events take place is important. You need to crack the eggs before you mix them with the flour. Similarly,
you put the icing on the cake only after it has baked.
In buying the ingredients to make a cake, on the other hand, order is not important. Does it matter if you buy the
flour before the eggs or the milk before the icing? It doesn’t, so you would say that order is NOT important in buying
cake ingredients.
For solving many problems in which order is important, you can use permutations. A permutation is a selection
of items in which order is important. To use permutations to solve problems, you need to be able to identify the
problems in which order, or the arrangement of items, matters.
We can find the number of permutations in a group if you include all members of that group. For example, suppose
there are 3 cabs in front of a hotel, Acme, Bluebird, and Checker. If all 3 line up to wait for the next customer, the
number of different lineups, or permutations, of 3 items taken 3 at a time is:

Again, this is the permutation for three cabs lined up three at a time. We could also say that this is three
objects taken three at a time.
The most efficient way to calculate permutations uses numbers called factorials.
Factorials are special numbers that represent the product of a series of descending numbers.
The symbol for a factorial is an exclamation sign. Take a look.

8! = 8 − factorial = 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
11! = 11 − factorial = 11 · 10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
4! = 4 − factorial = 4 · 3 · 2 · 1
17! = 17 − factorial = 17 · 16 · 15 · 14 · 13 · 12 · 11 · 10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
To compute the values of factorials, simply multiply the series of numbers.
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4! = 4 · 3 · 2 · 1 = 24
5! = 5 · 4 · 3 · 2 · 1 = 120
8! = 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1 = 40, 320
11! = 11 · 10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1 = 39, 916, 800
We can use factorials to calculate permutations.
Suppose you have 6 items and you want to know how many arrangements you can make with 4 of the items.
Order matters in this problem, so you need to find the number of permutations there are in 6 items taken 4 at a time.
In permutation notation you write the following.
6 P4

⇐= 6 items taken 4 at a time

In general, permutations are written as:
n Pr

⇐= n items taken r at a time

To compute n Pr you write:

n Pr

=

⇐= total items!
n!
=
(n − r)! ⇐= (total items − items taken at a time)!

To compute 6 P4 just fill in the numbers:

6 P4

=

6!
(6 − 4)!

720
2

360
Notice that it is the product of the values in descending order that tells us how many permutations are possible.
You can use this method to solve any number of permutations.
Find each permutation.
Example A

Find 4 P3
Solution: 24 options
Example B

Find 12 P2
Solution: 132 options
Example C

Find 8 P6
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Solution: 20, 160 options
Now let’s go back to the dilemma from the beginning of the Concept.
Find 8 P2
This is the same as saying 8 options taken 2 at a time.
We can multiply to solve the permutation.
8 × 7 = 56
There are 56 options.
Guided Practice

Here is one for you to try on your own.
Find 7 P3
Solution
Step 1: Understand what 7 P3 means.
7 P3

⇐= 7 items taken 3 at a time

Step 2: Set up the problem.

7 P3

=

7!
⇐= total items!
=
(7 − 3)! ⇐= (total items − items taken at a time)!

Step 3: Fill in the numbers and simplify.

4×
×1 7×6×5
7!
7! 7 × 6 × 5 × (
(3(×(2(
= =
=
= 210
(
7 P3 =
(2(
(
(7 − 3)! 4!
4
×
3
×
×
1
1
(
(
(

There are 210 possible permutations.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5305

Permutations
Explore More

Directions: Find each permutation.
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Find 7 P2
Find 6 P3
Find 5 P4
Find 5 P5
Find 9 P3
Find 9 P7
Find 11 P3
Find 12 P3
Find 6 P2
Find 14 P3
Find 15 P3
Find 11 P4
Find 16 P2

Directions: Use permutations to solve each problem.
14. Mia has 7 charms for her charm bracelet –a heart, a moon, a turtle, a cube, a bird, a hoop, and a car. Into how
many different orders can she arrange the 7 charms?
15. One of the charms in Mia’s bracelet in problem 6 above fell off. How many fewer arrangements are there
now?
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11.5 Recognizing Combinations
Here you’ll recognize combinations in situations where order does not matter.
Have you ever been in a bike race? Take a look at this dilemma.

“Come on girls, you can help me to make this list,” Ms. Kelley called to Carey and Telly.
It was the girls third day of work and they were beginning to help Ms. Kelley to organize a big bike race. The shop
was hosting a group of bikers from all around the area to help raise money for charity. Bikers from all over had
already registered and now it was just a matter of Ms. Kelley organizing the list into a starting order.
“How do you decide who gets to race in the front?” Carey asked.
“You mean the leader of the pack?” Ms. Kelley asked.
“I guess I do,” Carey said.
“Well, it is totally random. This isn’t a professional race, so it doesn’t matter who starts where. Everyone will get
an equal chance and besides, all of the money raised goes to charity,” Ms. Kelly explained.
Carey looked at Telly.
“A combination, not a permutation,” Carey said.
Telly got it this time. After the situation with the locks she now understood the definition of a permutation.
Do you understand how a permutation is different from a combination? Why did Carey say that this was a
combination? Pay attention and you will be able to answer these questions at the end of the Concept.
Guidance

Order is important for some groups of items but not important for others. Consider a list of the words: POTS, STOP,
SPOT, and TOPS.
• For the spelling of each individual word, order is important. The words POTS, STOP, SPOT, and TOPS all
use the same letters, but spell out very different words.
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• For the list itself, order is not important. Whether the words are presented in one order –such as POTS, STOP,
SPOT, TOPS, or another order, such as STOP, SPOT, TOPS, POTS, or a third order, such as TOPS, POTS,
SPOT, STOP –makes no difference. As long as the list includes all 4 words, the order of the 4 words doesn’t
matter.
A combination is an arrangement of items in which order, or how the items are arranged, is not important.
The collection of one order of the items is not functionally different than any other order.

Think about a pizza. It doesn’t matter which order you put on the toppings once they are all on there. You
can put a combination of toppings on a pizza.
Sometimes order does matter. When the order does matter, then use a permutation.
Take a look at this situation.
Six people –Larry, Sherry, Terri, Carrie, Mary, and Harry all want to ride in a rowboat that can hold only 4 passengers.
How many different groups of 4 passengers can ride in the boat?
Step 1: Write out a single order.
Larry, Sherry, Terri.Harry
Step 2: Now rearrange the order. Did changing the order of the items change the outcome? If so, then order
matters.
Sherry, Harry, Larry, Terri ⇐= different order, same 4 passengers
Order does NOT matter for this problem. Use combinations.
Four tap dancers are entered in the Star Power Talent Show –Debbie, Maurice, Minnie, and Ronnie. The 4 will
appear separately on stage. In how many different ways can the 4 be scheduled to appear on stage?
Step 1: Write out a single order.
Debbie, Ronnie, Maurice, Minnie
Step 2: Now rearrange the order. Did you change the outcome? If so, then order matters.
Maurice, Debbie, Minnie, Ronnie ⇐= different order, meaning is DIFFERENT
Order DOES matter for this problem. Use permutations, not combinations.
When solving problems, we can use combinations to solve problems when order is not important. One way to find
the number of combinations is to use a tree diagram.
Take a look at this situation.
For his top tennis doubles team, Coach Yin is considering 3 players: Joyce, Rose, and Nica. How many different
doubles teams can the coach consider?
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The first tree diagram shows all 6 permutations of the 3 players. But order doesn’t matter in this problem. For
example, the team of Joyce-Rose is no different than the team of Rose-Joyce.
So in the second tree diagram we cross out all outcomes that are repeats. This leaves 3 combinations that are not
repeats.
Joyce-Rose, Joyce-Nica, Rose-Nica

This method of making a tree diagram and crossing out repeats is reliable, but it is not the only way to find
combinations. You can list them out.
1042
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Evaluate each combination.

Example A

How many different letter arrangements can you make if you have six letters but only use three at a time?
Solution: 20 arrangements

Example B

How many different letter arrangements can you make if you have six letters, but only use four at a time?
Solution: 15 arrangements

Example C

How many different letter arrangements can you make if you have seven letters, but only use three at a time?
Solution: 35 arrangements
Now let’s go back to the dilemma from the beginning of the Concept.
The key here is that the order of the bikers does not matter. Ms. Kelley said that it is random. Anyone can be
in the front and therefore this is a combination. A combination is a series where order does not matter. If this
was a situation where order did matter, then it would be considered a permutation.

Guided Practice

Here is one for you to try on your own.
How many different violin duos can Ben, Jen, Ren, Wen, and Ken form?
Solution
Step 1: Start with Ben. Add all combinations that begin with Ben to your list.

Combination

List

Ben, Jen, Ren, Wen, Ken

Ben-Jen

Ben, Jen, Ren, Wen, Ken

Ben-Ren

Ben, Jen, Ren, Wen, Ken

Ben-Wen

Ben, Jen, Ren, Wen, Ken

Ben-Ken

Step 2: You’ve covered all combinations that begin with Ben. Now go through all combinations that begin with Jen,
Ren, and Wen.
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Combination

List

Ben, Jen, Ren, Wen, Ken

Ben-Jen

Ben, Jen, Ren, Wen, Ken

Ben-Ren

Ben, Jen, Ren, Wen, Ken

Ben-Wen

Ben, Jen, Ren, Wen, Ken

Ben-Ken

Ben, Jen, Ren, Wen, Ken

Jen-Ren

Ben, Jen, Ren, Wen, Ken

Jen-Wen

Ben, Jen, Ren, Wen, Ken

Jen-Ken

Ben, Jen, Ren, Wen, Ken

Ren-Wen

Ben, Jen, Ren, Wen, Ken

Ren-Ken

Ben, Jen, Ren, Wen, Ken

Wen-Ken

Your list is now complete. In all, there are 10 combinations.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5306

Combinations
Explore More

Directions: Solve each combination.
1. At Dudley’s Dude Ranch there are 6 riders but only 4 horses. How many different ways can a group of 4 go
out on ride?
2. With 4 laps to go, Dale Earnhardt Jr., Robbie Gordon, Kyle Busch, and Kasey Kahne are all in contention to
win a NASCAR race. In how many different ways can the top three drivers finish?
3. Ace, King, Queen, Jack, Ten, and Nine of Clubs are face down on a table. How many different 3-card hands
can you draw all at once?
4. A bag has 4 marbles: red, blue, yellow, and green. In how many different ways can you reach into the bag and
draw out 2 marbles at once and drop them in a cup?
5. How many different 4-horn bands can you choose from a class of 10 horn players?
6. Eight candidates are running in the primary elections for president. How many president and vice president
pairs are possible?
7. Fifteen students compete in the Geography Bee. How many different ways can three people be chosen as
winners?
8. Nine people want to ride on the banana boat but there are only 4 life jackets. How many different groups can
ride on the banana boat at one time?
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9. The 5 last people at a movie must compete for the last 3 empty seats. How many different groups of 3 can sit
and watch the movie?
Directions: Use what you have learned to figure out combinations.
10. Leah collected 3 different flowers for a bouquet –a rose, a tulip, and a daffodil. How many 2-flower bouquets
can she make?
11. Leah added a lily to her flowers. How many 2-flower bouquets can she make out of a rose, a tulip, a daffodil,
and a lily?
12. How many 3-flower bouquets can Leah make out of a rose, a tulip, a daffodil, and a lily?
13. How many 2-flower bouquets can Leah make out of a rose, a tulip, a daffodil, a lily, and a violet?
14. How many 3-flower bouquets can Leah make out of a rose, a tulip, a Daffodil, a lily, and a violet?
15. At Dudley’s Dude Ranch there are 5 dudes who want to ride –Peg, Greg, Meg, Sue, and Drew –but only 4
horses. How many different 4-horse groups can go out for a ride?
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11.6 Evaluate Combinations using Combination
Notation
Here you’ll use combination notation to evaluate combinations.
Do you know how to use combination notation? Take a look at this dilemma.
Evaluate the following combination.
Find 8C3
To figure this out, you will need to understand combination notation. Pay attention and you will know how to
evaluate this combination by the end of the Concept.
Guidance

Order is important for some groups of items but not important for others. Consider a list of the words: POTS, STOP,
SPOT, and TOPS.
• For the spelling of each individual word, order is important. The words POTS, STOP, SPOT, and TOPS all
use the same letters, but spell out very different words.
• For the list itself, order is not important. Whether the words are presented in one order –such as POTS, STOP,
SPOT, TOPS, or another order, such as STOP, SPOT, TOPS, POTS, or a third order, such as TOPS, POTS,
SPOT, STOP –makes no difference. As long as the list includes all 4 words, the order of the 4 words doesn’t
matter.
A combination is an arrangement of items in which order, or how the items are arranged, is not important.
The collection of one order of the items is not functionally different than any other order.

Think about a pizza. It doesn’t matter which order you put on the toppings once they are all on there. You
can put a combination of toppings on a pizza.
When evaluating a combination, you can use a tree diagram. Use a tree diagram can be time consuming, combination
notation is a much simpler option.
To use combination notation, you must first understand factorials. Do you remember factorials?
A factorial is a special number that represents the product of a set of values in descending order.
Take a look at this one.
5!
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To evaluate 5! We can say that this is the product of values starting with 5 in descending order.
5 × 4 × 3 × 2 × 1 = 120
The answer is 120.
We can use factorials and combination notation to evaluate combinations without using lists or tree diagrams. Let’s
take a look at how this works.
The notation for combinations is similar to the notation for permutations. To represent the number of combinations there are for 6 items taken 4 at a time, write:
6C 4

⇐= 6 items taken 4 at a time

In general, combinations are written as:
nC r

⇐= n items taken r at a time

To compute nCr use the formula:
nC r

=

n!
r!(n−r)!

Here is another one.
Find 5C2
Step 1: Understand what 5C2 means.
5C 2

⇐= 5 items taken 2 at a time

Step 2: Set up the problem.
5C 2

=

5!
2!(5−2)!

Step 3: Fill in the numbers and simplify.
2

5C 2

=

5!
2!(3!)

=

2× 1
5×4
3×
×

1)
2×1×
(3
×
2×



=

5×2
1

= 10

There are 10 different possible combinations.
Evaluate each combination.
Example A

Find 6C3
Solution: 20 arrangements
Example B

Find 9C2
Solution: 36 arrangements
Example C

Find 5C4
Solution: 5 arrangements
Now let’s go back to the dilemma from the beginning of the Concept.
Find 8C3
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First, we can write out the numerator.
8×7×6×5×4×3×2×1
(3×2×1)(5×4×3×2×1)

Next, we simplify.
8×7×6
3×2×1

56 arrangements
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write the following situation using combination notation. Then evaluate it.
Sixteen students went to the park. Four students could ride in four cars. How many different combinations of
students could there be?
Solution
First, use combination notation.
Find 1 6C4
Now we can evaluate the combination by simplifying first.
16×15×14×13
4×3×2×1
43,680
24

There can be 1, 820 different arrangements.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5306

Combinations
Explore More

Directions: Evaluate each combination.
1.
2.
3.
4.
5.
6.
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Find 7C2
Find 7C3
Find 8C2
Find 6C4
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Find 9C2
Find 9C4
Find 8C3
Find 4C4

Directions: Use the formula to figure out the different combinations.
11.
12.
13.
14.
15.
16.

How many different color pairs are there among red, orange, yellow, green, and blue?
How many different sets of 3 colors are there among red, orange, yellow, green, and blue?
How many different color pairs are there among red, orange, yellow, green, blue, and purple?
How many different sets of 3 colors are there among red, orange, yellow, green, blue, and purple?
How many different sets of 3 colors are there among red, orange, yellow, green, blue, purple, and white?
Ten tennis players are on the Davis Cup Team. Only two players can play in the doubles finals. How many
different doubles teams could play in the finals?
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11.7 Theoretical Probability
Here you’ll learn how to define and calculate theoretical probability.
Have you ever thought about spinning a spinner to calculate probability? Take a look at this dilemma.
Jessie has a spinner that is divided into four colors: blue, red, yellow and green. She knows that the spinner can be
used to calculate theoretical probability, but she can’t remember what theoretical probability is. She is wondering
how it is different from experimental probability.
Do you know?
Pay attention and you will learn all about theoretical probability is this Concept.
Guidance

Probability is defined as a mathematical way of calculating how likely an event is to occur.
The probability of an event occurring is defined as the ratio of favorable outcomes to the number of possible equally
likely total outcomes in a given situation.
In ratio form, the probability of an event is:
P(event) = favorable outcomes : total outcomes
Theoretical probability is probability that is based on an ideal situation.
For instance, since a flipped coin has two sides and each side is equally likely to land up, the theoretical probability
of landing heads (or tails) is exactly 1 out of 2. Whether or not the coin actually lands on heads (or tails) 1 out of
every 2 flips in the real world does not affect theoretical probability. The theoretical probability of an event remains
the same no matter how events turn out in the real world.
Take a look at this situation.
Find the probability of tossing a number cube and having it come up “4”.
Step 1: Find the total number of outcomes

Total outcomes = • 1 • • 2 • • • 3 • • • • 4 • • • • • 5 • • • • • • 6
= 6 total outcomes
Step 2: Find the number of favorable outcomes.

favorable outcomes = • 1 • • 2 • • • 3 • • • • 4 • • • • • 5 • • • • • • 6
= 1 favorable outcome
Step 3: Find the ratio of favorable outcomes to total outcomes.

Favorable : Total = 1 : 6
A prediction is a reasonable guess about what will happen in the future.
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Good predictions should be based on facts and probability.
Predictions based on theoretical probability: These are the most reliable types of predictions, based on physical
relationships that are easy to see and measure and that do not change over time. They include such things as:
• coin flips
• spinners
• number cubes
Calculate each example of theoretical probability.

Example A

What is the probability of tossing a number cube and having it come up a two or a three?
Solution: 2 : 6

Example B

What is the probability of tossing a number cube and having it come up even?
Solution: 3 : 6

Example C

What is the probability of tossing a number cube and having it come up less than 6?
Solution: 5 : 6
Now let’s go back to the dilemma from the beginning of the Concept.
The spinner can be used to calculate theoretical probability when it is considered without an experiment.
Looking at the spinner itself, we can calculate the chances of spinning one or more colors. We haven’t
done an experiment with the spinner yet, we simply are calculating the probability by looking at the spinner.
Experimental probability can be calculated once the spinner has been spun once or a number of times.

Guided Practice

Here is one for you to try on your own.
Two number cubes are thrown. What is the theoretical probability of rolling a number greater than 8?
Solution
First, let’s think about the range of number combinations that we can possibly roll on the number cubes.
We can roll numbers from 2 to 12. There are 11 possible outcomes.
How many are greater than 8?
The values greater than 8 are 9, 10, 11 and 12.
There are four values greater than 8.
The theoretical probability of rolling a number greater than 8 is 4 : 11.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1403

Probability Part2
Explore More

Directions: Solve each problem.
A spinner has five sections: purple, yellow, green, blue and red.
1. Find the probability for the arrow landing on blue on the spinner:
a.
b.
c.
d.

List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.

2. Find the probability for the arrow landing on red or green on the spinner:
a.
b.
c.
d.

List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.

3. Find the probability for the arrow NOT landing on yellow on the spinner:
a.
b.
c.
d.

List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.

4. Find the probability for rolling a 3 or 4 on the number cube:
a.
b.
c.
d.

List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.

5. Find the probability for rolling greater than 2 on the number cube:
a.
b.
c.
d.
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11.8 Experimental Probability
Here you’ll define and calculate experimental probability.
Have you ever wanted to trade jobs with someone else? Take a look at this dilemma between two friends.

“I don’t want to work on the weekend,” Carey said to Telly at lunch one day.
“But that was part of the deal. We both have to work one day out of the weekend,” Telly said.
“Well, which day do you want?” Carey asked.
“I don’t know. I haven’t really thought about it,” Telly said. “But we could make it really random.”
“How?” Carey asked.
Telly took two pieces of paper and wrote Saturday on one and Sunday on the other.
“Now we can figure out the probability of you getting Saturday or Sunday,” she said.
We can stop there. This Concept is all about probability. Telly’s experiment is an example of experimental
probability. Let’s talk more about this at the end of the Concept.

Guidance

Experimental probability is probability based on doing actual experiments –flipping coins, spinning spinners,
picking ping pong balls out of a jar, and so on. To compute the experimental probability of the number cube landing
on 3 you would need to conduct an experiment. Suppose you were to toss the number cube 60 times.
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Favorable outcomes:

Total outcomes: 60 tosses
Experimental probability:

P(3) =

f avorable outcomes
Number o f 30 s
=
total outcomes
Total Number o f tosses

Write this comparison down in your notebooks.
Take a look at this situation.
What is the experimental probability of having the number cube land on 3?

TABLE 11.1:
trial
raw data:3s
favorable
outcomes:3s
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1
|
1

2
|||
3

3
0

4
|
1

5
||
2

6
||
2

Total
9
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TABLE 11.1: (continued)
trial
1
total
10
tosses total
outcomes
experimental x
probability:
favorable
outcomes
to
total
outcomes

2
10

3
10

4
10

5
10

6
10

Total
60

x

x

x

x

x

9 : 60 = 3 :
20

The data from the experiment shows that 3 turned up on the number cube 9 out of 60 times. Simplified, this ratio
becomes:

Favorable outcomes : total outcomes = 3 : 20
You can see that it is only possible to calculate the experimental probability when you are actually doing
experiments and counting results.
A number cube was tossed twenty times. The number 2 came up 3 times and the number 5 came up six times. Use
this information to answer the following questions.
Example A

What is the probability that the number would be a 2?
Solution: 2 : 20 or 1 : 10
Example B

What is the probability that the number would be a 5?
Solution: 6 : 20 or 3 : 10
Example C

What is the probability of not rolling a 5?
Solution: 7 : 10
Now let’s go back to the dilemma from the beginning of the Concept.
Carey has a chance of working Saturday or Sunday. There are two possible outcomes. She has a one out of 2
chance of working on Saturday and a one out of two chance of working on Sunday.
1
2

.50
50% chance or probability for each outcome.
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Guided Practice

Here is one for you to try on your own.
Use the table to compute the experimental probability of a number cube landing on 6.

TABLE 11.2:
trial
raw data
number of
6’s
total tosses

1
||||
4

2
|
1

3
|
1

4
||
2

5
|
1

Total
x
9

10

10

10

10

10

50

Solution
You can see from the experiment that the number cube was tossed 50 times.
The total number of sixes to appear during this experiment was 9.
The experimental probability of rolling a 6 is 9 : 50.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54787

Probability Part3
Explore More

Directions: Find the probability for rolling less than 4 on the number cube.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.
Find the probability for rolling 1 or 6 on the number cube.
List each favorable outcome.
Count the number of favorable outcomes.
Write the total number of outcomes.
Write the probability.
A box contains 12 slips of paper numbered 1 to 12. Find the probability for randomly choosing a slip with a
number less than 4 on it.
11. List each favorable outcome.
12. Count the number of favorable outcomes.
13. Write the total number of outcomes.
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14. Write the probability.
Directions: Use the table to answer the questions. Express all ratios in simplest form.
Use the table to compute the experimental probability of flipping a coin and having it land on heads.

TABLE 11.3:
trial
raw
data(heads)
number of
heads
total number of flips

1
||||

2
|||| |

3
|||| |

4
|||

5
|||| |

6
||||

Total

5

6

6

3

6

5

31

10

10

10

10

10

10

60

13. How many favorable outcomes were there in the experiment?
14. How many total outcomes were there in the experiment?
15. What was the experimental probability of the coin landing on heads?
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11.9 Write and Compare Probabilities as Fractions, Decimals and Percents
Here you’ll write probabilities as fractions, decimals and percents.
Have you ever written probabilities in fraction form? How about as a decimal or a percent? Take a look at this
dilemma.
A spinner is divided into four sections: green, blue, red and yellow. What is the probability of spinning the arrow
and having it land in the green section?
Can you write this probability as a fraction, decimal and percent? By the end of this Concept, you will know
how to accomplish this task.
Guidance

You’ve seen how to compute probabilities in terms of ratios. Since any ratio can be turned into a fraction, decimal,
or percent, you can also turn any probability into a fraction, decimal, or percent.
For instance, when you toss a number cube, the probability of rolling a “3” is:

P(3) = favorable outcomes : total outcomes
P(3) = 1 : 6
You can write the same probability as a fraction simply by rewriting the two numbers in the ratio as the numerator
and denominator of a fraction.
P(3) =

1
6

This is the answer in fraction form.
How can we turn this fraction into a decimal?
You can turn a fraction into a decimal by dividing the numerator by the denominator.

0.167
1
= 6)1.000
6

How can we turn the decimal into a percent?
We can turn a decimal into a percent by multiply the decimal by 100 since a percent is out of 100. Then we
can move the decimal point two decimal places to show the percent.
0.167 = 0.167 × 100 = 16.7%
To summarize, the probability of rolling a 3 with a number cube is 1 out of 6, or:

TABLE 11.4:
ratio
1:6
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1
6

decimal
0.167
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Please write these examples down in your notebook.
Write two out of five in different forms.
Example A

As a fraction
Solution:

2
5

Example B

As a decimal
Solution: .4
Example C

As a percent
Solution: 40%
Now let’s go back to the dilemma from the beginning of the Concept.
First, we can write the fraction.
Green is one out of four colors. That is our fraction.
1
4

Now let’s change it to a decimal.
1
4

=

25
100

= .25

Next, a percent.
.25 = 25%
Our work is now complete.
Guided Practice

Here is one for you to try on your own.
Kelly is playing a game at a carnival. She threw four out of 9 rings onto pins. If we write this as a fraction is 49 .
What is it as a decimal or as a percent?
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Solution
First, we can use division to divide 4 by 9 to create a decimal.
Then we get .44444....
We can round that number to .44.
Next, we change the decimal to a percent.
.44 becomes 44%
Kelly’s probability is about 44%. We say "about" because we rounded our number.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5304

Introduction to Probability
Explore More

Directions: Use what you have learned about probability, fractions, decimals and percents to answer each question.
A bag has 6 red marbles, 5 blue marbles, 7 green marbles, 2 white marbles, and 5 yellow marbles. Find the
probability of randomly picking out one of the following.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
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What is the probability in fraction form of choosing red marble?
What is the probability in decimal form of choosing red marble?
What is the probability of choosing red marble as a percent?
What is the probability in fraction form of choosing blue marble?
What is the probability in decimal form of choosing blue marble?
What is the probability of choosing blue marble as a percent?
What is the probability in fraction form of choosing green marble?
What is the probability in fraction form of choosing white marble?
What is the probability in decimal form of choosing green marble?
What is the probability in percent form of choosing a green or blue marble?
What is the probability in fraction form of choosing yellow marble?
What is the probability in decimal form of choosing yellow marble?
What is the probability of choosing yellow marble as a percent?
Which 3 marbles together have a 60 percent chance of being chosen?
Which 2 marbles together have a 48 percent chance of being chosen?
Which 3 marbles together have a 0.72 chance of being chosen?
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11.10 Identify Overlapping, Disjoint, and Complementary Events
Here you’ll identify and distinguish between overlapping, disjoint and complementary events
Have you ever thought about how one event is connected to another event? Take a look at this dilemma.
Mary has a single number cube and a spinner. If she rolls the number cube and then spins the spinner are the events
complementary or disjoint?
To answer this question, you will have to know about different types of events. Use this Concept to learn all
about disjoint, complementary and overlapping events.

Guidance

When we spin a spinner or roll a die to calculate a probability, some probabilities have events in common and some
don’t. This is where we can begin to talk about identifying disjoint events.
Disjoint events are events that don’t have any outcomes in common.
Take a look at this situation.
Consider spinning this spinner.

• Event A: {yellow}
• Event B: {blue}
Events A and B are disjoint events because they have no outcomes in common –the arrow either lands on blue or
yellow.
We can use a Venn diagram to show when events overlap and when they don’t overlap. A Venn diagram is something
that you may have seen before. It has round shapes that overlap or don’t overlap. The Venn diagram for disjoint
events shows no overlap between the two events.
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Not all events are disjoint. There are many events that are connected to each other. Let’s look at this one.
Consider this spinner and the events R (red) and T (top).

• Event R: { red-top, red-bottom}
• Event T: { red-top, blue-top}

Clearly, both events share an outcome –red-top –so the two are called overlapping events. The Venn diagram for
overlapping events shows that the two events overlap, or share 1 or more outcomes.
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Complementary events are events whose probability sum adds up to 1 (decimal) or 100 percent.

Events Y and G in this spinner above are complementary.
P(yellow) + P(green) = 1
Complementary events are either-or events. Either the spinner above lands on green or it lands on yellow.
There are no other outcomes.
Use the yellow and green spinner to answer the following questions.

Example A

If you calculate the yellow part of the spinner as a decimal, what decimal would it be?
Solution: .25
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Example B

What would that be as a percent?
Solution: 25%

Example C

What would the green portion be as a decimal?
Solution: .75
Now let’s go back to the dilemma from the beginning of the Concept.
Mary’s events are disjoint because one outcome will not affect the other outcome.

Guided Practice

Here is one for you to try on your own.

Is event red and event blue complementary or disjoint events? Why?
Solution
These two events are complementary events because 50% of the spinner is red and 50% is blue. Together
these two parts add up to one whole or 100%.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63334

Probability with Playing Cards and Venn Diagrams
Explore More

Directions: Solve the problems. For overlapping events, tell which events overlap.
1.
2.
3.
4.
5.
6.
7.
8.

9.
10.
11.
12.
13.
14.
15.

For a flip of a coin, are events H(heads) and T (tails) disjoint or overlapping?
For a flip of a coin, are events H(heads) and T (tails) complementary or non-complementary?
Why?
For a single toss of a number cube, are E(even) and T (3) disjoint events or overlapping events?
Why?
For a single toss of a number cube, are E(even) and S(6) disjoint events or overlapping events?
For a single toss of a number cube, are G3(greater than 3) and O(odd) disjoint events or overlapping events?
For a single toss of a number cube, are E(even) and O(odd) complementary events or non-complementary
events?

For a single spin, are B(blue) and G(green) disjoint events or overlapping events?
For a single spin, are G(green) and L(left) disjoint events or overlapping events?
For a single spin, are Y (yellow) and R(red) complementary or non-complementary events?
For a single spin, are R(right) and L(left) complementary or non-complementary events?
For a light switch, are ON and OFF disjoint or overlapping events?
For a light switch, are ON and OFF complementary or non-complementary events?
For an oven, are ON and OFF disjoint or overlapping events?
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11.11 Calculate Odds using Outcomes or Probability
Here you’ll calculate odds by using outcomes or probability.
Have you ever thought about the likelihood of an event happening? Take a look at this dilemma.

Telly and Carey were already hard at work when Ms. Kelley came into the bike shop on Thursday morning. It was
three days before the big race and there was still a lot of work to be done.
“I can’t believe it!” Ms. Kelley exclaimed as she came into the shop.
“What?” both girl asked alarmed.
“There is a 4 to 5 chance that it is going to rain on Saturday. I just heard the weather report,” Ms. Kelley said sighing.
“Well, there is still a chance that it won’t,” Telly said trying to cheer her up.
When we think about chances and odds, we can calculate the likelihood that an event will or won’t occur. In
this case, there are odds that it will rain and odds that it won’t. We can also express those odds as a fraction
or a percentage. Learn about odds in this Concept and you can work on the odds of the rainstorm at the end.

Guidance

You’ve seen that the probability of an event is defined as a ratio that compares the favorable out comes to the total
outcomes. We can write this ratio in fraction form.

P(event) =

f avorable outcomes
total outcomes

Sometimes people express the likelihood of events in terms of odds rather than probabilities. The odds of an event
occurring are equal to the ratio of favorable outcomes to unfavorable outcomes.
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Think about the odds for the arrow of the spinner above landing on red:

favorable outcomes = 1(red)
unfavorable outcomes = 2(blue, yellow)
total outcomes = 3
So the probability of spinning red is:

P(red) =

f avorable outcomes 1
=
total outcomes
3

While the odds in favor of red are:

Odds(in favor of red) =

1
f avorable outcomes
=
un f avorable outcomes 2

Odds against an event occurring are defined as:

Odds(against red) =

un f avorable outcomes 2
=
f avorable outcomes
1

You can solve any probability problem in terms of odds rather than probabilities. Notice that the ratio
represents what is being compared. Be sure that your numbers match the comparison.
We can use odds to calculate how likely an event is to happen. We can compare the odds in favor of an event with
the probability that the event will actually occur. Let’s look at an example.
Take a look at this situation.
You’ve seen that the odds in favor of an event (E) occurring are shown in this ratio.
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f avorable outcome
1
=
un f avorable outcome 2

And the odds against the same event occurring are:

Odds(against E) =

un f avorable outcome 2
=
f avorable outcome
1

You can use these two facts to compute the ratio of things happening and not happening.

For example, suppose the weather forecast states:
• Odds in favor of rain: 7 to 3
These odds tell you not only the odds of rain, but also the odds of not raining.
If the odds in favor or rain are 7 to 3, then the odds against rain are:
• Odds against rain: 3 to 7
Another way of saying that is:
• Odds that it will NOT rain: 3 to 7
You can use this idea in many different situations. If you know the odds that something will happen, then you
also know the odds that it will not happen.
Use this spinner to calculate odds.
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Example A

Odds in favor of spinning a blue.
Solution:

1
2

Example B

Odds in favor of spinning a red or blue.
Solution:

2
1

Example C

Odds against spinning a red or blue.
Solution:

1
2

Now let’s go back to the dilemma from the beginning of the Concept.
Answer all three questions.
What are the chances that it won’t rain?
We know that the odds of it raining is 4 to 5. Therefore it is a 1 out of 5 chance that it won’t rain. Not very
good odds.
What are the odds that it will as a percentage?
4 to 5 can be written as a percentage –80% chance of rain.
What are the odds that it won’t as a percentage?
1 to 5 can be written as a percentage –20% chance that it won’t rain.
Guided Practice

Here is one for you to try on your own.
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What are the odds in favor of a number cube landing on 4?
Step 1: Find the favorable and unfavorable outcomes.

favorable outcomes = 1(4)
unfavorable outcomes = 5(1, 2, 3, 5, 6)
Step 2: Write the ratio of favorable to unfavorable outcomes.

Odds(4) =

f avorable outcomes
1
=
un f avorable outcomes 5

The odds in favor of rolling a 4 are 1 to 5.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63333

Determining Odds
Explore More

Directions: Solve the problems.
1.
2.
3.
4.
5.
6.
7.

For rolling a number cube, what are the odds in favor of rolling a 2?
For rolling a number cube, what are the odds against rolling a 2?
For rolling a number cube, what are the odds in favor of rolling a number greater than 3?
For rolling a number cube, what are the odds in favor rolling a number less than 5?
For rolling a number cube, what are the odds against rolling a number less than 5?
For rolling a number cube, what are the odds in favor of rolling an even number?
For rolling a number cube, what are the odds against rolling an even number?

Directions: For a spinner numbered 1 –10, answer the following questions.
8.
9.
10.
11.
12.
13.
14.
15.
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For spinning the spinner, what are the odds in favor of the arrow landing on 10?
For spinning the spinner, what are the odds in favor of the arrow landing on a 2 or 3?
For spinning the spinner, what are the odds in favor of the arrow landing on 7, 8 or 9?
For spinning the spinner, what are the odds in favor of NOT landing on an even number?
For spinning the spinner, what are the odds of the arrow NOT landing on 10?
For spinning the spinner, what are the odds in favor of the arrow landing on a number greater than 2?
For spinning the spinner, what are the odds in favor of the arrow NOT landing on a number greater than 2?
For spinning the spinner, what are the odds of the arrow not landing on a number greater than 3?
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11.12 Recognize Independent and Dependent
Events
Here you’ll recognize independent events and dependent events.
Have you ever thought about how one event can affect another event?
Do you know the difference between a dependent event and an independent event? If someone runs a 5 minute mile
and someone else runs a 10 minute mile are these two events dependent on each other?
Pay attention and you will learn all about independent and dependent events in this Concept.
Guidance

You have been learning all about probability. Now we can think about different events and how these events impact
each other. Take a look at this situation.

Suppose you have two events:
Event A: Toss 5 on the number cube
Event B: Spin blue on the spinner
The probability of each of these events by itself is easy enough to compute. In general:

P(event) =

f avorable outcomes
total outcomes

If this is the case, then we can write the following ratios for rolling a 5.
f avorable outcomes 1
=
total outcomes
6
f avorable outcomes 1
P(blue) =
=
total outcomes
4
P(5) =
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These two events were performed with a spinner and a number cube.
Now a question arises.
Does event A affect the probability of event B in any way?
That is, does the number cube landing on 5 affect where the arrow lands in the spinner? If not, then the two events
are said to be independent events.
Definition: If the outcome of one event has no effect on the outcome of a second event, then the two events are
independent events.
Events A and B above are independent events. No matter how the number cube turns up, its outcome does
not affect the outcome of spinning the spinner.
Now let’s think about a different kind of example, one where the outcome of one event does impact the
outcome of another event.
A bag has 3 red marbles, 4 blue marbles, and 3 green marbles. Irina pulls 1 green marble out of the bag. Does this
change the probability that the next marble Irina pulls out of the bag will be green?
Solution: Here, the act of taking a marble out of the bag changes the situation. For the first marble, the probability
of pulling out a green marble was:

P(green) =

f avorable outcomes
3
=
total outcomes
10

For the second marble, there are now only 9 marbles left in the bag and only 2 of them are green. So the probability
of pulling out a green marble for the second marble is now:

P(green) =

f avorable outcomes 2
=
total outcomes
9

Clearly, the first event affected the outcome of the second event in this situation. So the two events are NOT
independent. In other words, they are dependent events.
Definition: If the outcome of one event has an effect on the outcome of a second event, then the two events are
dependent events.
Sometimes, we have mutually exclusive events and we have events that overlap and are not mutually exclusive.
Events R(red) and event T (top) are overlapping events because both events share one outcome –red-top. The Venn
diagram for overlapping events shows that the two events overlap, or share 1 or more outcomes.
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To calculate the probability of overlapping events, list the sample space and find the favorable events.

red − top

blue − top

red − bottom

blue − bottom

The probability of red-top is:

P(red − top) =

f avorable outcomes 1
=
total outcomes
4

Are the following events independent or dependent events?
Example A

Rolling a 1 and then rolling a 7 on a number cube.
Solution: Independent events.
Example B

A bag has a red and two blue marbles. First, one blue marble is drawn and then replaced. Then a red one is drawn.
Are these two events dependent or independent?
Solution: Independent events
Example C

Why?
Solution: Because the blue marble was replaced, it does not affect the outcome of drawing of red.
Now let’s go back to the dilemma from the beginning of the Concept.
The runners are independent. The speed of one runner does not impact the speed of another runner.
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Guided Practice

Here is one for you to try on your own.
For a single toss of a number cube, what is the probability of event E(even) and event S(4) both occurring?
Solution
Step 1: Identify the overlapping outcomes of both events.

E(even) = 2, 4, 6
S(4) = 4
Step 2: Find the total number of outcomes.

total outcomes = 1, 2, 3, 4, 5, 6
= 6 total outcomes
Step 3: Find the probability of the overlapping events.

P(4) =

f avorable outcomes 1
=
total outcomes
6

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57629

Independent Events
Explore More

Directions: Write whether events A and B are dependent or independent.
1. A: Doug flips a coin. B: Marlene chooses a card out of a deck.
2. A: In a bag with 5 white marbles and 5 black marbles, Sanjay pulls out a white marble. B: Without returning
the marble to the bag, Sanjay pulls out a second marble.
3. A: Eddie chooses the color blue for his new bike. B: Eddie chooses lasagne from the dinner menu.
4. A: The probability that it will rain tomorrow. B: The probability that the Red Wings hockey team will win
their game tomorrow.
5. A: The probability that it will rain tomorrow. B: The probability that the baseball team will have a rain delay.
6. A: From a deck of cards, the probability of one player drawing a heart from the deck. B: On the next player’s
turn, the probability of drawing another heart.
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7. A: The probability of a spinner landing on blue 6 times in a row. B: The probability of the spinner landing on
blue on the next spin.
8. A: The probability of flipping a coin and having it come up heads. B: The probability of flipping it again and
having it come up heads.
9. A: The probability that it will snow tomorrow. B: The probability of having a snow day from school.
10. A: The probability that it will be 90 degrees. B: The probability of enjoying a hot day at the beach.
11. A: The probability that it will rain tomorrow. B: The probability of getting an A on a math test.
12. A: The probability that the Rockies will be in the playoffs. B: The probability that the Rockies will win the
World Series.
13. A: The probability that tomorrow will be sunny. B: The probability that tomorrow will be a full moon.
14. A The probability that tomorrow will be sunny. B: The probability that tomorrow will be cloudy.
15. A: The probability that it will cold today. B: The probability that it will be a full moon tomorrow.
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11.13 Understanding Conditional Probability
Here you’ll recognize and apply the definition of conditional probability to find probabilities in finite sample spaces.
Have you ever worked in a bike shop? Take a look at this dilemma.

On Thursday, Carey was in charge of answering the phones and booking appointments for bike repairs. The bike
shop repairs bikes on Monday, Tuesday and Wednesday mornings and on Thursday and Friday afternoons. All
appointments are booked randomly. The person making the appointment can choose or the person answering the
phone can choose.
Carey booked two appointments right away.
What are the chances that both of the these appointments were booked on a Monday, Tuesday or Wednesday
morning?
Answering this question will require you to understand conditional probability. This Concept will teach you
all that you need to know so that you will be able to figure out the solution to the problem by the end of the
Concept.
Guidance

Sometimes the outcome that you get when figuring out a probability is what we call “conditional.” This means that
we will only an outcome if the conditions designed to cause a specific result.
Take a look at this situation.
Consider a jar with 4 black marbles and 6 white marbles. If you pull out 2 marbles from the jar randomly, one at a
time, without replacing the first marble, what is the probability that both marbles will be white?
Start by approaching the problem the same as you would with independent events.
The probability of the first marble being white is:

P(white 1st marble) =
1076
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What about the second marble?
Having removed the first marble from the bag, now instead of 6 white marbles out of 10 total marbles, there are only
5 white marbles left out of 9 total marbles:

P(white 2nd marble) =

5
9

This gives a probability of both events occurring as:

P(white then white) = P(white 1st marble) · P(white 2nd marble)
3 5
= ·
5 9
1
=
3
The same general method works for calculating any two (or more) dependent events.
Now let’s look at conditional probability and outcomes.
Conditional probability involves situations in which you determine the probability of an event based on another
event having occurred.
For instance, suppose you roll two number cubes on a table. The first cube lands face up on 5. The second cube falls
off of the table so you can’t see how it landed. Given what you know so far, what is the probability that the sum of
the number cubes will be 9?
To solve this problem, consider the entire sample space for rolling two number cubes.

66

56

46

36

26

16

65

55

45 35

25

15

64

54

44

34

24

14

63

53

43

33

23

13

62

52

42

32

22

12

61

51

41

31

21

11

You already know that the first number cube landed on 4, so now you need to consider only those outcomes marked
in red. Only 1 of those 6 results in a 9, so:

P(9|4) =

f avorable outcomes 1
=
total outcomes
6

Notice that we write the conditional probability as P(9|4). You can read this as:
P(9|4) ⇐= the probability of 9, given 4
Here are some other ways to read this notation.
P(B|A) ⇐= the probability of B, given A
P(7|3) ⇐= the probability of 7, given 3
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P(heads|tails) ⇐= the probability of heads, given tails
P(red|blue) ⇐= the probability of red, given blue
The probability is determined because certain factors are in place.
We can use conditional probability to determine probabilities, but also to make predictions.
A stack of 12 cards has the Ace, King, and Queen of all 4 suits, spades, hearts, diamonds, and clubs. What is the
probability that if you draw 2 cards randomly, they will both be hearts? Make a prediction.
Step 1: Draw the first card. The probability of it being a heart is 3 of 12.

Step 2: Now draw the second card. Since the first card was a heart, there are only 11 cards left and only 2 of them
are hearts.

Step 3: Calculate the final probability.

So P(heart and heart) =

1
22 .

You would predict that both cards would be hearts

1
22

of the time.

A jar contains four blue marbles and eight red marbles.
Example A

What is the probability of taking out a blue, then a red marble without replacing the first marble?
Solution:

8
33

Example B

What is the probability of taking out two red marbles?
Solution:
1078
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Example C

What is the probability of taking a red marbles out, then a blue marble without replacing the first?
Solution:

8
33

Now let’s go back to the dilemma from the beginning of the Concept.
To work on this probability, first we must determine the probability of the first appointment booked being
on a Monday, Tuesday or Wednesday. There are five possible days for appointments, but three favorable
outcomes.
Probability of first appointment being Mon, Tues or Weds =

3
5

Probability of second appointment being Mon, Tues or Weds =

2
4

or

1
2

Now we can multiply them for the conditional probability.
3
5

· 21 =

3
10

or 30%

There is a 30% chance that the first two appointments booked would be on a Monday, Tuesday or Wednesday
morning.

Guided Practice

Here is one for you to try on your own.
Jack’s Catering Service is accepting weekday appointments for Monday through Thursday, and weekend appointments for Friday through Sunday. If appointment dates are made randomly, what is the probability that 2 weekdays
will be the first 2 days to be booked?
Solution
Solution: The probability that the first day will be a weekday is:

P(weekday 1st) =

4
7

The probability that the second booked day will also be a weekday is:

P(weekday 2nd) =

3 1
=
6 2

P(weekday and weekday) = P(weekday 1st) · P(weekday 2nd)
4 1
= ·
7 2
2
=
7
Video Review
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Conditional Probability
Explore More

Directions: Solve the problems.
1. A stack of 12 cards has 4 Aces, 4 Kings, and 4 Queens. What is the probability of picking 2 Aces from the
stack at random?
2. What is the probability of picking an Ace then a King from the stack above?
3. What is the probability of picking 3 Queens from the stack above?
4. Stoyko’s shirt drawer has 4 colored t-shirts and 4 white t-shirts. If Stoyko picks out 2 shirts at random, what
is the probability that they will both be colored?
5. If Stoyko picks out 2 shirts at random from the drawer above, what is the probability that the first one will be
colored and the second one will be white?
6. On a game show, there are 16 questions: 8 easy, 5 medium-hard, and 3 hard. If contestants are given questions
randomly, what is the probability that the first two contestants will get easy questions?
7. On the game show above, what is the probability that the first contestant will get an easy question and the
second contestant will get a hard question?
8. On the game show above, what is the probability that both of the first two contestants will get hard questions?
9. For a single toss of a number cube, what is the probability that the cube will land on a number that is both odd
and greater than 2?
10. For a single toss of a number cube, what is the probability that the cube will land on a number that is greater
than 2 and less than 6?
11. For a single toss of a number cube, what is the probability that the cube will land on a number that is greater
than 1 and less than 6?
12. What is the probability that a sum of a pair of number cubes will be 11 if the first cube lands on 5?
13. What is the probability that a sum of a pair of number cubes will be odd if the first cube lands on 2?
14. What is the probability that a sum of a pair of number cubes will be even and greater than 6 if the first cube
lands on 4?
15. If you toss a number cubes, predict how likely is it to roll a number less than 6?
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11.14 Understanding Geometric Probability
Here you’ll use geometric probability in problem solving.
Have you ever seen a bike trick? Or a trick rider? Take a look at this dilemma.

“Look at this,” Carey said showing Telly a picture of a stunt bike rider.
The picture was of a bicyclist riding down a piece of pipe. In fact, the pipe had been split into two separate pieces
and the bicyclist was able to ride on both pieces of the pipe.
“I made one of those once,” Ms. Kelley said looking at the article.
“How did you do that?” Telly asked.
“Well, you start with a 10 foot piece of pipe. Then you metal saw it into two separate pieces. You hope that your
work is accurate and that you end up with a piece that is about 7 feet or longer. That way you can really ride down
before the quick turn,” Ms. Kelly said walking away.
“What are the chances that the pipe is split like that?” Telly asked.
This is another place for probability. This is geometric probability though, so pay close attention and you will
be able to figure out this problem.

Guidance

The best way to think about geometric probability is through a real-world situation. Take a look at this situation.
A bus is traveling on Four-Color Road through the towns of Greenville, Red Hook, Yellow Town, and Mt. Blue.
Each town takes up exactly 1 mile of distance on the Four-Color Road.
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If a rider gets on the bus at some random point along the 4-mile route, what is the probability that she will board the
bus in Greenville?
Let’s think about how we can solve this problem. To solve it, imagine that not a single rider gets on the bus,
but 100 riders. If each rider enters at some random point, you would expect to collect the riders to be evenly
distributed over the 4 different towns.

TABLE 11.5:
Day
expected riders

Greenville
25

Red Hook
25

Yellow town
25

Mt.blue
25

Of course, in real life, the data might be slightly different, but overall you would expect 25 of 100, or
to get on in Greenville. In probability terms:

P(Greenville) =

1
4

of the riders,

1
4

This is because there is one spot out of four possible points that a person could be picked up on the bus.
In general:
The probability of a randomly selected point to be located in a given “favorable” section of a distance is equal to the
ratio of the length of the favorable section to the entire distance.

P(point in section) =

Length of “favorable” section
Total distance

Let’s look at another problem where we will use the same diagram of the four color towns.
In the bus problem above, what is the probability that a rider will randomly board the bus in Red Hook or Yellow
Town?
To solve this problem represent the rider as a point that can appear anywhere along the route.

length of “favorable” section
total distance
1 mile + 1 mile
=
4 miles
1
=
2

P(Red Hook or Yellow Town) =

You would expect the rider to board the bus in Red Hook or Yellow Town about

1
2

of the time.

These two scenarios are related to geometric probability-space and possible outcomes. The space of the road
is four roads. There are four possible outcomes within the four roads.
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As a joke, a tennis player on the left side of the court who was attempting to place his serve into service box A hit
a serve straight up in the air as high as he could. The ball landed on the green side of the court in some random
location.

What is the probability that the serve landed in the service box A?
Think back to the information that you just learned in the last section. In this section, you learned how
to determine where one point can be randomly located within other given sections. Here we have possible
outcomes and we have our favorable outcome identified. It is identified physically in space and not just in
number form.

P(point in section) =

length of “favorable” section
total distance

A similar rule applies for area.
The probability of a randomly selected point to be located in a section of an area is equal to the ratio of the area of
the “favorable” section to the entire area.

P(point in section) =

area of “favorable” section
total area
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Write this probability ratio down in your notebook.
To find the probability that the ball will land in the box, just find the ratio of the area of box A to the area of
the entire green side of the court.

area of favorable section
total area
area of box A
=
area box A + box B + box C

P(ball lands in box) =

Now calculate the area of box A, box B, and box C. You can look at the diagram to determine this. Remember
that the formula for the area of a rectangle is A = lw and the units are measured in square units. In this case,
it will be square feet.

Box A = 21 f t · 13.5 f t
= 283.5 sq f t
Box B = 21 f t · 13.5 f t
= 283.5 sq f t
Box C = 18 f t · 27 f t
= 486 sq f t
So:

area of “favorable” section
total area
area A
=
area B + area B + area C
283.5
=
1053
= 26.9%

P(ball lands in box) =

The ball has a little more than a 1 in 4 chance of landing in the service box.
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Good question. We got that because 25% would be the same as one-quarter or 14 . Here we have a final
percentage of 26.9%, so it is a little greater than 25%. We can therefore say that there is a little greater than
a 1 in 4 chance of the ball landing in the service box.
We can also use geometric probability with circular regions. Take a look.

The probability for a random point being located in the white circle is therefore:

P(white) =

Area of white
Total area

Use the formula for the area of a circle, A = πr2 to find the area of the white circle and the total area of the
figure.
A(white) = πr2
= (3.14) · (4.5) · (4.5)
= 63.6 sq in
A(large) = πr2
= (3.14) · (7.5) · (7.5)
= 176.6 sq in
So:
area of white
total area
63.6
=
176.6
= 36%

P(white) =
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To find the probability of a point being randomly located in the black region, first find the area of the black
region.

A(black) = total area − white area
= 176.6 − 63.6
= 113.0
So:
area of black
total area
113.0
=
176.6
= 64%

P(black) =

Notice that an easy way to find the P(black) is to recognize that P(black) and P(white) are complementary events.
The point must be either in the black area or the white area, so the two probabilities must add up to 100
percent.

P(black) + P(white) = 100%
P(black) + 36% = 100%
64% + 36% = 100%
This is a way that we can check our work. Notice that you will need to use the formula for the area of a circle
to determine geometric probability related to area.
Use the chart for the towns of Greenville, Red Hook, Yellow town and Blue Mountain to answer each question.
Example A

What would be the probability of someone getting on in Yellow town or Blue Mountain?
Solution:

2
4

Example B

What would that be as a decimal?
Solution: .50
Example C

What would it be as a percent?
Solution: 50%
Now let’s go back to the dilemma from the beginning of the Concept.
Step 1: The minimum size for the larger piece would be 7 feet. That would make the smaller piece 3 feet in length.
Mark this off on your diagram.
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Step 2: Now notice that the pipe can also break on the other side. This is shown in red.
With 3 feet on either end, that leaves a 4 foot length in the center of the pipe.

Step 3: Now think of the pipe as separate areas. The shaded areas show regions where one of the pieces will be
greater than 7 feet in length. These are your favorable sections.

So the probability of breaking into a piece that is 7 feet in length or greater is:

length of favorable sections
total distance
3 ft +3 ft
=
10 f t
6
=
10
3
=
5

P(> 7 f t) =

The probability is 60% that one piece of the pipe will be 7 feet long or greater.

Guided Practice

Here is one for you to try on your own.
The Ultra Company displays this giant logo on a downtown billboard. The logo is lit up by thousands of small high
definition LCD pixels. The pixels are often damaged or burn out. Predict where the next 60 damaged pixels will be
located.
Solution
To figure this out, we can use geometric probability to make a prediction.
To find the probability of where a damaged pixel will be located, first find the area of each section. As the diagram
shows, each side of green square measures 20 feet, while each side of the blue diamond measures 28.2 feet
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A(green) = 20 · 20
= 400 sq f t
A(diamond) = 28.2 · 28.2
= 795.2 sq f t
Now the total area of all 4 equal-sized triangles is equal to the area of the entire figure minus the central green
square.

A(diamond) − A(green) = A(4 triangles)
795.2 − 400 = 395.2 sq f t
Since there are 4 equal-sized triangles, each triangle has the following areas.

Area of all triangles ÷ 4 = area of single triangle
395.4 ÷ 4 = 98.9 sq f t
So:

A(red) = 98.9 sq f t
A(blue) = 3 · 98.9
= 296.6 sq f t
To find the probability of each area:

area of green
area of diamond
400
=
795.2
= 50.2%

P(green) =

area of blue
area of diamond
296.6
=
795.2
= 37.3%

P(blue) =

area of red
area of diamond
98.9
=
795.2
= 12.5%

P(red) =
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Now that we have all of the probabilities figured out, we can make predictions. Remember that before you
make a prediction, you will need to figure out the probability first. The probability will help you to figure out
each prediction.
Problem: Predict where the next 64 damaged pixels will be located in the figure above.
Step 1: Find the probabilities. (You already found them above.)

P(green) = 50.2%
P(blue) = 37.3%
P(green) = 12.5%
Step 2: Multiply each probability by the number of events. In this case, the total number of events is 64, the number
of damaged pixels. Round off where necessary

green = 0.502 · 64
= 32
blue = 0.373 · 64
= 24
red = 0.125 · 64
=8
This is the answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/65530

Explore More

Directions: Draw diagrams to solve the problems.
1. Geoff rode his bike along an 8 mile path and lost his cell phone at some random location somewhere along
the way. What is the probability that Geoff’s phone dropped during the first mile of the path?
2. In the phone problem above, what is the probability that Geoff dropped his phone during the first mile or the
last 2 miles?
3. In the phone problem above, Geoff searched from mile 4.5 to mile 7. What is the probability that he found the
phone?
4. In the phone problem above, a cell phone tower is located at mile 4 in the exact center of the path. The tower
has a range of 2.75 miles. If Geoff uses a second cell phone to call his lost phone, what is the probability that
the lost phone will ring?
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5. In the phone problem above, what range would the tower need to have to be sure that Geoff’s lost phone would
ring?

Directions: Use this information on the football field to answer the following questions.
A football field is 120 yards long –100 yards (green) plus two end zones (shown in red and blue) and 53 yards wide.
The two hash mark lines that run across the center of the field are 13 yards apart and 20 yards from the sidelines. A
pigeon flies over the stadium and lands at some random location on the football field.

6. What is the probability that the pigeon will land in one of the end zones?
7. What is the probability that the pigeon will land between the goal line and the 20 yard line on either side of
the field?
8. What is the probability that the pigeon will land within 5 yards of the 50-yard line?
9. What is the probability that the pigeon will land somewhere on the green part of the field?

Directions: Look at the diagram and then answer each question as it is related to geometric probabilities.
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10. The radius of circle 1 (the inner-most yellow circle) is 1 meter. Each radius thereafter increases by 1 m, as
shown. What is the probability of a randomly thrown dart landing on circle 1?
11. What is the probability that the dart will land in circle 2?
12. What is the probability that the dart will land in circle 3?
13. What is the probability that the dart will land in circle 4?
14. What is the probability that the dart will land in circle 5?
15. What is the probability that the dart will land in a yellow area?
16. What is the probability that the dart will land in an red area?
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11.15 Use Simulations to Explore Experimental
Probability
Here you’ll use simulations to explore experimental probability.
Have you ever tried to select a new bike? Take a look at this dilemma.

Telly stood in front of the window and looked at the bicycle. It was perfect. She had debated all of the different
options that she could have and still she thought that the one in the window of the bike shop was the perfect one for
her.
“I have to have it,” she said smiling.
“I guess you made up your mind,” Carey said.
“Yes, imagine if we had asked all of our friends which bike I should get, we would have had a ton of different
answers,” Telly said.
Telly is correct there would have been a lot of answers to keep track and tally.
This is your task. Design a simulation where Telly would have surveyed her classmates and figured out the
probability that she would have selected this bike out of the other 16 options. Use this Concept to help you.
Guidance

A simulation is a way of collecting probability data using actual objects, such as coins, spinners, and cards.
Conduct a simulation to see how many times heads comes up when you flip a coin 50 times.
Step 1: Make a table like the one below. Conduct your simulation in groups of 10 flips. Leave lots of room to tally
your results. Write in a prediction of how many times heads will turn up.
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TABLE 11.6:
trial
tally
heads
total flips

1

2

3

4

5

Prediction
x
25
50

Total
x

Step 2: Begin conducting your simulation. Tally your results. Some sample data is shown.
Remember, this is a sample and not actual data.

TABLE 11.7:
trial
tally
heads
total flips

1
||||

2
||||

3
|||

4

5

Prediction
x
25
50

Total
x

5

|||||

5
10

Prediction
x
25
50

Total
x
23
50

Step 3: Here is what your completed table might look like.

TABLE 11.8:
trial
tally
heads
total flips

1
||||
4
10

2

|||||

5
10

3
|||
3
10

4

|||||
 |
6
10

Now that you are set up and understand the process, run the simulations and solve the problems that follow.
Record your data. Make sure you make a table and predictions for each simulation.
Simulation 1:
Run a simulation of 60 coin flips to see how frequently tails turns up.
1. How many times did you predict tails would occur? How many times did it actually occur?
2. How well did your data agree with your prediction? Explain.
Work on this simulation with a partner. Record your data and then discuss your answers.
Many calculators and websites have random number generators and other features that can be used to generate data
for simulations. Here we’ll use the website http://www.random.org to run a coin flipping simulation.
Step 1: Make a table for collecting coin flip data like the one shown. Fill in your prediction. You won’t need to tally
data here –the computer will do it for you.

TABLE 11.9:
trial
heads
total
flips

1

2

3

4

5

6

7

8

9

10

Prediction
Total

Step 2: Open the webpage http://www.random.org/ . Click on “coin flipper.” Here we’ve selected 10 as the number
of coins to flip on each trial. Click on “Flip coin(s)”. Record the data in the table. Sample data collected from the
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website is shown below.

TABLE 11.10:
trial
heads
total
flips

1
6
10

2
4
10

3
6
10

4
2
10

5
7
10

6
6
10

7
6
10

8
5
10

9
5
10

10
5
10

Prediction
Total
50
52
100
100

Step 3: Analyze your data. How accurate was your prediction?
Use the website http://www.random.org/ (or some other simulator) to run the simulations and solve the problems
that follow. Record your data. Make sure you make a table and predictions for each simulation.
Simulation 1:
Run a simulation of 100 coin flips to see how frequently tails turns up. Use a recording table like the one shown
above.
1. How many times did you predict tails would occur? How many times did it actually occur?
2. How well did your data agree with your prediction? Explain.
3. Try another 100 flips. How did the additional data change your results? Explain.
Your answers will vary. Work with a partner and figure out the results for each simulation. Be sure to record
your data.
Answer each question true or false.

Example A

A simulation is an experiment.
Solution: True

Example B

To explore experimental probability, you could simply spin a spinner one time.
Solution: False

Example C

To use a coin in a simulation, you would need to flip the coin many, many times.
Solution: True
Now let’s go back to the dilemma from the beginning of the Concept.
To accomplish this task, Kelly could write out all of the 16 options for bicycles. Then she could go around and ask
her friends to rate the bikes 1, 2 or 3. One being the first choice etc.
Then Kelly could calculate her scores and narrow it down to the bikes that received the most votes.
The bicycle that was selected the most times would be the winning bike.
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Guided Practice

Here is one for you to try on your own.
Jessie decided to conduct an experiment with a spinner. The spinner is divided into four colors: red, blue, orange
and green. Jessie predicted that out of 30 spins that the spinner would be red 10% of the time.
She conducted the experiment and the spinner was red four times.
Is her prediction correct?
Solution
To figure this out, we must first write a probability and then compare it to the 10% that Jessie predicted.
The actual result is that the spinner was red 4 out of 30 times.
We can write that as a fraction.
4
30

Now let’s convert it to a percent.
.133 = 13.3%
Jessie’s prediction was too low. The actual result was higher than 10%.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54787

Probability Part3
Explore More

Directions: Run a simulation using playing cards. Make a stack of the Ace, Jack, King, Queen, and Ten of each suit.
Predict how frequently an Ace will turn up. Run 60 trials in groups of 10. Return the card to the deck and shuffle
after you choose each card. Use a table like the one below.

TABLE 11.11:
trial
tally
Ace
total
tosses

1

2

3

4

5

6

10

10

10

10

10

10

Prediction Total

1. How many times did you predict an Ace would occur? How many times did it actually occur?
2. How well does your data agree with your prediction?
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Directions: Run a simulation using playing cards. Make a stack of the Ace, Jack, King, Queen, and Ten of each suit.
Predict how frequently a King, a Queen and a Jack will turn up. Run 60 trials in groups of 10. Return the card to the
deck and shuffle after you choose each card. Use a table like the one below.

TABLE 11.12:
trial
tally
Ace
total
tosses
3.
4.
5.
6.

1

2

3

4

5

6

10

10

10

10

10

10

Prediction Total

How many times did you predict an King would occur? How many times did it actually occur?
How many times did you predict a Jack would occur? How many times did it actually occur?
How many times did you predict a Queen would occur? How many times did it actually occur?
How well does your data agree with your prediction?

Directions: Run a simulation of 72 number cube tosses in groups of 12 to see how frequently 4 or 5 turns up. Use a
table like the one below.

TABLE 11.13:
trial
tally
4 or 5
total
tosses

1

2

3

4

5

6

12

12

12

12

12

12

Prediction Total

7. How many times did you predict 4 or 5 would occur? How many times did it actually occur?
8. How well does your data agree with your prediction?
9. Try another group of 36 tosses. Add your results of 36 tosses to your previous 72 tosses to make 108 total
tosses. How well did your data now agree with your prediction? Explain.
Directions: Use http://www.random.org for each simulation. Run a number cube simulation to see how many times
each number on the cube comes up. In http://www.random.org/ , click on the link that reads “dice roller”. Choose
12 for the number of number cubes (dice) you want to roll. Set up a table like the one below to have a total of 96
rolls.
Tally up the number of 1s, 2s, 3s, 4s, 5s, and 6s that turn up and record them in the table. Keep rolling until you have
a total of 96 rolls.
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TABLE 11.14:
number

1

2

3

4

5

6

Total

tally
total
prediction

16

16

16

16

16

16

96
96

10.
11.
12.
13.

How many times did you predict each number on the number cube would appear in 96 rolls?
How many times did it actually appear?
How well does your data agree with your prediction?
Try an additional 96 rolls. How did the additional data change your results? Explain.

Directions: Now design your own simulation and use a spinner or two number cubes.

Summary
First, you learned how to define probability and how to calculate outcomes by using tree diagrams and the Counting
Principle. Then you learned to distinguish between permutations and combinations. You discovered that when you
evaluate a permutation or a combination that special notation is useful and you used factorials in your work.
Next, you learned to identify theoretical probability as distinct from experimental probability. Using this information, you were able to calculate these probabilities in different situations. You learned to write probabilities as
fractions, decimals and percents. You learned to calculate odds for or odds against an event happening.
Then you learned about different types of events. These included overlapping, disjoint and complementary events.
Venn Diagrams were used too. This lead you to learning about independent and dependent events.
Finally, you learned about conditional probability and geometric probability. You ended with a Concept that focused
on exploring experimental probability through simulations.
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Polynomials

Chapter Outline
12.1

R ECOGNIZE AND I DENTIFY M ONOMIALS , B INOMIALS AND T RINOMIALS

12.2

W RITE AND C LASSIFY P OLYNOMIALS IN S TANDARD F ORM

12.3

S IMPLIFY P OLYNOMIALS BY C OMBINING L IKE T ERMS

12.4

E VALUATE P OLYNOMIAL E XPRESSIONS

12.5

A DDING P OLYNOMIALS

12.6

S UBTRACTING P OLYNOMIALS

12.7

M ULTIPLYING M ONOMIALS

12.8

R ECOGNIZE AND A PPLY THE P OWER OF A P RODUCT P ROPERTY

12.9

R ECOGNIZE AND A PPLY THE P OWER OF A Q UOTIENT P ROPERTY

12.10

R ECOGNIZE AND A PPLY THE P OWER OF A P OWER P ROPERTY

12.11

M ULTIPLYING B INOMIALS

12.12

U NDERSTANDING THE G RAPHS OF A PARABOLA

12.13

U NDERSTANDING THE E QUATIONS OF PARABOLAS

12.14

R ECOGNIZING Q UADRATIC F UNCTIONS

12.15

E VALUATING Q UADRATIC F UNCTIONS

12.16

E XPONENTIAL F UNCTIONS

12.17

E XPONENTIAL G ROWTH AND D ECAY

12.18

A RITHMETIC S EQUENCES

12.19

G EOMETRIC S EQUENCES

Introduction
Here you will learn about polynomials. In the beginning, you will learn how to identify monomials, binomials,
trinomials and polynomials. You will understand how to write them in standard form and how to classify them
according to degree. Simplifying polynomials, evaluating polynomial expressions and adding and subtracting
polynomials comes next. After that, you will learn to multiply monomials including how to apply different properties
to operations with monomials. Next, you will learn how to identify a parabola. You will learn how to multiply
binomials by using FOIL. Next, you will see how quadratic equations connect to parabolas and will work with
quadratic equations, tables and graphs. Then you will learn about quadratic functions and their graphs. Then, you
will learn about exponential functions including exponential growth and decay. The concluding Concepts of the
chapter will focus on arithmetic and geometric sequences.
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12.1 Recognize and Identify Monomials, Binomials and Trinomials
Here you’ll recognize and identify monomials, binomials and trinomials.
Have you ever tried to classify numbers? Take a look at this dilemma.
Sam saw this expression in his math book.
x2 − 8
He isn’t sure how to classify this expression. Do you know?
Expressions like this one are the focus of this Concept. Pay attention and you will know how to identify this
expression by the end of the Concept.
Guidance

Sometimes, you will see an expression or an equation that has exponents and variables in it. These expressions and
equations can have more than one variable and sometimes more than one exponent in them. To understand how to
work with these variables and exponents, we have to understand polynomials.
A polynomial is an algebraic expression that shows the sum of monomials .

Yes. They are new words. As we begin to work with polynomials, you will have to learn to work with brand
new words.
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Write each new word and its definition in your notebook.
A monomial is an expression in which variables and constants may stand alone or be multiplied. A monomial
cannot have a variable in the denominator. We can think of a monomial as being one term.
To understand these new terms better, let’s look at some word prefixes so that we can better understand the new
terms.

TABLE 12.1:
Word
Definition

Prefix

Monopoly
A situation in which
one company owns
all of the market for
a given type of product.
Mono means one

Bicycle
A vehicle with two
wheels.

Tricycle
A vehicle with three
wheels.

Polygon
A shape with many
sides.

Bi means two

Tri means three

Poly means many.

In math we can use these prefixes too. Each prefix will give us a hint as to the type of expression that we are
dealing with.
Here are some monomials: 5 x3

− 2x5

x2 y

Since the prefix mono means one, a monomial is a single piece or term. The prefix poly means many. So the word
polynomial refers to one or more than one term in an expression. The relationship between these terms may be sums
or difference.
Here are some polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
From the information above, we can name the expressions as follows:

TABLE 12.2:
Number of Terms
Name

1
monomial

2
binomial

3
trinomial

Expression

−2x5

x2 + 5

3x − 8 + 4x5

Identify each expression.

Example A

4x3 − 8
Solution: Binomial

Example B

x2 + 3x + 9
Solution: Trinomial
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Example C

6xy
Solution: Monomial
Now let’s go back to the dilemma from the beginning of the Concept.
x2 − 8
This expression has two terms, therefore it is a binomial.
Guided Practice

Here is one for you to try on your own.
How would you identify the following expression?
4x2 x − 8y + 4
This expression has many terms. Therefore, it is called a polynomial.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/60114

Introduction to Polynomials
Explore More

Directions: Use the chart to identify each term with the correct label.

TABLE 12.3:
Number of Terms
Name

1
monomial

2
binomial

3
trinomial

Expression

−2x5

x2 + 5

3x − 8 + 4x5

1.
2.
3.
4.
5.
6.
7.
8.

4
four-term
polynomial
−7a2 + 9b − 4b3 + 6

4x2
3x + 7
9x2 + 6y
x2 + 2y2 + 8
5c3
3x2 + 4x + 3y2 + 7
4x + 3xy + 9
2x2 + 7y + 9
1101
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9.
10.
11.
12.
13.
14.
15.
16.
17.
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14xy
4x2 + 5x − 9
5x3 − 4x2 + 3x − 10
4x
16x + 4
18x2 + 5x − 8
9xyz
5xy − 6x
18x2 − 9x
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12.2 Write and Classify Polynomials in Standard
Form
Here you’ll write and classify polynomials in standard form.
Do you know how to measure the degree of a polynomial? Take a look at this dilemma.
4x3 + 3x + 9
What if you had this polynomial? Can you identify it by degree? Is it in standard form?
This Concept will teach you all that you need to know to answer these questions.

Guidance

Sometimes, you will see an expression or an equation that has exponents and variables in it. These expressions and
equations can have more than one variable and sometimes more than one exponent in them. To understand how to
work with these variables and exponents, we have to understand polynomials.
A polynomial is an algebraic expression that shows the sum of monomials .
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
Did you know that you can write and classify polynomials?
First, let’s think about how we can classify each polynomial. We classify them according to terms. Each term can
be classified by its degree.
The degree of a term is determined by the exponent of the variable or the sum of the exponents of the variables
in that term.
x2 has an exponent of 2, so it is a term to the second degree.
−2x5 has an exponent of 5, so it is a term to the fifth degree.
x2 y has an exponent of 2 on the x and an unwritten exponent of 1 on the y,
so this term is to the third degree (2 + 1). Notice that we add the two degrees together because it has two variables.
8 is a monomial that is a constant with no variable, its degree is zero.
We can also work on the ways that we write polynomials. One way to write a polynomial is in what we call
standard form.
In order to write any polynomial in standard form, we look at the degree of each term. We then write each
term in order of degree, from highest to lowest, left to write.
Take a look.
Write the expression 3x − 8 + 4x5 in standard form.
This is a trinomial. 3x has a degree of 1, -8 has a degree of zero, and 4x5 has a degree of 5. We write these in order
by degree, highest to lowest:
4x5 + 3x − 8
The degree of a polynomial is the same as the degree of the highest term, so this expression is called “a fifth-degree
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trinomial.”
Name the degree of each polynomial.
Example A

5x4 + 3x3 + 9x2
Solution: Fourth degree
Example B

6y3 + 3xy + 9
Solution: Third degree
Example C

7x2 + 3x + 9y
Solution: Second degree
Now let’s go back to the dilemma from the beginning of the Concept.
4x3 + 3x + 9
The highest exponent here is a 3, so we can say that this is a polynomial to the third degree. Since the values go
from the highest degree to the least degree, we can say that this polynomial is in standard form already.
Guided Practice

Here is one for you to try on your own.
Write the following polynomial in standard form.
4x3 + 3x5 + 9x4 − 2xy + 11
Solution
To accomplish this task, rewrite the polynomials so that the exponents are in descending order.
3x5 + 9x4 + 4x3 − 2xy + 11
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/60114
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Explore More

Directions: Write the following polynomials in standard form and then identify its degree:
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

4x2 + 5x3 + x − 1
9 + 3y2 − 2y
8 + 3y3 + 8y + 9y2
y + 6y4 − 2y3 + y2
−16y6 − 18
3x + 2x2 + 9y + 8
8y4 + y − 7y3 − 3y2
−3 + 8x2 − 2x3 − x
9 − 3y2 − 2y3 + 2y
14 + 6x2 − 2x − 8y
4x + 3x2 − 5x3 + 8x4
−8 + 3y2 − 2y3 + y
9 + 8y2 + 2y3 − 8y
m4 − 12m7 + 6m5 − 6m − 8
−x3 y2 + 5x3 y + 8xy
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12.3 Simplify Polynomials by Combining Like
Terms
Here you’ll simplify polynomials by combining like terms.
Do you know how to identify like terms? Take a look at this dilemma.
Jessie is stuck on her math homework. She is stuck on the following problem.
5x − 3y − 9x + 7y
The directions are asking her to simplify the problem, but she isn’t sure how to do that.
Do you know?
This Concept is all about combining like terms. You will know how to figure this out by the end of the Concept.

Guidance

A polynomial is an algebraic expression that shows the sum of monomials .
Since the prefix mono means one, a monomial is a single piece or term. The prefix poly means many. So the word
polynomial refers to one or more than one term in an expression. The relationship between these terms may be sums
or difference.
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
We can simplify polynomials by combining like terms. Take a look at this situation.
In a grocery store, a refrigerator in the back has 52 cartons of milk and 65 cans of soda. In the refrigerator near the
cash registers, there are 12 cartons of milk and 26 cans of soda. How many do they have in all?
Yes...there are 64 cartons of milk and 91 cans of soda!
In this dilemma, you probably added just the milk together and just the soda can together. You know that the
milk cartons are alike. You know that soda cans are alike. But the milk and the soda cans are not alike. In
mathematics, we are able to combine like terms but we do not combine unlike terms .
As we already saw, a term can be a single number like 7 or -5. These are called constants.
Any term with a variable has a numerical factor called the coefficient . The coefficient of 4x is 4. The coefficient
of −7a2 is -7. The coefficient of y is 1 because its numerical factor is an unwritten. You could write “1y” to show
that the coefficient of y is 1 but it is not necessary because any number multiplied by 1 is itself.
Terms are considered like terms if they have exactly the same variables with exactly the same exponents.
Take a look at some of these.
7n and 5n are like terms because they both have the variable n with an exponent of 1.
4n2 and −3n are not like terms because, although they both have the variable n, they do not have the same exponent
5x3 and 8y3 are not like terms because, although they both have the same exponent, they do not have the same
variable.
Like terms can be combined by adding their coefficients.
1106
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7n + 5n = 12n
3x3 + 5x3 = 8x3
−2t 4 − 10t 4 = −12t 4
2n2 − 3n + 5n2 + 11n = 7n2 + 8n
Notice that the exponent does not change when you combine like terms. If you think of 7n as simply a shorter way
of writing n + n + n + n + n + n + n and 5n as a shorter way of writing n + n + n + n + n, then combining those like
terms to get 12n is a simpler way to write 7n + 5n.
Combine like terms.
Example A

2x − 8y − 4x + 7y + 9
Solution: −2x − y + 9
Example B

5a + 3b − 8b + a − 7
Solution: 6a − 5b − 7
Example C

5a − 7b + 8b − 2a + 8a − 9 + 8
Solution: 11a + b − 1
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the problem that Jessie is stuck on.
5x − 3y − 9x + 7y
She can combine the x’s and the y’s.

5x − 9x = −4x
−3y + 7y = 4y
Now let’s put it altogether.
−4x + 4y
This is our answer.
Guided Practice

Here is one for you to try on your own.
Simplify by combining like terms.
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15x − 12x + 3y − 8x + 7y − 1 + 5
Solution
First, let’s combine the like terms.

15x − 12x − 8x = −5x
3y + 7y = 10y
−1 + 5 = 4
Now let’s put it altogether.
−5x + 10y + 4
This is our answer.
Video Review

MEDIA
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Simplify a Polynomial
Explore More

Directions: Simplify the following polynomials by combining like terms.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

1108

6x + 7 − 18x + 4
5x − 7x + 5x + 4 − 9
3x + 8y − 5x + 3y
17x2 − 7x2 − 5x + 3x + 14
3xy − 9xy − 5x + 4x − 7 + 3
9x + 7y − 15x + 4x − 9y
3x + 7 − 5x − 8y + 4x − 2y + 7
3xy − xy − 15x + 4 − 11
−8x + 3x + 7y − 5x + 4y − 2
3x2 + 6x − 3y + 2x − 7
14xy − 18xy + 7y + 8x − 2x + 9
3x + 7 − 5x + 4y − 18y
6y2 − 4y3 + y2 − 8
−5q + q2 + 7 − q − 7
n2 m − 3n2 m + 5n2 m2 + 11n
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12.4 Evaluate Polynomial Expressions
Here you’ll identify and evaluate polynomial expressions.
Have you ever thought about a cube? Take a look at this dilemma.

Mr. Travis is taking his Social Studies class on a tour of downtown. He has created a scavenger hunt for the students
as they travel around the city. The scavenger hunt is made up of all different types of architecture and landmarks as
well as problems that will need to be solved. Mr. Travis asked the bus to drop the students off in front of the town
hall. In the square across from the town hall is a plaza with three cubes in it.
“Hey there is a problem with these cubes,” Tanya said to her friend Michael.
Here is the problem on the sheet.
Before you is a cube. Use the formula A = 6s2 to find the surface area of a cube whose side measures 8 feet.
Tanya looked at Michael who looked at her. Both students began working on the problem in their notebooks.
You can work on this problem too. You will learn about polynomials in this Concept. By the end of the it, you
will be able to solve this problem.

Guidance

A polynomial is an algebraic expression that shows the sum of monomials .
Since the prefix mono means one, a monomial is a single piece or term. The prefix poly means many. So the word
polynomial refers to one or more than one term in an expression. The relationship between these terms may be sums
or difference.
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6
1109
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We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
You have learned the order of operations, commonly called PEMDAS. In other words, arithmetic operations are
performed in the following order:
1.
2.
3.
4.

First any operations inside grouping symbols (P).
Second any values with exponents (E).
Third multiplication and division in order from left to right (M and D).
Finally addition and subtraction in order from left to right (A and S).

When we consider expressions, we can evaluate an expression for a given value. In other words, we can find the
total value if we know how much the variable is. We can replace the variable(s) with the given value and then use
the order of operations to calculate the total value.
Take a look at this one.
Evaluate x2 + 3x − 10 for x = 5
Step 1: Replace the variables with the given value, 5.
52 + 3 · 5 − 10
Step 2: Find the total value using the order of operations.

52 + 3 · 5 − 10
25 + 3 · 5 − 10

(There is no group, so first is the number with the exponent.)

25 + 15 − 10

(Complete the multiplication)

40 − 10

(Addition and subtraction from left to right.)

30

(Our total is 30.)

This is our answer. We can evaluate any expression when we have been given a value for the variable.
Evaluate each expression by using the given value.
Example A

Evaluate x2 + 5x − 1 for x = 3
Solution: 23
Example B

Evaluate x2 + 4x − 9 for x = 2
Solution: 3
Example C

Evaluate 2x2 + 2x + 5 for x = 3
Solution: 29
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Now let’s go back to the dilemma from the beginning of the Concept.
Now you can use the formula and the given information to solve for the surface area of the cube. The given
length of the cube is 8 feet. You can substitute this into the formula for the side length.

A = 6s2
A = 6(82 )
A = 6(64)
A = 384 sq. f eet
This is the surface area of the cube.
Guided Practice

Here is one for you to try on your own.
Evaluate 4x2 + 2x + 15 for x = 3
Solution
First, substitute the given value into the expression for x.
4(3)2 + 2(3) + 15
Next, simplify according to the order of operations.
4(9) + 2(3) + 15
36 + 6 + 15
57
Our answer is 57.
Video Review
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Explore More

Directions: Evaluate the following expressions for the given value.
1.
2.
3.
4.
5.

7x3 for x = 2
6x2 for x = 3
4x3 for x = 2
8x2 for x = 2
10xy for x = 2, y = 3
1111
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6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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7x2 + 4x for x = 2
6x2 + 5x for x = 2
3x2 + 8x for x = 3
7x2 + 4x − 2 for x = 2
9x2 + 5x − 3 for x = 3
5x2 + 5x − 2 for x = 2
12x2 + 8x + 11 for x = 2
6y2 − 2y − 8 for y = 6
3(x − 7) + 5(x + 1) for x = 10
−2y3 + 6(y − 4) + y for y = −3
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12.5 Adding Polynomials
Here you’ll add polynomials vertically and horizontally.
Have you ever seen a building shaped like a pyramid? Take a look at this dilemma.

As the students rounded the corner on fifth street, they spotted a peculiar looking building. It was in the shape of a
pyramid.
“Here we go again,” said Michael as he read the next problem to his friends.
“A pyramid-shaped building has rectangular floors that get increasingly smaller as you go higher up in the building.
If the 87th floor has a length of 6x + 16 and a width of 28, and each floor’s length and width decrease by 4 as you
ascend, find the total area of the 87th , 88th , and 89th floor.”
This is the next dilemma.
To work on this problem, you will need to understand area as well as adding and subtracting polynomials.
Pay close attention to the rules of this Concept and you will be able to figure out this problem by the end of it.
Guidance

A polynomial is an algebraic expression that shows the sum of monomials .
Since the prefix mono means one, a monomial is a single piece or term. The prefix poly means many. So the word
polynomial refers to one or more than one term in an expression. The relationship between these terms may be sums
or difference.
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
Now we are going to add polynomials, but first let’s review how to add whole numbers with many digits.
Add the numbers 5026 and 3210.
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You might add it like this, right?

5026
+3210
8236
If you think about it, you might notice that the same addition could be thought of in this way.

thousands
5026

→

5000

+ 3210

→

+ 3000

8236

←

8000

hundreds
200
+

200

tens

ones

20

6

10
+

+

30

6

Here we have shown 5026 to be 5000 + 20 + 6. The number 3210 is 3000 + 200 + 10.
Each of the similar places has been lined up vertically (one on top of the other) so that 3000 is beneath 5000 in the
thousands place and 10 is beneath 20 in the tens place. Also, 200 is by itself because the first number had no digits
in the hundreds place. Likewise, 6 is by itself because the second number had no digits in the ones place. Although
this is not a practical way of writing a simple addition problem, it does demonstrate the technique we can use to add
polynomials.
Do you remember how to identify like terms?
Like Terms have exactly the same variable(s) to exactly the same power(s). When terms are alike, we can combine
them by adding their coefficients.
5x3 + 9x3 = 14x3
We also learned that polynomials are defined as having one or more terms in an expression.
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

Polynomials can be added in the same manner as we added 5026 and 3210.
Take a look.
Add the polynomials (7x2 + 9x − 5) and (6x2 + 3x + 10).
(7x2 + 9x − 5)

→

7x2

+

9x

+

−5

(6x + 3x + 10) →

6x2

+

3x

+

10

+

12x +

+
2

2

13x + 12x + 5

← 13x

2

5

Each of the like terms was aligned vertically, one on top of the other. Notice that the negative sign on -5 was
kept with the number 5. Be careful when you add the integers.
A second method for adding polynomials is horizontally—in a single line. Just as you might add 6 + 19 = 25 without
placing them one on top of the other, so can a polynomial be added to another.
= (7x2 + 3x − 11) + (3x2 − 9x + 5)
= 7x2 + 3x − 11 + 3x2 − 9x + 5
= 10x2 − 6x − 6
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Step 1: rewrite without parenthesis
Step 2: combine like terms
In Step 1, the polynomial can be rewritten without parentheses because the parentheses serve only to show the
separation of the polynomials. Notice, we do not align them vertically by like terms as before. However, we had to
take care to recognize and combine like terms correctly.
This method can be a little trickier. If you find yourself getting confused, then go back and add the polynomials
vertically.
Add the following polynomials.

Example A

(4x2 + 7x − 2) + (3x2 + 2x − 1)
Solution: 7x2 + 9x − 3

Example B

(−4x2 + 7x − 2) + (−7x2 + 3x − 17)
Solution: −11x2 + 10x − 19

Example C

(4xy + 7x − 2) + (−19xy − 17x − 9)
Solution: −15xy − 10x − 11
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the work to figure out the area of the other three floors and the total area too.

87th floor
th

Area = 28(6x + 16) = 168x + 448

88 floor

Area = (28 − 4)(6x + 16 − 4) = 24(6x + 12) = 144x + 288

89th floor

Area = (28 − 4 − 4)(6x + 16 − 4 − 4) = 20(6x + 8) = 120x + 160

Total area = (168x + 448) + (144x + 288) + (120x + 160)
= 168x + 448 + 144x + 288 + 120x + 160
= 432x + 896

Guided Practice

Here is one for you to try on your own.
Add the polynomials (−2x3 + 9x2 − 3) and (8x2 + 5x − 14).
Solution
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(−2x3 + 9x2 − 3)

−2x3

→

2

+(8x + 5x − 14)

+

→

− 2x3 + 17x2 + 5x − 17 ←

9x2

+

2

+

8x
−2x3

+

17x2 +

+ −3
5x
5x

+ −14
+ −17

Each of the terms was again aligned vertically.
Notice this time that the space underneath −2x3 is empty. That is because there was no like term in the second
polynomial that could be combined with −2x3 .
There was a like term of 9x2 . The 8x2 is the like term that could be combined with 9x2 so it was placed beneath.
Their sum was 17x2 . There was no like term of 5x, either. But -3 and -14, the constants, were like terms so were
aligned together and combined.
The result was −2x3 + 17x2 + 5x − 17.
Video Review
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Adding Polynomials
Explore More

Directions: Add the following polynomials vertically. Be sure to align like terms.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.

(4x2 + 7x − 2) + (3x − 17)
(−4x4 − x3 + 8) + (−2x3 + 5x + 6)
(10x3 − 4x2 − 2x + 5) + (−x2 + 9x − 5)
(6x2 + 5x + 9) + (4x2 + 3x + 6)
(9x2 − 3x + 4) + (6x2 − 9x + 2)
(3y2 + 4x − 9) + (−5y2 − 6x + 10)
(14x2 + 6x − 2) + (9x − 1)
(−2x2 + 7x − 2) + (−3x2 − 17)
(9x2 + 7x − 2y) + (3x2 − x + 9y)
(4xy + 7x − 21) + (−12xy + 4x − 8)
(11x2 + 9x − 2y) + (3x2 − 8x − 5y − 2)

Directions: Add the following polynomials horizontally.
12.
13.
14.
15.
1116

(−3x − 8) + (15x + 5)
(x4 + 7x3 − 2x + 7) + (−8x3 + 9x2 − 4)
(4x2 y − 3x2 y2 + 7xy) + (9x2 y2 − 5xy + 3x2 )
(5xy − 3x + 19) + (4xy − 9x − 22)
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12.6 Subtracting Polynomials
Here you’ll subtract polynomials vertically and horizontally.
Have you ever thought about the area of a pool? Take a look at this dilemma.
A concrete walkway surrounds a rectangular swimming pool. In order to know how much weather treatment to buy,
the owner must know how many square units of concrete he has. The walkway is 5 feet wide on all sides. The
swimming pool has a length of 7x and a width of 14 feet. How many square units concrete does he have?

In order to find the area of the concrete, we must find the area of the large rectangle and then subtract the area of the
swimming pool.
Do you know how to do this? To accomplish this task, you will need to understand how to subtract polynomials. You will learn how to do this in this Concept.

Guidance

A polynomial is an algebraic expression that shows the sum of monomials .
Since the prefix mono means one, a monomial is a single piece or term. The prefix poly means many. So the word
polynomial refers to one or more than one term in an expression. The relationship between these terms may be sums
or difference.
Polynomials: x2 + 5

3x − 8 + 4x5

− 7a2 + 9b − 4b3 + 6

We call an expression with a single term a monomial , an expression with two terms is a binomial , and an
expression with three terms is a trinomial . An expression with more than three terms is named simply by its
number of terms—“five-term polynomial.”
Just like we could add polynomials, we can subtract them too. We can perform this operation both vertically and
horizontally. Let’s start with vertically.
1117
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When we subtract polynomials, we can use a similar procedure as with addition—we can subtract vertically.
However, remember that subtraction is the same as “adding the opposite.” In other words, 5 − 8 is the same as
5 + (−8). We can add the opposite of 8 instead of subtracting 8. We will use the same idea with polynomials.

Remember that subtracting is the same as adding the opposite. Write this down in your notebook.
Take a look at this one.
(9x2 + 4x − 7) − (2x2 + 6x − 4)
Set up the problem vertically by aligning the like terms.

(9x2 + 4x − 7)
2

−(2x + 6x − 4)
2

7x − 2x − 3

→

9x2

+

4x

2

+

−6x

→

−2x

←

2

7x

+

+

−7

+

−2x +

4
−3

Lines up like terms.
Add the opposite.
Combine lilke terms.

When you add the opposite, the sign changes on each of the terms in the subtracted polynomial. Inside the
parentheses, the coefficient of 2x2 is positive. But when you add the opposite, the sign changes to negative, or
−2x2 . We also changed the sign on the 6x to −6x and the -4 to 4.
Now we can look at subtracting polynomials horizontally.
When we added polynomials, we used two methods—adding vertically and adding horizontally. You just learned to
subtract polynomials vertically. As you have guessed, we can also subtract polynomials horizontally. First we will
review the distributive property.
The distributive property: For all real numbers a, b, and c, a(b + c) = ab + ac.

5(3x + 7) = 15x + 35
4(2y − 7) = 8y − 28
−2(9x + 3) = −18x − 6
−3(−2y − 4) = 6y + 12
Remember to be careful with negative signs when using distributive property.
Now, let us remember that coefficients are the numerical factors of variables. The coefficient of 3x is 3. The
coefficient of 9x2 is 9. When we see the term −x, the coefficient is -1. Although you could write −1x, we normally
do not because the 1 is considered unnecessary. How does this relate to the distributive property? The negative sign
could be in front of the parentheses, like this: −(3x − 2). This is similar to −x where the coefficient is the unwritten
-1. Just like you could write −1x, you could also write −1(3x − 2). The distributive property is now more apparent
in that each term will now be multiplied by -1.
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Take a look at this one.

− (7x + 5) = −1(7x + 5) = −7x − 5
Then take a look at this one.

− (x2 − 3x + 14) = −1(x2 − 3x + 14) = −x2 + 3x − 14
↑
Here you can insert the -1 and then multiply. As with adding the opposite, the sign changes on each of the terms in
the polynomial.
We can now use this method to subtract polynomials horizontally. First we’ll distribute the negative sign to
each of the terms in the subtracted polynomial and then we will combine like terms just as we did when we
added polynomials.
Here is another one.

(5x + 3) − (2x − 8)
= (5x + 3) − 1(2x − 8)
= 5x + 3 − 2x + 8
= 3x + 11

It may seem that way, but if you go step by step and remember that subtracting is adding the opposite, then
you will be able to subtract polynomials vertically and horizontally.
Subtract the following polynomials.
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Example A

(8x2 + 4x − 7) − (2x2 + 9x + 3)
Solution: 6x2 − 5x − 10
Example B

(10xy + 4x − 7) − (3x − 4)
Solution: 10xy + x − 3
Example C

(14x2 + 8x − 7y + 1) − (2x2 + 2x − 4y + 2)
Solution: 12x2 + 6x − 3y − 1
Now let’s go back to the dilemma from the beginning of the Concept.
The length of the large rectangle measures 7x + 5 + 5. Its width measures 14 + 5 + 5.
So its area will be (7x + 5 + 5) · (14 + 5 + 5)
The area of the swimming pool will be its length times its width or 7x · 14.
Area of the swimming pool is 98x.
To find the area of the concrete, subtract the area of the swimming pool from the total area:

(168x + 240) − 98x
= 70x + 240
This is the answer.
Guided Practice

Here is one for you to try on your own.
(−7x3 + 3x2 − x + 4) − (−6x2 + 9)
Solution

(−7x3 + 3x2 − x + 4)
2

−(−6x + 9)
3

2

− 7x + 9x − x − 5
This is the answer.
Video Review
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→

−7x3

+

→
←

3x2

+

2

+

2

+

6x
−7x

3

+

9x

−x
−x

+

4

Lines up like terms.

+

− 9 Add the opposite.

+

−5

Combine lilke terms.
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Subtracting Polynomials
Explore More

Subtract the following polynomials vertically.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.

(6x2 + 5x) − (3x2 − 14x + 2)
(3x2 + 5x + 3) − (2x2 − x + 4)
(5xy + 5x + 3) − (12xy − 4x − 8)
(5y2 + 5y − 2) − (3y2 − 6y + 5)
(8x + 5y + 1) − (9x + 2y + 5)
(7x2 + x − 3) − (3x2 + 3x + 4)
(8x + 5y + 4) − (3x − 9y − 5)
(18x3 + 2x2 + 8x + 2) − (3x2 − 4x − 9)
(8x + 9y − 20) − (3x − 14)
(16x2 + 5x − 3y + 7) − (3x − 14y + 10)
(18x2 + 5xy − 6x + 21) − (3x2 − 14xy − 9x + 1)
(7y3 + 4y2 − 3y − 1) − (y3 + 6y2 − 4)

Subtract the following polynomials horizontally.
13. (m2 + 17m − 11) − (3m2 + 8m + 12)
14. (z2 + 3z) − (3z2 + 7z + 16) − (4z − 13)
15. (5x2 + 3xy) − (3x2 + 7xy + 6) − (4xy − 13)
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12.7 Multiplying Monomials
Here you’ll multiply monomials by expanding the expression, regrouping factors and multiplying the coefficients.
Do you know how to multiply monomials? Take a look at this one.
(6y3 )(8y5 )(−1xy)
This Concept will show you how to multiply monomial expressions.
Guidance

You have already seen exponents, but let’s review the definitions of some words so that we can get started. First,
let’s look at some of the parts of a term.

In the monomial above, the 7 is called the coefficient , the x is the variable , and the 3 is the exponent .
We can say that the monomial 7x3 has a power of 3 or is to the 3rd power.
Remember what we said about the coefficient of a variable like x—if there is no visible coefficient, then the
coefficient is an unwritten 1. You could write “1x” but it is not necessary. Similarly, if there is no exponent on
a coefficient or variable, then you can think of it as having an unwritten exponent of 1. So 7 could be written as 71 .
The constant 7 then, is to the 1st power.
Also, the exponent is applied to the constant, variable, or quantity that is directly to its left. That value is called the
base . In the monomial above, the base is x. The exponent, in this case, is not applied to the 7 because it is not
directly to the left of the exponent.
What is the exponent ? It’s a shortcut. It’s a way of writing many multiplications in a simpler way. In the monomial
above, 7x3 , the 3 indicates that the variable x is multiplied by itself three times.
7x3 = 7 · x · x · x
You can see the amount of space that is saved by using the exponent. When we write all of the multiplications
instead of using the exponent, it is called the expanded form . You can see that it is, indeed, expanded—it takes
much more space to write. Imagine if the exponent were greater, like 7x27 .

7x27 = 7 · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x
The exponent truly saves a lot of space!
Let’s look at how to write an expression out into expanded form.
1122

www.ck12.org

Chapter 12. Polynomials

(7x3 )(4x5 )
= (7 · x · x · x)(4 · x · x · x · x · x)
Here we have written the expression out into expanded form.
Now, use the commutative property of multiplication to change the order of the factors so that similar factors are
next to each other.

= 7·4·x·x·x·x·x·x·x·x
= 28x

8

Parentheses disappear.
Multiply coefficients 7 and 4.
Use exponent as a shortcut for the variables.

This may seem like a cumbersome long way to work, but it is accurate!
We could do this one another way too.
When we multiply the expressions, we multiply the coefficients, but we add the exponents. Take a look.
(7x3 )(4x5 )
7 × 4 = 28
3+5 = 8
28x8
Notice that we got the same answer as doing it out the long way!
Multiply the following monomials.
Example A

(6x2 )(4x4 )
Solution: 14x6
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Example B

(2x3 )(4x9 )
Solution: 8x12
Example C

(6y3 )(8y5 )
Solution: 48y8
Now let’s go back to the dilemma from the beginning of the Concept.
(6y3 )(8y5 )(−1xy)
First, let’s multiply the coefficients.
6 × 8 × −1 = −48
Now we can add the x because there isn’t another x to multiply with this one.
−48x
Next, we multiply the y0 s and we do this by adding the exponents.
−48xy9
This is our answer.
Guided Practice

Here is one for you to try on your own.
Multiply the following monomials.
(−6x3 )(8y5 )
Solution
In this one, we can begin by multiplying the coefficients.
−6 × 8 = −48
Now we simply put the terms together. We can’t add the exponents because the terms are not alike.
−48x3 y5
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63320
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Explore More

Directions: Multiply the following monomials.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

(5x)(6xy)
(5x2 )(−6xy)
(−5x2 y)(2xy2 )
(−5x)(−9yz)
(18xy)(2xy2 z)
(2y4 )(6y5 )
(5x3 )(−5x4 y3 )
(−2y5 )(6y3 )(2y2 )
(5xy)(−2xy)(−x2 y2 )
(2ab)(6ab)(−4ab)
7x(6xy)
(15x2 )(−10x3 )
(5x)(6xy)(−9xy5 )
(−2x3 )(−4xy)(−5x2 y4 )
(−4abc)(−8a)(−4c)(d 2 )
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12.8 Recognize and Apply the Power of a Product Property
Here you’ll recognize and apply the power of a product property when multiplying monomials.
Have you ever tried to square a monomial? Do you know how to do it? Take a look at this dilemma.
A square platform has a side length of 6a2 .
How can we find the area of the platform?
This Concept will show you how to use the Power of a Product with monomials. Then you will be able to find
the area of the square platform.
Guidance

When multiplying monomials, an exponent is applied to the constant, variable, or quantity that is directly to its left.
However, we only applied exponents to single variables.
Exponents can also be applied to products using parentheses.
Look at this one.
(5x)4
If we apply the exponent 4 to whatever is directly to its left, we would apply it to the parentheses, not just the
x. The parentheses are directly to the left of the 4. This indicates that the entire product in the parentheses is
taken to the 4th power. We can also write this in expanded form.

(5x)4
= (5x)(5x)(5x)(5x)
Now we multiply the monomials as we have already learned—by placing like factors next to each other,
multiplying the coefficients, and simplifying using exponents.

= 5·5·5·5·x·x·x·x
= 625x4
This is the Power of a Product Property which says, for any nonzero numbers a and b and any integer n
(ab)n = an bn
Here is another one.

(7h)3
= (7h)(7h)(7h)
= 7·7·7·h·h·h
= 343h3
1126
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You can see that whether we have positive or negative integers or both, we can still use the Power of a Product
Property. You may have already noticed a pattern with the exponents and the final product. When you multiply like
bases, there is another shortcut—you can add the exponents of like bases. Another way of saying it is:

am · an = am+n
Take a look at this one.

(−2x4 )5
= (−2x4 )(−2x4 )(−2x4 )(−2x4 )(−2x4 )
= −2 · −2 · −2 · −2 · −2 · x4 · x4 · x4 · x4 · x4
= −2 · −2 · −2 · −2 · −2 · x4+4+4+4+4
= −32x20

Write the definition of this property and one problem down in your notebook.
Simplify each monomial.
Example A

(6x3 )2
Solution: 36x6
Example B

(2x3 y3 )3
Solution: 8x9 y9
Example C

(−3x2 y2 z)4
Solution: 81x8 y8 z4
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the side length of the square platform.
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6a2
We want to find the area of the platform. To figure out the area, we will use the following formula.
A = s2
Now we substitute the side length into the formula.
A = (6a2 )2
Next, we can square the monomial.
36a4
This is our answer.
Guided Practice

Here is one for you to try on your own.
(−2x4 )5
Solution

(−2x4 )5
= (−2x4 )(−2x4 )(−2x4 )(−2x4 )(−2x4 )
= (−2 · x · x · x · x)(−2 · x · x · x · x)(−2 · x · x · x · x)(−2 · x · x · x · x)
= −2 · −2 · −2 · −2 · −2 · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x · x
= −32x20
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63321
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Directions: Simplify.
1.
2.
3.
4.
5.
6.
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(−13d 5 )2
(−3p3 q4 )3
(10xy2 )4
(−4t 3 )5
(18r2 s3 )2
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(2r11 s3t 2 )3
(7x2 )2
(2y2 )3
(5x2 )3
(12y3 )2
(5x5 )5
(2x2 y2 z)3
(3x4 y3 z2 )3
(−5x4 y3 z3 )3
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12.9 Recognize and Apply the Power of a Quotient Property
Here you’ll recognize and apply the power of a quotient property.
Have you ever been in a science laboratory? Take a look at this dilemma.

One of the places that the students were able to visit when they went downtown was a laboratory at the city college.
Downtown, the city college had some of its classrooms and one of the classrooms was a laboratory.
“This is a good friend of mine Professor Smith,” Mr. Travis said introducing the students to a woman with blonde
hair and a wide smile.
“Welcome,” Professor Smith said. “Are you enjoying your trip downtown?”
Many students responded yes and then were drawn over to one of the laboratory tables where a lot of work was
taking place.
“What is happening here?” Sam asked.
“Well, I started with a very small sample of cobalt. I actually had 10 grams of it and I took a third of a third of a
third of a third of it,” She explained.
The students began figuring the math out in their heads.
Can you figure it out? How many grams did the sample end up being? By the end of this Concept, you will
be able to solve this dilemma.
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Guidance

4
This may sound confusing, but in math, we can rewrite this as 12 · 21 · 12 · 12 or 12 . We can use exponents with fractions
or quotients, too. In order to answer the question above, we would multiply the numerators and denominators across,
1·1·1·1
1
like this: 2·2·2·2
= 16
. Half of a half of a half of a half is one sixteenth. Once again, we have repeating multiplication
4
1
of the same number which we could write more easily as 124 = 16
.
The Power of a Quotient Property says that for any nonzero numbers a and b and any integer n:
 a n
b

=

an
bn

Here is one for you to try.

4
5 4
= 354 = 625
3
81
You can see in this situation that we have simplified the expression by figuring out what five to the fourth is
and what three to the fourth is. The next step in this problem would be to divide.
Take a look at this one.
 4
4
3k
= (3k)
= (3k)(3k)(3k)(3k)
2j
(2 j)(2 j)(2 j)(2 j) =
(2 j)4

81k4
16 j4

This problem has different variables, so this is as far as we can take this problem.
Simply each quotient.
Example A


4 3
5
Solution:

64
125

= .512

Example B


2a 2
3b
Solution:

4a2
9b2
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Example C


a 3
5b
Solution:

a3
125b3

Now let’s go back to the dilemma from the beginning of the Concept.
To figure out the number of grams in the sample, we must use what we have learned about monomials and
powers.
Professor Smith started off with 10 grams.
Then she took a third of a third of a third of a third of it. That is

1
3

to the fourth power.

Here is how we can set up the problem.
 4

 10
1
1 4
10 3 = 10 134 = 10 81
= 81 grams
We can convert that into a decimal by dividing the numerator by the denominator.
.12 grams is our answer as a decimal.

Guided Practice

Here is one for you to try on your own.
Simplify the following quotient.
 3
−4x
3y

Solution
First, let’s work with the numerator.
(−4x)3 = −64x3
Now let’s work with the denominator.
(3y)3 = 27y3
Here is our final answer.
−64x3
27y3

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63325
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Explore More

Directions: Simplify.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.


2 4
3

1 3
3

7 2
8

2 4
5

7k 3
−2m
 3
3x
−2y
 4
4x
−3y
 5
5y
−2z
 4
−2y
4z

5
4xy
−2z5
2

11.



12x2 y4
−6z3

12.



7x2 y
−2z3

3

13.



2x3 y2
−2z3

3

14.



x11
y9

15.



−5x3
3h2 j8

5
5
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12.10 Recognize and Apply the Power of a Power
Property
Here you’ll recognize and apply the power of a power property.
Have you ever tried to multiply a power by a power when there is a monomial? Take a look at this dilemma.
(x2 y3 z3 )3
This is a monomial expression that is being raised to the third power. Do you know how to simplify this expression?
Pay attention and you will know how to complete this dilemma by the end of the Concept.

Guidance

We have raised monomials to a power, products to a power, and quotients to a power. You can see that exponents are
a useful tool in simplifying expressions. If you follow the rules of exponents, the patterns become clear. We have
already seen powers taken to a power. For example, look at the quotient:



x7
y9

4
=

(x7 )4 (x7 )(x7 )(x7 )(x7 ) x7+7+7+7 x28
=
=
=
(y9 )4 (y9 )(y9 )(y9 )(y9 ) y9+9+9+9 y36

If you focus on just the numerator, you can see that (x7 )4 = x28 . You can get the exponent 28 by multiplying 7 and
4. This is an example of the Power of a Power Property which says for any nonzero numbers a and b and any
integer n:

(am )n = am·n
Here is one.
(x5 )3 = x5.3 = x15
Take a look at this one.
(x6 y3 )7 = x6·7 y3·7 = x42 y21
Apply the Power of a Power Property to each example.

Example A

(x7 )3
Solution: x21

Example B

(x3 y4 )3
Solution: x9 y12
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Example C

(a7 )8
Solution: a56
Now let’s go back to the dilemma from the beginning of the Concept.
(x2 y3 z3 )3
Next, we have to take each part of the monomial and raise it to the third power.
(x2 )3 = x(2 × 3) = x6
(y3 )3 = y(3 × 3) = y9
(z3 )3 = z(3 × 3) = z9
Now we can put it altogether.
x 6 y9 z9
This is our solution.
Guided Practice

Here is one for you to try on your own.
(x2 y4 z3 )4
Solution
First, we are going to separate each part of the monomial and raise it to the fourth power.
(x2 )4 = x8
(y4 )4 = y16
(z3 )4 = z12
Our final answer is x8 y16 z12 .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63325
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Explore More

Directions: Simplify each monomial expression by applying the Power of a Power Property.
1. (x2 )2
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2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

1136

(y4 )3
(x2 y4 )3
(x3 y3 )4
(y6 z2 )6
(x3 y4 )5
(a5 b3 )3
(a4 b4 )5
(a3 b6 c7 )3
(x12 )3
(y9 )6
(a2 b8 c9 )4
(x4 b3 c3 )5
(a4 b3 c7 d 8 )6
(a3 b11 )5
(x6 y10 z12 )5
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12.11 Multiplying Binomials
Here you’ll multiply binomials vertically, horizontally and by using a table.
Have you ever been to a community garden? Take a look at this dilemma.

The students loved walking through the community garden which was adjacent to the town hall. All of the flowers
were in full bloom. One of the community workers was there and he presented the students with the following
problem. The students suspected that this was the work of their teacher Mr. Travis, but they began to work on
solving the problem anyway. Here it is.
A farmer has two rectangular fields. One measures 3x + 7 by 2x − 4. The other measures x2 + 1 by 6x + 5. Find the
combined area of the two fields.

To figure this out, you will need to understand multiplying binomials. Because we find the area of a rectangle
through multiplication and both of these fields have measurements written in binomials, understanding
binomials will be important in solving this problem.
Guidance

We defined binomials as two-term polynomials.
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When we added and subtracted polynomials, we were careful to combine like terms. When we multiply polynomials
we will carefully apply the rules of exponents, as well.
When we multiply binomials, we can use a table to help us to organize and keep track of the information.
This table will help you to organize and keep track of your work. Let’s take a look.
Multiply the binomials (x + 5)(x + 3).
We can use a table like a rectangle, as if each of the binomials were a dimension of the rectangle.

We will insert the two binomials along the sides of the table like a rectangle.
Now, we will find the area of the four separate rectangles.

The dimensions of the first rectangle is x · x, the second is 5 · x, the third is 3 · x, and the fourth is 3 · 5.
In order to find the total, we will add the four areas: x2 + 5x + 3x + 15
Now, combine like terms carefully: x2 + 8x + 15.
This is our answer.
Here is one that is a little different.
Multiply (5x − 8)2 .
Remember that the exponent applies to the entire binomial such that (5x − 8)2 = (5x − 8)(5x − 8).

TABLE 12.4:
5x
−8
1138

5x
25x2
−40x

−8
−40x
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25x2 − 40x − 40x + 64
= 25x2 − 80x + 64
A second method for multiplying binomials is similar to the algorithm that we commonly use for multiplying twodigit numbers.

thousands

hundreds

tens

ones

73

→

70

+

3

×81

→

80

+

1

73

→

70

+

3

+5840

→

5000

+

800

+

40

5913

←

5000

+

800

+

110

+
+

0
3

When you expand the multiplication like is done on the right, you can see that in our multiplication algorithm
for two-digit numbers, we line up numbers by similar places.
We will use this same idea to multiply binomials but instead of using decimal places, we will line up the
products by like terms.
Take a look at this one.
Multiply (3x + 2)(5x + 4)

2nd power

1st power

0 power

3x

+

2

5x

+

4

12x

+

8

15x

2

+

10x

+

15x

2

+

22x

+

8

→

15x2 + 22x + 8

Just as in multiplication with numerals, we first multiply 4 by 2 and get 8. We then multiply 4 by 3x and get 12x.
When we multiply 5x by 2, we get 10x. This is not a like term of 8 but of 12x so the 10x was aligned beneath the 12x.
Finally, the product of 5x and 3x is 15x2 . This is to the 2nd power so how no like terms. Our sum on the bottom-right
shows the final product.
A third way is to use “FOIL”. “FOIL” is an acronym which tells us which terms to multiply in order to get
our product—
F—First terms in the binomials
O—Outside terms in the binomials
I—Inside terms in the binomials
L—Last terms in the binomials
Let’s multiply (2x + 8)(5x − 13) using the FOIL method.
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TABLE 12.5:
F
O

First terms are 2x and 5x
Outside terms are 2x and
-13
Inside terms are 8 and 5x
Last terms are 8 and -13

I
L

(2x + 8)(5x − 13)
(2x + 8)(5x−13)

10x2
−26x

(2x+8)(5x − 13)
(2x+8)(5x−13)

40x
-104

The table above helps to illustrate which terms must be multiplied. However, we don’t need to make a table like that
for each multiplication. We can show it like this:

(2x + 8)(5x − 13) = 10x2 − 26x + 40x − 104 = 10x2 + 14x − 104
Of the three methods we’ve seen for multiplication, you might agree that this is the quickest method. Of course, all
three methods should give us the same product.

Write the acronym FOIL and what each letter stands for in your notebook.
Take a look at one more.
Multiply (5x3 + 2x)(7x2 + 8)

(5x3 + 2x)(7x2 + 8)
= 5x3 · 7x2 + 5x3 · 8 + 2x · 7x2 + 2x · 8
= 35x5 + 40x3 + 14x3 + 16x
= 35x5 + 54x3 + 16x
Multiply the following binomials.
Example A

(x + 2)(x + 4)
Solution: x2 + 6x + 8
Example B

(x − 6)(x + 5)
Solution: x2 − x − 30
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Example C

(x + 3)(x − 3)
Solution: x2 − 9
Now let’s go back to the dilemma from the beginning of the Concept.
Remember, we need to work on figuring out the area of both rectangles and then the sum of those two areas
will give us the total area. Here is how we can solve this problem.

(3x + 7)(2x − 4) + (x2 + 1)(6x + 5)
= (3x · 2x + 3x · −4 + 7 · 2x + 7 · −4) + (x2 · 6x + x2 · 5 + 1 · 6x + 1 · 5)
= (6x2 − 12x + 14x − 28) + (6x3 + 5x2 + 6x + 5)
= 6x2 + 2x − 28 + 6x3 + 5x2 + 6x + 5
= 6x3 + 11x2 + 8x − 23
Guided Practice

Here is one for you to try on your own.
Multiply by using a table.
Multiply (x − 4)(x + 6)
Solution

TABLE 12.6:
x
+6

−4
−4x
−24

x
x2
6x

x2 − 4x + 6x − 24
= x2 + 2x − 24
Notice the careful work with the negative and positive signs.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63326
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Directions: Use a table to multiply the following binomials.
1.
2.
3.
4.
5.
6.
7.

(x + 3)(x + 5)
(x − 3)(x − 5)
(x + 3)(x − 3)
(x + 2)(x − 8)
(3x2 + 3x)(6x − 2)
(2x − 7y)(5x + 4y)
(2x − 9)2

Directions: Multiply the following binomials vertically.
8. (d + 2)(4d − 1)
9. (5x + 7)(5x − 7)
10. (4b2 + 3c)(2b − 5c2 )
Directions: Multiply the following binomials using the FOIL method:
11.
12.
13.
14.
15.
16.
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(p + 6)(5p + 2)
(−7y2 − 4y)(6y + 2)
(x3 + 3x)2
(2x + 1)(x − 4)
(3x − 3)(5x + 9)
(x + 5)2
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12.12 Understanding the Graphs of a Parabola
Here you’ll understand the graphs of a parabola given equations.
Have you ever seen a parabola? Take a look at this dilemma.

The students in Mr. Nelson’s class went on a tour of downtown. While they were seeing the sights, they were also
learning about the city that they live in. The students reached the park and stopped at the entrance. The entrance to
the park was a beautiful arc decorated with ivy and flowering vines.
“This is beautiful,” Kelsey said looking at the entrance.
“It sure is. It looks like a parabola,” Kenny commented.
“A what?” Kelsey exclaimed.
“A parabola. Don’t you know what a parabola is?” Kenny asked.
Do you know what a parabola is? This Concept is all about parabolas. Pay close attention because at the end
of the Concept, you will need to define the term parabola.

Guidance

Graphs and equations are important parts of mathematics. Equations can show relationships between different
variables, like x and y. Graphs can show all of the pairs of numbers, x and y, that make an equation true—they show
all of the solutions. Oftentimes, graphs represent infinite pairs of such numbers.
You have studied the relationships of linear equations—their graphs were straight lines. But not all graphs will be
linear.
Some graphs are shaped like U’s. These U shaped graphs are called parabolas .
Here you’ll learn about parabolas.
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When we graphed linear equations, we made tables of value, or t-tables, using the equation that was given. For
instance, for the equation y = x + 4, we use the x-values in the t-table to find the corresponding y-values.

TABLE 12.7:
x
−4
−3
−2
−1
−0
−1
−2

y
0
1
2
3
4
5
6

We then used the t-table to create a graph on a coordinate plane.

Now that you’ve seen so many exponents, you know that the power of x in the equation above is
But what happens if we change the power to 2?
Let’s try.
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Start with an equation: y = x2
Make a t-table just like with linear equations.
Be sure to include negative numbers, zero, and positive numbers. Then, substitute the values of x in the
equation to find the values of y.
Start with -3.
So for the x value of -3, the y value is 9. Use the same process to complete your t-table.

TABLE 12.8:
x
−3
−2
−1
−0
−1
−2
−3

y
9
4
1
0
1
4
9

Now you can graph the values on the coordinate plane.
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Look at the difference in the graph.
This shape is called a parabola.
Equations to the 2nd power are called quadratic equations and their graphs are always parabolas.
Compare the graph of the equation y = x2 − 2 to the one above.

TABLE 12.9:
x
−3
−2
−1
−0
−1
−2
−3

1146

y
−7
−2
−1
−2
−1
−2
−7
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Here we can see that the shape is the same but it moves down two points on the y-axis. This is because of the
constant -2.
It’s your turn to graph.
First, use the given equations to complete a t-table. Be sure to include positive numbers, zero, and negative
numbers in your t-table. Also, be careful with your order of operations calculate the y-values.
Then graph your points on a coordinate plane. You can check your graphs using the knowledge that you have
about the a, b, and c values. We know that the parabolas must be symmetrical, too.
If your graph does not fit the knowledge that you have learned about parabolas then it may indicate an error in your
calculations or in graphing.
Graph the equation y = x2 − 4.
Start with a t-table. Enter your x-values.

TABLE 12.10:
x
−3
−2
−1
−0
−1
−2
−3

y

Then, substitute your first value of x in the equation.
1147

12.12. Understanding the Graphs of a Parabola

www.ck12.org

y = (−3)2 − 4
y = 9−4
y=5

Do this with all of the x values so that you can fill in the appropriate y values.

Place your y-value in the t-table next to its x-value.
Your completed t-table should look like this.
Use the points from your t-table to create a graph. Your first point is (-3, 5).
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Graph all of the points and connect them with a smooth parabolic shape.

Graph the equation y = − 12 x2 + 5.
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Example A

First, create the t- table.
Solution:

TABLE 12.11:
x
−3
−2
−1
−0
−1
−2
−3

Example B

Now graph the parabola.
Solution:

Example C

Where is the vertex of this parabola?
Solution: 5
1150
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Now let’s go back to the dilemma from the beginning of the Concept.
A parabola is the shape that is created by a quadratic equation. It forms an arc. A parabola has a vertex
that is either a maximum point or a minimum point. If the squared value is positive then the parabola opens
upward. If the squared value is negative then the parabola opens downward.
Guided Practice

Here is one for you to try on your own.
Create the graph of y = −x2 .
Solution

TABLE 12.12:
x
−3
-2
-1
0
1
2
3

y
-9
-4
-1
0
-1
-4
-9

This time the graph is inverted. Instead of opening upwards, it opens downward. This is because of the
coefficient -1.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63318

Basic Parabola Graph

Explore More

Directions: Answer the following questions about parabolas.

1.
2.
3.
4.
5.

True or false.
True or false.
True or false.
True or false.
True or false.

A parabola is always formed by a quadratic equation.
A parabola can have a vertex that is positive or negative.
If the vertex is positive, then the parabola will be located above the x-axis.
If the vertex is negative, then the vertex will be below the x-axis.
All parabolas are symmetrical.

Directions: Match the three graphs to their equations.

6. y = 3x2 − 2
7. y = x2 + x − 3
8. y = − 21 x2 + 2

Graph A
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Graph B

Graph C
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Now answer these questions about the graphs.
9.
10.
11.
12.

What is the vertex of graph A?
What is the vertex of graph B?
What is the vertex of graph C?
Which graph is the narrowest graph?

Graph the following equations using a t-table:
13. y = x2 − 1
14. y = −x2 + x
15. y = 21 x2 + 1
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12.13 Understanding the Equations of Parabolas
Here you’ll understand and identify the equation of a parabola.
Have you ever seen a parabola? Can you write the equation of a parabola? Take a look at this dilemma.

This parabola was created because of an equation.
Use this Concept to learn how to identify the equation of a parabola from a graph.
Guidance

Quadratic equations have graphs that are parabolas.
A parabola is a U shaped graph. Quadratic equations have graphs that are parabolas.
Here is a quadratic equation.
y = x2 − 2
Equations to the 2nd power are called quadratic equations and their graphs are always parabolas.
The graph of a parabola can change position, direction, and width based on the coefficients of x2 and x as well as the
constant. Because those pieces of the equation are so important, we have named them in what is called the standard
form.
Standard form of a quadratic equation: y = ax2 + bx + c (where a cannot be zero) –notice that a, b and c will
be coefficients and can be either positive or negative. This will also effect the parabola that is graphed.
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Once again, the a value can predict two things—1) how wide the graph will be and 2) if the graph opens upward
or downward. Generally speaking, the further the a value is from zero, the narrower the graph; the closer the a
value is to zero, the wider the graph. Also, a positive value of a will give us a graph that opens upwards while a
negative value of a will open downward.
How about the b value? You may have noticed that all of the parabolas are symmetrical—they are the same
on both sides, as if they were reflected on a mirror that were right down the middle of the graph.

This reflection line is called the axis of symmetry which we will learn about in the next lessons.
The b value helps us to predict the axis of symmetry.
Finally, the c value, determines the y- intercept of the graph—it tells us where the graph will hit the y-axis.
When the c value was 3, the graph crossed the y-axis at 3.

Write down information about the a, b and c values of the quadratic equation.
Let’s look at some graphs.
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When you look at these graphs, we can determine certain things by looking at each and by knowing what the a, b
and c values of the quadratic equation help us to determine. Here is a chart to help you understand what we can
determine by these graphs.

TABLE 12.13:
Graph A
opens upward
fairly wide
symmetrical on y-axis
y-intercept is 3
equation is y = 12 x2 + 3
a = 12 , b = 0, c = 3

Graph B
opens downward
neither narrow nor wide
symmetry is right of the y-axis
y-intercept is 2
equation is y = −x2 + x + 2
a = −1, b = 1, c = 2

Graph C
opens upward
fairly narrow
symmetrical on y-axis
y-intercept is -3
equation is y = 2x2 − 3
a = 2, b = 0, c = −3

Now you can see how the graphs of each equation provides us with information.
You have learned to write linear equations based on linear graphs, we can also find a quadratic equation by using the
parabola.
We know that the a value tells if the graph goes upward or downward. So, if the graph goes downward, the a value
must be negative. If the graph goes upward, the a value must be positive.
We also know that the c value tells us the y-intercept on the graph. So, if we know the y-intercept, then we know the
c value.
If we have a graph, then we can also work backwards—we can fill in a t-table using the points we see on the
graph. Then, by looking for a pattern in the t-table, we can derive the equation.
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It is a bit like being a detective when you have to figure out the equation!
Take a look at this one.
Write the equation for the given graph.

Graph opens downward so a < 0.
The y-intercept is 3 so c = 3.

TABLE 12.14:
x
−2
−1
−0
−1
−2

y
−1
−2
−3
−2
−1
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Standard form: y = ax2 + bx + c
c = 3 so y = ax2 + bx + 3
The graph goes downward and we see the same pattern as with y = −x2 .
The equation may be y = −x2 + 3.
Test point (1, 2) → does 2 = (−1)2 + 3?
Yes! Our equation is correct!
Answer each question about parabolas.

Example A

If the c value is 4, where is the y-intercept of the graph?
Solution: 4

Example B

If the a value is −3, will the parabola open upward or downward?
Solution: Downward

Example C

If the parabola opens upward, which value is positive a, b or c.
Solution: a
Now let’s go back to the dilemma from the beginning of the Concept.
Here is the parabola once again.
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The parabola opens upward, so we know the a value will be positive.
The parabola is symmetrical on the y-axis. The y-intercept is zero.
The equation is y = x2 .
If we substitute an ordered pair into the equation, we can check our work.
4 = −22
4=4
Our equation works!

Guided Practice

Here is one for you to try on your own.
Figure out the equation for the following parabola.
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Solution
First, notice that the y-intercept is -4.
You can also see that the graph is symmetrical with the y-axis. This means that the first part of our equation is x2 .
Now we can write the entire equation.
y = x2 − 4
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/58471

Determining the Equation of a Parabola from a Graph
Explore More

Directions: Answer the following questions about parabolas.
1. True or false. All parabolas are symmetrical.
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True or false. The y intercept is the same as the c value.
A parabola with a positive squared value opens _____________.
A parabola with a negative squared value opens _____________.
What is the vertex of the parabola?
True or false. A parabola always forms a U shape.
True or false. The closer the a value is to zero the wider the parabola.
True or false. The closer the a value is to zero the narrower the parabola.
True or false. The b value determines the axis of symmetry.
What does the c value indicate?
True or false. A linear equation will have a graph that is a parabola.
True or false. A quadratic equation and a linear equation will have a similar graph.

Write the equations of the following graphs. Use the a and c values and a t-table to help you.

13. .

14. .
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15. .
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12.14 Recognizing Quadratic Functions
Here you’ll recognize a quadratic function as an equation in two variables with a specific form.
Have you ever thought about velocity? Take a look at this dilemma.
Travis found the following equation in his math book.
d = rt − 16t 2
It is an equation to calculate velocity. In fact, it is a function. Being an avid baseball player, Travis was very
interested in figuring out how to use the equation, but he isn’t even sure what kind of a function it is. This is Travis’
dilemma.
Can you identify this function?
Pay attention to this Concept and by the end of it, you will be able to identify the function.
Guidance

Do you remember what a parabola is?
A parabola is a U shaped figure whose equation is a quadratic equation.
Let’s start with quadratic equations and standard form.
To graph a quadratic equation, you need input values, oftentimes x values, to calculate corresponding y values. In
those cases, our input values are known as the domain , while the output values our known as the range . These
are also called the independent variable and dependent variable, at times.
Here is a table that could be used to graph a quadratic equation.

TABLE 12.15:
x-values
input values
domain
independent variable

y-values
output values
range
dependent variable

Now let’s talk about functions.
A function is a relation that assigns exactly one value of the domain to each value of the range.
So, when we say quadratic function , we are referring to any function that can be written in the form
y = ax2 + bx + c, where a, b, and c are constants and a 6= 0. This is standard form.
Why can’t a equal zero? What happens if it does?
If the a value is zero, you might notice that it would make the first term ax2 disappear because anything times zero
is zero. You would be left with simply y = bx + c. Although this is still a function, it is no longer quadratic. This is
a linear function. All quadratic functions are to the 2nd degree.
Let’s take a look at some.
Tell if the following equations are quadratic functions. If they are, place them in standard form and identify
the a, b, and c values.
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1. y = x2 − 3x + 5
Yes, it is a quadratic function. The standard form is y = x2 − 3x + 5; a = 1, b = −3, c = 5.
2. y = −7x2 + 4x
Yes, it is a quadratic function. The standard form is y = −7x2 + 4x; a = −7, b = 4, c = 0.
3. y − 6 = x2
Yes, it is a quadratic function. The standard form is y = x2 + 6; a = 1, b = 0, c = 6.
4. 3x2 + y = 3x2 + 4x − 2
With this function, we have to rewrite it into standard form. Standard form would have the y value on the left side
of the equals and the a, b and c values on the right side. To accomplish this task, we will have to subtract 3x2 from
both sides. Because of this, the function is not a quadratic function because if you subtract 3x2 from both sides, your
a value will be zero.

Write down the definition and form for a quadratic function in your notebook.
Identify whether or not each function is a quadratic function.
Example A

y − 8 = x2
Solution: Yes, this is a quadratic function.
Example B

y + 2x2 = 2x2 + 1
Solution: No, this is not a quadratic function.
Example C

y + 4 = 2x2
Solution: Yes, this is a quadratic function.
Now let’s go back to the dilemma from the beginning of the Concept.
d = rt − 16t 2
This is a quadratic function because "d" is dependent on the right side of the function. One value will impact
the others. The quadratic equation will have one value in the range for each value in the domain. This will
make it a quadratic function.
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Guided Practice

Here is one for you to try on your own.
Is this function a quadratic function? If so, write it into standard form.
3y − 9 = 3x2
Solution
First, we have to get the y value alone. Let’s add 9 to both sides to start.

3y − 9 + 9 = 3x2 + 9
3y = 3x2 + 9
Next, we need to get y alone. We can do this by dividing both sides by 3.
y = x2 + 3
Now looking at the form of the function, you can see that this is a quadratic function.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/58467

Quadratic Functions 1
Explore More

Directions: Tell if the following equations are quadratic functions. If they are, identify the a, b, and c values.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

y = 3x2 − x + 4
y = 2x2 + 4
2y = 4x2 + 4
3y = 6x2 + 12
4y = 2x2 − 12
3y − 1 = 6x2 + 11
2y + 2 = 2x2 + 4
y + 2x2 = 2x2 + 4
y − 2x2 = 2x2 + 4
y = 2x2 − 3x + 4
y = 4x − 18 + x2
y + x2 − 6 = x2 + 4x − 5
3y + 3 = 9x2 − 12x
6y = 3x5 + 3x4 + 6x − 18
4y + 3x = 8x2 + 3x − 12
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12.15 Evaluating Quadratic Functions
Evaluate and graph quadratic functions by using tables.
Have you ever thought about the speed of a baseball? Take a look at this dilemma.

When passing the baseball field, Mr. Travis handed the students the following problem written on a piece of paper
that looked like a baseball. Here is what it said.
When an object is thrown into the air with a starting velocity of r feet per second, its distance d in feet, above its
starting point t seconds after it is thrown is about d = rt − 16t 2 . Use a table of values to show the distance of an
object from its starting point that has an initial velocity of 80 feet per second. Then graph the velocity of the ball.
To figure out this problem, you will need to know about quadratic functions and their graphs. Pay close
attention because you will need to work with this problem again at the end of the Concept.
Guidance

A function is a relation that assigns exactly one value of the domain to each value of the range. When we say
quadratic function , we are referring to any function that can be written in the form y = ax2 + bx + c, where
a, b, and c are constants and a 6= 0. This we defined as the standard form.
Why can’t a equal zero? What happens if it does? If the a value is zero, you might notice that it would make the first
term ax2 disappear because anything times zero is zero. You would be left with simply y = bx + c. Although this is
still a function, it is no longer quadratic. This is a linear function. All quadratic functions are to the 2nd degree.
Let’s look at quadratic functions in more detail.
You know that the word domain refers to input values and the word range refers to output values. Recall that a
function is a relation that assigns exactly one value of the domain to each value of the range. That means that for
every x value, there is only one y value.
We can find y values by substituting x values in the function. We organize the information using a table of values or
a t-table. In most cases, the input values could be any numbers. However, for our convenience, we will use negative
numbers, zero, and positive numbers.
Complete a table of values for the function y = x2 + 3x + 2.
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TABLE 12.16:
x
−3
−2
−1
−0
−1
−2
−3

y

To find the y values, we will substitute the x values in the equation.
The completed t –table should look like this.

TABLE 12.17:
x
−3
−2
−1
−0
−1
−2
−3

y
2
0
0
2
6
12
20

Evaluating a quadratic function is always the same. You substitute the x –values into the equation and solve
the for y –values.
The values of a, b, and c have an effect on the graphs of quadratic equations. Now we are going to use this information
when we look at a quadratic function. What we know about the values of a, b, and c help us to understand the opening
of a parabola.

TABLE 12.18:
Value
a

What it tells you
if a > 0, graph opens upward
if a < graph opens downward
if a is close to zero, wider graph
if a is far from zero, narrower graph

b

helps predict axis of symmetry

c

y-intercept

Example y = −3x2 + x − 2
a = −3
a is less than zero so graph opens
downward
a is further from zero so will be
narrow
b=1
axis of symmetry of the parabola
c = −2
graph crosses y-axis at -2

We know that the graph of a quadratic function will always be a parabola. A parabola is a kind of “U” shape that
is always symmetrical on both sides. It can go either upward or downward. Also, a parabola is not linear—no part
of the parabola is actually a straight line. Thus, it cannot be vertical, either.
If we wanted to predict the shape of the parabola, we would need to look at the value of a. We know that a
helps us to determine a parabola’s shape.
Take a look.
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y = x2

y = 3x2

a = 1 so a > 0

a = 3 so a > 0

graph opens upward

graph opens upward

1
y = x2
3
1
a = so a > 0
3
graph opens upward

neither wide nor narrow

graph is narrow

graph is wide
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Now that you understand how these graphs look and how the equation of the graph affects its appearance, it
is time to make some predictions.
What would you predict about the graph of y = 7x2 ?
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Because the a value is 7, it would be very narrow. Also, because a > 0, it would open upward.
Answer the following questions by making predictions.

Example A

Predict the opening of −3x2 + 4.
Solution: It will open downwards because the a value is negative.

Example B

For the quadratic function in Example A, where will the vertex be?
Solution: At 4

Example C

Which graph will have a wider opening one with a vertex at 0 or one with a vertex at 8?
Solution: Vertex at 0
Now let’s go back to the dilemma from the beginning of the Concept.
First, think about the information that you have and the equation that you can write.

r = 80
d = 80t − 16t 2

Next, we can make a table of values.

t (seconds)
d distance ( f t)

0
0

1
64

2
96

3
96

4
64

5
0

Finally we can take those values, insert them into a graphing calculator and create the following graph.
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Guided Practice

Here is one for you to try on your own.
What would you predict about the graph of y = − 14 x2 ?
Solution
Because the a value is − 14 , it would be very wide. Also, because a < 0, it would open downward.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/58467

Quadratic Functions 1
Explore More

Use your tables to graph the following functions.
1. y = x2 − 8
2. y = 3x2 − x + 4
3. y = 2x2 + 4
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4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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2y = 4x2 + 4
3y = 6x2 + 12
4y = 2x2 − 12
3y − 1 = 6x2 + 11
2y + 2 = 2x2 + 4
y = −2x2 + 5x
y = −x2 + 3x − 7
y = 32 x2 + 2x − 1
y = x2 + 8
y = −2x2 + 5x
y = −x2 + 3x − 1
y = 3x2 + 2x + 1
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12.16 Exponential Functions
Here you’ll recognize, evaluate and graph exponential functions
Have you ever been to a laboratory or conducted an experiment? Take a look at this dilemma.

“We have been given a dilemma by my friend Professor Smith,” Mr. Travis said upon the class’ return to the
classroom.
“What is it?” Janet asked.
“Here we go, see what you can do with this,” Mr. Travis wrote the following problem on the board.
In a laboratory, one strain of bacteria can double in number every 15 minutes. Suppose a culture starts with 60
cells, use your graphing calculator or a table of values to show the sample’s growth after 2 hours. Use the function
b = 60 · 2q where b is the number of cells there are after q quarter hours.
To work on this problem, you have to understand exponential functions. Pay close attention during this
Concept and you will know how to solve it by the end of it.
Guidance

Let’s think about exponential functions by looking at the following situation.
Two girls in a small town once shared a secret, just between the two of them. They couldn’t stand it though,
and each of them told three friends. Of course, their friends couldn’t keep secrets, either, and each of them
told three of their friends. Those friends told three friends, and those friends told three friends, and son on...
and pretty soon the whole town knew the secret. There was nobody else to tell!
These girls experienced the startling effects of an exponential function.
If you start with the two girls who each told three friends, you can see that they told six people or 2 · 3.
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Those six people each told three others, so that 6 · 3 or 2 · 3 · 3—they told 18 people.
Those 18 people each told 3, so that now is 18 · 3 or 2 · 3 · 3 · 3 or 54 people.
You can see how this is growing and you could show the number of people told in each round of gossip with a
function: y = abx where y is the number of people told, a is the two girls who started the gossip, b is the number of
friends that they each told, and x is the number of rounds of gossip that occurred.
This is called an exponential function —any function that can be written in the form y = abx , where a and b
are constants, a 6= 0, b > 0, and b 6= 1.
As we did with linear and quadratic functions, we could make a table of values and calculate the number of people
told after each round of gossip. Use the function y = 2 · 3x where y is the number of people told and x is the number
of rounds of gossip that occurred.

x rounds of gossip

0

1

2

3

y people told

2

6

18

54

4

5

162

486

How can you tell if a function is an exponential function?
If your function can be written in the form y = abx , where a and b are constants, a 6= 0, b > 0, and b 6= 1, then it must
be exponential. In quadratic equations, your functions were always to the 2nd power. In exponential functions, the
exponent is a variable. Their graphs will have a characteristic curve either upward or downward.
Exponential Functions
1.
2.
3.
4.

y = 2x
c = 4 · 10d
x
y = 2 · 23
t = 4 · 10u

Not Exponential Functions
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1. y = 3 · 1x

2. n = 0 · 3 p

3. y = (−4)x

b=1

a=0

b<0

because

4. y = −6 · 0x
b≤1

Exponential functions can be graphed by using a table of values like we did for quadratic functions. Substitute values
for x and calculate the corresponding values for y.
Take a look at this one.
Graph y = 2x .
Here is the table.

TABLE 12.19:
x
−3
-2
-1
0
1
2
3
4
5
6

y = 2x
y = 2−3
y = 2−2
y = 2−1
y = 20
y = 21
y = 22
y = 23
y = 24
y = 25
y = 26

y
1
8
1
4
1
2

0
2
4
8
16
32
64

Notice that the shapes of the graphs are not parabolic like the graphs of quadratic functions. Also, as the x value gets
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lower and lower, the y value approaches zero but never reaches it. As the x value gets even smaller, the y value may
get infinitely close to zero but will never cross the x-axis.
Identify each function.
Example A

y = 4x
Solution: Exponential function
Example B

f (x) = 2x − 1
Solution: Linear function
Example C

y = ax2 − bx + c
Solution: Quadratic function
Now let’s go back to the dilemma from the beginning of the Concept.
First, we can create a t-table to go with the equation of the function. Here are the values in that table.

TABLE 12.20:
q
0
1
2
3
4
5
6
7
8

Now here is our graph.
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b
60
120
240
480
960
1920
3840
7680
15360
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Guided Practice

Here is one for you to try on your own.
x
Graph y = 2 · 32

TABLE 12.21:
x
−3
-2
-1
0
1
2
3
4
5
6

y
27
4
9
2

3
2
4
3
8
9
16
27
32
81
64
243
128
729

Solution
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63323

Graphing Exponential Functions
Explore More

Directions: Classify the following functions as exponential or not exponential. If it is not exponential, state the
reason why.
1.
2.
3.
4.
5.
6.
7.
8.
9.
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y = 7x
c = −2 · 10d
y = 1x
y = 4x 
x
n = 0 · 12

x
y = 5 · 43
y = (−7)x
Use a table of values to graph the function y = 3x .
x
Use a table of values to graph the function y = 13 .
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What type of graph did you make in number 7?
What type of graph did you make in number 8?
Use a table of values to graph the function y = −2x .
Use a table of values to graph the function y = 5x .
Use a table of values to graph the function y = −5x .
Use a table of values to graph the function y = 6x .
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12.17 Exponential Growth and Decay
Here you’ll distinguish between exponential growth and exponential decay.
Have you ever been to a condominium? Take a look at this dilemma.
A condominium complex charges $185 per month for the homeowners’ association fee. The rates can rise every
year because of inflation but they promise not to raise the rates more than 10% each year. Keep in mind, though, that
if they raise the rate by 10% the first year, the second year is now more expensive. If they raise the maximum again,
they are increasing the original $185 plus the first year’s adjustment by 10%. Graph the situation for 10 years.
How much could the homeowners’ fee be in ten years? Use the function f = 185 · 1.1t where f is the fee after t
years.
Understanding exponential growth and decay will help you with this dilemma. Pay attention and you will see
it again at the end of the Concept.

Guidance

Do you know how to tell if a function is an exponential function?
If your function can be written in the form y = abx , where a and b are constants, a 6= 0, b > 0, and b 6= 1, then it must
be exponential. In quadratic equations, your functions were always to the 2nd power. In exponential functions, the
exponent is a variable. Their graphs will have a characteristic curve either upward or downward.
Exponential Functions

1.
2.
3.
4.

y = 2x
c = 4 · 10d
x
y = 2 · 32
t = 4 · 10u

Not Exponential Functions

1. y = 3 · 1x

2. n = 0 · 3 p

3. y = (−4)x

b=1

a=0

b<0

because

4. y = −6 · 0x
b≤1

In some cases with exponential functions, as the x value increased, the y value increased, too. This was a direct
relationship known as exponential growth . As the x value increases, the y value grows at a very fast rate! The
other graph you saw showed the opposite—as the x value increased, the y value decreased. This relationship is an
inverse relationship known as decay . The graphs of these functions are opposites, reflected on the y-axis.
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We can also analyze growth and decay functions in real –life situations.
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A famous story tells about a courtier who presented a Persian king with a beautiful handmade chessboard. The king
asked him what he would like in return for his gift and the courtier surprised the king by asking him for one grain
of rice on the first square of the chessboard, two grains of rice on the second, four grains on the third, etc. The king
agreed and ordered for the rice to be brought. By the 21st square, over a million grains of rice were required and, by
the 41st square, over a quadrillion grains of rice were needed. There was simply not enough rice in all the world for
the final squares.
This story reminds us of the drastic increases that we can see in exponential functions. Although this story is a fable,
there are many instances in the real-world where exponential growth can be seen.
Graph each function and tell whether it will represent exponential growth or decay.
Example A

y=

1x
2

Solution: Exponential decay
Example B

y = 4x
Solution: Exponential growth
Example C

y = 5x
Solution: Exponential growth
Now let’s go back to the dilemma from the beginning of the Concept.
First, make a table of values.

TABLE 12.22:
t
0
1184

f
185
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TABLE 12.22: (continued)
t
1
2
3
4
5
6
7
8
9
10

f
203.5
223.85
246.24
270.86
297.94
327.74
360.51
396.56
436.22
479.84

Now we graph the function.

Guided Practice

Here is one for you to try on your own.
Does the following function represent an exponential function?
y = 3 × 1x
Solution
No, it does not represent an exponential function because the b value is 1.
Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/111

Exponential Growth Functions
Explore More

Directions: Graph each function. Then say whether it represents economic growth or decay. There will be two
answers for each problem.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

1186

y = 4x
x
y = 12
x
y = 13
y = 7x
y = 5x
y = 2x
x
y = 14
x
y = 34
y = 6x
y = 11x
y = 9x
x
y = 81
y = 12x
x
y = 25
y = 13x
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12.18 Arithmetic Sequences
Here you’ll recognize, extend and graph arithmetic sequences.
Do you know how to figure out a pattern? Take a look at this dilemma.
34, 38, 42, 46, 54
Use this Concept to figure out the following arithmetic sequence.
Guidance

Look at this sequence.

You probably saw a pattern right away. If there were another set of boxes, you’d probably guess at how many there
would be.
If you saw this same pattern in terms of numbers, it would look like this:

2, 4, 6, 8, 10
This set of numbers is called a sequence ; it is a series of numbers that follow a pattern.
If there was another set of boxes, you’d probably guess there would be 12, right? Just like if you added another
number to the sequence, you’d write 12. You noticed that there was a difference of 2 between each two numbers, or
terms, in the sequence.
When we have a sequence with a fixed number between each of the terms, we call this sequence an arithmetic
sequence .
Take a look at this one.
What is the common difference between each of the terms in the sequence?
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The difference is 5 between each number.
This is an arithmetic sequence. You can see that you have to be a bit of a detective to figure out the number
patterns.

Finding the difference between two terms in a sequence is one way to look at sequences. We have used tables of
values for several types of equations and we have used those tables of values to create graphs. Graphs are helpful
because they are visual representations of the same numbers. When values rise, we can see them rise on a graph.
Let’s use the same ideas, then, to graph arithmetic sequences.
Take a look at this one.
Graph the sequence 2, 5, 8, 11, 14, 17,...
First convert it into a table of values with independent values being the term number and the dependent values being
the actual term.

Use this table to create a graph.
1188
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You can see the pattern clearly in the graph. That is one of the wonderful things about graphing arithmetic sequences.
In the graph that we created in the example, each term was expressed as a single point. This is called discrete data
—only the exact points are shown. This type of data is usually involves things that are counted in whole numbers
like people or boxes. Depending on what type of situation you are graphing, you may choose to connect the points
with a line. The line demonstrates that there are data points between the points that we have graphed. This is called
continuous data and usually involves things like temperature or length that can change fractionally.
So, we can graph sequences and classify them as either discrete or continuous data. Yet another possibility is
continuing a sequence in either direction by adding terms that follow the same pattern.
Identify the pattern in the following sequences.
Example A

3, 7, 11, 15
Solution: Add four
Example B

18, 8, −2
Solution: Subtract 10
Example C

81, 86, 91, 96
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Solution: Add five
Now let’s go back to the dilemma from the beginning of the Concept.
34, 38, 42, 46, 54
If we look for the difference between the values, you will see that each value has 8 added to it to equal the next
value.
The pattern is add 8.
This is our answer.
Guided Practice

Here is one for you to try on your own.
What is the common difference in the following sequence?
−15, −13, −11, −9...
Solution
You can see that positive two is added to the first value to find the second value. This happens for each of the values
in the sequence.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63327

Arithmetic Sequences
Explore More

Directions: Write the common difference for each sequence. If there is not a pattern, indicate this in your answer.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
1190

-9, -7, -5, -3, -1
5.05, 5.1, 5.15, 5.2, 5.25
3, 6, 10, 15, 21, 28
17, 14, 11, 8, 5, 2
10, 9, 8, 7, 6
3, 5, 7, 9, 11
3, 9, 27
4, 8, 16, 32
2, 3, 5, 9
5, 11, 23, 47
16, 8, 4, 2
5, 10, 15, 20
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13. 3, 6, 9, 12
Directions: Solve this problem by using what you know about arithmetic sequences.
An ant colony invades the caramels in a candy store. The first day they eat a
caramel, the third day 34 .

1
4

of a caramel, the second day

1
2

of a

14. What is the difference between each day?
15. How many do you think they’ll eat on the fourth, fifth, and sixth days?
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12.19 Geometric Sequences
Here you’ll recognize, extend and graph geometric sequences.
Have you ever been to an arcade? Take a look at this dilemma.

On the way home from school on the day of the trip downtown, a bunch of students stopped off at the arcade. It was
always fun to talk and get something to eat and play a video game or two. Sam and Henry began to play a favorite
game of theirs with aliens.
“That has a lot of math in it,” Sasha commented as Henry had his turn.
“How do you figure?” Henry asked.
“It just does,” Sasha said convincingly. “Think about it. In this video game, an alien splits into two aliens who then
split into two more aliens every 10 minutes.”
“Good point, how many aliens there would be after they split 10 times?” Henry asked.
We can start by thinking about this as a number pattern. This Concept is all about patterns and sequences.
Think about the video game and you will need to solve the sequence at the end of the Concept.

Guidance

Have you ever seen a number sequence? There are several different types of sequences that follow patterns.
An arithmetic sequence has a fixed sum or difference between each term.
Now look at the boxes below, and you will see another type of sequence.
1192
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Can you see a pattern? The boxes increase each time. Using numbers, the sequence could be written 1, 4, 16, 64.
You might even guess at what would come next. Is there a common difference between them? Not really. There is
a difference of 3 between the first two terms, 12 between the second and third terms, and 48 between the third and
fourth terms. If you guessed that 256 would follow it’s because you figured out the pattern. You noticed that to get
to the next term, you have to multiply by 4 instead of by adding a certain number.
This is a geometric sequence ; it’s a sequence in which the terms are found by multiplying by a fixed number
called the common ratio . In the situation above, the common ratio is 4.
Once you know the common ratio, then you can figure out the next step in the pattern.
Take a look at this one.
What is the common ratio between each of the terms in the sequence?

The ratio is 2 between each number.
You can see how knowing the common ratio helped us with our problem solving.
Consider the following sequence:

8, 24, 72, 216, . . .
Doesn’t your brain want to find the next number? You’ve probably figured out that the common ratio here is 3. So
the next term in the sequence would be 216 · 3 or 648. You would continue the same process to find the term that
follows. Or, you could divide by 3 to find the previous term.
Just as we did with arithmetic sequences, it can be useful to graph geometric sequences. We’ll use the same
method as before—create a table of values and then use a coordinate plane to plot the points.
Take a look at this situation.
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The amount of memory that computer chips can hold in the same amount of space doubles every year. In 1992, they
could hold 1MB. Chart the next 15 years in a table of values and show the amount of memory on the same size chip
in 2007.

TABLE 12.23:
Year
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007

Find the common ratio for each sequence.
1194

Memory (MB)
1
2
4
8
16
32
64
128
256
512
1024
2048
4096
8192
16384
32768
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Example A

2, 4, 8, 16
Solution: 2 is the common ratio.

Example B

1, 7, 49, 343
Solution: 7 is the common ratio.

Example C

400, 100, 25
Solution:

1
4

is the common ratio.

Now let’s go back to the dilemma from the beginning of the Concept.
We can write a number pattern.
2, 4, 8, 16, 32, 64, 128, 256, 512, 1024
1024 aliens after 10 splits!
This is the answer to our problem.

Guided Practice

Here is one for you to try on your own.
Find the common ratio in the sequence.
1 1 1
4 , 8 , 16

Solution
Each of the values was divided in half. Therefore, the common ratio is 12 .
This is the answer.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/113

Geometric Sequences
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Explore More

Directions: Find the common ratio between each term.
1.
2.
3.
4.
5.
6.
7.
8.

−4, 20, −100, 500, −2500
15
60, 15, 15
4 , 16
1 1 1
8 , 4 , 2 , 1, 2
3, 6, 12, 24
4, 2, 1, .5, .25
12, 24, 48
1
2 , 1, 2
100, 50, 25, 12.5

Directions: Identify the following sequences as an arithmetic sequence, a geometric sequence, or neither. For
arithmetic sequences, find the common difference. For geometric sequences, find the common ratio.
9.
10.
11.
12.
13.
14.
15.

1, 4, 7, 10, 13
180, 60, 20, 6 23
102, 94, 86, 78
19, 27, 35, 43, 50
5, -50, 500, -5000, 50000
1 1 1 1
6 , 12 , 24 , 48
99, 33, 11

Summary
You began this chapter by learning about polynomials. In the beginning, you learned how to identify monomials,
binomials, trinomials and polynomials. You wrote them in standard form and classified them according to degree.
Simplifying polynomials, evaluating polynomial expressions and adding and subtracting polynomials came next.
After that, you learned to multiply monomials, and applied properties to multiplying monomials. This helped you
to learn different rules. You also learned to multiply binomials by using FOIL.
Next, you identified parabolas, their graphs and equations. You learned how quadratic equations connect to parabolas
and completed tasks involving quadratic equations, tables and graphs. Then you learned about quadratic functions
and their graphs.
Finally,you explored exponential functions including exponential growth and decay. Then you learned the difference between arithmetic sequences and geometric sequences. You learned how to identify these sequences, find
differences in patterns and identify common ratios. This concluded your work in this chapter.
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