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1.1 Equations That Describe Patterns
In this concept, you will learn to recognize and describe numerical patterns by finding a pattern rule.
Let’s Think About It

Layla’s school just won a contest! Ten lucky students will get to go to Disney World to participate in a computer
animation program. In order to determine who will get to go on the trip, the principal assigns each of the 150
interested students a number between 1 and 150. Then, the principal starts listing off the numbers for the students
who will be able to attend:
12, 27, 42, 57, ...
Layla realizes there is a pattern to the numbers being called. How is the principal choosing which numbers to call?
If Layla has number 82 will she get to go on the trip?
In this concept, you will learn to recognize and describe numerical patterns by finding a pattern rule.
Guidance

A numerical pattern is a sequence of numbers that has been created based on a formula or rule called a pattern
rule. Pattern rules can use one or more mathematical operations to describe the relationship between consecutive
numbers in the pattern.
There are two primary categories of numerical patterns.
1. When numbers in a pattern get larger as the sequence continues, they are in an ascending pattern. Ascending
patterns often involve multiplication or addition.
2
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2. When numbers in a pattern get smaller as the sequence continues, they are in a descending pattern. Descending patterns often involve division or subtraction.
When given a pattern, you will often want to figure out the pattern rule that created the pattern. To figure out the
pattern rule you must determine how the consecutive numbers are related.
Here is an example.
Find the pattern rule for the sequence: 243, 81, 27, 9.
First, take an overview of the numbers. The numbers get smaller in value as the sequence continues, so this is a
descending pattern. This means the rule likely involves division or subtraction.
Look at the smaller numbers at the end of the sequence. Think: “What could you do to 27 to get 9?”
• You could subtract 18.
• You could divide by 3.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 81 and 27.
• If you subtract 18 from 81 you get 63, not 27. So the pattern rule is “not subtract 18.”
• If you divide 81 by 3 you get 27. So the pattern rule “divide by 3” seems to work.
Now, make sure “divide by 3” works throughout the whole sequence.

243 ÷ 3 = 81
81 ÷ 3 = 27
27 ÷ 3 = 9
“Divide by 3” works for the whole sequence.
The answer is that the pattern rule is “divide by 3.”
Figuring out pattern rules can take some amount of guessing and checking. You will often have to come up with more
than one potential pattern rule based on two of the numbers in the sequence and check which one works throughout
the whole sequence.
Here is another example.
Find the pattern rule for the sequence: 1, 3, 11, 43.
First, take an overview of the numbers. The numbers get larger in value as the sequence continues, so this is an
ascending pattern. This means the rule likely involves multiplication or addition.
Look at the smaller numbers at the beginning of the sequence. Think: “What could you do to 1 to get 3?”
• You could add 2.
• You could multiply by 3.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 3 and 11.
• If you add 2 to 3 you get 5, not 11. So the pattern rule is not “add 2.”
3
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• If you multiply 3 by 3 you get 9, not 11. So the pattern rule is not “multiply by 3.”
Since neither of those pattern rules work, the pattern rule must involve more than one operation. Notice how the
jump between the numbers increases each time as you move through the sequence. This means multiplication must
be involved, but addition or subtraction will be involved as well.
Next, consider possible pattern rules that involve multiplication and addition or subtraction. Think: “What else can
you do to 1 to get 3?”
• You could multiply by 2 and add 1.
• You could multiply by 4 and subtract 1.
• You could do some other combination of two or more operations.
Now, look back at the rest of the sequence.
Again consider 3 and 11.
• If you multiply 3 by 2 and add 1 you get 7, not 11. So the pattern rule is not “multiply by 2 and add 1.”
• If you multiply 3 by 4 and subtract 1 you get 11. So the pattern rule “multiply by 4 and subtract 1” seems to
work.
Now, make sure “multiply by 4 and subtract 1” works throughout the whole sequence.

1×4−1 = 3
3 × 4 − 1 = 11
11 × 4 − 1 = 43
“Multiply by 4 and subtract 1” works for the whole sequence.
The answer is that the pattern rule is “multiply by 4 and then subtract 1.”
Guided Practice

Find the rule for the pattern: 4, 12, 36, 108.
First, take an overview of the numbers. This is an ascending pattern so the rule likely involves multiplication or
addition.
Look at the smaller numbers at the beginning of the sequence. Think: “What could you do to 4 to get 12?”
• You could add 8.
• You could multiply by 3.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 12 and 36.
• If you add 8 to 12 you get 20, not 36. So the pattern rule is not “add 8.”
• If you multiply 12 by 3 you get 36. So the pattern rule “multiply by 3” seems to work.
Now, make sure “multiply by 3” works throughout the whole sequence.
4
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4 × 3 = 12
12 × 3 = 36
36 × 3 = 108
“Multiply by 3” works for the whole sequence.
The answer is that the pattern rule is “multiply by 3.”
Examples
Example 1

Find the rule for the pattern: 5, 8, 11, 14.
First, take an overview of the numbers. This is an ascending pattern so the rule likely involves multiplication or
addition.
Look at the smaller numbers at the beginning of the sequence. Think: “What could you do to 5 to get 8?”
• You could add 3.
• You could multiply by a mixed number.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 8 and 11.
• If you add 3 to 8 you get 11. So the pattern rule “add 3” seems to work.
Now, make sure “add 3” works throughout the whole sequence.

5+3 = 8
8 + 3 = 11
11 + 3 = 14
“Add 3” works for the whole sequence.
The answer is that the pattern rule is to “add 3.”
Example 2

Find the rule for the pattern: 20, 10, 5, 2.5.
First, take an overview of the numbers. This is a descending pattern so the rule likely involves division or subtraction.
Look at the numbers at the beginning of the sequence. Think: “What could you do to 20 to get 10?”
• You could subtract 10.
• You could divide by 2.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 10 and 5.
5
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• If you subtract 10 from 10 you get 0, not 5. So the pattern rule is not “subtract 10.”
• If you divide 10 by 2 you get 5. So the pattern rule “divide by 2” seems to work.
Now, make sure “divide by 2” works throughout the whole sequence.

20 ÷ 2 = 10
10 ÷ 2 = 5
5 ÷ 2 = 2.5
“Divide by 2” works for the whole sequence.
The answer is that the pattern rule is to “divide by 2.”

Example 3

Find the rule for the pattern: 4, 7, 13, 25, 49.
First, take an overview of the numbers. This is an ascending pattern. This means the rule likely involves multiplication or addition.
Next, look at how the numbers are related. The difference between the numbers increases as you move through the
sequence. To get from 4 to 7 you have to add 3, but to get from 7 to 13 you have to add 6. This means multiplication
is involved. Since there is no whole number you can multiply 4 by to get 7, the pattern rule is likely multiplication
with either addition or subtraction.
Now, consider possible pattern rules that involve multiplication and addition or subtraction. Think: “What could
you do to 4 to get 7?”
• You could multiply by 2 and subtract 1.
• You could multiply by 3 and subtract 5.
• You could do some other combination of two or more operations.
Next, look back at the rest of the sequence.
Consider 7 and 13.
• If you multiply 7 by 2 and subtract 1 you get 13. So the pattern rule “multiply by 2 and subtract 1” seems to
work.
Now, make sure “multiply by 2 and subtract 1” works throughout the whole sequence.

4×2−1
7×2−1
13 × 2 − 1
25 × 2 − 1

=
=
=
=

7
13
25
49

“Multiply by 2 and subtract 1” works for the whole sequence.
The answer is that the pattern rule is “multiply by 2 and then subtract 1.”
6
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Follow Up

Remember Layla’s who might get to go on a trip to Disney World? Her school won a contest and gets to send 10
students to a computer animation program at Disney World. All interested students were assigned numbers and the
principal has started reading off the numbers for the students who will attend: 12, 27, 42, 57, ... Layla realizes there
is a pattern to these numbers.
You should first notice that this is an ascending pattern so the rule likely involves multiplication or addition.
Look at the numbers at the beginning of the sequence. Think: “What could you do to 12 to get 27?”
7
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• You could add 15.
• You could multiply by a mixed number.
• You could do a combination of two or more operations.
Next, check if any of these potential pattern rules work with the rest of the sequence.
Consider 27 and 42.
• If you add 15 to 27 you get 42. So the pattern rule “add 15” seems to work.
Now, make sure “add 15” works throughout the whole sequence.

12 + 15 = 27
27 + 15 = 42
42 + 15 = 57
“Add 15” works for the whole sequence.
The first answer is that the pattern rule is “add 15.”
Layla has number 82 and wonders if she will be chosen to go on the trip.
You can continue the pattern by continuing to add 15:

57 + 15 = 72
72 + 15 = 87
The next two numbers to be chosen will be 72 and then 87, so unfortunately Layla’s number will not be chosen.
The answer is that number 82 will not be chosen so Layla won’t be going on the trip this time.
Explore More

Find the pattern rules for the following numerical patterns.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

8

1, 6, 21, 66
95, 80, 65, 50
3, 10, 17, 24
256, 64, 16, 4
3, 11, 43, 171
81, 27, 9, 3
4, 13, 40, 121
1, 6, 31, 156
3, 18, 108, 648
100, 90, 80, 70
2, 3, 5, 9
45, 15, 5
142, 70, 34, 16
5, 35, 245, 1715
900, 300, 100
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1.2 Extend Numerical Patterns
In this concept, you will learn how to extend numerical patterns.
Let’s Think About It

Nicholas is on his way to his cousin’s new house. He found the street and is just looking for the house. His cousin
lives at number 1644. Nicholas notices that the numbers of the houses on the right side of the street seem to follow
a pattern:
1574, 1584, 1594, ...
Number 1574 was the first house Nicholas saw on the right. If he assumes that the pattern of how the houses are
numbered will continue, how can Nicholas extend the pattern to figure out how many houses away his cousin’s house
is?
In this concept, you will learn how to extend numerical patterns.
Guidance

A numerical pattern is a sequence of numbers that has been created based on a rule called a pattern rule. Pattern
rules can use one or more mathematical operations to describe the relationship between consecutive numbers in the
sequence.
Knowing the pattern rule will help you to extend the pattern. To extend the pattern means to use the pattern rule to
write the numbers that would come next in the sequence.
Here is an example.
9
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Find the next two numbers in the following sequence: 3, 6, 9, 12, ____, _____.
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves addition or multiplication.
Next, come up with potential pattern rules. Think: “What could you do to 3 to get 6?”
• You could add 3
• You could multiply by 2.
• You could do a combination of two or more operations.
Now, check if any of these potential pattern rules work with the rest of the sequence.
Consider 6 and 9.
• If you add 3 to 6 you get 9. So the pattern rule “add 3” seems to work.
Make sure “add 3” works throughout the whole sequence.

3+3 = 6
6+3 = 9
9 + 3 = 12
“Add 3” works for the whole sequence.
Now, extend the pattern. Apply the pattern rule of “add 3” to the 12 at the end of the pattern.

12 + 3 = 15
The next number in the pattern will be 15.
“Add 3” one more time to get the sixth number in the sequence.

15 + 3 = 18
The answer is that the extended pattern is 3, 6, 9, 12, 15, 18.
Sometimes you will be interested in a particular term in the pattern. In order to figure out a particular term, keep
extending the pattern until you’ve reached the term you are looking for.
Let’s look at an example.
What is the seventh number in the sequence: 1, 3, 9, 27, ...?
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves addition or multiplication.
Next, come up with potential pattern rules. Think: “What could you do to 1 to get 3?”
• You could add 2.
• You could multiply by 3.
• You could do a combination of two or more operations.
Now, check if any of these potential pattern rules work with the rest of the sequence.
Consider 1 and 3.
10
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• If you add 2 to 3 you get 5, not 9. So the pattern rule is not “add 2.”
• If you multiply 3 by 3 you get 9. So the pattern rule “multiply by 3” seems to work.
Make sure “multiply by 3” works throughout the whole sequence.
1[U+0097]3 = 3
3[U+0097]3 = 9
9[U+0097]3 = 27
“Multiply by 3” works for the whole sequence.
Finally, you can extend the pattern to find the seventh number. Keep multiplying by 3 until you reach the seventh
number in the sequence.
27[U+0097]3 = 81
81[U+0097]3 = 243
243[U+0097]3 = 729
The first seven numbers in the sequence are 1, 3, 9, 27, 81, 243, 729.
The answer is that the seventh number in the sequence is 729.
Guided Practice

Find the next two numbers in the following sequence: 24, 14, 9, ___, ____.
First, figure out the pattern rule. This is a descending pattern so the rule likely involves division or subtraction.
Next, look at how the numbers are related. The difference between the numbers decreases as you move through the
sequence. To get from 24 to 14 you have to subtract 10, but to get from 14 to 9 you have to subtract 5. This means
division is involved. Since there is no whole number you can divide 24 by to get 14, the pattern rule is likely division
with either addition or subtraction.
Now, consider possible pattern rules that involve division and addition or subtraction. Think: “What could you do
to 24 to get 14?”
• You could divide by 2 and add 2.
• You could divide by 3 and add 6.
• You could do some other combination of two or more operations.
Next, look back at the rest of the sequence. Consider 14 and 9.
• If you divide 14 by 2 and add 2 you get 9. So the pattern rule “divide by 2 and add 2” works for the three
given numbers in the sequence.
Now, extend the pattern. Apply the pattern rule of “divide by 2 and add 2” at the end of the pattern two times.
9 ÷ 2 + 2 = 4.5 + 2
= 6.5
6.5 ÷ 2 + 2 = 3.25 + 2
= 5.25
The next two numbers in the sequence will be 6.5 and 5.25.
The answer is that the extended pattern is 24, 14, 9, 6.5, 5.25.
11
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Examples
Example 1

Find the next two numbers in the following sequence: 9, 17, 33, ___, ____.
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves multiplication or addition.
Next, look at how the numbers are related. The difference between the numbers increases as you move through the
sequence. This means multiplication is involved. Since there is no whole number you can multiply 9 by to get 17,
the pattern rule is likely multiplication with either addition or subtraction.
Now, consider possible pattern rules that involve multiplication and addition or subtraction. Think: “What could
you do to 9 to get 17?”
• You could multiply by 2 and subtract 1.
• You could multiply by 3 and subtract 10.
• You could do some other combination of two or more operations.
Next, look back at the rest of the sequence. Consider 17 and 33.
• If you multiply 17 by 2 and subtract 1 you get 33. So the pattern rule multiply by 2 and subtract 1 works for
the three given numbers in the sequence.
Now, extend the pattern. Apply the pattern rule of “multiply by 2 and subtract 1” at the end of the pattern two times.

33 × 2 − 1 = 66 − 1
= 65
65 × 2 − 1 = 130 − 1
= 129
The next two numbers in the pattern will be 65 and 129.
The answer is that the extended pattern is 9, 17, 33, 65, 129.
Example 2

Find the next two numbers in the following sequence: 3, 10, 31, ___, ___.
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves multiplication or addition.
Next, look at how the numbers are related. The difference between the numbers increases as you move through the
sequence. This means multiplication is involved. Since there is no whole number you can multiply 3 by to get 10,
the pattern rule is likely multiplication with either addition or subtraction.
Now, consider possible pattern rules that involve multiplication and addition or subtraction. Think: “What could
you do to 3 to get 10?”
• You could multiply by 2 and add 4.
• You could multiply by 3 and add 1.
• You could do some other combination of two or more operations.
Next, look back at the rest of the sequence. Consider 10 and 31.
12
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• If you multiply 10 by 3 and add 1 you get 31. So the pattern rule “multiply by 3 and add 1” works for the
three given numbers in the sequence.
Now, extend the pattern. Apply the pattern rule “multiply by 3 and add 1” at the end of the pattern two times.

31 × 3 + 1 = 93 + 1
= 94
94 × 3 + 1 = 282 + 1
= 283
The next two numbers in the pattern will be 94 and 283.
The answer is that the extended pattern is 3, 10, 31, 94, 283.

Example 3

Find the sixth number in the following sequence: 4, 17, 56, ...
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves multiplication or addition.
Next, look at how the numbers are related. The difference between the numbers increases as you move through the
sequence. This means multiplication is involved. Since there is no whole number you can multiply 4 by to get 17,
the pattern rule is likely multiplication with either addition or subtraction.
Now, consider possible pattern rules that involve multiplication and addition or subtraction. Think: “What could
you do to 4 to get 17?”
•
•
•
•

You could multiply by 2 and add 9.
You could multiply by 3 and add 5.
You could multiply by 4 and add 1.
You could do some other combination of two or more operations.

Next, look back at the rest of the sequence. Consider 17 and 56.
• If you multiply 17 by 3 and add 5 you get 56. So the pattern rule “multiply by 3 and add 5” works for the
three given numbers in the sequence.
Now, extend the pattern. Apply the pattern rule of “multiply by 3 and add 5” at the end of the pattern three times in
order to get to the sixth number in the sequence.

56 × 3 + 5
=
168 + 5
= 173
173 × 3 + 5
=
519 + 5
= 524
524 × 3 + 5
=
1572 + 5
= 1577
The extended pattern is 4, 17, 56, 173, 524, 1577.
The answer is that the sixth number in the sequence is 1577.
13
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Follow Up

Remember Nicholas who is on his way to his cousin’s house? He just passed house number 1574 and noticed that
the house numbers seem to follow a pattern:
1574, 1584, 1594.
His cousin lives at number 1644. Nicholas wants to extend the pattern to predict how many houses away his cousin’s
house is.
First, figure out the pattern rule. This is an ascending pattern so the rule likely involves multiplication or addition.
Next, look at how the numbers are related. The difference between the numbers is a constant 10. This means that
the pattern rule is “add 10.” Double check that this pattern rule works for the three given numbers in the sequence.
1574 + 10 = 1584
1584 + 10 = 1594
The pattern rule “add 10” works for the three given numbers in the sequence.
Now, extend the pattern. Apply the pattern rule “add 10” at the end of the pattern until you hit 1644.
1594 + 10
1604 + 10
1614 + 10
1624 + 10
1634 + 10

=
=
=
=
=

1604
1614
1624
1634
1644

Next, write out the extended sequence.
1574, 1584, 1594, 1604, 1614, 1624, 1634, 1644
Notice that 1644 is the eighth number in the sequence.
The answer is that Nicholas can expect his cousin’s house to be the eighth house on the right.
14
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Video Review

https://www.youtube.com/watch?v=Zj-a_9cd5jc

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/165846

Explore More

Extend each numerical pattern by filling in the blanks.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

2, 3, 4, 5, ___, ___
2, 4, 6, 8, ___, ___
2, 5, 11, 23, ___, ___
3, 6, 9, ___, ___
64, 16, 4, ___
3, 8, 18, ___, ___
150, 100, 50, ___ , ___
10, 20, 30, 40,___, ___
15, 30, 45,___, ___
100, 112, 124, ___, ___
4, 18, 74, ___, ___
40, 120, 360, ___, ___
2.5, 6, 13, ___, ____
50, 25, 12.5, ___, ___
3, 4.5, 6, 7.5, 9, ___

15
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1.3 Visual Patterns
In this concept, you will learn to recognize, describe, and extend visual patterns.

Let’s Think About It

Whitney is on a school trip to Italy. The fifth day there her group visits Venice where she gets to see the Doge’s
Palace. She notices a visual pattern in the architecture and snapped the photo above. How could Whitney describe
this visual pattern? What type of visual pattern is it?
In this concept, you will learn to recognize, describe, and extend visual patterns.

Guidance

A visual pattern is a sequence of pictures or geometric objects that have been created based on some rule. There
are two categories of visual patterns that you will learn about here.
1. Some visual patterns are made up of a sequence of pictures or geometric objects that repeat over and over.
These types of patterns are called repeating patterns. The sequence of pictures that repeat is called the
pattern unit.
2. Some visual patterns are based on a picture or geometric object that keeps increasing or decreasing in size in
a specific way. These types of patterns have a pattern rule that help to describe how the picture or object is
growing or shrinking.
Here is an example of a visual pattern that is a repeating pattern.
Find the pattern unit for the pattern below.
16
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First, notice that this visual pattern is made up of circles, squares, and triangles.
Next, look carefully to see how the shapes have been placed. After each circle is a square, after each square is two
triangles, and after each pair of triangles is another circle. This is a repeating pattern because the same set of four
pictures repeats over and over.
The pattern unit for this visual pattern is the set of pictures that repeats.
The answer is that the pattern unit is “circle, square, triangle, triangle”:

Once you understand the pattern and know the pattern unit, you can extend the pattern. The next picture in our
sequence of pictures would be a triangle.
Here is an example of an increasing visual pattern.
Find a pattern rule to describe the pattern below. What will the next step in the pattern look like?

As you can see, this pattern is different from a repeating pattern because the geometric objects keep getting bigger
and bigger. There is not a pattern unit that repeats, but you can find a pattern rule to describe what is happening.
To find the pattern rule, look to see how the steps in the pattern are related. Each new big triangle is made up of more
and more smaller triangles. In fact, each new big triangle is made up of the previous big triangle plus an additional
row of small triangles.
• The first step in the pattern has just one row of 1 triangle.
• The second step in the pattern has two rows of 1 triangle, then 3 triangles.
• The third step in the pattern has three rows of 1 triangle, then 3 triangles, then 5 triangles.
You can see that the number of rows of triangles corresponds to the step in the pattern. Each time a new row is
added, it has 2 more triangles than the row above it.
17
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The answer for the pattern rule is: to get the next step in the pattern, take the previous step and add another row of
small triangles to the bottom with 2 more triangles than the row above it.
Now that you have the pattern rule, you can extend the pattern.
You’d expect the next step in the pattern to look like the third step in the pattern except with an additional row of
triangles.
The answer is that the fourth step in the pattern will have four rows of 1 triangle, then 3 triangles, then 5 triangles,
then 7 triangles:

Guided Practice

What will the next step in the pattern below look like?

First, notice that this is a decreasing visual pattern.
To find the pattern rule, look to see how the steps in the pattern are related. Each new rectangle is made up of fewer
and fewer squares. In fact, each new rectangle is made up of half as many squares as the previous rectangle.
• The first step in the pattern has 16 squares.
• The second step in the pattern has 8 squares.
• The third step in the pattern has 4 squares.
You can see that if you take the number of squares in one step of the pattern and divide by 2, you will get the number
of squares in the next step of the pattern.
The answer is that the pattern rule is to get the number of squares in the next step in the pattern, take the number of
squares in the previous step and divide by 2.
Now that you have the pattern rule, you can extend the pattern.
18
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You’d expect the next step in the pattern to have half as many squares as the third step. The third step has 4 squares,
so the fourth step will have two squares.
The answer is that the next step in the pattern will look like:

Examples
Example 1

Describe the following pattern. What is its pattern unit or pattern rule?

First notice that this is a repeating pattern. Images are being repeated as opposed to increasing/decreasing in size.
Next, look carefully to see how the images have been placed. After each smiley face with the mouth on the bottom
is a smiley face with the mouth on the left. The same set of two pictures repeats over and over.
The answer is that this is a repeating pattern. The pattern unit is:

Example 2

Describe the following pattern. What is its pattern unit or pattern rule?
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First notice that this is a repeating pattern. Images are being repeated as opposed to increasing/decreasing in size.
Next, look carefully to see how the images have been placed. After each set of lines is an arrow. The same set of
two pictures repeats over and over.
The answer is that this is a repeating pattern. The pattern unit is:

Example 3

Continue the described pattern with the next two shapes.
Triangle, star, triangle, star, square, square, triangle, star, triangle
First notice that this is a repeating pattern. The images haven’t been displayed, but they have been described. The
images are being repeated as opposed to increasing/decreasing in size.
Next, look carefully to see how the shapes have been ordered. After “triangle, star, triangle, star” is “square, square”.
After “square, square” the “triangle, star,...” sequence seems to repeat. It appears that the same set of six shapes will
repeat over and over.
The pattern unit is “triangle, star, triangle, star, square, square”.
Now that you have the pattern unit, you can extend the pattern. After the “triangle, star, triangle” at the end of the
pattern will be another star, then two squares, and then back to the beginning of the pattern unit with “triangle, star,
triangle, star, square, square...”.
The answer is that the next two shapes will be “star, square”.
20
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Follow Up

Remember Whitney and her school trip to Italy? She got to see the Doge’s Palace in Venice where she noticed an
interesting visual pattern in the architecture.
First, notice that this is a repeating pattern. Objects are being repeated as opposed to increasing/decreasing in size.
As this is a repeating pattern, next try to describe the pattern unit.
The same column with railing is being repeated over and over. This is the pattern unit.
The answer is that this is a repeating pattern with a pattern unit that is a column/railing pair.
Explore More

Write a rule for each number pattern.
1. 4, 7, 13, 25
2. 216, 196, 176, 156
3. 1, 7, 19, 43
4. 10,000, 1,000, 100, 10
Write the next number in each pattern.
5. 4, 7, 13, 25, ____
6. 216, 196, 176, 156, ____
7. 1, 7, 19, 43, ____
8. 10,000, 1,000, 100, 10, ____
Write down the next image in each pattern based on the description.
9. a hexagon, a pentagon, a square, ____
10. five dots, ten dots, fifteen dots, ____
11. fifteen dots, fourteen dots, twelve dots, ____
12. two triangles, four triangles, three triangles, six triangles, five triangles, ____
13. An octagon, a hexagon, an octagon, a pentagon, an octagon, ____
14. One square, 1.5 squares, 2 squares, 2.5 squares, ____
21
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15. eighteen circles, nine circles, four and a half circles ____
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1.4 Single Variable Expressions
In this concept, you will learn how to evaluate single variable expressions.
Let’s Think About It

Shelly is making bracelets to sell at her town’s market this summer. She spent $150 on supplies and will make $4
for every bracelet she sells. Her profit for selling b bracelets is given by the expression 4b − 150. How can Shelly
calculate her profit if she sells 50 bracelets this summer?
In this concept, you will learn how to evaluate single variable expressions.
Guidance

An expression is a mathematical phrase that contains numbers and operations.
Here are some examples of expressions:
• 3x + 10
• −15 + 7 − 1
23
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• 52 − 1
• 15r + 2
A variable is a symbol or letter (such as x, m, R, y, P, or a) that is used to represent a quantity that might change in
value. A variable expression is an expression that includes variables. Another name for a variable expression is an
algebraic expression.
Here are some examples of variable expressions:
•
•
•
•

3x + 10
10r
b3 + 2
mx − 3

A single variable expression is a variable expression with just one variable in it.
You can use a variable expression to describe a real world situation where one or more quantities has an unknown
value or can change in value.
To evaluate a variable expression means to find the value of the expression for a given value of the variable. To evaluate, substitute the given value for the variable in the expression and simplify using the order of operations. To follow
the order of operations, you always need to do any multiplication/division first before any addition/subtraction.
Here is an example.
Evaluate the expression 10k − 44 for k = 12.
First, remember that when you see a number next to a letter, like “10k”, it means to multiply.
Next, substitute 12 in for the letter k in the expression.
10(12) − 44
Notice that you can put parentheses around the 12 to keep it separate from the number 10.
Now, simplify the expression using the order of operations. You will need to multiply first and then subtract.

10(12) − 44 = 120 − 44
= 76
The answer is 76.
Here is another example that involves division.
Evaluate the expression 3x + 2 for x = 24.
First, remember that a fraction bar is like a division sign.

x
3

is the same as x ÷ 3.

Next, substitute 24 in for the letter x in the expression.
24
3

+2

Now, simplify the expression using the order of operations. You will need to divide first and then add.

24
3

The answer is 10.
24

+2 = 8+2
= 10
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Guided Practice

Evaluate 7x − 5 if x is 49.
First, substitute 49 in for the letter x in the expression.
49
7

−5

Now, simplify the expression using the order of operations. You will need to divide first and then subtract.

49
7

−5 = 7−5
= 2

The answer is 2.
Examples
Example 1

Evaluate 4x − 9 if x is 20.
First, substitute 20 in for the letter x in the expression.
4(20) − 9
Now, simplify the expression using the order of operations. You will need to multiply first and then subtract.

4(20) − 9 = 80 − 9
= 71
The answer is 71.
Example 2

Evaluate 5y + 6 if y is 9.
First, substitute 9 in for the letter y in the expression.
5(9) + 6
Now, simplify the expression using the order of operations. You will need to multiply first and then add.

5(9) + 6 = 45 + 6
= 51
The answer is 51.
Example 3

Evaluate 4a − 8 if a is 36.
First, substitute 36 in for the letter a in the expression.
25
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−8

Now, simplify the expression using the order of operations. You will need to divide first and then subtract.
36
4

−8 = 9−8
= 1

The answer is 1.
Follow Up

Remember Shelly and her bracelet business? Shelly is selling bracelets this summer and her profit for selling b
bracelets is given by the expression 4b − 150. Shelly wants to calculate what her profit will be if she sells 50
bracelets.
To calculate her profit from selling 50 bracelets, Shelly needs to evaluate the expression 4b − 150 for b = 50.
First, substitute 50 in for the letter b in the expression.
4(50) − 150
Now, simplify the expression using the order of operations. You will need to multiply first and then subtract.
4(50) − 150 = 200 − 150
= 50
Shelly’s profit from selling 50 bracelets would be $50.
Video Review

The video below reviews evaluating variable expressions.
https://www.youtube.com/watch?v=WR-PI9303TE
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/165855

Explore More

Evaluate each expression if the given value of r is 9.
1.

r
3

2. 63 − r
3. 11r
4. 2r + 7
5. 3r + r
6. 4r − 2r
7. r + 5r
8. 12r − 1
Evaluate each expression for h = 12.
9. 70 − 3h
10. 6h + 6
11. 4h − 9
12. 11 + 4h
13. 3h + h
14. 2h + 5h
15. 6h − 2h
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1.5 Expressions with One or More Variables
In this concept, you will learn how to evaluate expressions with more than one variable.
Let’s Think About It

Lisa’s older sister Theresa has agreed to loan Lisa some money so Lisa can buy a new pair of jeans. Theresa is going
to charge Lisa interest until Lisa pays her back. Theresa tells Lisa that she will calculate how much interest Lisa
1
owes after t months according to the expression 10
· j ·t where j is the cost of the jeans. Lisa wants to figure out how
much interest she will owe Theresa if the jeans cost $60 and she doesn’t pay Theresa back for 3 months.
In this concept, you will learn how to evaluate expressions with more than one variable.
Guidance

A variable is a symbol or letter (such as x, m, R, y, P, or a) that is used to represent a quantity that might change in
value. A variable expression is a mathematical phrase that contains numbers, operations, and variables.
Here are some examples of variable expressions:
•
•
•
•

3x + y
10r − x
b3 + 2
mx − 4

You can use a variable expression to describe a real world situation where one or more quantities has an unknown
value or can change in value.
28
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To evaluate a variable expression means to find the value of the expression for given values of the variables.
To evaluate, substitute the given values for the variables in the expression and simplify using the order of operations. To follow the order of operations, you always need to do any multiplication/division first before any
addition/subtraction.
Here is an example.
Evaluate the expression xy + x if x = 2 and y = 4.
First, substitute 2 in for the letter x and 4 in for the letter y in the expression.

(2)(4) + 2
Notice that you can put parentheses around the numbers to keep them separate and to indicate multiplication.
Now, simplify the expression using the order of operations. You will need to multiply first and then add.

(2)(4) + 2 = 8 + 2
= 10
The answer is 10.
Here is another example that involves fractions.
Evaluate the expression mx + 3m for x =
First, substitute

2
3

2
3

and m = 9.

in for the letter x and 9 in for the letter m in the expression.

 
2
(9)
+ 3(9)
3
Now, simplify the expression using the order of operations. You will need to multiply each part of the expression
first.
Remember, to multiply a whole number times a fraction, you can first turn the whole number into a fraction by
writing it over 1. Then, multiply the numerators and multiply the denominators. Finally, simplify the fraction.

(9)

2
3



+ 3(9) = 19 · 32 + 27
= 18
3 + 27
= 6 + 27

Next, continue to simplify the expression using the order of operations by adding the two terms.

6 + 27 = 33
The answer is 33.
Guided Practice

Evaluate the expression xy + xy for x =

1
2

and y = 23 .
29
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in for the letter y in the expression.

     
1
2
2
1
+
2
3
2
3
Now, simplify the expression using the order of operations. You will need to multiply each part of the expression
first.
Remember, to multiply fractions you should multiply the numerators and multiply the denominators. Then, simplify
the fraction.

1
2



2
3



+

1
2



2
3



=
=

2
6
1
3

+ 26
+ 13

Next, continue to simplify the expression using the order of operations by adding the two terms.
Remember, to add fractions you need a common denominator. Here, you already have a common denominator of 3.
So, add the numerators of your fractions and keep the common denominator as your denominator.

1 1 2
+ =
3 3 3
The answer is 23 .
Examples
Example 1

Evaluate the expression ab + 7 when a is 9 and b is 8.
First, substitute 9 in for the letter a and 8 in for the letter b.

(9)(8) + 7
Now, simplify the expression using the order of operations. You will need to multiply first and then add.

(9)(8) + 7 = 72 + 7
= 79

The answer is 79.
Example 2

Evaluate the expression xy + zx when x is 2, y is 5, and z is 7.
First, substitute 2 in for the letter x, 5 in for the letter y, and 7 in for the letter z.
30
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(2)(5) + (7)(2)

Now, simplify the expression using the order of operations. You will need to multiply each part of the expression
first and then add.

(2)(5) + (7)(2) = 10 + 14
= 24

The answer is 24.

Example 3

Evaluate the expression xy + x when x is
First, substitute

1
4

1
4

and y is 3.

in for the letter x and 3 in for the letter y in the expression.

 
1
1
(3) +
4
4
Now, simplify the expression using the order of operations. You will need to multiply the first part of the expression
first.
Remember, to multiply a whole number and a fraction, you can first turn the whole number into a fraction by writing
it over 1. Then, multiply the numerators and multiply the denominators.

1
4



(3) + 41

=
=

1
4
3
4

· 31 + 14
+ 41

Next, continue to simplify the expression using the order of operations by adding the two terms.
Remember, to add fractions you need a common denominator. Here, you already have a common denominator of 4.
So, add the numerators of your fractions and keep the common denominator as your denominator. Then, simplify.

3
4

+ 41

= 44
= 1

The answer is 1.
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Follow Up

Remember Lisa and the new pair of jeans she wants to buy? Her sister Theresa will loan her the money to buy them,
but she will need to pay her sister back plus interest. Her sister will use the following expression to calculate how
much interest Lisa owes her:
1
· j ·t
10
In this expression, j represents the cost of the jeans and t represents the number of months before Lisa pays Theresa
back.
Lisa wants to figure out how much interest she will owe Theresa if the jeans cost $60 and she pays Theresa back in
3 months.
First, Lisa should substitute 60 in for the letter j and 3 in for the letter t in the expression.
1
· 60 · 3
10
Now, simplify the expression using the order of operations. You will need to multiply
that result by 3.

1
10

by 60 and then multiply

Remember, to multiply a whole number and a fraction, you can first turn the whole number into a fraction by writing
it over 1. Then, multiply the numerators and multiply the denominators. Finally, simplify the fraction.
1
10

32
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The answer is that Lisa will owe Theresa $18 in interest if she waits 3 months to pay Theresa back. This means in 3
months she will owe her sister a total of 60 + 18 = $78 for the jeans and the interest!
Explore More

Evaluate each expression if x = 3 and y = 4.
1. xy + 2y
2. 3y + 2y
3. 3y + 9x
4. xy + 3xy
5. 2xy + 9xy
Evaluate each expression if x = 10 and y = 5.
6. 5x + xy
7. 3x + 2y
8. 2x + 3y
9. 4x + 3y + x
10. 5x + 3y + 2x
Evaluate each expression if y = 2 and z = 4.
11. 2y + 3y − 2z
12. 5y + 3y − 3z
13. 2y + 5y − 2z
14. 4y + 3y − 2z
15. Evaluate 6z − 2(z + x) if x is 3 and z is 4.
16. Evaluate 8a + 3b − 2c if a is 5, b is 4 and c is 3.
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1.6 Expressions for Real-Life Situations
In this concept, you will learn how to write variable expressions to represent real world situations.
Let’s Think About It

Kate has to read 2 books over summer vacation. She doesn’t have the books yet so she’s not sure how many pages
are in each book. Kate doesn’t want to wait until the last minute to read the books so she is planning to read the
same number of pages each day of her summer vacation. If Kate’s summer vacation is 72 days, how can she write a
variable expression to represent the number of pages she will need to read each day?
In this concept, you will learn how to write variable expressions to represent real world situations.
Guidance

A variable expression is a mathematical phrase that contains numbers, operations, and variables.
Here are some examples of variable expressions:
•
•
•
•

3x + y
10r − x
b3 + 2
mx − 4

You can use a variable expression to describe a real world situation where one or more quantities has an unknown
value or can change in value.
To write a variable expression for a real world situation:
1. Figure out which quantity in the situation is unknown and define a variable to represent the unknown quantity.
34
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2. Write an expression using the variable to represent the situation. Look for key words to help you figure out
what mathematical operations you should use.

Here is an example.
Ralph is a baker who makes the same number of loaves of bread each day. He uses 5 cups of flour in each loaf of
bread. Write an expression to represent the number of cups of flour he uses each day making bread.
First, decide on your variable. You don’t know how many loaves of bread Ralph makes each day, but you know
every day it is the same.
Let l equal the number of loaves of bread Ralph makes each day.
Next, write a variable expression using l. For each of the l loaves of bread Ralph uses 5 cups of flour. This means
he uses 5l cups of flour to make l loaves of bread.
5l
The answer is Ralph uses 5l cups of flour each day making bread where l is the number of loaves of bread he bakes
each day.
Here is another example.
Consider again Ralph who makes the same number of loaves of bread each day. Last Friday he only sold half of the
loaves that he made. Write an expression to represent the number of loaves he sold.
First, decide on your variable. You can use the same variable as last time since you still don’t know the number of
loaves of bread Ralph makes each day.
Let l equal the number of loaves of bread Ralph makes each day.
Next, write a variable expression using l. If last Friday he had l loaves of bread but only sold half of them, he
sold 21 l or 2l loaves of bread.
l
2

The answer is Ralph sold

l
2

loaves of bread last Friday where l is the number of loaves of bread he bakes each day.

Guided Practice

John runs the same number of miles each day. Write an expression to represent the number of miles John ran in June
last year.
First, decide on your variable. You don’t know how many miles John runs each day, but you know every day it is the
same.
Letmequal the number of miles John runs each day.
Next, write a variable expression using m. In one day John runs m miles. In 2 days John runs 2 mmiles. The question
asks for an expression that represents how many miles John ran in June. June is a month with 30 days. So your
expression is
30 m
The answer is John ran 30 m miles in June last year where m is the number of miles he runs each day.
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Examples
Example 1

Karen bakes the same number of cookies each day in her bakery. Write an expression to represent the total number
of cookies Karen bakes in a week.
First, decide on your variable. You don’t know how many cookies Karen bakes each day, but you know every day it
is the same.
Letcequal the number of cookies Karen bakes each day.
Next, write a variable expression using c. In one day Karen bakes c cookies. In 2 days Karen bakes 2c cookies. The
question asks for an expression that represents the total number of cookies Karen bakes in a week. A week has 7
days. So your expression is
7c
The answer is Karen bakes 7c cookies each week where c is the number of cookies she bakes each day.

Example 2

Eden caught 14 fish and then ate some. Write an expression to represent the number of fish Eden has left.
First, decide on your variable. You don’t know how many fish Eden ate.
Let x equal the number of fish Eden ate.
Next, write a variable expression using x. Eden started with 14 fish, but then ate some. This means she will end up
with less fish than she started with. You need to subtract the number of fish she ate from the number she started with.
Your expression is
14 − x
The answer is Eden now has 14 − x fish where x is the number of fish Eden ate.

Example 3

Jessica reads the same number of books each month. Write an expression to represent the number of books Jessica
reads in 2 years.
First, decide on your variable. You don’t know how many books Jessica reads each month, but you know every
month it is the same.
Let b equal the number of books Jessica reads each month.
Next, write a variable expression using b. In one month Jessica reads b books. In 2 months Jessica reads 2b books.
The question asks for an expression that represents the total number of books Jessica reads in 2 years. There are 12
months in a year so there are 24 months in 2 years. So your expression is
24b
The answer is Jessica reads 24b books in 2 years where b is the number of books she reads each month.
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Follow Up

Remember Kate and her summer reading? She has to read two books over her 72-day summer vacation. Her plan is
to read the same number of pages each day.
First, Kate should decide on her variables. She doesn’t know the number of pages in either book, so she will need
two variables.
Let x equal the number of pages in the first book.
Let y equal the number of pages in the second book.
Next, write a variable expression using x and y. In total Kate will have to read x + y pages. She is going to read the
same number of pages each of the 72 days of vacation. This means she should divide the total number of pages by
72 to find out how many pages she needs to read each day. Her expression is
37
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x+y
72
The answer is Kate needs to read
of pages in the second book.

x+y
72

pages each day if x is the number of pages in the first book and y is the number

Explore More

Choose a variable to represent the number and write a variable expression for the following phrases.
1. 19 decreased by a number
2. 4 less than the product of 4 and a number
3. 30 more than a number
4. 12 more than 3 times a number
5. A number divided by seven
6. A number and seven divided by two
7. 16 times an unknown number
8. A number divided by eight
9. The quantity of a number and seven times two
10. The quantity of a number and five divided by five
11. 22 decreased by a number
12. Seventeen less than three times a number
Solve each problem.
13. A librarian has 4 times as many mystery books as romances. She lends out 12 mysteries. How many mysteries
does she have now if she started with 15 romances?
14. In Saturday’s basketball game, Roman scored a fourth of his teams points. If the team scored 48 points total,
how many points did Roman score? Write an expression and solve.
15. At the garden show daffodil bulbs cost $3 and tulip bulbs cost $4. Latoya buys 7 tulip bulbs and twice as many
daffodil bulbs as tulips bulbs. How much does she spend total? Write an expression and solve.
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1.7 Whole Number Exponents
In this concept, you will learn how to write and evaluate expressions in exponential form.
Let’s Think About It

Sheila’s parents are encouraging her to save her money. Sheila currently has $3. Sheila’s parents tell her that for
every month she saves her money instead of spending it, they will double the amount of money she has! Sheila
decides she will save her money and not spend it for 6 months. How could Sheila write an expression in exponential
form and evaluate to determine how much money she will have in 6 months?
In this concept, you will learn how to write and evaluate expressions in exponential form.
Guidance

Sometimes you need to multiply a number or a variable by itself many times.
Here is an example.
4 × 4 × 4 × 4 × 4 × 4 × 4 is 4 multiplied by itself 7 times.
To avoid having to write out the 4 again and again, you can use an exponent. Whole number exponents are shorthand
for repeated multiplication of a number by itself.
4 × 4 × 4 × 4 × 4 × 4 × 4 = 47
In this example, 7 is the exponent and 4 is the base. The exponent indicates how many times the base is being
multiplied by itself.
Using an exponent can also be called “raising to a power”. The exponent represents the power.
For example, 47 could be read “4 to the seventh power”.
There are two exponents that have special names. A base raised to the power of 2 is said to be squared. A base
raised to the power of 3 is said to be cubed.
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Here is an example.
• 42 could be read “4 to the second power” or “4 squared”.
• 43 could be read “4 to the third power” or “4 cubed”.
When you use an exponent to write an expression you are using exponential form. 47 is exponential form. When
you write out the expression using multiplication without an exponent you are using expanded form. 4 × 4 × 4 × 4 ×
4 × 4 × 4 is expanded form.
Here is an example.
Write the following in exponential form: 6 × 6 × 6 × 6
First, notice that 6 is being multiplied by itself 4 times. 6 will be your base and 4 will be your exponent.
The answer is 6 × 6 × 6 × 6 = 64 .
Here is another example.
Write the following in expanded form and evaluate the expression: 53
First, read the expression. This expression could be read as “5 to the third power” or “5 cubed”.
Next, write the expression in expanded form without an exponent.
53 = 5 × 5 × 5
Then, multiply.
5 × 5 × 5 = 125
The answer is 53 = 5 × 5 × 5 = 125.
Guided Practice

Evaluate: 23 + 42
First, write the expression in expanded form.
23 + 42 = 2 × 2 × 2 + 4 × 4
Next, multiply each part of the expression.
2 × 2 × 2 + 4 × 4 = 8 + 16
Then, add.
8 + 16 = 24
The answer is 23 + 42 = 24.
Examples
Example 1

Write the following in exponential form: 3 × 3 × 3 × 3 × 3
First, remember that to write an expression in exponential form you need a base and an exponent. The base is the
number that is being multiplied by itself. The exponent is the number of times the base is being multiplied by itself.
The base is 3.
The exponent is 5.
40
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Now, write in exponential form.
35
The answer is 3 × 3 × 3 × 3 × 3 = 35 .
Example 2

Write the following in expanded form and evaluate the expression: 63
First, write the expression in expanded form without an exponent.
63 = 6 × 6 × 6
Next, multiply.
6 × 6 × 6 = 216
The answer is 63 = 6 × 6 × 6 = 216.
Example 3

Evaluate: 43 − 52
First, write the expression in expanded form.
43 − 52 = 4 × 4 × 4 − 5 × 5
Next, multiply each part of the expression.
4 × 4 × 4 − 5 × 5 = 64 − 25
Then, subtract.
64 − 25 = 39
The answer is 43 − 52 = 39.
Follow Up
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Remember Sheila and her $3? Her parents told her they would double the amount of money she has for every month
she saves her money instead of spending it. Sheila decides she will save her money for 6 months and wonders how
much money she will have at this point.
First, write an expression to represent how much money Sheila will have after 6 months. Start with how much money
she will have after one month and work your way up to 6 months. Remember that to double means to multiply by 2.
•
•
•
•

Sheila starts with $3.
After 1 month she will have $3 × 2.
After 2 months she will have $3 × 2 × 2 or $3 × 22 .
After 3 months she will have $3 × 2 × 2 × 2 or $3 × 23 .

Continuing in this pattern you can see that
• After 6 months she will have $3 × 26 .
Next, evaluate the expression in order to figure out how much money she will have in 6 months. First, write the
expression in expanded form.
3 × 26 = 3 × 2 × 2 × 2 × 2 × 2 × 2
Now, multiply.
3 × 2 × 2 × 2 × 2 × 2 × 2 = 192
The answer is that after 6 months of saving Sheila will have $192. Not bad!
Video Review

The video below reviews writing numbers in exponential form.
https://www.youtube.com/watch?v=tiCDXxk-Zbs

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/166004

Explore More

Name the base and exponent in the following expressions. Then, write each in expanded form.
1.
2.
3.
4.
5.
6.
7.
8.
9.
42

45
32
58
43
63
25
110
24
34
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52
44
810
93
122
133
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1.8 Algebra Expressions with Exponents
In this concept, you will learn how to simplify exponential expressions using exponent rules.
Let’s Think About It

Sam is preparing to have an epic water balloon fight with his best friend Josh. He is at home making his water
balloons and wonders what the total volume of water is in his 50 balloons. He knows his balloons are approximately
spheres. He also learned that the volume of a sphere is approximately 4.19r3 where r is the radius of the sphere.
How could Sam determine the total volume of water in his balloons if the radius of each balloon is approximately 2
inches?
In this concept, you will learn how to simplify exponential expressions using exponent rules.
Guidance

Sometimes you need to multiply a number or a variable by itself many times.
Here is an example.
x · x · x · x · x is x multiplied by itself 5 times.
To avoid having to write out the x again and again, you can use an exponent. Whole number exponents are shorthand
for repeated multiplication of a number or a variable by itself.
x · x · x · x · x = x5
In this example, 5 is the exponent and x is the base. The exponent indicates how many times the base is being
multiplied by itself.
44
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When you use an exponent to write an expression you are using exponential form. x5 is exponential form. When
you write out the expression using multiplication without an exponent you are using expanded form. x · x · x · x · x is
expanded form.
Here is an example.
Write the following in expanded form: y12
First, notice that in this expression y is the base and 12 is the exponent. y12 means y is being multiplied by itself 12
times.
Next, write the expression in expanded form without an exponent.

y·y·y·y·y·y·y·y·y·y·y·y
It’s much easier to write the expression in exponential form!
The answer is y12 = y · y · y · y · y · y · y · y · y · y · y · y.
When you have a variable expression with more than one exponent, you can often simplify.
Here is an example.
Simplify m3 · m2 .
First, write the expression in expanded form by expanding each part of the expression.

m3 · m2 = m · m · m · m · m
Next, rewrite your expression in exponential form using just one base and one exponent.

m · m · m · m · m = m5
The answer is m3 · m2 = m5 .
Notice that the exponent in the answer is the sum of the original two exponents. This example helps to illustrate the
first rule of exponents.
Rule 1: When multiplying two powers that have the same base, you can add the exponents. In symbols, xa ·xb = xa+b .
Let’s apply this rule to the next example.
Simplify (x6 )(x3 ).
First, remember that when parentheses are right next to one another it means multiplication.

(x6 )(x3 ) = x6 · x3
Next, notice that the two bases are the same. This means you can apply Rule 1 and simplify by adding the exponents.

x6 · x3 = x6+3 = x9
If you are ever not sure, remember you can always write the expression in expanded form and then convert back to
exponential form.
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x6 · x3 = x · x · x · x · x · x · x · x · x = x9
The answer is (x6 )(x3 ) = x9 .
You can also have an exponential term raised to a power.
Here is an example.
Simplify (x2 )3 .
First, focus on the exponent of 3 and start expanding the expression. x2 is being multiplied by itself 3 times.
(x2 )3 = x2 · x2 · x2
Now, you are multiplying three powers that each have the same base so you can use Rule 1 and add the exponents.
x2 · x2 · x2 = x2+2+2 = x6
The answer is (x2 )3 = x6 .
Notice that the exponent in the answer is the product of the original two exponents. This example helps to illustrate
the second rule of exponents.
Rule 2: When raising a power to a power, you can multiply the exponents. In symbols, (xa )b = xab .
Let’s apply this rule to the next example.
Simplify (y4 )3 .
First, notice that this expression is a power raised to another power. There are two exponents, but only one variable
base. This means you can use Rule 2 and simplify by multiplying the exponents.
(y4 )3 = y4·3 = y12
Again, remember that you can always write your expression in expanded form and then convert back to exponential
form if you want to check your answer.
(y4 )3 = y4 · y4 · y4 = y · y · y · y · y · y · y · y · y · y · y · y = y12
The answer is (y4 )3 = y12 .
The final exponent rule that you need to know right now has to do with an exponent of 0.
Rule 3: Any nonzero number raised to the power of 0 is equal to 1. In symbols, x0 = 1 as long as x 6= 0.
Here is an example.
Simplify 150 .
First, notice that the exponent is 0. This means you can use Rule 3.
150 = 1
The answer is 150 = 1.
46
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Guided Practice

Simplify (x6 )(x2 ).
First, remember that when parentheses are right next to one another it means multiplication.

(x6 )(x2 ) = x6 · x2
Next, notice that the two bases are the same. This means you can apply Rule 1 and simplify by adding the exponents.

x6 · x2 = x6+2 = x8
The answer is (x6 )(x2 ) = x8 .
Examples
Example 1

Write the following in exponential form: aaaaaaa
First, notice that a is being multiplied by itself 7 times. a will be your base and 7 will be your exponent.
The answer is aaaaaaa = a7 .
Example 2

Simplify (a3 )(a8 ).
First, remember that when parentheses are right next to one another it means multiplication.

(a3 )(a8 ) = a3 · a8
Next, notice that the two bases are the same. This means you can apply Rule 1 and simplify by adding the exponents.

a3 · a8 = a3+8 = a11
The answer is (a3 )(a8 ) = a11 .
Example 3

Simplify (x4 )2 .
First, notice that this expression is a power raised to another power. This means you can use Rule 2 and simplify by
multiplying the exponents.

(x4 )2 = x4·2 = x8
The answer is (x4 )2 = x8 .
47

1.8. Algebra Expressions with Exponents

www.ck12.org

Follow Up

Remember Sam and his upcoming epic water balloon fight? He has 50 water balloons that each have a volume of
approximately 4.19r3 where r is the radius of each balloon. He measured his balloons and found that each has a
radius of approximately 2 inches. Now he wonders what the total volume of water is in his balloons.
First, Sam can figure out the volume of water in one water balloon. He can substitute 2 in for the r in his volume
formula.
4.19(23 )
Next, he can expand the expression. 2 is being multiplied by itself 3 times.

4.19(23 ) = 4.19 · 2 · 2 · 2
Then, he can multiply.

4.19 · 2 · 2 · 2 = 33.52
So each water balloon has 33.52 cubic inches of water.
Now, since he has 50 water balloons, to find the total volume of water in his balloons he can multiply the volume of
water in one balloon by 50.

50 · 33.52 = 1676
The answer is that in total, Sam has 1676 cubic inches of water in his water balloons.
Explore More

Evaluate each expression.
48
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1. 23
2. 42
3. 52
4. 90
5. 53
6. 26
7. 33
8. 32 + 42
9. 53 + 22
10. 62 + 23
11. 62 − 52
12. 24 − 22
13. 72 + 33 + 22
Simplify each expression.
14. (m2 )(m5 )
15. (x3 )(x4 )
16. (y5 )(y3 )
17. (b7 )(b2 )
18. (a5 )(a2 )
19. (x9 )(x3 )
20. (y4 )(y5 )
21. (x2 )4
22. (y5 )3
23. (a5 )4
24. (x2 )8
25. (b3 )4

49

1.9. Numerical Expression Evaluation with Basic Operations

www.ck12.org

1.9 Numerical Expression Evaluation with Basic Operations
In this concept, you will learn how to evaluate variable expressions involving the four basic operations.
Let’s Think About It

School is about to start back up again and Lucy is at the store buying supplies. In her basket she has 5 notebooks
for $2 each, 2 packs of pencils for $4 each, and 2 packs of pens for $5 each. She also picked out a big binder for
$12. Luckily, she has a coupon for $3 off the binder. How can Lucy write and evaluate a numerical expression to
calculate the total amount she will spend on her school supplies?
In this concept, you will learn how to evaluate variable expressions involving the four basic operations.
Guidance

An expression is a mathematical phrase that contains numbers and operations. A numerical expression is an
expression with only numbers and operations and no variables. A variable expression is an expression that contains
variables.
To evaluate a variable expression means to find the value of the expression for given values of the variables. To
evaluate, substitute the given values for the variables in the expression and simplify using the order of operations
(PEMDAS).
Remember that the order of operations are:
1.
2.
3.
4.
50

Parentheses: Start by simplifying any part of the expression in parentheses using the order of operations.
Exponents: Rewrite any terms that contain exponents without exponents.
Multiplication/ Division: Do any multiplication and/or division in order from left to right.
Addition/ Subtraction: Do any addition and/or subtraction in order from left to right.
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The acronym PEMDAS can help you to remember the order of operations. Just remember that multiplication and
division go together and addition and subtraction go together.
Here is an example.
Evaluate the expression 4b + 12 ÷ 4 − 8 if b = 6.
First, substitute 6 in for the b in the expression.

4(6) + 12 ÷ 4 − 8
Next, notice that this expression has multiplication, addition, division, and subtraction. Remember that 4(6) is
multiplication. Start by doing the multiplication and division from left to right. First you will multiply 4(6).

4(6) + 12 ÷ 4 − 8 = 24 + 12 ÷ 4 − 8
Next, divide 12 ÷ 4.

24 + 12 ÷ 4 − 8 = 24 + 3 − 8
Now, add and subtract from left to right. First, add 24 + 3.

24 + 3 − 8 = 27 − 8
Finally, subtract.

27 − 8 = 19

The answer is 19.
Guided Practice

Evaluate 6x + 36 ÷ 4 − 3 + 8 if x is 4.
First, substitute 4 in for the x in the expression.

6(4) + 36 ÷ 4 − 3 + 8

Next, notice that this expression has multiplication, addition, division, and subtraction. Start by doing the multiplication and division from left to right. First you will multiply 6(4).

6(4) + 36 ÷ 4 − 3 + 8 = 24 + 36 ÷ 4 − 3 + 8
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Next, divide 36 ÷ 4.

24 + 36 ÷ 4 − 3 + 8 = 24 + 9 − 3 + 8
Now, add and subtract from left to right. First, add 24 + 9.

24 + 9 − 3 + 8 = 33 − 3 + 8
Then, subtract 33 − 3.

33 − 3 + 8 = 30 + 8
Finally, add.

30 + 8 = 38
The answer is 38.

Examples
Example 1

Evaluate 5a + 6 ÷ 2 + 9 if a = 5.
First, substitute 5 in for the a in the expression.

5(5) + 6 ÷ 2 + 9
Next, notice that this expression has multiplication, addition, and division. Start by doing the multiplication and
division from left to right. First you will multiply 5(5). Then divide.

5(5) + 6 ÷ 2 + 9 = 25 + 6 ÷ 2 + 9
= 25 + 3 + 9
Next, add from left to right.

25 + 3 + 9 = 28 + 9
= 37
The answer is 37.
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Example 2

Evaluate 7x + 14 ÷ 7 − 3 if x = 4.
First, substitute 4 in for the x in the expression.

7(4) + 14 ÷ 7 − 3
Next, notice that this expression has multiplication, addition, division, and subtraction. Start by doing the multiplication and division from left to right. First you will multiply 7(4). Then divide.

7(4) + 14 ÷ 7 − 3 = 28 + 14 ÷ 7 − 3
= 28 + 2 − 3
Next, add and subtract from left to right. First you will add 28 + 2. Then subtract.

28 + 2 − 3 = 30 − 3
= 27
The answer is 27.

Example 3

Evaluate

48
x

+ 5y − 7 if x is 6 and y is 9.

First, substitute 6 in for the x and 9 in for the y in the expression.

48
+ 5(9) − 7
6
Next, notice that this expression has division, addition, multiplication, and subtraction. Remember that a fraction
bar means division so 48
6 is the same as 48 ÷ 6.
Start by doing the multiplication and division from left to right. First you will divide

48
6

48
6.

Then multiply.

+ 5(9) − 7 = 8 + 5(9) − 7
= 8 + 45 − 7

Next, add and subtract from left to right. First you will add 8 + 45. Then subtract.

8 + 45 − 7 = 53 − 7
= 46
The answer is 46.
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Follow Up

Remember Lucy who is shopping for school supplies? She has 5 notebooks for $2 each, 2 packs of pencils for $4
each, 2 packs of pens for $5 each, and a big binder for $12. She also has a coupon for $3 off the binder. Lucy wants
to know how much she will be spending on supplies.
First, write an expression for each item that represents how much she is spending on that item.
•
•
•
•

Notebooks: 5 × $2
Pencils: 2 × $4
Pens: 2 × $5
Binder: $12 − $3

Now, add everything together to create one expression that represents the total amount she is spending.

5 × 2 + 2 × 4 + 2 × 5 + 12 − 3
Next, notice that this expression has multiplication, addition, and subtraction. Start by doing the multiplication from
left to right. First you will multiply 5 × 2. Then continue multiplying from left to right.
5 × 2 + 2 × 4 + 2 × 5 + 12 − 3 = 10 + 2 × 4 + 2 × 5 + 12 − 3
= 10 + 8 + 2 × 5 + 12 − 3
= 10 + 8 + 10 + 12 − 3
Next, add and subtract from left to right.
10 + 8 + 10 + 12 − 3 =
=
=
=
The answer is that Lucy is spending $37 on school supplies.
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Explore More

Use the order of operations to evaluate each numerical expression.
1. 5 + 3 × 4
2. 6 × 2 + 5 × 3
3. 4 + 5 × 2 − 9
4. 4 + 6 ÷ 2 + 10 − 3
5. 8 − 15 ÷ 3 + 4 × 5
Evaluate the following expressions when x is 4.
6. 2x + 28 ÷ 4 − 3
7. 6x + 30 ÷ 2 − 10
8. 5x + x − 3 + 8
9. 3x + 36 ÷ 9 − 3 + 1
10. 5x + 9 − 3 + 8
11. 4x + 30 ÷ 15 − 3 + 8
12. 8x + 2x − 3 + 18
13. 2x + x ÷ 2 − 3 + 8
14. 9x + 3x ÷ 2 + 8
15. 12x + 4x ÷ 4 − 6 + 8
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1.10 Expression Evaluation with Powers and
Grouping Symbols
In this concept, you will learn how to evaluate variable expressions involving powers and grouping symbols.
Let’s Think About It

For her best friend’s birthday, Jean bought a huge birthday hat. It’s too big to actually wear, so her plan is to add a
base to it, buy fabric, and cover it with fabric. Jean needs to know how much fabric to buy. Jean’s older brother told
her that to find the approximate area of the surface of the birthday hat she can use the following formula:
56
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d 2
+ 1.57dl
2

where d is the diameter of the base of the hat and l is the slant height of the hat.
Jean measured her birthday hat and found that the diameter is 15 inches and the slant height is 18 inches. How can
Jean use the formula that her brother gave her to find the surface area of the birthday hat so that she can buy the right
amount of fabric?
In this concept, you will learn how to evaluate variable expressions involving exponents and parentheses.
Guidance

An expression is a mathematical phrase that contains numbers and operations. A variable expression is an
expression that contains variables.
To evaluate a variable expression means to find the value of the expression for given values of the variables. To
evaluate, substitute the given values for the variables in the expression and simplify using the order of operations
(PEMDAS).
Remember that the order of operations are:
1.
2.
3.
4.

Parentheses: Start by simplifying any part of the expression in parentheses using the order of operations.
Exponents: Rewrite any terms that contain exponents without exponents.
Multiplication/ Division: Do any multiplication and/or division in order from left to right.
Addition/ Subtraction: Do any addition and/or subtraction in order from left to right.

Here is an example.
Evaluate the expression 2x2 − (x + 7) if x = 4.
First, substitute 4 in for x in the expression.

2(4)2 − (4 + 7)
Next, notice that this expression has multiplication, exponents, subtraction, parentheses, and addition. According to
the order of operations, you must start by simplifying the parts of the expression in parentheses. (4) in the first part
of the expression is already simplified. (4 + 7) in the second part of the expression still needs to be simplified.

2(4)2 − (4 + 7) = 2(4)2 − 11
Next, continue to follow the order of operations and evaluate the exponent. Note that only the 4 is squared.
Remember that 42 means 4 · 4 which is 16.

2(4)2 − 11 = 2(16) − 11
Now, multiply.

2(16) − 11 = 32 − 11
Finally, subtract.
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32 − 11 = 21
The answer is 21.
Guided Practice

Evaluate 6x2 − 2x + (x + 3) if x is 4.
First, substitute 4 in for x in the expression.

6(4)2 − 2(4) + (4 + 3)
Next, notice that this expression has multiplication, exponents, subtraction, parentheses, and addition. According
to the order of operations, you must start by simplifying the parts of the expression in parentheses that need to be
simplified. Start by simplifying the (4 + 3) at the end of the expression.

6(4)2 − 2(4) + (4 + 3) = 6(4)2 − 2(4) + 7
Next, continue to follow the order of operations and evaluate the exponent.

6(4)2 − 2(4) + 7 = 6(16) − 2(4) + 7
Now, multiply from left to right.

6(16) − 2(4) + 7 = 96 − 2(4) + 7
= 96 − 8 + 7
Finally, add and subtract from left to right. You will subtract first since that comes first in the expression.

96 − 8 + 7 = 88 + 7
= 95
The answer is 95.
Examples
Example 1

Evaluate 3x2 − 2 + (x + 3) for x = 2.
First, substitute 2 in for x in the expression.

3(2)2 − 2 + (2 + 3)
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Next, notice that this expression has multiplication, exponents, subtraction, parentheses, and addition. According
to the order of operations, you must start by simplifying the parts of the expression in parentheses that need to be
simplified. Start by simplifying the (2 + 3) at the end of the expression.

3(2)2 − 2 + (2 + 3) = 3(2)2 − 2 + 5
Next, continue to follow the order of operations and evaluate the exponent.

3(2)2 − 2 + 5 = 3(4) − 2 + 5
Now, multiply.

3(4) − 2 + 5 = 12 − 2 + 5
Finally, add and subtract from left to right. You will subtract first since that comes first in the expression.

12 − 2 + 5 = 10 + 5
= 15
The answer is 15.
Example 2

Evaluate

24
x

+ (9 − x) + y2 for x = 3 and y = 4.

First, substitute 3 in for x and 4 in for y in the expression.

24
+ (9 − 3) + 42
3
Next, notice that this expression has division, addition, parentheses, subtraction, and exponents. According to the
order of operations, you must start by simplifying the parts of the expression in parentheses that need to be simplified.
Start by simplifying the (9 − 3) in the middle of the expression.

24
24
+ (9 − 3) + 42 =
+ 6 + 42
3
3
Next, continue to follow the order of operations and evaluate the exponent.

24
24
+ 6 + 42 =
+ 6 + 16
3
3
Now, divide. Remember that a fraction bar means division so

24
3

is the same as 24 ÷ 3.
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24
+ 6 + 16 = 8 + 6 + 16
3
Finally, add from left to right.

8 + 6 + 16 = 14 + 16
= 30
The answer is 30.

Example 3

Evaluate 5x2 − 2 + (3 + 3) if x is 5.
First, substitute 5 in for the x in the expression.

5(5)2 − 2 + (3 + 3)
Next, notice that this expression has multiplication, exponents, subtraction, parentheses, and addition. According
to the order of operations, you must start by simplifying the parts of the expression in parentheses that need to be
simplified. Start by simplifying the (3 + 3) at the end of the expression.

5(5)2 − 2 + (3 + 3) = 5(5)2 − 2 + 6
Next, continue to follow the order of operations and evaluate the exponent.

5(5)2 − 2 + 6 = 5(25) − 2 + 6
Now, multiply.

5(25) − 2 + 6 = 125 − 2 + 6
Finally, add and subtract from left to right. You will subtract first since that comes first in the expression.

125 − 2 + 6 = 123 + 6
= 129
The answer is 129.
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Follow Up

Remember Jean and the birthday hat she bought for her friend’s birthday? She wants to find the surface area of the
hat so she can buy the correct amount of fabric to cover it. She got the following formula from her brother:
 2
d
3.14
+ 1.57dl
2
where d is the diameter of the base of the hat and l is the slant height of the hat. Jean measured the birthday hat and
found that the diameter is 15 inches and the slant height is 18 inches.
To find the surface area, she should first substitute 15 in for d and 18 in for l in the formula.


15
3.14
2

2
+ 1.57(15)(18)

Next, notice that this expression has multiplication, division, exponents, parentheses, and addition. According to
the order of operations, you must start by simplifying the parts of the expression in parentheses that need to be
simplified. Start by simplifying the 15
2 at the beginning of the expression.


15
3.14
2

2

+ 1.57(15)(18) = 3.14(7.5)2 + 1.57(15)(18)

Next, continue to follow the order of operations and evaluate the exponent. Use your calculator to help you calculate
7.52 = 7.5 · 7.5.

3.14(7.5)2 + 1.57(15)(18) = 3.14(56.25) + 1.57(15)(18)
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Now, multiply from left to right. You can use your calculator to help.

3.14(56.25) + 1.57(15)(18) = 176.625 + 1.57(15)(18)
= 176.625 + 23.55(18)
= 176.625 + 423.9
Finally, add.

176.625 + 423.9 = 600.525
The answer is that the surface area of the hat (including the base that she added on) is about 600.525 square inches.
With that knowledge, Jean knows exactly how much fabric she needs to buy to help decorate the birthday hat!
Video Review

The video below reviews evaluating expressions using the order of operations.
https://www.youtube.com/watch?v=8b-rf2AW3Ac

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/166006

Explore More

Evaluate the following variable expressions for x = 4, y = 2, z = 3.
1. x2 + y
2. 2y2 + 5 − 2
3. x2 − y2 + z
4. 3x2 + 2x2
5. 8 + x2 − 4y
6. 14 ÷ 2 + z2 − y
7. 20 + z2 − y
8. 5x − 2y + 3z
9. 5 + (x − z) + 5(6)
10. 8 + x − y2 + z
11. (x + y) + 5 · 2 − 3
12. 4x2 + 3z3 + 2
Decide whether each of the following statements are true or false.
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13. Parentheses are a grouping symbol.
14. Exponents can’t be evaluated unless the exponent is equal to 3.
15. If there is multiplication and division in a problem you always do the multiplication first.
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1.11 Mental Math for Addition and Subtraction
Equations
In this concept, you will learn how to solve single variable addition and subtraction equations using mental math.
Let’s Think About It

Nico has a pet chihuahua named Daisy. Nico spends a lot of time carrying Daisy around so he started wondering how
much Daisy weighs. Since Daisy is too squirmy and light to get on the scale herself, Nico comes up with another
plan. First, he weighs himself alone on the scale and finds that he weighs 91 pounds. Then, he picks Daisy up and
gets on the scale again and finds that he and Daisy together weigh 96 pounds. How can Nico figure out how much
Daisy weighs?
In this concept, you will learn how to solve single variable addition and subtraction equations using mental math.
Guidance

An equation is a mathematical sentence that says that two mathematical expressions are equal. An equal sign, “=”,
separates the two equal mathematical expressions and indicates that you are dealing with an equation.
Here are some examples of equations.
•
•
•
•

2 + 10 = 6 + 6
11 − 8 = 1 + 1 + 1
x + 10 = 12
2x = 8

A variable equation is an equation that contains a variable.
Here are some examples of variable equations.
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15t = 45
12 = x + 9
6x = 216
25 = 3(x − 7) + 1

To solve a variable equation means to determine the value of the variable that makes the equation true. In other words,
when you solve an equation you are looking for the value of the variable that makes both sides of the equation equal.
This value of the variable that makes both sides of the equation equal is called the solution.
Some variable equations are simple enough that you are able to determine the solution to the equation in your head
using mental math.
Let’s look at an example that involves addition.
Solve the equation y + 10 = 15.
First, turn the equation into a question that you can ask yourself. Remember you are trying to figure out the value of
y that will make both sides of the equation equal.
“What number plus 10 is equal to 15?”
Next, answer your question. You know that 5 plus 10 is equal to 15. This means y must be 5.
The answer is y = 5.
You can check your solution by substituting that value for y back into the original equation and verifying that it
makes both sides equal.
y + 10 = 15
5 + 10 = 15
15 = 15
Because your value for y results in both sides of the equation being equal, you can be confident that you have the
correct answer. It’s always a good idea to check your answer!
Here is an example that involves subtraction.
Solve the equation x − 5 = 20.
First, turn the equation into a question that you can ask yourself.
“What number minus 5 is equal to 20?”
Next, answer your question. You know that 25 minus 5 is equal to 20. This means x must be 25.
The answer is x = 25.
Now, check your solution.
x − 5 = 20
25 − 5 = 20
20 = 20
Your answer is correct!
Guided Practice

There are 63 players in the symphony orchestra. 29 of these players are women. How many players in the orchestra
are men? Write a variable equation and solve.
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First, note that the problem tells you the number of women in the orchestra as well as the total number of players.
You know that the number of men players plus the number of women players will equal the total number of players,
so you can write the following equation.
x + 29 = 63
Now, turn the equation into a question that you can ask yourself.
“What number plus 29 is equal to 63?”
Next, answer your question. You know that 30 plus 29 is equal to 59, which is 4 less than what you want. So 34 plus
29 must be equal to 63. This means x must be 34.
The answer is that 34 of the players in the orchestra are men.
Examples
Example 1

Use mental math to solve the following equation.
x + 5 = 12
First, turn the equation into a question that you can ask yourself.
“What number plus 5 is equal to 12?”
Next, answer your question. You know that 7 plus 5 is equal to 12. This means x must be 7.
The answer is x = 7.
Now, check your solution.
x + 5 = 12
7 + 5 = 12
12 = 12
Your answer is correct!
Example 2

Use mental math to solve the following equation.
x − 3 = 18
First, turn the equation into a question that you can ask yourself.
“What number minus 3 is equal to 18?”
Next, answer your question. You know 21 minus 3 is equal to 18. This means x must be 21.
The answer is x = 21.
Now, check your solution.
x − 3 = 18
21 − 3 = 18
18 = 18
Your answer is correct!
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Example 3

Use mental math to solve the following equation.
6−y = 4
First, turn the equation into a question that you can ask yourself.
“6 minus what number is equal to 4?”
Next, answer your question. You know that 6 minus 2 is equal to 4. This means y must be 2.
The answer is y = 2.
Now, check your solution.

6−y = 4
6−2 = 4
4 = 4
Your answer is correct!
Follow Up

Remember Nico and his pet chihuahua Daisy? Nico wants to know how much Daisy weighs. He weighed himself
alone and found out that he weighs 91 pounds. Then he picked Daisy up and found out that together they weigh 96
pounds.
First, Nico can define his variable. He doesn’t know how much Daisy weighs so he can let x be Daisy’s weight.
Next, he can write a variable equation. He knows that his weight (91 pounds) plus Daisy’s weight must equal 96
pounds.
91 + x = 96
Then, he can turn the equation into a question that he can ask himself.
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“91 plus what number is equal to 96?”
Next, he can answer his question. 91 plus 5 is equal to 96. So x must be equal to 5.
The answer is that Daisy weighs 5 pounds.
Explore More

Use mental math to solve each addition or subtraction equation.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
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x+2 = 7
y + 5 = 10
a + 7 = 20
b + 8 = 13
z + 10 = 32
s + 14 = 26
4+y = 8
6 + x = 21
17 + a = 23
18 + b = 30
12 + x = 24
13 + y = 18
15 + a = 22
x + 17 = 24
y + 3 = 45
x − 4 = 10
y − 8 = 20
5−y = 2
22 − a = 15
18 − y = 2
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1.12 Mental Math for Multiplication or Division
Equations
In this concept, you will learn how to solve single variable multiplication and division equations using mental math.
Let’s Think About It

Olivia loves to play cards with her friends. She knows that normally a deck of cards has 52 cards. Unfortunately,
her baby brother was playing with her deck of cards and she thinks some of the cards have gone missing. When she
deals out all of the cards to herself and her 4 friends, each person ends up with 10 cards. How can Olivia figure out
how many cards are in her deck? Is she missing any cards?
In this concept, you will learn how to solve single variable multiplication and division equations using mental math.
Guidance

An equation is a mathematical sentence that says that two mathematical expressions are equal. A variable equation
is an equation that contains a variable.
Here are some examples of variable equations.
• 15t = 45
• 12 =

x
3

69

1.12. Mental Math for Multiplication or Division Equations
•

20
x
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+1 = 5

When you solve an equation you are looking for the value of the variable that makes both sides of the equation equal.
This value of the variable that makes both sides of the equation equal is called the solution.
Some variable equations are simple enough that you are able to determine the solution to the equation in your head
using mental math.
Here is an example that involves multiplication.
Use mental math to solve the following equation.
9p = 72
First, remember that whenever you see a number right next to a variable it means the number is being multiplied by
the variable. This equation says “9 times p equals 72”. The number next to the variable is called the coefficient of
the variable. Here, 9 is the coefficient of p.
Now, turn the equation into a question that you can ask yourself. Remember you are trying to figure out the value of
p that will make both sides of the equation equal.
“9 times what number is equal to 72?”
Next, answer your question. You know that 9 times 8 is equal to 72. This means p must be 8.
The answer is p = 8.
You can check your solution by substituting that value for p back into the original equation and verifying that it
makes both sides equal.

9p = 72
9(8) = 72
72 = 72
Both sides of the equation are equal so your answer is correct!
Here is an example that involves division.
Use mental math to solve the following equation.
x
3

=4

First, remember that a fraction bar means division.

x
3

is the same as x ÷ 3.

Now, turn the equation into a question that you can ask yourself.
“What number divided by 3 is equal to 4?”
Next, answer your question. You know that 12 divided by 3 is equal to 4. This means x must be 12.
The answer is x = 12.
Make sure to check your solution.

x
3
12
3

= 4
= 4
4 = 4

Because both sides of the equation are equal, you can be confident that your answer is correct.
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Guided Practice

Alyssa sold $120 in raffle tickets. If each ticket costs $6, how many tickets did she sell? Write a variable equation
and solve.
First, define your variable. You don’t know how many tickets Alyssa sold so this unknown quantity will be your
variable.
Let x equal the number of tickets that Alyssa sold.
Next, you know that Alyssa sold each ticket for $6 and made $120 total. This scenario involves multiplication
because the number of tickets times the cost of each ticket will equal the amount of money Alyssa made.

6x = 120
Now, turn the equation into a question that you can ask yourself.
“6 times what number is equal to 120?”
Then, answer your question. You know that 6 times 2 is equal to 12, so 6 times 20 is equal to 120. This means
x must be 20.
The answer is that Alyssa sold 20 tickets.
Examples
Example 1

Use mental math to solve the following equation.
5y = 20
First, turn the equation into a question that you can ask yourself.
“5 times what number is equal to 20?”
Next, answer your question. You know that 5 times 4 is equal to 20. This means y must be 4.
The answer is y = 4.
Now, check your solution.

5y = 20
5(4) = 20
20 = 20
Your answer is correct!
Example 2

Use mental math to solve the following equation.
6g = 42
First, turn the equation into a question that you can ask yourself.
“6 times what number is equal to 42?”
71

1.12. Mental Math for Multiplication or Division Equations
Next, answer your question. You know that 6 times 7 is equal to 42. This means g must be 7.
The answer is g = 7.
Now, check your solution.

6g = 42
6(7) = 42
42 = 42

Your answer is correct!

Example 3

Use mental math to solve the following equation.
x
7

=2

First, turn the equation into a question that you can ask yourself.
“What number divided by 7 is equal to 2?”
Next, answer your question. You know that 14 divided by 7 is equal to 2. This means x must be 14.
The answer is x = 14.
Now, check your solution.

x
7
14
7

= 2
= 2
2 = 2

Your answer is correct!
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Follow Up

Remember Olivia and her deck of cards that might be missing some cards? When she deals out all the cards to
herself and 4 of her friends, each person ends up with 10 cards. She wants to know how many cards are in her deck.
First, define your variable. You don’t know how many cards are in the deck so this unknown quantity will be your
variable.
Let x equal the number of cards in the deck.
Next, you know that when all the cards in the deck are divided evenly between 5 people, each person ends up with
10 cards. This scenario involves division because the total number of cards divided by the 5 people will equal the 10
cards each person got.
x
= 10
5
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Now, turn the equation into a question that you can ask yourself.
“What number divided by 5 is equal to 10?”
Then, answer your question. You know that 50 divided by 5 is equal to 10. This means x must be 50.
The answer is that Olivia’s deck only has 50 cards. Since a deck of cards should have 52 cards, Olivia is missing 2
cards.
Explore More

Use mental math to solve each multiplication or division equation.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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5x = 25
6x = 48
2y = 18
3y = 21
4a = 16
13b = 26
15a = 30
15x = 45
x
2 =3
x
4 =5
x
3 = 11
x
5 = 12
x
7 =8
x
8 =9
x
3 = 12
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1.13 Appropriate Tools for Measurement of
Squares and Rectangles
In this concept, you will learn how to choose appropriate units for measuring lengths.
Let’s Think About It

Matt’s parents want to have a deck added to the back of the house. Before contacting contractors, they want to get
a general idea of how big of a deck they want. This way, when they talk to the contractors they will be able to get
an estimate of how much it will cost. They need to know how long and how wide of a deck they want. What are the
appropriate customary and metric units that Matt’s parents should use to measure the width and length of the space
where they want the new deck to be built?
In this concept, you will learn how to choose appropriate units for measuring lengths.
Guidance

A measurement is the size or amount of something. Here, you will learn about measurements of length. There are
two primary systems of measurement that you can use.
1. The customary system is the system of measurement primarily used in the United States. Units of length in
this system include the inch, foot, yard, and mile.
2. The metric system is the system of measurement primarily used in science and in countries outside of the
United States. Units of length in this system include the millimeter, centimeter, and meter.
The different units of length are all related. The conversions below show how the units of length within each system
are related.
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Relationships Between Common Customary Units of Length

1 foot ( f t) = 12 inches (in)
1 yard (yd) = 3 feet
1 mile = 5, 280 feet

Relationships Between Common Metric Units of Length

1
1 millimeter (mm) = 1000
meter (m) =
1
1 centimeter = 100 meter
1 kilometer = 1000 meters

1
10

centimeter (cm)

It’s also good to know how the units of length are related between systems. Inches are similar in length to centimeters.
Yards are similar in length to meters. Miles are similar in length to kilometers.
When you want to measure the length of something, the first thing you need to decide is what unit of measurement
you want to use. You want to use the unit that most closely matches the object you are measuring. For example, you
wouldn’t want to measure the length of a city block in inches because the number would be too large and difficult to
manage.
Here is an example.
Name the appropriate customary and metric units to use to measure the width of a sandbox.
First, imagine a sandbox. It is larger than a notebook, but not nearly as large as a city street. This means it would be
best measured in feet, yards, or meters.
The answer is a sandbox would be best measured in feet, yards, or meters.
Here is another example.
Name the appropriate customary and metric units to use to measure the length of a book.
First, imagine a book. A book is a small item that you could hold in your hand. This means it would be best
measured in inches or centimeters.
The answer is a book would be best measured in inches or centimeters.
Here is one more example.
Name the appropriate customary and metric units to use to measure the length of a street.
First, imagine a street. Streets are longer than football fields and something that you can drive on. This means it
would be best measured in miles or kilometers.
The answer is a street would be best measured in miles or kilometers.
Once you have determined the appropriate unit of measurement, you can select an appropriate tool for measuring.
When measuring a small item, it is best to use a ruler. Many rulers have both customary units and metric units on
them. You can use rulers to measure in millimeters, centimeters, and inches.
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For larger items, you can use yard sticks, meter sticks, or measuring tape. For even longer distances where you are
looking to measure in miles or kilometers, you could look on a map or use your car to determine the distance.

Guided Practice

Name the appropriate customary and metric units to use to measure the distance around a pool.
First, imagine a pool. It is larger than a notebook, but not as large as a football field. This means it would be best
measured in feet, yards, or meters.
The answer is a pool would be best measured in feet, yards, or meters.

Examples
Example 1

Name the appropriate customary and metric units to use to measure the distance of a road race.
First, imagine a road race. A race that was only a few feet wouldn’t be very fun! Races are typically measured in
miles or kilometers.
The answer is a road race would be best measured in miles or kilometers.

Example 2

Name the appropriate customary and metric units to use to measure the length of a magazine.
First, imagine a magazine. A magazine is a small item like a book that you could hold in your hand. This means it
would be best measured in inches or centimeters.
The answer is a magazine would be best measured in inches or centimeters.

Example 3

Name the appropriate customary and metric units to use to measure the width of a football field.
First, imagine a football field. A football field is larger than something you could hold in your hand, but isn’t as long
as a road you could drive down. This means it would be best measured in feet, yards, or meters.
The answer is a football field would be best measured in feet, yards, or meters.
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Follow Up

Remember Matt and the new deck? His parents want to get an idea of how long and how wide they want their new
deck to be so they can get an estimate for how much it will cost. Matt needs to know what units of measurement his
parents should be using.
First, imagine a deck. It is larger than something you could hold in your hand, but it isn’t as long as a road you
would drive down. This means it would be best measured in feet, yards, or meters.
The answer is the deck would be best measured in feet, yards, or meters.
Explore More

Name the appropriate customary and metric units to use to measure each item.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
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The height of a sunflower
The depth to plant a seed in the soil
The height of a tree
The area of a garden plot
The distance from a garden to the local farm store
The length of a carrot
A stretch of fencing
The binding on a dictionary
The distance between two seedlings planted in the ground
The height of a corn stalk
Your shoe size
A piece of pipe for a water line
The depth of a pond or lake
The distance across a lake
The distance from your home to school
A bike trail from one end of a city to another end of the same city.
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1.14 Area and Perimeter of Rectangles
In this concept, you will learn how to use formulas to find the perimeter and area of squares and rectangles.
Let’s Think About It

Kathryn is getting new carpeting for the three bedrooms in her house. She decided to get the same type of carpeting
for each room. The carpeting she picked costs $3 per square foot. In order to place an order for the carpeting, she
needs to know how much she will need. Luckily, each of her rooms are rectangles. The first bedroom is 15 feet by
12 feet. The second bedroom is 12 feet by 11 feet. The third bedroom is 9 feet by 10 feet. How many square feet of
carpeting will Kathryn need to order? How much will it cost?
In this concept, you will learn how to use formulas to find the perimeter and area of squares and rectangles.
Guidance

Perimeter is the distance around a figure.
A rectangle is a four-sided shape that has two lengths (l) that are equal and two widths (w) that are equal. The
perimeter of a rectangle can be found using the formula below.
Rectangle Perimeter : P = 2l + 2w
A square is a four-sided shape that has four equal sides (s). Therefore, it is possible to find the perimeter of a square
by multiplying one of the side lengths by 4. The perimeter of a square can be found using the formula below.
Square Perimeter : P = 4s
Area is the number of square units contained inside a figure. The areas of rectangles and squares can be found using
the formulas below.
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Rectangle Area : A = lw
Square Area : A = s2
Here is an example.
Find the perimeter and area of the rectangle below.

First, note the length and width of the rectangle. One of the sides is 12 inches and another is 7 inches. This will
be your length and width. It does not actually matter which one you assign as length and which one you assign as
width.
l = 12 in; w = 7 in
Next, find the perimeter by substituting the values for l and w into the perimeter formula and evaluating.

P
P
P
P

=
=
=
=

2l + 2w
2(12) + 2(7)
24 + 14
38 in

Notice that your units for perimeter are inches because the original dimensions of the rectangle were in inches. The
units for perimeter will always be the same as the units of the dimensions.
Now, find the area by substituting the values for l and w into the area formula and evaluating.

A = lw
A = (12)(7)
A = 84 in2 (or 84 square inches)
Notice that your units for area are square inches. The units for area will always be the square of the units of the
dimensions. This is because area is a calculation of the number of square units it takes to cover a figure.
The answer is the perimeter of the rectangle is 38 in and the area of the rectangle is 84 in2 .
Here is another example.
Find the perimeter and area of the square below.
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First, note that only one dimension is given. This is because all four sides of a square are equal in length.
s = 14 f t
Next, find the perimeter by substituting the value for s into the perimeter formula and evaluating.

P = 4s
P = 4(14)
P = 56 f t
Now, find the area by substituting the value for s into the area formula and evaluating.
A = s2
A = 142
A = 196 f t 2 (or 196 square feet)
The answer is the perimeter of the square is 56 in and the area of the square is 196 in2 .
Guided Practice

Marcy has purchased a new rug for her office. The rug measures 6 f t × 9 f t. Given these measurements, what is the
perimeter of the rug? What is the area?
First, notice that you were given the dimensions 6 f t × 9 f t for the rug. From this you can deduce that the rug is a
rectangle. The length is 6 feet and the width is 9 feet.
Next, find the perimeter of the rug using the perimeter of a rectangle formula.
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P
P
P
P

=
=
=
=

2l + 2w
2(6) + 2(9)
12 + 18
30 f t

Then, find the area of the rug using the area of a rectangle formula.

A = lw
A = (6)(9)
A = 54 f t 2
The answer is that the perimeter of the rug is 30 feet and the area of the rug is 54 square feet.

Examples
Example 1

Find the perimeter and area of a rectangle with a width of 10 inches and a length of 12 inches.
First, note that for this problem you have:
l = 12 in; w = 10 in
Now, find the perimeter by substituting the values for l and w into the perimeter formula and evaluating.

P
P
P
P

=
=
=
=

2l + 2w
2(12) + 2(10)
24 + 20
44 in

Next, find the area by substituting the values for l and w into the area formula and evaluating.

A = lw
A = (12)(10)
A = 120 in2
The answer is the perimeter of the rectangle is 44 in and the area of the rectangle is 120 in2 .

Example 2

Find the perimeter of a square with a side length of 4.5 inches.
First, note that only one dimension was given. This is because all four sides of a square are equal in length.
s = 4.5 in
Next, find the perimeter by substituting the value for s into the perimeter formula and evaluating.
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P = 4s
P = 4(4.5)
P = 18 in

The answer is the perimeter of the square is 18 in.

Example 3

Find the perimeter of a rectangle with a length of 15 feet and a width of 12 feet.
First, note that for this problem you have:
l = 15 f t; w = 12 f t
Next, find the perimeter by substituting the values for l and w into the perimeter formula and evaluating.

P
P
P
P

=
=
=
=

2l + 2w
2(15) + 2(12)
30 + 24
54 f t

The answer is the perimeter of the rectangle is 54 ft.
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Follow Up

Remember Kathryn and her new carpets? Kathryn is ordering new carpeting for the three bedrooms in her house.
The carpeting she picked costs $3 per square foot. The bedrooms are 15 f t × 12 f t, 12 f t × 11 f t, and 9 f t × 10 f t.
Kathryn needs to know how many square feet of carpeting to order and how much it will cost.
First, find the area of each bedroom. Because the bedrooms are rectangles, you can use the formula A = lw to find
the area of each.
First Bedroom:

A = lw
A = (15)(12)
A = 180 f t 2
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Second Bedroom:

A = lw
A = (12)(11)
A = 132 f t 2
Third Bedroom:

A = lw
A = (9)(10)
A = 90 f t 2
Next, add up the three areas in order to find the total amount of carpet that Kathryn will need to order.

Total Area = 180 + 132 + 90
Total Area = 402 f t 2
The first answer is that Kathryn will need to order 402 square feet of carpeting.
Now, find the total cost. The carpet costs $3 per square foot. Multiply the total amount of carpeting by $3 to find the
total cost.

Cost = 402 · $3
Cost = $1206
The answer is it will cost $1206 for Kathryn to get new carpeting for the bedrooms in her house.
Video Review

https://www.youtube.com/watch?v=UuyW51OVPJ0&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/166059

https://www.youtube.com/watch?v=TN4tm_rONNc&feature=youtu.be

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/166060
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Explore More

Find the area and perimeter of each rectangle using the given dimensions.
1. Length = 10 in, width = 5 in
2. Length = 12 ft, width = 8 feet
3. Length = 11 ft, width = 5 feet
4. Length = 17 miles, width = 18 miles
5. Length = 22 ft, width = 20 feet
6. Length = 8 cm, width = 6 cm
7. Length = 20 cm, width = 17 cm
8. Length = 3 feet, width = 2 feet
9. Length = 15 yards, width = 11 yards
10. Length = 10 yards, width = 6 yards
Find the area and perimeter of each square using the given dimensions.
11. s = 6 f t
12. s = 8 f t
13. s = 9 in
14. s = 4 in
15. s = 12 in
16. s = 7 f t
17. s = 5 cm
18. s = 3 m
19. s = 10 m
20. s = 11 yards
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1.15 Unknown Dimensions Using Formulas
In this concept, you will learn how to use formulas to solve for unknown dimensions when given perimeter or area.
Let’s Think About It

Andrea is out Christmas shopping with her mom and spots a sale on Christmas lights. She asks her mom if she can
get some to string around the perimeter of her bedroom. Her mom agrees, so they look at the packages to try to
figure out how many they will need. Andrea’s mom can’t remember the exact dimensions of Andrea’s room, but she
remembers that it is 81 square feet and is a square. How can Andrea figure out how many feet of Christmas lights
she needs?
In this concept, you will learn how to use formulas to solve for unknown dimensions when given perimeter or area.
Guidance

Perimeter is the distance around a figure. Area is the number of square units contained inside a figure. The
perimeters and areas of rectangles and squares can be found using the formulas below.
•
•
•
•

Rectangle Perimeter: P = 2l + 2w
Square Perimeter: P = 4s
Rectangle Area: A = lw
Square Area: A = s2

An equation is a mathematical sentence that says that two mathematical expressions are equal. The perimeter and
area formulas above are examples of equations. The variables in these equations are P, A, l, w, and s.
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Sometimes you will know the area or perimeter of a rectangle or a square, but not know information about all of its
sides. In this case, you can substitute the information you know into the relevant formula and solve for the unknown
value. Remember that when you solve an equation you are looking for the value of the variable that makes both
sides of the equation equal.
Here is an example.
The width of a rectangle is 10 feet and the perimeter is 50 feet. What is the length of the rectangle?
First, figure out which formula is relevant. This question is about the perimeter of a rectangle, so you will be using
the rectangle perimeter formula.
P = 2l + 2w
Next, figure out which variables you have values for and which variable you are solving for. The problem says that
the width is 10 feet, so w = 10. The problem also says that the perimeter is 50 feet, so P = 50. You are solving for
the length.
P = 50
l =?
w = 10
Now, substitute the values for P and w into the formula and simplify.

P = 2l + 2w
50 = 2l + 2(10)
50 = 2l + 20
Next, solve the equation. Remember you are looking for the value of l that will make both sides of the equation
equal. First, figure out the value of the 2l in the equation. Ask yourself a question.
“50 is equal to what number plus 20?”
Then, answer your question. 30 plus 20 is equal to 50, so 2l must be equal to 30.
Now, you have a simpler equation to solve.
2l = 30
Next, ask yourself another question.
“2 times what number is equal to 30?”
Finally, answer your question. 2 times 15 is equal to 30, so l must be equal to 15.
The answer is that the length of the rectangle is 15 feet.
You can check your answer by substituting all three values into the rectangle perimeter formula, evaluating, and
making sure both sides of the equation end up equal to each other.

P
50
50
50

=
=
=
=

2l + 2w
2(15) + 2(10)
30 + 20
50

Your answer is correct!
Here is another example.
If the area of a square is 144 square miles, what is the length of one of the sides of the square?
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First, figure out which formula is relevant. This question is about the area of a square, so you will be using the square
area formula.
A = s2
Next, figure out which variable you have a value for and which variable you are solving for. The problem says that
the area is 144 square miles, so A = 144. You are solving for the length of the side.

A = 144
s = ?

Now, substitute the value for A into the formula.

A = s2
144 = s2

Next, solve the equation. Remember you are looking for the value of s that will make both sides of the equation
equal. Ask yourself a question.
“144 is equal to what number times itself?”
Then, answer your question. 12 times 12 is equal to 144, so s must be equal to 12.
The answer is that the side length of the square is 12 miles.
Now, check your answer by substituting both values into the square area formula, evaluating, and making sure both
sides of the equation end up equal to each other.

A = s2
144 = 122
144 = 144

Your answer is correct!

Guided Practice

The Hegazzi family is designing a summer garden based on the model shown below. The bottom of the plot is a
square and the top of the plot is a rectangle. If the total area of both plots in the garden is 139 square feet, what is
the length of one side of the square plot (indicated with a question mark below)?
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First, use the given information to find the area of the rectangle plot. You will then use this information to help you
to find the area of the square plot, which will allow you to find the side length of the square plot.
The rectangle has a length of 15 feet and a width of 6 feet. The formula to find the area of a rectangle is A = lw.
Substitute the values for the length and the width of the rectangle into the formula and evaluate to find the area.

A = lw
A = (15)(6)
A = 90
Next, find the area of the square plot. You know that the total area is 139 square feet and the area of the rectangle is
90 square feet. You also know that the total area is equal to the rectangle area plus the square area. Substitute the
values that you know into this relationship.

Total Area = Rectangle Area + Square Area
139 = 90 + Square Area
Now, solve the equation by asking yourself a question.
“139 is equal to 90 plus what number?”
Next, answer the question. 90 plus 10 is equal to 100. 100 plus 39 is equal to 139. So 90 plus 49 must equal 139.
The area of the square plot is 49 square feet.
Now, use the area of the square plot to help you to find the side length of the square plot. Substitute the value for
A into the square area formula.
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A = s2
49 = s2
Next, solve the equation.
“49 is equal to what number times itself?”
Then, answer your question. 7 times 7 is equal to 49, so s must be equal to 7.
The answer is that the side length of the square plot is 7 feet.

Examples
Example 1

If the perimeter of a rectangle is 30 feet, with a length of 9 feet, what is the width of the rectangle?
First, figure out which formula is relevant. This question is about the perimeter of a rectangle, so you will be using
the rectangle perimeter formula.
P = 2l + 2w
Next, figure out which variables you have values for and which variable you are solving for. The problem says that
the perimeter is 30 feet, so P = 30. The problem also says the length is 9 feet, so l = 9. You are solving for the
width.
P = 30
l=9
w =?
Now, substitute the values for P and l into the formula and simplify.

P = 2l + 2w
30 = 2(9) + 2w
30 = 18 + 2w
Next, solve the equation. First, figure out the value of the 2w in the equation. Ask yourself a question.
“30 is equal to 18 plus what number?”
Then, answer your question. 18 plus 12 is equal to 30, so 2w must be equal to 12.
Now, you have a simpler equation to solve.
2w = 12
Next, ask yourself another question.
“2 times what number is equal to 12?”
Finally, answer your question. 2 times 6 is equal to 12, so w must be equal to 6.
The answer is that the width of the rectangle is 6 feet.
Now, check your answer by substituting all three values into the rectangle perimeter formula, evaluating, and making
sure both sides of the equation end up equal to each other.
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P
30
30
30

=
=
=
=

2l + 2w
2(9) + 2(6)
18 + 12
30

Your answer is correct!
Example 2

If the area of a square is 225 square feet, what is the length of one of its sides?
First, figure out which formula is relevant. This question is about the area of a square, so you will be using the square
area formula.
A = s2
Next, figure out which variable you have a value for and which variable you are solving for. The problem says that
the area is 225 square feet, so A = 225. You are solving for the length of the side.

A = 225
s = ?
Now, substitute the value for A into the formula.

A = s2
225 = s2
Next, solve the equation by asking yourself a question.
“225 is equal to what number times itself?”
Then, answer your question. 15 times 15 is equal to 225, so s must be equal to 15.
The answer is that the side length of the square is 15 feet.
Now, check your answer by substituting both values into the square area formula, evaluating, and making sure both
sides of the equation end up equal to each other.

A = s2
225 = 152
225 = 225
Your answer is correct!
Example 3

If the perimeter of a square is 24 meters, what is the length of one of the sides?
First, figure out which formula is relevant. This question is about the perimeter of a square, so you will be using the
square perimeter formula.
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P = 4s
Next, figure out which variable you have a value for and which variable you are solving for. The problem says that
the perimeter is 24 meters, so P = 24. You are solving for the length of the side.

P = 24
s = ?

Now, substitute the value for P into the formula.

P = 4s
24 = 4s

Next, solve the equation by asking yourself a question.
“24 is equal to 4 times what number?”
Then, answer your question. 4 times 6 is equal to 24, so s must be equal to 6.
The answer is that the side length of the square is 6 meters.
Now, check your answer by substituting both values into the square perimeter formula, evaluating, and making sure
both sides of the equation end up equal to each other.

P = 4s
24 = 4(6)
24 = 24

Your answer is correct!
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Follow Up

Remember Andrea and the Christmas lights? She’s buying some to string around the perimeter of her room and
needs to know how many feet of lights to buy. She knows her square room has an area of 81 square feet.
First, figure out the length of each side of her room. Her room is a square and you know its area, so you will be
using the square area formula.
A = s2
Now, you know that the area of the square is 81 square feet, so A = 81. Substitute this value for A into the formula.
A = s2
81 = s2
Next, ask yourself a question to help solve the equation.
“81 is equal to what number times itself?”
Then, answer your question. 9 times 9 is equal to 81, so s must be equal to 9. Each side of Andrea’s room is 9 feet.
Now, you need to figure out the perimeter of Andrea’s room so Andrea will know how many feet of lights she needs.
You know the room is a square with a side length of 9 feet. Substitute s = 9 into the square perimeter formula.
P = 4s
P = 4(9)
P = 36
The answer is that the perimeter of her room is 36 feet, so she needs 36 feet of lights.
94

www.ck12.org

Chapter 1. Algebraic Thinking

Explore More

Given the area, find the side length for each square.
1. A = 16 sq. f t.
2. A = 64 sq. m.
3. A = 100 sq. miles
4. A = 121 sq. inches
5. A = 144 sq. f eet
Given the area and length, find the width of each rectangle.
6. A = 24 sq. f eet, length = 8 f eet
7. A = 48 sq. f eet, length = 12 f eet
8. A = 64 sq. f eet, length = 10 f eet
9. A = 120 sq. meters, length = 40 meters
10. A = 130 sq. f eet, length = 13 f eet
11. A = 90 sq. inches, length = 45 inches
Given the perimeter, find the side length of each square.
12. P = 48 inches
13. P = 64 inches
14. P = 90 inches
15. P = 35 f eet
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1.16 Problem-Solving Models
In this concept, you will learn how to solve real world problems by making and implementing a plan.

Let’s Think About It

Mario has a new baby sister. Mario’s mom told him that his sister will gain weight pretty quickly at the beginning.
When Mario’s sister was one week old she weighed 8 pounds. A week later she weighed 8.5 pounds. A week later
she weighed 9 pounds. Mario is impressed by how fast his sister is gaining weight and wonders when she will be 11
pounds if she keeps gaining weight in the same pattern. After how many more weeks will Mario’s sister weigh 11
pounds?
In this concept, you will learn how to solve real world problems by making and implementing a plan.

Guidance

Solving real world problems can be challenging when you don’t know how to start to solve them. A great strategy
for starting the solving process is to ask yourself three key questions.
Key Questions:
1. What am I trying to find out?
2. What do I know?
3. How can I solve the problem?
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Answering these questions helps you to slow down, understand the problem, and make a plan. You might have to
read the problem a few times in order to answer the three questions and fully understand the problem. That’s okay!
Once you have a plan, your last two steps will be to implement your plan and then check to make sure your answer
makes sense and is realistic.
Here is an example.
On Monday, Jake spent a total of 180 minutes on his math, history, and science homework. He spent 45 minutes on
his math homework and 1 hour on his science homework. How many minutes did he spend on his history homework?
First, ask yourself “what am I trying to find out?”.
The last sentence of the problem tells you that you are trying to find out how many minutes Jake spent on his history
homework.
Next, ask yourself “what do I know?”.
You know the following pieces of information:
• Jake spent 180 minutes total on his math/history/science homework.
• Jake spent 45 minutes on math homework.
• Jake spent 60 minutes (1 hour) on science homework.
Then, ask yourself “how can I solve the problem?”.
You know that the amount of time Jake spends on each of his three subjects combined should equal the total amount
of time he spent on his homework. You can write this relationship as an equation and substitute what you know.
Now, implement your plan. Your unknown value is the amount of time Jake spent on history homework so you can
let x = History Time.

Total Time = Math Time + History Time + Science Time
180 = 45 + x + 60
Now simplify the right side of the equation.
180 = 105 + x
Next, solve the equation using mental math. “180 equals 105 plus what number?” 105 plus 75 equals 180, so x must
be equal to 75.
x = 75
The answer is that Jake spent 75 minutes on his history homework.
Once you have an answer, make sure that you have actually answered the original question that was asked and that
your answer seems realistic. You were trying to find out how much time Jake spent on his history homework and
that’s exactly what you did. 75 minutes is a realistic amount of time to spend on a homework assignment so your
answer makes sense.
Guided Practice

Solve the following real world problem.
A sandwich shop sold 36 tuna fish sandwiches and 45 roast beef sandwiches. The shop sold three times as many
turkey sandwiches as tuna sandwiches. How many turkey sandwiches did the shop sell?
First, ask yourself “what am I trying to find out?”
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The last sentence of the problem tells you that you are trying to find out how many turkey sandwiches the shop sold.
Next, ask yourself “what do I know?”
You know the following pieces of information:
• The shop sold 36 tuna fish sandwiches.
• The shop sold 45 roast beef sandwiches.
• The shop sold 3 times as many turkey sandwiches as tuna sandwiches.
Then, ask yourself “how can I solve the problem?”
You can use the fact that the shop sold 3 times as many turkey sandwiches as tuna sandwiches to determine the
number of turkey sandwiches. Take the number of tuna sandwiches and multiply it by 3.
Now, implement your plan.

Number of Turkey Sandwiches = 36 × 3
Number of Turkey Sandwiches = 108
The answer is that the shop sold 108 turkey sandwiches.
Notice that this problem contained extra information. You didn’t need to know the number of roast beef sandwiches.
Don’t let extra information trick you!
Now that you have your answer, you want to make sure that you have actually answered the original question that
was asked and that your answer seems realistic. You were trying to find out how many turkey sandwiches the shop
sold and that’s what you did. 108 turkey sandwiches seems like a realistic number of sandwiches for a sandwich
shop to sell, so your answer makes sense.
Examples
Example 1

When approaching a problem, what is the first thing you should do?
The answer is that the first thing you always have to do is read the problem carefully. Then, you should ask yourself
“what am I trying to figure out?” as you start to understand the problem.
Example 2

Solve the following real world problem.
William began a fitness schedule. He ran 2 miles the first week, 2.5 miles the second week, and 3 miles the third
week. If the pattern continues, how many miles will William have run after 5 weeks?
First, ask yourself “what am I trying to find out?”
The last sentence of the problem tells you that you are trying to find out how many miles William will have run total
after 5 weeks.
Next, ask yourself “what do I know?”
You know the following pieces of information:
• William ran 2 miles the first week.
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• William ran 2.5 miles the second week.
• William ran 3 miles the third week.
• There is a pattern to how many miles he runs each week.

Then, ask yourself “how can I solve the problem?”
You should first figure out what the pattern is and see if you can extend it. Then, you can determine how many miles
William ran in weeks 4 and 5. Finally, you can add up how many miles he ran in each of the five weeks to find the
total.
Now, implement your plan.
The number of miles he ran in the first three weeks is
2, 2.5, 3,...
The pattern is that he is running 0.5 mile more each week. If he continued the pattern it would look like
2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5, ...
This means in the fourth week William ran 3.5 miles and in the fifth week William ran 4 miles.
Now, you can figure out how many miles William ran total in 5 weeks by adding up the number of miles from each
of the 5 weeks.
2 + 2.5 + 3 + 3.5 + 4 = 15 miles
The answer is that William ran 15 miles in 5 weeks.
Remember that once you have an answer, you want to make sure that you have actually answered the original
question that was asked and that your answer seems realistic. You were trying to find out how many miles William
ran in 5 weeks and that’s what you did. 15 miles is a realistic number of miles to run in 5 weeks so your answer
makes sense.

Example 3

True or false: Once you have an answer your work is finished.
The answer is this statement is false. It’s always important to check your answer before moving on. You want to
make sure you have answered the question that was asked and that your answer is realistic and makes sense.
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Follow Up

Remember Mario and his new baby sister? She is gaining weight each week. When she was one week old she
weighed 8 pounds. Then one week later she weighed 8.5 pounds. Then one week later she weighed 9 pounds. Mario
wonders when she will weigh 11 pounds if she keeps gaining the same amount of weight each week.
First, ask yourself “what am I trying to find out?”
You are trying to figure out in how many weeks Mario’s sister will weigh 11 pounds.
Next, ask yourself “what do I know?”
You know the following pieces of information:
• At one week Mario’s sister weighed 8 pounds, then one week later 8.5 pounds, then one week later 9 pounds.
• There is a pattern to how much Mario’s sister weighs each week.
Then, ask yourself “how can I solve the problem?”
You should first figure out what the pattern is and see if you can extend it. Then, you can figure out when Mario’s
sister will hit 11 pounds.
Mario’s sister’s weights each week so far are
8, 8.5, 9, ...
The pattern is that she is gaining 0.5 pound each week. If she continues gaining at that rate her weights will look
like
8, 8.5, 9, 9.5, 10, 10.5, 11, ...
If Mario’s sister currently weighs 9 pounds, that means in 4 more weeks she will weigh 11 pounds.
The answer is that Mario’s sister will weigh 11 pounds in 4 weeks.
Remember that once you have an answer, you want to check that you have actually answered the original question
that was asked and that your answer seems realistic. You were trying to find out in how many weeks Mario’s sister
will weigh 11 pounds and that’s what you did. 4 weeks is a realistic amount of time for Mario’s sister to gain 2
pounds so your answer makes sense.
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Explore More

Solve each real world problem by first asking yourself the key questions and making a plan. Be sure to check your
answers.
1. Giovanni is working to improve his scores on his weekly science quizzes. The following were his scores for
the first four weeks of school: 64, 70, 76, 82. If the pattern continues, in which week will Giovanni’s score be
100?
2. Lola’s Bakery uses 62 pounds of flour and 19 pounds of sugar each week. The bakery uses half as much butter
as flour each week. How much butter will the bakery use in a month’s time?
3. A children’s pool holds 6 cubic meters of water. The length of the pool is three times the height and the width
of the pool is twice the height. What is the height of the pool?
4. Martin went to the state fair with $30. He rode on 17 rides and came home with $4.50. How much did each
ride cost?
5. Lionel arranged 24 photos in an album. The number of photos in each row is two more than the number of
rows. How many rows of photos are there?
6. An aquarium has four fish tanks it wants to arrange on a shelf. The shelf has an area of 196 square feet. The
area of second tank is twice the area of the first tank, and the area of the third tank is four times the area of the
second tank. The area of the third tank is 56 square feet. If the aquarium puts all three tanks on the shelf, how
much shelf area will be left over?
7. The Durands are driving 456 miles to the family reunion. If they split the drive equally over three days, how
many miles will they drive each day?
8. At the end of a video game tournament, Raul and Martha had both scored twice as many points as Justice. If
their total combined points is 285, how many points did each Justice score?
9. At the lunch counter, Ariana bought a sandwich and lemonade. The sandwich cost five times as much as the
lemonade. She paid with $10 and got $2.50 in change. How much did the sandwich cost? How much did the
lemonade cost?
10. The area of a playground is 40.5 m2 . The width of the playground is 4.5 meters. What is the length of the
playground?
Write five of your own problems. Be sure that one uses addition, one uses subtraction, one uses multiplication, one
uses division and one uses a pattern that requires a table.
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1.17 Comparison of Problem-Solving Models
In this concept, you will learn how to choose an appropriate strategy for solving a real world problem.
Let’s Think About It

Lisa’s grandmother gave her some money for her birthday. Lisa decided to save it to help pay for a trip with her
friends this summer. Since her birthday, Lisa has saved an additional $5 every week! It’s been 8 weeks and Lisa has
$95. How much money did Lisa’s grandmother give her for her birthday?
In this concept, you will learn how to choose an appropriate strategy for solving a real world problem.
Guidance

To start solving a real world problem it can help to ask yourself the following key questions.
Key Questions:
1. What am I trying to find out?
2. What do I know?
3. How can I solve the problem?
By reading the problem a few times you should be able to answer the first two key questions. However, sometimes
answering the third key question is not that easy. It is often not obvious how to solve a problem! Here are some
commonly used strategies for solving problems.
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1. Find a Pattern - Best used when there is a series of numbers and/or when you are being asked for a later
quantity. For example, find the number in the tenth step.
2. Guess and Check - Best used when you are looking for one or two numbers and you think one of them might
work. You can take a guess, try out a number and then adjust your answer from there.
3. Work Backwards - Best used when you are given a total or final amount and you are looking for some partial
amount or original amount.
4. Draw a Picture - Best used when the problem describes some sort of visual.
5. Write an Equation - Best used when there is a missing quantity that needs to be figured out. Then you can
write an equation and solve for the answer.
6. Use a Formula - At this point, best used for area and perimeter problems.
The more you practice solving problems, the quicker you will become at identifying the most appropriate strategy
to use.
Here is an example.
Ron arranged his herb garden rows in the following order: 2 plants, 5 plants, 11 plants, 23 plants. How many plants
will be in the fifth row?
First, ask yourself “what am I trying to find out?”.
You are trying to find out how many plants will be in the fifth row of Ron’s herb garden.
Next, ask yourself “what do I know?”.
You know the following pieces of information:
•
•
•
•

The first row has 2 plants.
The second row has 5 plants.
The third row has 11 plants.
The fourth row has 23 plants.

Then, ask yourself “how can I solve the problem?”.
Notice that in this problem you were given a list of numbers and asked about a later quantity. This is a perfect time
to use the find a pattern strategy. First, find the pattern and describe the pattern rule. Then, extend the pattern to
figure out how many plants are in the fifth row.
Now, implement your plan. So far the pattern is
2, 5, 11, 23, . . .
The pattern rule is multiply by 2 and add 1.
2[U+0097]2 + 1 = 5
5[U+0097]2 + 1 = 11
11[U+0097]2 + 1 = 23
Next, extend the pattern.

23 × 2 + 1 = 47
The answer is that there will be 47 plants in the fifth row.
Remember that once you have an answer, you need to make sure you have actually answered the original question
that was asked and that your answer seems realistic. You were trying to find out how many plants are in the fifth row
and that’s what you did. 47 plants is a lot, but it fits the pattern so your answer makes sense.
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Guided Practice

Ms. Powell wants to hang a large rectangular tapestry lengthwise on her living room wall. The tapestry has a
perimeter of 42 feet and a width of 9 feet. Ms. Powell’s wall is 10 feet high. Will the length of the tapestry fit against
the height of Ms. Powell’s ceiling?
First, ask yourself “what am I trying to find out?”.
You are trying to find out if the length of the tapestry is less than the height of Ms. Powell’s ceiling which is 10 feet.
Next, ask yourself “what do I know?”.
You know the following pieces of information:
•
•
•
•
•

The tapestry is a rectangle.
The tapestry has a perimeter of 42 feet.
The tapestry has a width of 9 feet.
Ms. Powell’s ceilings are 10 feet high.
The tapestry will be hung lengthwise.

Then, ask yourself “how can I solve the problem?”.
Notice that this problem referenced perimeter and a rectangle, so this is a great time to use the use a formula
strategy. First, use the rectangle perimeter formula to find the length of the tapestry. Then, see if the length of the
tapestry is less than 10 feet.
Now, implement your plan. The rectangle perimeter formula is P = 2l + 2w. You know P = 42 and w = 9. You want
to figure out the length, l.
Substitute the values for P and w into the rectangle perimeter formula.

P = 2l + 2w
42 = 2l + 2(9)
42 = 2l + 18
Now, solve for 2l. “What number plus 18 is equal to 42?” You know that 24 plus 18 is equal to 42, so 2l must be
equal to 24.
2l = 24
Next you can solve for the length l. “2 times what number is equal to 24?” You know that 2 times 12 is equal to 24
so l must be equal to 12.
l = 12
Ms. Powell’s tapestry is 12 feet long. Since her ceilings are 10 feet high, the tapestry is too long to fit on the wall.
The answer is that Ms. Powell’s tapestry is too long to fit on the wall.
Now make sure you answered the question. The question asked if the length of the tapestry was less than the height
of Ms. Powell’s ceiling. You determined that no, the length of the tapestry is not less than the height of the ceiling.
12 feet for the length of a tapestry that you would put on the wall is realistic, so your answer makes sense.
Examples
Example 1

Melissa has 144 cookies she wants to put evenly into 8 gift bags. How many cookies will go into each bag?
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First, ask yourself “what am I trying to find out?”.
You are trying to find out how many cookies will go into each gift bag.
Next, ask yourself “what do I know?”.
You know the following pieces of information:

• There are 144 cookies total.
• There are 8 gift bags.
• Each gift bag needs to have the same number of cookies.

Then, ask yourself “how can I solve the problem?”.
Notice that we have a missing quantity to figure out, the number of cookies in each bag. This is a good time to use
the write an equation strategy. First, write an equation to show the relationship between the different numbers in
the problem. Then, solve the equation.
Now, implement your plan. You know the number of cookies in each bag times the number of bags will equal the
total number of cookies. The unknown quantity is the number of cookies in each bag so that will be your variable.
Let x = the number of cookies in each bag.
x · 8 = 144
Now, solve the equation. “What number times 8 is equal to 144?” If you need to, you can use your calculator to
divide 144 by 8 to get the answer. 18 times 8 is equal to 144 so x is equal to 18.
x = 18
The answer is there will be 18 cookies in each bag.
Next, make sure you have actually answered the original question that was asked and that your answer seems
realistic. You were trying to find out how many cookies were in each bag and you did. 18 cookies in a bag is realistic
so your answer makes sense.

Example 2

A list of numbers is found in the problem. Which strategy might you use?
When there is a list of numbers, the find a pattern strategy is a useful one to try.
The answer is the find a pattern strategy.

Example 3

A final quantity is given, but the initial amount is missing. Which strategy might you use?
When you know the final amount but not the starting amount, the work backwards strategy is a good one to try.
The answer is the work backwards strategy.
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Follow Up

Remember Lisa and her saved money? After her grandmother gave her some money for her birthday, Lisa has been
saving $5 a week for 8 weeks. She now has $95! You wonder how much money Lisa got from her grandmother for
her birthday.
First, ask yourself “what am I trying to find out?”.
You are trying to find out how much money Lisa got from her grandmother for her birthday.
Next, ask yourself “what do I know?”.
You know the following pieces of information:
•
•
•
•

Currently Lisa has $95 dollars.
Lisa is saving $5 each week.
It has been 8 weeks.
Lisa started out with just the money from her grandmother.

Then, ask yourself “how can I solve the problem?”.
Notice that in this problem you were given a final amount of $95 and asked about an initial amount. This is a good
time to use the work backwards strategy. First, figure out how much money Lisa has saved over the 8 weeks since
she got the money from her grandmother. Then, work backwards from the $95 to figure out how much money she
must have started with from her grandmother.
Now, implement your plan. Lisa has saved $5 a week for 8 weeks.
$5[U+0097]8 = $40
So over the 8 weeks Lisa has saved an additional $40.
Next, work backwards. Lisa has $95 now. She added $40 to the money from her grandmother to get to the $95. That
means you can subtract $40 form $95 to figure out how much money Lisa started with from her grandmother.
$95 − $40 = $55
The answer is Lisa got $55 from her grandmother.
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Make sure you have actually answered the original question that was asked and that your answer seems realistic.
You were trying to find out how much money Lisa’s grandmother gave her for her birthday and you found out that
Lisa got $55 from her grandmother. $55 is a realistic amount of money for a birthday present so your answer makes
sense.
Explore More

Solve the following problems.
1. Mary went to the music store with her babysitting money. She bought two CDs for $12.50 each and two
magazines for $4.25 each. She left the store with $10.25. How much money did she start with?
2. Since he began his fitness routine, Mr. Trigg has measured his weight every week. His weights for the first six
weeks are as follows: 236, 230, 232, 226, 228, 222. If the pattern continues, how much will he weigh in the
tenth week?
3. The area of City Park is 75 km2 . The length of the park is 15 feet. What is the perimeter of the park?
4. A farmer planted corn, wheat, and cotton in a total of 88 fields. He planted 10 rows of corn. If he planted even
numbers of rows for the other crops, how many rows of wheat did he plant?
5. Mrs. Whitaker is mailing a pair of shoes to her daughter. She wants to fit the rectangular shoebox inside a
larger square box. The area of the shoebox is 84 in2 ; the length of one side is 12 inches. One side of the larger
square box measures 14 inches. Will the shoebox fit in the larger box? How do you know?
6. After a pin-ball game, the score board showed that the combined points of Peter, Ella, and Ned is 728. Ella
scored half the points of Ned and Peter scored one-fourth the points of Ned. How many points did each player
score?
7. Tami made a total of $47 babysitting on New Year’s Eve. She made her hourly rate plus a $7 tip. If she worked
5 hours, what is her hourly rate?
8. A weightlifter lifts weights in the following order: 0.5 lb, 1.5 lb, 4.5 lb, 13.5 lb. How many pounds will he lift
next?
9. Figure A is a square, with a side that measures 9 cm. Figure B is a square with a side that measures 6 cm.
Which figure has the greater area, Figure A or Figure B?
10. Mr. Rowe and Mrs. Rowe are driving 959 miles to a beach vacation. They want to split the distance over 4
days, driving the exact same amount on the first three days and the remainder on the fourth day. If they drive
119 miles on the fourth day, how many miles will they drive on the first day?
11. Cedric spent $27.75 on pizza for his friends. Each cheese pizza cost $8 and each extra topping cost $0.75. If
Cedric bought 3 cheese pizzas, how many extra toppings did he get?
12. What was the total cost without the toppings?
13. If 29 people went to the zoo the first day and double went the second, how many went in both days combined?
14. If on the third day, double the people from the second day went, how many people went to the zoo?
15. If ten less went to the zoo on the fourth day verses the third day, how many people went to the zoo on the
fourth day?
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts on
comparing and ordering decimals, decimal operations, rounding decimals, commutative and associative properties
of addition and multiplication, the inverse property, scientific notation, metric system of measurement, converting
and comparing metric units of measurement, and equivalence between customary and metric units of measurement.
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2.1 Decimal Comparisons without Rounding
Here you’ll learn to compare and order decimals without rounding.
Have you ever run track? Take a look at this dilemma.

Connor loves running track for his middle school. In fact, he is one of the fastest runners and he specializes in short
distances like the 100. Connor has set a goal this year to run a personal best in the 100. His fastest race time is 13.91
and his slowest race time is 15.16. Connor has set a goal of running the 100 in 12.51. While this is ambitious, he
believes that with the right mind set and perseverance that he will accomplish his goal.
Jeff is a friend of Connor’s who attends the middle school in the next town over. Jeff is also a runner and he also
specializes in the 100. The boys are good friends but they definitely love to compete against each other. Sometimes
Jeff is faster and sometimes Connor is faster. Jeff’s best race time in the 100 is 13.42. His slowest race time is 15.32.
Jeff’s goal this year is to beat his fastest time and finish the 100 in less than 13.00.
One week before the big race, Connor and Jeff decided to try running practice intervals together. They both ran the
100 on the track and here were their times. Connor’s time was 13.11 and Jeff’s time was 13.14.
Given these times, who had the faster time? How does Connor’s practice time compare with his best race time? How
does Jeff’s practice time compare with his best race time? Given these numbers, who do you think is on track to
accomplish his goal? Give some mathematical reasons why.
Track and field times are calculated in decimals. To answer these questions, you will need to know how to
compare and order decimals. Pay attention and you will see this problem again at the end of the Concept.

Guidance

Before we move to comparing and ordering decimals, let’s first begin by thinking about whole numbers and decimals.
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Yes! You have been working with whole numbers for a long time. Whole numbers were the first numbers that you
used to count and figure out quantities.
Whole numbers are numbers like 1, 8, 56, and 278—numbers that don’t contain fractional parts.
Not all numbers are whole.
The decimal system lets us represent numbers or parts of numbers that are less than 1. Money is one of the most
common places that we see decimals in everyday life. You are certainly familiar with decimals in your everyday
dealings with money.
Take the amount $41.35.
You know that 0.35 represents part of a dollar.
If you had 100 cents, you would have a dollar.
So 35 cents can be represented as 0.35 or

35
100

or 35 hundredths of a dollar.

Decimals are used to describe a lot more than money.
In a decimal number like 321.43 the decimal point divides the whole number from its fractional part. As you move
right from the decimal point, each value is divided by 10.
Numbers to the right of the decimal point are whole numbers.
Numbers to the left of the decimal point are the fractional part.
Now that we have reviewed a bit about whole numbers and decimals, we can look at comparing decimals without
rounding.
First, let’s think about place value. The value of each number in a decimal whether it is a whole number to the left of
the decimal point and a part of a whole to the right of the decimal point is defined based on the value of the number.
The place that each digit is in has a specific name and this helps us to figure out which numbers are larger and which
are smaller.
Here is a place value chart.

111

2.1. Decimal Comparisons without Rounding

www.ck12.org

TABLE 2.1:
Place
Millions place
Hundred-thousands place
Ten-thousands place
Thousands place
Hundreds place
Tens place
Ones place
Decimal point
Tenths place
Hundredths place
Thousandths place
Ten-thousandths place
Hundred-thousandths place
Millionths place

Number
1,000,000.0
100,000.0
10,000.0
1,000.0
100.0
10.0
1.0
.
1
0.1 or 10
1
0.01 or 100
1
0.001 or 1000
1
0.0001 or 10,000
1
0.00001 or 100,000
1
0.000001 or 1,000,000

This chart shows us the value of each digit.

TABLE 2.2:
10 Th

ThousandsHundreds Tens

Ones

1

2

9

4

5

Tenths
.

3

Hundredths
Thousandths
TenThousandths
4
7
8

We read this number as: “Twelve thousand four hundred fifty-nine AND three-thousand four hundred and seventyeight ten-thousandths.”

Alright, you look puzzled. Let’s slow down and look at how we read a decimal so that we can understand its value.
To read a decimal number, we begin with the whole number.
The decimal point is read as “and” or as just “point.”
Then the digits to the right of the decimal point are read by naming the place in the last digit of the number. For
example, 23.451 is read as twenty-three and four hundred fifty-one thousandths.
How can we use this information to compare decimals?
First, to compare decimals, we can use our symbols for greater than >and less than <. To order decimals, we will be
writing them from least to greatest or from greatest to least. But first, let’s just focus on comparing.
We compare and order decimal numbers just like whole numbers—by working from left to right.
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With decimals, begin by lining up the decimal points. If there are missing places in the decimals, we can figure out
which one is smaller or larger by filling in zeros for the missing places.
You want each decimal to have the same number of digits so that you can get a clear idea of which is larger and
which is smaller.
Compare 8.507 and 8.570. Write >, <, or =.
The first thing to notice is that each number has one whole number, 8. Because the whole number is the same, we
need to determine which is greater by looking at the decimal part of the number. These decimals both have three
decimal places, so we don’t need to add any zeros.
The clearest way to see the decimal values is by lining up the decimal points in a place-value chart.

TABLE 2.3:
Ones
8
8

Tenths
5
5

.
.
.

Hundredths
0
7

Thousandths
7
0

Use the chart to compare the value of each digit from left to right.
The numbers are identical in the ones place (8) and in the tenths place (5).
In the hundredths place they are different.
0 <7
The number 8.507 has

0
100

(0 hundredths), while the number 8.570 has

7
100

(7 hundredths).

0 hundredths is less than 7 hundredths—we don’t even need to look at the thousandths place!
Our answer is that 8.507 <8.570.
Now we can use this information to help us when writing decimals in order from least to greatest or greatest
to least.
Order the following numbers from least to greatest: 94.0299, 94.2019, 94.129, 494.019.
We are ordering four numbers from least to greatest.
Use a place-value chart to help us see the difference in values.
This time we’ll have to add extra places to describe our numbers.
Remember to work from left to right when comparing values.

TABLE 2.4:
Hundreds

Tens

Ones

.

Tenths

4

9
9
9
9

4
4
4
4

.
.
.
.

0
2
1
0

Hundredths Thousandths Tenthousandths
2
9
9
0
1
9
2
9
1
9

With just a glance at the place-value chart, it is easy to see which number is the greatest number.
494.019 is the only number that has a value in the hundreds place.
The question asks us to order the numbers from least to greatest, so put 494.019 at the end of our list.
Now let’s look at the other three numbers.
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All of them have the same value in the tens and ones places (94), so we need to look to the tenths place. Don’t be
thrown off by the 9s in the thousandths and ten-thousandths place!
We don’t need to look further than the tenth place.
0 <1 <2, so 94.0299 <94.129 <94.2019
Now we can put our numbers in order from least to greatest.
Our answer is 94.0299, 94.129, 94.2019, 494.019
Practice these skills by comparing and/or ordering these decimals.

Example A

98.065 ______ 98.08
Solution: <

Example B

5.237 ______ 5.231
Solution: >

Example C

Write in order from least to greatest: .098, 2.45, 2.099, 2.67
Solution: .098, 2.099, 2.45, 2.67
Now back to the 100.
Here is the original problem once again.
Connor loves running track for his middle school. In fact, he is one of the fastest runners and he specializes in short
distances like the 100. Connor has set a goal this year to run a personal best in the 100. His fastest race time is 13.91
and his slowest race time is 15.16. Connor has set a goal of running the 100 in 12.51. While this is ambitious, he
believes that with the right mind set and perseverance that he will accomplish his goal.
Jeff is a friend of Connor’s who attends the middle school in the next town over. Jeff is also a runner and he also
specializes in the 100. The boys are good friends but they definitely love to compete against each other. Sometimes
Jeff is faster and sometimes Connor is faster. Jeff’s best race time in the 100 is 13.42. His slowest race time is 15.32.
Jeff’s goal this year is to beat his fastest time and finish the 100 in less than 13.00.
One week before the big race, Connor and Jeff decided to try running practice intervals together. They both ran the
100 on the track and here were their times. Connor’s time was 13.11 and Jeff’s time was 13.14.
Given these times, who had the faster time? How does Connor’s practice time compare with his best race time? How
does Jeff’s practice time compare with his best race time? Given these numbers, who do you think is on track to
accomplish his goal? Give some mathematical reasons why.
To answer the first question, we have to compare the two times that the boys ran during their practice.
13.11 and 13.14
Notice that the thirteen is the same, so we need to look at the decimal. 11 is less than 14, so Connor ran the faster
time.
Next, we compare Connor’s practice time and his best race time.
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His practice time was 13.11
His fastest race time was 13.91
Connor is definitely getting faster, because his practice time was faster than his best race time.
Now we can compare Jeff’s times.
His practice time was 13.14.
His fastest race time was 13.42.
His practice time is faster than his race time. Jeff is also getting faster.
The last question involves your thinking. You need to decide whether or not you think both boys will meet their
time goals for the race. Discuss this with a partner. Be sure to justify your thinking by using mathematical
data.
Guided Practice

Here is one for you to try on your own.
Compare .00456 and .00458
Answer
If you look at these two decimals, we can see that the first few four values are all the same. Therefore, we have to
look at the last value to figure out which number is larger and which is smaller.
6 <8
Therefore, .00456 <.00458.
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5319

This is a James Sousa video on ordering decimals from least to greatest.
Explore More

Directions: Compare. Write <, >, or = for each ___.
1. 701.304 _____ 701.33
2. 2,012.201 _____ 2,012.021
3. 6.951 _____ 6.9313
4. 45.081 _____ 45.108
5. 4.5670 _____ 3.452
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6. .0017 ______.0019
7. 1.0056 ______1.0560
8. 3.4501 ______3.4510
9. 67.001 ______67.1
Directions: Order the following from least to greatest.
10. 373.291, 373.192, 373.129, 373.219
11. 0.4755, 0.4764, 0.4754, 0.4674
12. 7.16, 7.2, 7.06, 7.21
13. 25.417, 25.741, 25.074 25.407
14. 15.001, 15.067, 15.100, 15.0001
15. 6.780, 6.087, 6.870, 6.008
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2.2 Decimal Rounding Given Place Value
Here you’ll learn to round decimals to a given place.
Remember Connor and his track goals in the Decimal Comparisons without Rounding Concept? Take a look at how
he is doing now.
Last month, Connor’s fastest race time was 13.91 and his slowest race time was 15.16. Connor still has a goal of
running the 100 in 12.51.
Connor has been running every day, and he practices tirelessly.
If you round Connor’s fastest race time to the nearest minute, how far is he from his goal?
This Concept will teach you how to round decimals to a given place. Then you will be able to tackle this
problem.
Guidance

Some decimals can extend to the millionth place or even farther and be difficult to handle in operations.
Rounding decimals is useful when estimating sums and difference or comparing measurements.
Previously we worked on how to round whole numbers to a given place value.
Let’s take a minute to review rounding whole numbers.
1,537 rounded to the thousands place is 2,000; rounded to the hundreds place is 1,500; rounded to the tens place is
1,540. We can round to any place that we choose to round the number to.
We can use the same steps when rounding decimals. Here are the steps for rounding numbers.
The Steps for Rounding Numbers
1. Identify the place you want to round to, notice that number.
2. Look at the digit to the right of that number.
3. If the digit to the right is 5 or greater, round up. If the number is less than 5, round down.
Round 406.091 to the nearest whole number
First, underline the number you’re rounding to and bold or circle the number directly to the right.
Rounding to the nearest whole number, underline the ones place.
The bolded number in the tenths place is the one you’ll look at when deciding to round up or down.
Because that number is a zero, we don’t round up. The whole number stays the same.
Our answer is 406.
Here is another one.
Round 206.9595 to the nearest whole number
First, underline the number you’re rounding to and bold or circle the number directly to the right.
Rounding to the nearest whole number, underline the ones place.
The number in the tenths place is the one you look at when deciding to round up or down. This number is a
nine, so we round up.
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Our answer is 207.
Now let’s use these same steps when rounding decimal places. Round .07285 to the nearest thousandths place
First, identify that the two is in the thousandths place. We can underline that digit because that is the digit
that we are going to be rounding.
Next, look to the number to the right of the two. That is the number we use to determine whether we round
up or down.
That number is an 8, so we round up.
Our answer is .073.
Notice that we don’t include the digits past the place where we have rounded. This is because we have rounded
that digit.
Now it’s time for you to try a few on your own.
Example A

Round 1.23439 to the nearest ten-thousandth.
Solution: 1.2344
Example B

Round 3035.67 to the nearest whole number.
Solution: 3036
Example C

Round 0.98734 to the nearest thousandth.
Solution: 0.987
Here is the original problem once again.
Last month, Connor’s fastest race time was 13.91 and his slowest race time was 15.16. Connor still has a goal of
running the 100 in 12.51.
Connor has been running every day, and he practices tirelessly.
If you round Connor’s fastest race time to the nearest minute, how far is he from his goal?
To found Connor’s fastest time, we have to look at the time itself first.
13.91
We want to round it to the nearest whole. We look at the value in the tenths place. It is a nine, so we round up.
13.91 becomes 14
Now subtract 14 − 12.51 = 1.09
Connor is about 1 minute and nine seconds away from his goal.
Guided Practice

Here is one for you to try on your own.
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Round to the nearest hundredth.
12.342789
Answer
To do this, we have to identify the value in the hundredths place first.
4 is the value in the hundredths place.
The value to the right of the four is a two. We don’t round up.
The answer is 12.34.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5322

This is a Khan Academy video on rounding decimals.
Explore More

Directions: Round the following to the nearest whole number.
1. 621.891
2. 1,318.0999
3. 17.275
4. 49.64
5. 123.56
6. 349.5
7. 16789.21
8. 12.981
9. 145.7821
Directions: Round the following to the designated place.
10. 32.295 to the nearest hundredth
11. 0.1062461 to the nearest ten-thousandth
12. 2.4004728 to the nearest hundred-thousandth
13. 4,062.03 to the nearest tenth
14. .12378 to the nearest ten - thousandth
15. 3.4567 to the nearest thousandth

119

2.3. Decimal Comparisons with Rounding

www.ck12.org

2.3 Decimal Comparisons with Rounding
Here you’ll learn to compare and order decimals with rounding.
Leah volunteers at the local animal shelter. Here is a dilemma that she faced when she arrived on Saturday morning.
The animal shelter assigns sleeping boxes based on the length of kittens. The longest kitten gets the largest sleeping
box. Leah was assigned the task of providing each kitten with the correct box. She is puzzled as to how to do this.
Here is the list of kitten lengths with the area of the sleeping boxes.

TABLE 2.5:
Kittens:
Ursula—23.11 cm
Mittens—23.51 cm
Josh—25.01 cm
Boxer—20.31 cm

Sleeping Boxes:
A—647.06 cm2
B—637.56 cm2
C—647.46 cm2
D—647.9 cm2

Working with decimals is essential for sorting out this problem.
Do you know how to do it?
This Concept is about comparing and ordering decimals with rounding. By the end of it, you will be able to
help Leah with her dilemma.

Guidance

Previously we worked on rounding and comparing decimals. Combining the two procedures is fairly straightforward.
Once decimals are rounded to a specific place value, they can be compared just as they were compared when they
weren’t rounded—from left to right.
Compare 77.0949 and 77.0961 after rounding to the nearest hundredth. Write >, <, or =.
The first thing that we need to do is to round each to the nearest hundredth.
77.0949 - 9 is in the hundredths place. The number to the right of the nine is a 4. So we do not round up.
Our first number is 77.09
77.0961 - 9 is in the hundredths place here too. But the number to the right is a 6, so we round up.
Our second number is 77.10
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What happened is that we needed to round up. We can’t go from 9 to 10 in one digit, so the place of the number
moved over and we rounded 9 hundredths up to 1 tenth.
Now we can compare these numbers.
Our answer is 77.09 <77.10.
We can use these same steps when ordering numbers from least to greatest or from greatest to least. First, you round
the numbers to the desired place then you compare and order them.
Round the following numbers to the nearest tenth. Then order from greatest to least. 5.954, 5.599, 5.533, 6.062.
First, we round each number to the nearest tenth. Remember that the tenths place is the first place to the right
of the decimal point. Here the digit being rounded is in bold print and the number that we use to determine
whether we round up or down is in the hundredths place and is underlined.
5. 954 rounds up to 6.0
5. 599 rounds up to 5.6
5. 533 rounds down to 5.5
6. 062 rounds up to 6.1
Next, we write them in order from greatest to least.
Our answer is 6.1, 6.0, 5.6, 5.5
Now it’s time for you to try a few on your own.
Example A

Compare each number after rounding to the nearest hundredth, 4.567 and 4.562
Solution: 4.57 >4.56
Example B

Compare each number after rounding to the nearest tenth, .234 and .245
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Solution: .2 = .2
Example C

Round each to the nearest tenth and write in order from least to greatest, .0567, .291, .1742
Solution: .0567, .1742, .291
Now back to Leah and the kittens. Here is the original problem once again.
Remember how Connor ran track? Well, his sister Leah volunteers at the local animal shelter. Here is a dilemma
that she faced when she arrived on Saturday morning.
The animal shelter assigns sleeping boxes based on the length of kittens. The longest kitten gets the largest sleeping
box. Leah was assigned the task of providing each kitten with the correct box. She is puzzled as to how to do this.
Here is the list of kitten lengths with the area of the sleeping boxes.

TABLE 2.6:
Kittens:
Ursula—23.11 cm
Mittens—23.51 cm
Josh—25.01 cm
Boxer—20.31 cm

Sleeping Boxes:
A—647.06 cm2
B—637.56 cm2
C—647.46 cm2
D—647.9 cm2

To solve this problem, let’s first write the kittens in order from smallest to largest.
Boxer = 20.31
Ursula = 23.11
Mittens = 23.51
Josh = 25.01
Now the boxes in order from least to greatest.
Box B = 637.56
Box A = 647.06
Box C = 647.46
Box D = 647.9
Next, we put them together.
Boxer = Box B
Ursula = Box A
Mittens = Box C
Josh = Box D

Guided Practice

Here is one for you to try on your own.
Sean weighed his textbooks with these results: Math—3.652 kg; English—3.596 kg; History—3.526 kg; Science—3.628 kilograms. Order his textbooks from greatest to least weight.
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Answer
To complete this problem, we have to round each to the nearest tenth.
Math = 3.7
English = 3.60
History = 3.5
Science = 3.62
Because both the English book and the Science book round to 3.6, we have to add a hundredths digit. Now we can
write them from least to greatest.
The answer is History, English, Science, Math.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5322

This is a Khan Academy Video on rounding decimals.

Explore More

Directions: Round each decimal to the nearest hundredth; then compare. Write <, >, or = for each ___.
1. 1.346 ___ 1.349
2. 0.0589 ___ 0.0559
3. 62.216 ___ 62.301
4. 5.011 ___ 5.001
5. 65.47 ____65.047
6. 12.324 ____ 12.325
7. .00897 _____.00967
8. .0009876 _____.0001020
9. .9806_____.9870
Directions: Round each decimal to the nearest thousandth. Then order from greatest to least.
10. 2.03489, 2.03266, 2.0344, 2.03909
11. 16.0995, 16.0875, 16.0885, 16.089
12. 3.8281, 3.8208, 3.8288, 3.8218
13. .05672, .05972, .05612, .0575
Directions: Complete each word problem.
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14. Tamara’s famous holiday punch follows a precise recipe: 0.872 l orange juice; 0.659 l grapefruit juice; 1.95 l
club soda; 0.981 1 lemonade; and 0.824 l limeade. Round her ingredient list to the nearest tenth; then order from
least to greatest.
15. Mrs. King is pricing cabins at the state park for a weekend getaway with the family. A 2-person cabin is $53.90
for the weekend; a 3-person cabin is $67.53 for the weekend; a 4-person cabin is $89.72 for the weekend. Round
each price to the nearest whole number; then estimate the cheapest combination of cabins if there are 6 people in the
King family.
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2.4 Decimal Addition
Here you’ll learn to add decimals with and without rounding.
Have you ever been on a relay team? Have you ever run a relay race?

Last year, the girl’s middle school relay team ran the 4 × 100 meters is 53.87 and won the regional championship.
This year, there are four new girls on the team and they have set a goal of running the 4 × 100 in a faster time than
the girls did the year before.
Jessica is the lead runner on the team. The second runner is Karin. The third runner is Tasha and the fourth runner
and fastest runner is Uniqua. All four girls worked and trained hard. They didn’t know each prior to making the
team, so it took the girls most of the season to get to know each other’s strengths and weaknesses. Their coach, Ms.
Sutter worked hard to help the girls work through their differences while maintaining a good attitude. Ms. Sutter
doesn’t put up with a lot of nonsense and all of the runners show respect to her and their team mates.
Because of their hard work, the relay team made it all the way to the Regional championship.
“Just be sure to run your best race,” Ms. Sutter told them prior to the start.
All four girls shook hands and prepared to run. Here are their individual times:
Jessica = 13.00
Karin = 14.10
Tasha = 14.23
Uniqua = 12.40
Did the girls accomplish their goal of running the relay faster than the previous team?
This Concept is all about adding decimals. To figure out the total time of the relay team, you will need to know
how to add decimals. Finish this Concept and you will be ready!
Guidance

Decimals appear in all aspects of life—any time there is a part of a whole number—from money to measurement to
percentages. Meghan finished 0.75 of her homework; Leo ran 1.34 kilometers; the class ate 5.6 pizzas.
125

2.4. Decimal Addition

www.ck12.org

Previously we worked on how to compare, order, and round decimals.
In this Concept, we will learn how to add them. Once you know how to add decimals, you can apply your knowledge
to a whole new dimension of real-world situations, some of which involve algebraic reasoning and equations.
How do we get started when we want to add decimals?
Well, first of all, it all comes back down to place value. To add decimals, we line up the digits according to place
value. To keep the place values straight, we always align the decimal points of the decimals.

Once we have the decimal points lined up, we add exactly like we add whole numbers—from right to left—taking
care to bring the decimal point down into our answer.

1.87
+ 2.30
4.17
There are a few things to notice about this problem.
First, the numbers you are adding have been lined up vertically. When you were in elementary school, most of your
problems were probably lined up vertically. Now that you are in middle school from now on, you will need to do
this step yourself.
Second, you can see that a zero was added to help even out the columns to line up the decimal points. That zero is
in red to help you to see that it was added.
4.5 + 2.137 =
To add this problem, let’s remember to line up the decimal points and each digit according to place value. Notice
that there is one digit after the decimal point in the first number and three in the second number. You will need to
add some zeros to help with the addition. Now let’s line up the problem.

4.500
+ 2.137
6.637
Sometimes, particularly in real-world situations, decimal numbers are just too long to work with. In these cases, to
find a quick and workable solution we might round the decimals before we add . For instance, rather than getting
bogged down in the ten-millionth place, we can round to the tenth or hundredth place and then add. Look for
clues in the problem to tell you whether or not to round before adding. If you are asked to round, make sure
you round to the right place!
Let’s look at a problem where rounding would be helpful.
Round each number to the nearest hundredth then find the sum of 9.199, 11.353, 10.648.
This problem asks us to round before adding and it asks us to round to the hundredth place. To make the rounding
steps clear, it helps to underline the number you’re rounding to and bolding or circling the number directly to
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the right of it. Because we’re rounding to the hundredth place, we’re going to round to the two places to the
right of the decimal place. The bolded number, the thousandths place, is the one you’ll look at when deciding
to round up or down.
9.19 9 → rounded to the hundredths place → 9.20
11.35 3 → rounded to the hundredths place → 11.35
10.64 8 → rounded to the hundredths place → 10.65
Now that the numbers are rounded, we add zeros, line up the decimal places, and add.

09.20
11.35
+ 10.65
31.2

Our answer is 31.2.
Now it’s time to try a few on your own.

Example A

4.56 + 1.2 + 37.89 =
Solution: 43.65

Example B

14.2 + 56.78 + 123.4 =
Solution: 194.38

Example C

189.34 + 123.5 + 7.2 =
Solution: 320.04
Now back to the relay race.
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Here is the original problem once again.
Last year, the girl’s middle school relay team ran the 4 × 100 meters is 53.87 and won the regional championship.
This year, there are four new girls on the team and they have set a goal of running the 4 × 100 in a faster time than
the girls did the year before.
Jessica is the lead runner on the team. The second runner is Karin. The third runner is Tasha and the fourth runner
and fastest runner is Uniqua. All four girls worked and trained hard. They didn’t know each prior to making the
team, so it took the girls most of the season to get to know each other’s strengths and weaknesses. Their coach, Ms.
Sutter worked hard to help the girls work through their differences while maintaining a good attitude. Ms. Sutter
doesn’t put up with a lot of nonsense and all of the runners show respect to her and their team mates.
Because of their hard work, the relay team made it all the way to the Regional championship.
“Just be sure to run your best race,” Ms. Sutter told them prior to the start.
All four girls shook hands and prepared to run. Here are their individual times:
Jessica = 13.00
Karin = 14.10
Tasha = 14.23
Uniqua = 12.40
Did the girls accomplish their goal of running the relay faster than the previous team?
First, we can write an equation to figure out the time of the race.
j + k + t + u < 53.87
The girls want to have a time that is less than 53.87. In this way, we are going to be combining comparing decimals
and adding decimals.
Next, we fill in the given times for each girl into the equation.
13.00 + 14.10 + 14.23 + 12.40 < 53.87
Now, we can line up the decimal point to add the values.
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13.00
14.10
14.23
+ 12.40
53.73
The time of the relay is 53.73.
Now we can compare this with the previous team’s time.
53.73 <53.87
This is a true statement. The girls have beaten the previous relay team’s time. They also achieved a medal at
the Regional Championship!!

Guided Practice

Here is one for you to try on your own.
Round each value to the nearest tenth and then find the sum.
4.56, 3.47, 2.04, 6.21
Answer
First, we round each to the nearest tenth.
4.56 = 4.6
3.47 = 3.5
2.04 = 2.0
6.21 = 6.2
Now we add them up to find the sum.
16.3
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This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5325

This is a James Sousa video on adding and subtracting decimals.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5465

This is a James Sousa video on adding decimals.
Explore More

Directions: Find each sum.
1. 29.451 + 711.36
2. 0.956 + 0.9885
3. 13.69 + 42.23
4. 58.744 + 12.06 + 8.8
5. 67.90 + 1.2 + 3.456
Directions: Round to the nearest tenth, then find the sum.
6. 88.95 + 23.451
7. 690.026 + 831.163
8. 3.27 + 7.818
9. .99 + .909 + .048
10. 5.67 + 3.45 + 1.23
Directions: Round to the nearest hundredth, then find the sum.
11. 511.51109 + 99.0986
12. .744 + 7.005 + .7071
13. 32.368 + 303.409
14. 1.0262 + 1.0242
15. 1.309 + 3.4590
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2.5 Decimal Addition Using Front-End Estimation
Here you’ll learn to estimate decimal sums using front-end estimation.
Have you ever gone to dinner with a friend?
Jessica and Daniella went to dinner. Jessica ordered a pasta dish with shrimp and lobster for $25.25 and Daniella
ordered a steak dish for $18.95.
Without adding the exact values, can you estimate the total cost of both meals?
This Concept is about front-end estimation. Pay attention and you can use it to estimate the sum of these
meals.
Guidance

What is estimation?
Estimation is a method for finding an approximate solution to a problem.
For example, the sum of 22 and 51 is exactly 73. We can estimate the sum by rounding to the tens place and adding
20 + 50. Then we can say the sum of 22 and 51 is “about 70.” Before we perform an operation, an estimate gives us
a rough idea of what our answer will be.
Estimation is also useful to check answers. If, after you solve a problem, you estimate to get a general idea of what
an answer should be, you know if your answer is reasonable. You could say that an estimate is an “educated guess.”

By “educated guess” we don’t mean a guess that is out of nowhere. You have to have a method to figuring out the
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answer or estimate. Rounding numbers before adding is one way to find an estimate.
Front-end estimation is another way. Like rounding, front-end estimation uses place value; unlike rounding, it
doesn’t involve any changing of values.
There are three steps to front-end estimation.
First, you add the front end, or left-most digits, to get a general estimate of the sum. Next, to refine the first estimate,
you add the digits directly to the right of the front-end digits.
Finally you add the two sums together.
Front-End Estimation for Addition:
1. Add the front (leftmost) digits.
2. Add the digits directly to the right of the front-end.
3. Add the estimates from steps 1 and 2.

Write these steps in your notebook and then continue with the Concept.
Use front-end estimation to find the sum of 6.819 and 4.621.
We are going to use front-end estimation to add 6.819 and 4.621. Let’s begin by lining up the decimal points and
taking a closer look at the numbers. Then we’ll follow the steps of front-end estimation.
6.819
4.621
1. Front-end estimation tells us to add the front or leftmost digits first, so we want to add the ones place.
6 + 4 = 10.
2. Next, to refine that estimate, we’ll add the digits directly to the right of the front-end digits, or the tenths place.
.8 + .6 = 1.4
3. Finally, we add our two estimates together.
10 + 1.4 = 11.4.
Note: The original numbers extended to the thousandth place, but we don’t need to show this by adding unnecessary zeros to our answer. Where decimals end, it is assumed that zeros extend on to infinity.
Practice using front-end estimation to find the following sums.
Example A

3.5 + 2.34 =
Solution: 5.84
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Example B

12.671 + 8.123 =
Solution: 20.7
Example C

15.67 + 9.345 =
Solution: 24.9
Here is the original problem once again.
Jessica and Daniella went to dinner. Jessica ordered a pasta dish with shrimp and lobster for $25.25 and Daniella
ordered a steak dish for $18.95.
Without adding the exact values, can you estimate the total cost of both meals?
To estimate this sum, we simply add the front-ends of each price.
18 + 25 = 43
The total cost of the two dinners is approximately $43.00.
Guided Practice

Here is one for you to try on your own.
Use front-end estimation to find the following sum.
2.93474 + 9.72155
First, we add the front-ends of the whole numbers and decimals.
.7 + .9 = 1.6
2 + 9 = 11
Now put these two sums together.
Our answer is 12.6
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54781

This is a supporting video on estimating with decimals.
Explore More

Directions: Use front-end estimation to find the following sums.
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1. 4.57 + 2.34
2. 2.123 + 4.136
3. 8.913 + 2.047
4. 8.7651 + 2.345
5. 2.436 + 4.567
6. 8.127 + 9.431
7. 8.214 + 7.3214
8. 12.137 + 2.456
9. 18.671 + 20.41
10. 21.643 + 22.123
11. 18.012 + 19.367
12. 21.456 + 18.023
13. .48218 + .61927
14. 6.7765 + 6.421192
15. .5075412 + .859931 + .373462
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2.6 Commutative Property of Addition with
Decimals
Here you’ll learn to identify and apply the commutative and associative properties of addition in decimal operations
with numerical and variable expressions.
Have you ever trained for a running event?
While training, Travis had a daily routine. On Monday, began his day with a 3.2 mile run followed by 1.2 miles of
sprints on the track at school. On Tuesday, he began with the sprints and then ran 3.2 miles.
Except for the order, was his training any different?
Which mathematical property does this represent?
This Concept is about identifying the commutative and associative properties of addition in decimal operations. By the end of it, you will know which property is illustrated in this situation.

Guidance

Previously we worked on decimals. Now we need to examine decimal addition through the lens of the two mathematical properties which pertain to addition: the Commutative Property of Addition and the Associative Property
of Addition.
In the examples that we worked with in the Decimal Addition Using Front-End Estimation Concept, we added three
decimal addends in the order in which they appeared. What would happen if we added them in a different order?
Would the sum change?
The Commutative Property of Addition states that the order of the addends does not change the sum .
Let’s test the property using simple whole numbers.

4 + 5 + 9 = 18

5 + 4 + 9 = 18

9 + 5 + 4 = 18

4 + 9 + 5 = 18

5 + 9 + 4 = 18

9 + 4 + 5 = 18

As you can see, we can add the three addends (4, 5, and 9) in many different orders. The Commutative Property of
Addition works also works for four, five, six addends, and it works for decimal addends, too.
What about the Associative Property of Addition?
The Associative Property of Addition states that the way in which addends are grouped does not change the
sum . The Associative Property uses parentheses to help us with the grouping. When parentheses are inserted into
a problem, according to the order of operations, you perform that operation first. What happens if you move the
parentheses? This is where the Associative Property comes in.
Once again, let’s test the property using simple whole numbers.

(4 + 5) + 9 = 18

(5 + 4) + 9 = 18

(9 + 5) + 4 = 18

Clearly, the different way the addends are grouped has no effect on the sum. The Associate Property of Addition
works for multiple addends as well as decimal addends.
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These two properties are extremely useful for solving equations. An equation is a mathematical statement that
two expressions are equal. For example, we can say that 15 + 7 = 24 − 2 since both sides of the equation equal 22.
A variable equation is an equation such as 12 + x = 14. It is called a variable equation because it includes an
algebraic unknown, or a variable.
Find the value for x in the following equation, 71.321 + 42.29 = x + 71.321
Here is where we can use the Commutative Property of Addition. We know that one side of the equation is equal to
the other side of the equation therefore we just substitute the given value in for x since the second addend did not
change
Our answer is x is equal to 42.29.
We can use the Associative Property for both expressions and equations. Let’s look at an expression.
Find the value when x is 2 and y is 3. (x + 4) − y
This is a variable expression. Notice that there are two given values for x and y, but that those values could be any
numbers. The key here is that we could move the parentheses and the two variable expressions would have the same
value. We can find the value of this expression by substituting 2 and 3 into the expression.
(2 + 4) − 3
The value of this variable expression is 3.
What happens if we move the parentheses?
x + (4 − y)
We substitute the given values in for x and y.
2 + (4 − 3)
The value of this expression is 3.
Because of the Associative Property, both variable expressions have the same value regardless of the groupings.
Now it’s time for you to identify which property is being used in the following examples.

Example A

3.4 + 3.2 + 5.6 = 5.6 + 3.4 + 3.2
Solution: Commutative Property of Addition

Example B

(3.4 + 3.2) + 5.6 = 3.4 + (3.2 + 5.6)
Solution: Associative Property of Addition

Example C

True or false. When using the Associative property the order of the numbers always changes.
Solution: False, only the position of the grouping symbols changes.
Here is the original problem once again.
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While training, Travis had a daily routine. On Monday, began his day with a 3.2 mile run followed by 1.2 miles of
sprints on the track at school. On Tuesday, he began with the sprints and then ran 3.2 miles.
Except for the order, was his training any different?
Which mathematical property does this represent?
When you look at Travis’ training schedule, you will see that the components are exactly the same. He ran the same
distance on and off the track. The order of the elements did change.
This is an illustration of the Commutative Property of Addition.

Guided Practice

Here is one for you to try on your own.
Hassan’s recipe for potato soup calls for 14.25 kilograms of potatoes. He already has 6.12 kilograms. How many
more kilograms of potatoes does he need to buy?
Answer
In this problem, we are trying to find the number of kilograms of potatoes Hassan needs to buy.
Let’s call that value x.
We know how many kilograms he already has, and we know the total kilograms he needs, so we can write the
equation
6.12 + x = 14.25.
Now we can solve for the value of x using mental math. x needs to be a value that, when added to 6.15, equals 14.25.
Let’s begin with the whole numbers. 6 + 6 = 12; 6 + 8 = 14; the whole number portion of x is 8.
Now let’s look at the decimals. .12+? = .25. The decimal parts differ in both tenths and hundredths, but if we think
of them as whole numbers it is easier to see their relationship 12 + 13 = 25, so .12 + .13 = .25.
Combining the whole number portion of x and the decimal portion of x(8 + .13), we get 8.13.x = 8.13. Remember
to put the units of measurement in your answer!
The answer is 8.13 kilograms.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54784

Khan Academy Video on Associative Law of Addition
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54785

Khan Academy Video on Commutative Law of Addition
Explore More

Directions: Identify the property illustrated in each number sentence.
1. 4.5 + (x + y) + 2.6 = (4.5 + x) + y + 2.6
2. 3.2 + x + y + 5.6 = x + 3.2 + y + 5.6
3. 1.5 + (2.3 + y) + 5.6 = (1.5 + 2.3) + y + 5.6
4. 3.2 + 5.6 + 1.3 + 2.6 = 3.2 + 2.6 + 5.6 + 1.3
5. 4.5 + 15.6 = 15.6 + 4.5
6. (x + y) + 5.6 = x + (y + 5.6)
7. 17.5 + 18.9 + 2 = 2 + 17.5 + 18.9
8. (x + y) + z = x + (y + z)
Directions: Find the value of x in the following equations.
9. .8603 + .292 = x + .8603
10. (2.65 + x) + 19.35 = 22 + 2.115
11. .306 + 1.076 = (.782 + x) + .294
12. 6.174 + 76.41 = 76.41 + x
Directions: Solve each problem.
13. Lamont measures the amount of water he drinks. His results for four consecutive days were as follows: 0.6
liters, 0.72 liters, 0.84 liters, 0.96 liters. If the pattern continues, how much water will Lamont drink on the fifth day?
14. Barbara is starting a jewelry making enterprise. At the supply store, she spent $19.19 on beads and $6.81 on
wire and clasps. If she left the store with $24.50, how much did she start with?
15. A playground has a length of 18.36 yards and a width of 12.24 yards. What is the perimeter of the playground?
(Remember: P = l + l + w + w.)
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2.7 Decimal Subtraction
Here you’ll learn to subtract decimals with and without rounding.

After winning the Regional Championship, Ms. Sutter took the girls out for an ice cream sundae. While they were
sitting at the table, the four girls began rethinking all of their times and talking about how much fun they had running.
“It was great, but I was nervous too,” Uniqua said. “especially since I was the last runner.”
“Yes, I can see that, but you did great,” Jessica complimented her.
“It was a close race,” Tasha said.
“Not that close,” Jessica said.
“Sure it was,” Karin chimed in. “It was close between all three winning teams and it was a close call for us to beat
last year’s time too.”
“Are you sure?” Jessica questioned.
“Sure I am, look at these times,” Karin said writing on a napkin.
53.87 Last year’s team
53.73 Our time
53.70 2nd place
53.68 3rd place
“You can figure this out girls, by doing the math,” Ms. Sutter said smiling.
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Ms. Sutter is correct. Subtracting decimals is a way to figure out the difference between winning and coming
in second or third. What is the difference between last year’s time and this year’s? What is the difference
between second and first? What is the difference between first and third?
The best way to figure out these problems is to subtract the decimals. This Concept is all about subtracting
decimals. By the time you are finished, you will be able to figure out the differences as well.
Guidance

To compare two values, or find the difference in two values, or find out “how many more” we subtract. Anytime we
want to find a “left over” value or a “less than” value we subtract. Anytime that you see these key words you can be
sure that subtraction is necessary.
Previously we worked on how to add decimals and estimate sums. Now it is time to learn how to subtract decimals
and estimate differences.
How do we subtract decimals?
We subtract decimals the same way we subtract whole numbers—with special care to place value.
For instance, when you subtract 571 from 2,462 you make sure to line up the different place values, so that the
thousands are subtracted from thousands, hundreds are subtracted from hundreds, and so on.

2, 462
− 571
1891
When you subtract two decimals, we do the same thing. We line up the numbers according to place value and
use the decimal points as a starting point. If there are missing digits, we can add in zeros to help us keep our work
straight.

18.98
− 4.50
14.48
Notice that the decimal points are lined up and then each digit is matched according to place value. You can see that
the zero in red was added to help us keep each digit in the correct location.
When is it useful to use rounding?
Rounding is useful when estimating or you could think of it as times when you need an approximate answer
not an exact one.

What kinds of situations are alright to round?
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One time that we can use rounding is if the decimals are too long for pencil calculations. An approximate answer is
sufficient. Also, if the problem itself tells us that we don’t need an exact answer. The question might use words like
close to or approximate.
In these cases, we round the decimals before we subtract. Look for clues in the problem to tell you whether or
not to round before subtracting. If you are asked to round, make sure you round to the right place!
Round the numbers to the nearest tenth then find the difference, 72.953 - 52.418
This problem asks us to round each number to the tenth place before subtracting.
Underline the number we are rounding to and bold or circle the number directly to the right of it.
We are rounding to the tenth place, so round to the place directly to the right of the decimal place.
The bolded number in the hundredths place, is the one to look at when deciding to round up or down.
72.9 53 → rounded to the tenth place → 73.0
52.4 18 → rounded to the tenth place → 52.4
Now that the numbers are rounded, we line up the decimal places, and subtract.

73.0
− 52.4
20.6
While rounding doesn’t give us an exact answer, you can see that it simplifies the subtraction!
Now it’s your turn to try a few. Find each difference.
Example A

5.674 − 2.5 =
Solution: 3.174
Example B

Take 5.67 from 12.378
Solution: 6.708
Example C

Round to the nearest tenth and then subtract, 8.356 − 1.258
Solution: 8.4 − 1.3 = 7.1
Now back to the original problem.
After winning the Regional Championship, Ms. Sutter took the girls out for an ice cream sundae. While they were
sitting at the table, the four girls began rethinking all of their times and talking about how much fun they had running.
“It was great, but I was nervous too,” Uniqua said. “especially since I was the last runner.”
“Yes, I can see that, but you did great,” Jessica complimented her.
“It was a close race,” Tasha said.
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“Not that close,” Jessica said.
“Sure it was,” Karin chimed in. “It was close between all three winning teams and it was a close call for us to beat
last year’s time too.”
“Are you sure?” Jessica questioned.
“Sure I am, look at these times,” Karin said writing on a napkin.
53.87 Last year’s team
53.73 Our time
53.70 2nd place
53.68 3rd place
“You can figure this out girls, by doing the math,” Ms. Sutter said smiling.
Ms. Sutter is correct. Subtracting decimals is a way to figure out the difference between winning and coming in
second or third. What is the difference between last year’s time and this year’s? What is the difference between
second and first? What is the difference between first and third?
First, we find the difference between last year’s time and this year’s time. We subtract one time from the
other. We line up our decimal points and subtract.

53.87
− 53.73
.14
The girls beat the previous year’s time by fourteen hundredths of a second. Wow, that is close!
Next, we look at the times between first and second place.

53.73
− 53.70
.03
The difference between first and second place was very close! The girls only won by three hundredths of a
second.
Finally, we can look at the difference between the first and third place finishes.
53.73 − 53.68 = .05
Wow! The first three teams had very close finishes!
Guided Practice

Here is one for you to try on your own.
Subtract 4.56 − 2.37
Answer
To subtract, we simply line up the digits according to place value and subtract.
2.19
This is our answer.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5467

This is a James Sousa video on subtracting decimals.
Explore More

Directions: Find each difference.
1. 6.57 - 5.75
2. .0826 - .044
3. 19.315 - 6.8116
4. 2056.04 - 2044.1
5. 303.45 - 112.05
6. 16.576 - 8.43
7. 199.2 - 123.45
8. 1.0009 - .234
9. 789.12 - .876
10. 102.03 - .27
Directions: Find the difference after rounding each decimal to the nearest hundredth.
11. 63.385 - 50.508
12. .535 - .361
13. 747.005 - 47.035
14. .882 - .546
15. .9887 - .0245
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2.8 Decimal Subtraction Using Front-End Estimation
Here you’ll learn to estimate decimal differences using front-end estimation.
Remember the track question from the Decimal Subtraction Concept? Take a look.

The girls had won the Championship and had been re-thinking their times over a sundae.
Here are the times.
53.87 The winning time last year
53.73 The girls’ winning time this year
What is the difference between the two times?
You could simply subtract, but can you use front-end estimation to calculate the difference?
This Concept is all about how to use front-end estimation to find differences. Pay attention and you can do
this too at the end of the Concept.
Guidance

You probably use estimation—the process of finding an approximate solution to a problem—without even thinking
about it. When you figure out how much money you might need to bring to the movies, you use estimation. When
you figure out how long you might wait for the bus, or how far it is to the corner store, you’re estimating values.
There are many different techniques for estimating, some of which provide “better” estimates than others.
Rounding numbers before performing an operation is one way to find an estimate.
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Front-end estimation is another way to estimate.

Good question! Let’s review the steps to using front-end estimation.
The steps to front-end estimation when estimating decimal differences are a little different.
Because subtraction often requires regrouping, we need to subtract the two leftmost digits at the same time. All you
do is subtract the two front end—or leftmost—digits. If we were working with whole numbers, we would then need
to insert zeros for the other place values. When working with decimals, however, we don’t need to do this. Where
there are blank spaces at the end of decimals, zeros are assumed so put them in anyway.
Here are the steps:
Front-End Estimation for Subtraction:
–Subtract the two (leftmost) digits at the same time

Make a few notes on front-end estimation then continue.
Use front-end estimation to find the difference. 0.55373 - 0.27449
We’re going to use front-end estimation to subtract 0.27449 from 0.55373. Let’s line up our decimal points and take
a closer look at the numbers. Then we’ll perform front-end estimation.
0.55373
0.27449
Front-end estimation tells us to subtract the two front or leftmost digits at the same time, so we want to subtract the
tenths and hundredths places.
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0.55
− 0.27
0.28
The original numbers extended to the hundred-thousandth place, you should put them in to convince yourself that
you could keep writing zeros to infinity but the value of the decimal will remain the same, so we don’t need to show
this.
Use front-end estimation to find the difference, 4.032 - 0.82
Let’s begin by lining up the decimal places—adding zeros as necessary—take a close look at the numbers. Then
we’ll perform front-end estimation.
4.038
0.820
Front-end estimation tells us to subtract the two front or leftmost digits at the same time, so we want to subtract the
ones and the tenths places.

4.0
− 0.8
3.2
One of the numbers extended to the thousandth place but we hide the unnecessary zeros in our answer. Where
decimals end, it is assumed that zeros extend on to infinity.
Use front-end estimation to find the following differences.

Example A

4.6712 − 1.34 =
Solution: 3.3

Example B

6.789 − 3.45 =
Solution: 3.3

Example C

5.023 − 2.346 =
Solution: 2.7
Now back to the original problem. Here it is once again.
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The girls had won the Championship and had been re-thinking their times over a sundae.
Here are the times.
53.87 The winning time last year
53.73 The girls’ winning time this year
What is the difference between the two times?
To find the difference using front-end estimation, we simply use the first two digits of each value. But because they
are the same and would equal 0, we are going to use the tenths place and the hundredths place.
.87
.73
.14
The difference between the two winning times is .14

Guided Practice

Here is one for you to try on your own.
Use front - end estimation to find this difference.
.22281 − .1946
Answer
To work with this problem, we simply subtract the first two places after the decimal point. We are going to work
with the tenths and hundredths places.
.22
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.19
.22 − .19 = .03
This is our answer.
Explore More

Directions: Use front-end estimation to estimate the following differences.
1. 4.57 − 2.34
2. 2.123 − 1.136
3. 8.913 − 2.047
4. 8.7651 − 2.345
5. 2.436 − 1.267
6. 18.527 − 9.431
7. 8.414 − 7.3214
8. 12.637 − 2.456
9. .671 − .41
10. .643 − .123
11. .912 − .367
12. .456 − .023
13. .48218 − .1927
14. 10.5765 − 6.421192
15. .5075412 − .45601
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2.9 Inverse Property of Addition in Decimal
Equations
Here you’ll learn to identify and apply the inverse property of addition in decimal operations with variable and
numerical expressions.
Have you ever ran a half marathon? Well, Kelly ran one and then ran a 5k too. Take a look.
Kelly ran a half marathon in 2.01 hours. She ran a 5k on the next day. Her total time for both races was 2.29 hours.
What was Kelly’s time for the 5k?
Can you write an equation with a variable that shows these values?
Then can you use the inverse property of addition to solve it?
Use this Concept to learn all about the inverse property of addition in decimal situations. Then you will be
able to accomplish this task.
Guidance

The word “ inverse ” is one that is used in mathematics.
In fact, as you get into higher levels of math, you will see the word “inverse” used more often.
What do we mean when we use the word inverse?
The word inverse means opposite. Sometimes numbers are opposites of each other, and sometimes operations are
opposites of each other too. Subtraction is called the inverse, or opposite, of addition. If you’ve ever used addition to
check subtraction calculations, you already have a certain idea of the relationship between addition and subtraction.
The inverse property of addition states that for every number x, x + (−x) = 0. In other words, when you add x to
its opposite, −x (also known as the additive inverse), the result is zero.
Adding a negative number is the same as subtracting that number.
Let’s put whole numbers in place of x to make the property clear: 3 + (−3) = 0.
The inverse property of addition may seem obvious, but it has important implications for our ability to solve variable
equations which aren’t easily solved using mental math—such as variable equations involving decimals.
Remember back to our work with equations and expressions in an earlier Concept?
Think about an equation. An equation is a number sentence where one expression is equal to another expression. The
inverse property of addition lets us add or subtract the same number to both sides of the equation without changing
the solution to the equation. This technique is called an inverse operation and it lets us get the variable x alone on
one side of the equation so that we can find its value. Take a look at how it’s done.

x + 5 = 15
x + 5 − 5 = 15 − 5 → inverse operation means we subtract 5 from both sides
x = 10
Notice how, on the left side of the equation, +5 − 5 = 0, and cancels itself out leaving the x alone on the left side.
Our answer is that x is equal to 10.
Now let’s look at one where the two expressions in the equation are decimals.
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x + 39.517 = 50.281
First, we need to isolate the variable. To do this, we can use the inverse operation. This is an addition problem,
so we use subtraction to get the variable by itself. We subtract 39.517 from both sides of the equation.

x + 39.517 = 50.281
x + 39.517 − 39.517 = 50.281 − 39.517 → inverse operations: subtract 39.517 from both sides
x = 10.764
Notice how we subtracted 39.517 from both sides of the equation. Remember, both expressions on either side
of an equation must be equal at all times. Whatever operation you perform to one side of the equation, you must
perform to the other side.
In this instance, on the left side of the equation, +39.517 − 39.517 = 0, and cancels itself out leaving the x alone
on the left side. On the right side of the equation, 50.281 - 39.517 gives us the value of x.
Our answer is that x is equal to 10.764.
x − 43.27 = 182.205
First, we need to isolate the variable. To do this, we can use the inverse operation. Notice that this is a
subtraction problem. To isolate the variable we are going to use the inverse of subtraction which is addition.

x − 43.27 = 182.205
x − 43.27 + 43.27 = 182.205 + 43.27 → inverse operations: add 43.27 to both sides
x = 225.475
Notice how we added 43.27 to both sides of the equation. Remember, both expressions on either side of an
equation must be equal at all times. Whatever operation you perform to one side of the equation, you must
perform to the other side. In this instance on the left side of the equation −43.27 + 43.27 = 0, and cancels itself
out leaving the x alone on the left side. On the right side of the equation, 182.205 + 43.27 gives us the value of x.
Our answer is that x is equal to 225.475.
Use the inverse property of addition to solve each equation.
Example A

x + 5.678 = 12.765
Solution: 7.087
Example B

x − 4.32 = 19.87
Solution: 24.19
Example C

x + 123.578 = 469.333
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Solution: 345.755
Here is the original problem once again. Use what you have learned to solve it.
Kelly ran a half marathon in 2.01 hours. She ran a 5k on the next day. Her total time for both races was 2.29 hours.
What was Kelly’s time for the 5k?
Can you write an equation with a variable that shows these values?
Then can you use the inverse property of addition to solve it?
First, let’s write an equation using the given information. We don’t know the time for the 5k, so this is our variable.
x + 2.01 = 2.29
Now we can use the inverse operation for addition to solve.
x = 2.29 − 2.01
x = .28hours
Kelly ran the 5k in .28 hours, or 16.8 minutes.
Guided Practice

Here is one for you to try on your own.
At Saturday’s track meet, Liz ran 1.96 kilometers less than Sonya. Liz ran 1.258 kilometers. How many kilometers
did Sonya run?
Answer
The key words “less than” are a clue that this might be a subtraction equation.
In this problem, we are trying to find out the number of kilometers Sonya ran. We’ll give that value the variable x.
We know how many kilometers Liz ran, and we know the subtraction relationship between the Liz’s distance and
Sonya’s distance, so we can write the equation x − 1.96 = 1.258. Now we can solve for the value of x using inverse
operations.
x − 1.96 = 1.258
x − 1.96 + 1.96 = 1.258 + 1.96 → inverse operation, add 1.96 to both sides
x = 3.218
Remember to put the units of measurement in your answer!
The answer is 3.218 kilometers.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57625

This is a Khan Academy video on the inverse property of addition.
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Explore More

Directions: Solve each equation for the missing variable using the inverse operation.
1. x + 2.39 = 7.01
2. x + 5.64 = 17.22
3. x + 8.07 = 18.12
4. x + 14.39 = 17.342
5. x + 21.3 = 87.12
6. x + 31.9 = 77.22
7. x + 18.77 = 97.12
8. x + 21.31 = 27.09
9. x + 18.11 = 87.22
10. 818.703 = 614.208 + x
11. x + 55.27 = 100.95
Directions: Use equations to solve each word problem. Each answer should have an equation and a value for the
variable.
12. Jamal’s leek and potato soup calls for 2.45 kg more potatoes than leeks. Jamal uses 4.05 kg of potatoes. How
many kilograms of leeks does he use? Write an equation and solve.
13. The distance east from Waterville to Longford is 67.729 kilometers. The distance west from Waterville to
Transtown is 61.234 kilometers. What is the difference between the two distances? Write an equation and solve.
14. Sabrina spent $25.62 at the book fair. When she left the fair, she had $6.87. How much did money did she take
to the fair? Write an equation and solve.
15. Mr. Bodin has 11.25 liters of a cleaning solution, which is a combination of soap and water. If there are 2.75
liters of soap in the solution, how many liters of water are in the solution? Write an equation and solve.
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2.10 Decimal Multiplication
Here you’ll learn to multiply decimals with and without rounding.

Kevin is new at Franklin Marsh Middle School. In his old school, Kevin had worked very hard to become the best at
the long jump event in Track and Field. In fact, Kevin held the state record in his old state. Now Kevin has moved
to a new state. He is feeling nervous about starting over again.
Before the first big meet, Kevin went out to the field to check out the sand pit where he will land for the long jump.
Mr. Rend was outside working on raking the rectangular sand pit when Kevin arrived.
“Hello Kevin,” he said. “How are you?”
“I’m great,” Kevin said “But I am a little nervous. Is this pit the usual size?”
“As usual as it gets,” Mr. Rend said. “The dimensions are 4.5 m × 4 m.”
Kevin stopped to think for a minute. The sand pit at his old school had an area of 20 sq. m. He started to think about
whether or not these two pits were the same size. While watching Mr. Rend rake, Kevin started to do the math in
his head.
How about you? Can you figure this out in your head? To do it, you will need to multiply decimals. This
Concept will teach you all that you need to know to help Kevin. Pay attention because you will see this
problem again at the end of the Concept.
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Guidance

Using addition, subtraction, and multiplication gives us flexibility in solving real-world decimal problems. We have
explored decimals: rounding, adding and subtracting, estimating sums and differences, writing equations and solve
real-world problems. In this lesson, we investigate decimals and the properties that govern multiplication. Let’s look
at some statements that use multiplication.
Jeff made five times more per hour than Alex; Peter ran twice as many kilometers as Ellen;
Audrey collected three times as many grams of strawberries as Trey; the length is three times as long as the width.
All these scenarios describe multiplication relationships between decimals.
How do we multiply decimals to find a product ?
Multiplying decimals is exactly like multiplying whole numbers—with one important difference.
There is a decimal point in your answer.
Follow these steps for decimal multiplication.
1.
2.
3.
4.

Line up the numbers on the right. Do not line up the decimal points, just the numbers.
Multiply each digit just like usual
Count the number of places after the decimal point in each original number.
Then, in your answer, count the same number of places from right to left and place the decimal point in the
product.

Let’s walk through a simple multiplication problem.

3.25 × 1.2
3.25 → 2 decimal place
× 1.2 → 1 decimal places
650
+ 3250
3.900 → 3 decimal places (2 decimal places in 3.25 and 1 in 1.2 = 3 decimal places)
In our final product or answer in a multiplication problem, we can hide the extra zeros.
Our answer is 3.25 × 1.2 = 3.9.
Sometimes, it will make sense to round decimals to a certain place before multiplying. When you do this, you
apply the same rules as you used when you were adding and subtracting. The key to rounding is to be sure
that you aren’t looking for an exact answer. When you need an approximate answer, rounding is an excellent
method of estimating.
Round the numbers to the nearest hundredth then find the product
3.748 × 8.095
This problem asks us to round each number to the hundredth place before multiplying.
As we have done in the past, to make the rounding steps clear, we underline the number we’re rounding to and bold
or circle the number directly to the right of it. We’re rounding to the hundredth place, so we’ll round to the second
place to the right of the decimal place. The bolded number, the thousandths place, is the one to look at when deciding
to round up or down.
3.74 8 → rounded to the hundredth place → 3.75
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8.09 5 → rounded to the hundredth place → 8.1
Now that the numbers are rounded, we ignore the decimal points, align the numbers to the right, and multiply.

3.75
× 8.1
375
+ 30000
30.375

To place the decimal point in the answer after multiplying, count the decimal places in the original numbers
and transfer that sum onto the answer. In this problem, 3.75 has two decimal places and 8.1 has one decimal
place. So, once we have our answer, we count over three decimal places from the right, and place our decimal point
between the 0 and the 3.
Now it’s time for you to try a few on your own. Find each product.

Example A

1.23 × 6.7
Solution: 8.241

Example B

4.56 × 1.34
Solution: 6.1104

Example C

Round to the nearest tenth then multiply, 5.67 × 4.35
Solution: 25.08
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Here is the original problem once again.
Kevin is new at Franklin Marsh Middle School. In his old school, Kevin had worked very hard to become the best at
the long jump event in Track and Field. In fact, Kevin held the state record in his old state. Now Kevin has moved
to a new state. He is feeling nervous about starting over again.
Before the first big meet, Kevin went out to the field to check out the sand pit where he will land for the long jump.
Mr. Rend was outside working on raking the rectangular sand pit when Kevin arrived.
“Hello Kevin,” he said. “How are you?”
“I’m great,” Kevin said “But I am a little nervous. Is this pit the usual size?”
“As usual as it gets,” Mr. Rend said. “The dimensions are 4.5 m × 4 m.”
Kevin stopped to think for a minute. The sand pit at his old school had an area of 20 sq. m. He started to think about
whether or not these two pits were the same size. While watching Mr. Rend rake, Kevin started to do the math in
his head.
To solve this problem, we need to figure out if the two sand pits are the same size. First, we can round the
dimensions to make the multiplication easier. This will give us an estimate and not an exact answer.
4.5 rounds up to 5
4 stays the same
5 × 4 = 20 sq.meters
If we rounded, the pits would be the same size. Since the dimension is 4.5 and not 5, we know that the pit is
smaller than the one at Kevin’s old school. We can multiply 4.5 × 5 and get the exact dimension of the pit.
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4.5
× 4
18.0
The area of the sand pit is 18 sq. meters.
Kevin thought about this for a minute. The difference wouldn’t be that large. Kevin would be fine during the
competition!
Guided Practice

Here is one for you to try on your own.
Round to the nearest tenth and then multiply.
5.68 × 1.38
Answer
First, round each value to the nearest tenth.
5.68 = 5.7
1.38 = 1.4
5.7 × 1.4 = 7.98
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5330

This is a James Sousa video on multiplying decimals.
Explore More

Directions: Find the products.
1. 12.7 × 0.8
2. 0.552 × 0.3
3. 6.09 × 3.34
4. 25.6 × 0.72
5. 56.71 × .34
6. .45 × 4.3
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7. 1.234 × 7.8
Directions: Find the product after rounding each decimal to the nearest tenth.
8. 33.076 × 5.228
9. 9.29 × 0.6521
10. 4.5513 × 4.874
11. 12.48 × 7.95
12. 14.56 × 4.52
13. 8.76 × 1.24
14. 9.123 × 6.789
15. 9.3323 × 8.719
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2.11 Estimation to Check Decimal Multiplication
Here you’ll learn to estimate or confirm decimal products by multiplying leading digits.
Have you ever wondered about high school track records? Travis has been doing some research.
In his preparation for running the 440, Travis began to research national track records. On July 24, 1982, Darrell
Robinson from Wilson High School in Tacoma Washington ran the 440 in 44.69. Travis is amazed by the time and
ready to work on his own personal best.
If Darrell ran this 1.5 times, what would the total time be?
You can solve this problem by multiplying leading digits. Pay attention and you will understand how to do
this by the end of the Concept.
Guidance

With addition and subtraction of decimals, you have seen how estimation works to approximate a solution. It is a
good idea to get in the habit of estimating either before or after solving a problem. Estimation helps to confirm that
your solution is in the right ballpark.
With multiplication, rounding decimals before multiplying is one way to find an estimate. You can also simply
multiply the leading digits.
Remember how we used front-end estimation to approximate decimal sums and differences in the Decimal
Multiplication Concept? Well, multiplying leading digits works the same way. The leading digits are the first
two values in a decimal. To estimate a product, multiply the leading digits exactly as you have been—align decimals
to the right, then insert the decimal point into the solution based on the sum of places in the original numbers.
Estimate the product, 6.42 × 0.383.
First we need to identify the leading digits, being careful to preserve the placement of the decimal point in
each number. In 6.42, the leading digits are 6.4. In 0.383, the leading digits are .38. Note that 0 is not one of the
leading digits in the second decimal. Because zero is the only number on the left side of the decimal point, we can
disregard it. Now that we have the leading digits, we align the decimals to the right and multiply.

6.4
× .38
512
+ 1920
2.432

Find the product. Then estimate to confirm your solution. 22.17 × 4.45.
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This problem asks us to perform two operations—straight decimal multiplication followed by estimation.
Let’s start multiplying just as we’ve learned: aligning the decimals to the right and multiplying as if they were whole
numbers.

22.17
× 4.45
11085
88680
+ 886800
98.6565
Note the placement of the decimal point in the answer. The original factors both have two decimal places, so
once we have our answer, we count over four decimal places from the right, and place the decimal point between the
8 and the 6.
Now that we have multiplied to find the answer, we can use estimation to check our product to be sure that
it is accurate. We can use the method multiplying leading digits. First, we reduce the numbers to their leading
digits, remaining vigilant as to the placement of the decimal point. The leading digits of 22.17 are 22. The leading
digits of 4.45 are 4.4. Now we can multiply.

22
× 4.4
88
+ 880
96.8
If you look at the two solutions, 98.6 and 96.8, you can see that they are actually very close. Our estimate is
very close to the actual answer. We can trust that our answer is accurate.

Find each product. Use multiplying leading digits to check your answer.
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Example A

67.9 × 1.2
Solution:80.4

Example B

5.321 × 2.301
Solution: 12.19

Example C

8.713 × 9.1204
Solution: 79.17
Here is the original problem once again.
In his preparation for running the 440, Travis began to research national track records. On July 24, 1982, Darrell
Robinson from Wilson High School in Tacoma Washington ran the 440 in 44.69. Travis is amazed by the time and
ready to work on his own personal best.
If Darrell ran this 1.5 times, what would the total time be?
To figure this out, we can first write a problem showing only the leading digits.
44 × 1.5
Next, we multiply.
66
If Darrell had run this distance 1.5 times, his total time would be about 66 minutes.

Guided Practice

Here is one for you to try on your own.
.4561 × .32109
Answer
To multiply by using leading digits, we need to identify the leading digits first.
.45
.32
Now we multiply.
.45 × .32 = .144
This is our answer.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57630

This is a Khan Academy video on multiplying decimals.
Explore More

Directions: Estimate the products by multiplying the leading digits.
1. 7.502 × 0.9281
2. 46.14 × 2.726
3. 0.39828 × 0.16701
4. 83.243 × 6.517
5. 5.67 × .987
6. 7.342 × 1.325
7. 17.342 × .325
8. .34291 × 1.525
9. .5342 × .87325
10. .38942 × .9825
11. 7.567 × 3.325
12. 12.342 × 11.325
13. 21.342 × 14.555
14. .110342 × .098325
15. 37.1342 × 1.97325
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2.12 Commutative Property of Multiplication
with Decimals
Here you’ll learn to identify and apply the commutative and associative properties of multiplication in decimal
operations using numerical and variable expressions.
Have you ever been on a long car trip?
One day during their visit, Marc and Kara went on a ride out to the Berkshires with their grandparents. The car that
they drove in gets 25 miles per gallon and they traveled 160.5 miles. They traveled the same distance on the way
back.
How many gallons of gas were needed for the trip?
Do you know how to write this as an expression?
How about as an equation?
Can you solve it?
This Concept is about using the commutative property of multiplication in decimal operations. You will be
able to answer these questions at the end of the Concept.

Guidance

Previously we worked on multiplying decimals, now we can apply two mathematical properties which govern multiplication. Remember the Commutative Property of Addition with Decimals Concept? Well, both properties
also relate to multiplication.
The Commutative Property of Multiplication states that the order of the factors does not change the product
. The Commutative Property of Multiplication works also works for four, five, six factors. It works for decimal
factors, too. Let’s test the property using simple whole numbers.

2×3 = 6

2 × 3 × 4 = 24

3 × 2 × 4 = 24

4 × 3 × 2 = 24

3×2 = 6

2 × 4 × 3 = 24

3 × 4 × 2 = 24

4 × 2 × 3 = 24

As you see, when there are two factors (2 and 3) and when there are three factors (2, 3, and 4), the order of
the factors does not change the solution.
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Many people commute to work each day. If you think about it, the Commutative Property applies here too. It
doesn’t matter whether people take a train, subway, bus or car the end destination is the same. The result doesn’t
change no matter how you get there.
What about the Associative Property of Multiplication?
From the order of operations, we know that operations in parentheses must be completed before any other operation,
but the Associative Property of Multiplication states that the way in which factors are grouped does not change
the product. The Associate Property of Multiplication works for multiple addends as well as decimal addends. Once
again, let’s test the property using simple whole numbers.

(2 × 3) × 4 = 24

(2 × 4) × 3 = 24

(3 × 4) × 2 = 24

That is a great question. It is one that we can answer by thinking about expressions and equations. We have
learned how to simplify expressions and how to solve equations. These two properties are extremely useful
for simplifying expressions and solving equations.
Recall that an algebraic expression is a mathematical phrase involving letters, numbers, and operation symbols. An equation is a mathematical statement that two expressions are equal.
Let’s apply this.
Simplify 29.3(12.4x)
When you simplify an expression, you perform all the operations you can—without knowing the value of
the variable. Remember, the Commutative Property of Multiplication states that it doesn’t matter what order we
multiply the factors and the Associative Property of Multiplication states that the way in which the factors are
grouped doesn’t change the product. To simplify these expressions then, we want to multiply all the decimals we
can and put the variable beside the product.
If we simplify this expression, we multiply the number parts and add the variable to the end.
Our answer is 363.32x.
Notice that we are simplifying here not solving!!
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Solve for the value of x in the following equation, (0.3x) × 0.4 = 0.144
The first thing to notice is that we are solving this equation, not simplifying. Next, we apply the properties. The
Associate Property of Multiplication tells us that we can ignore the parentheses. The Commutative Property
of Multiplication tells us that it doesn’t matter which order we multiply. So let’s start by multiplying 0.3 × 0.4.
As usual, we align the numbers to the right and ignore the decimal points until we have our answer.

0.3
× 0.4
0.12
Because each of the factors has one decimal place, our answer has two decimal places. We add the zero in the
ones place to make the decimal places clearer.
Now that we know the product of two of the decimals on the left side of the equation, we can write a simpler
equation.
0.12x = 0.144.
We know that the equal sign indicates that both sides of the equation have the same value. So x must be a factor that,
when multiplied by 0.12 equals 0.144.
Let’s solve using mental math. What do you recognize about 0.12 and 0.144? 12 × 12 = 144, so x must be some
version of 12. The product (0.144) has three decimal places, so x must have one decimal place, because the other
factor (0.12) has two decimal places.
x must be 1.2. Let’s double-check.

0.12
× 1.2
24
+ 120
0.144
x = 1.2
Our answer is 1.2.
Use the two properties as you simplify and solve for the missing variable.

Example A

Solve 4.5x(3) = 27
Solution:x = 2

Example B

Simplify 3.45y when y = 2.3
Solution:7.935
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Example C

Solve 3.4x = 23.8
Solution:x = 7
Here is the original problem once again.
One day during their visit, Marc and Kara went on a ride out to the Berkshires with their grandparents. The car that
they drove in gets 25 miles per gallon and they traveled 160.5 miles. They traveled the same distance on the way
back.
How many gallons of gas were needed for the trip?
Do you know how to write this as an expression?
How about as an equation?
Can you solve it?
First, let’s write an expression to describe the situation.
We know the number of miles per gallon and the number of gallons is our unknown.
25g
Then we know how many miles were traveled. This helps change our expression to an equation.
25g = 160.5
We can solve it by using the inverse property of multiplication. We divide 160.5 by 25. This will tell us how many
gallons were needed for the trip.
6.42
It was a little less than 6 and a half gallons of gasoline for the trip.

Guided Practice

Here is one for you to try on your own.
Simplify the following expression.
4.5(9.2)y
Answer
To simplify this expression, we can multiply the two decimals first.
4.5(9.2) = 41.4
Next, we add the variable.
Our final answer is 41.4y.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54833

This is a video on the commutative law of multiplication.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57619

This is a video on the associative law of multiplication
Explore More

Directions: Simplify the following expressions.
1. (4.21 × 8.8) × p
2. 16.14 × q × 6.2
3. 3.6(91.7x)
4. 5.3r(2.8)
5. 5.6x(3.8)
6. 2.4y(2.8)
7. 6.7x(3.1)
8. 8.91r(2.3)
9. 5.67y(2.8)
10. 4.53x(2.2)
11. 5.6(2.8x)
12. 9.2y(3.2)
13. 4.5x(2.3)
14. 15.4x(12.8)
15. 18.3y(14.2)
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2.13 Decimal Division
Here you’ll learn to divide decimals with and without rounding.
Have you ever volunteered at an animal shelter? Well, look at what Leah did during her time at the shelter.
On Saturday, Leah went to the animal shelter to volunteer. She was in charge of feeding a bunch dogs. She was
given 26.5 pounds of dog food and a .5 pound scoop to use to fill each dog bowl.
Given this amount of food and the size of the scoop, how many dog bowls could she fill?
To figure this out, you will need to know how to divide decimals. This Concept will teach you what you need
to know.

Guidance

Division is useful any time that you want to split up an object or a group of objects. We divide all the time. In the
real world division is very important. While you have been dividing whole numbers since elementary school, now it
is time for you to learn how to divide decimals.
Dividing decimals is like dividing whole numbers. Dividing a divisor into a dividend gives a quotient.
quotient

divisor)dividend
Division of decimals also has special rules for how to deal with the decimal point.
Our place-value system is based on 10. Anytime we multiply by 10, we can move the decimal point to the right the
number of places per multiple of 10.
4.55 × 10 = 45.5
Notice that we multiplied by 10 so we moved the decimal point one place to the right.
4.55 × 100 = 455.
Notice that here we multiplied by 100, so we moved the decimal point two places to the right because 10 × 10
is 100. Two tens = two decimal places.
The first step to dividing decimals is to move the divisor’s decimal point all the way to the right.
When we move the decimal point in the divisor to the right until it is a whole number, we also move a decimal point
the same number of places in the dividend.
2.3)4.6
2.3 is our divisor and 4.6 is the dividend. We need to make the divisor into a whole number. To do this, we only
have to move the decimal point one place to the right. That is the same as multiplying by 10.
2.3 × 10 = 23
If we do this to the divisor, we have to do it to the dividend too. We multiply the dividend by 10 to move the
decimal one place to the right.
4.6 × 10 = 46
Now we can divide.
2

23)46
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Our answer is 2.
What if there aren’t enough places in the dividend to move the decimal point?
If there aren’t enough places in the dividend, then we can add zeros.
2.25)9
First, we need to make the divisor into a whole number. There are two places after the decimal point, so we
need to multiply by 100.
2.25 × 100 = 225
We also have to do this with the dividend. To move the decimal point two places after the nine, we have to add
two zero.
9 × 100 = 900
Now we can divide.
4

225)900
Our answer is 4.

Take a few notes on how to move the decimal point in the divisor and dividend and then continue the Concept.
You have already seen how rounding can help us when estimating in addition, subtraction and multiplication
problems. Rounding can also be useful when dividing. Sometimes, you will need to round before dividing and
sometimes, you will need to round after dividing.

Pay attention and be sure to round to the designated place only.
Round each number to the nearest tenth, then divide, 67.521 ÷ 2.243
This problem asks us to round each number to the tenth place before dividing.
The rounding steps: underline the number we’re rounding to and bold or circle the number directly to the right of
it.
We’re rounding to the tenth place, so we’ll round to the place directly to the right of the decimal place.
The bolded number, the hundredths place, is the one to look at when deciding to round up or down.
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67.5 21 → rounded to the tenth place → 67.5
2.2 43 → rounded to the tenth place → 2.2
2.2)67.5 Place our rounded numbers in the long division format.
22)675.0 Multiply both numbers by 10 (making the divisor a whole number).
To adjust the dividend, move the decimal to the right of 67.5 and add a zero.
Next, we divide just as we do whole numbers. Notice, that we move the decimal point from the dividend right
up into the quotient. You can draw an arrow to show how it moves from the dividend to the quotient.

30.68181

22)675.00000
− 66
150
− 132
180
− 176
40
− 22
180
− 176
40
− 22
18

Yes, there is. You can see how we added zeros to help us with the dividing well there is also a pattern that is
repeating at the end of this quotient. Because of this, we can conclude that we could keep adding zeros and
the pattern would continue to repeat indefinitely.
What we have here is called a repeating decimal, because the 8181 pattern will repeat over and over. The more
zeros we add to the dividend, the longer the quotient will be. In this case, you can either round the quotient to
30.682 or you can notate the repeating decimal by putting a line over the repeating part.
30.681
This line means that the digits under the line will repeat. For this problem, let’s use a rounded answer.
Our answer is 30.682.
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Now try a few on your own. Divide each to find a quotient.

Example A

3.96 ÷ 1.2
Solution: 3.3

Example B

24.288 ÷ 9.6
Solution: 2.53

Example C

Round to the nearest tenth, then divide, 4.721 ÷ 2.465
Solution: 4.7 ÷ 2.5 = 1.88
Here is the original problem once again.
On Saturday, Leah went to the animal shelter to volunteer. She was in charge of feeding a bunch dogs. She was
given 26.5 pounds of dog food and a .5 pound scoop to use to fill each dog bowl.
Given this amount of food and the size of the scoop, how many dog bowls could she fill?
To figure this out, we can begin by writing a division problem.
We divide the number of pounds of dog food by the scoop.
26.5 ÷ .5
Now we divide.
53
Leah can fill 53 dog bowls before she runs out of food.

Guided Practice

Here is a real world example for you to solve. It uses the formula for area that you learned in an earlier Concept.
The Landry’s living room has an area of 97.92 m2 and a length of 13.6 meters. What is the width of the living room?
Answer
Remember the formula for finding the area of a rectangle?
A = lw.
In this problem, we are given the area and the length. We need to substitute those values into the formula and solve
for the width.
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A = lw
91.92 = 13.6w
91.92 13.6
=
w → inverse operations: divide both sides by 13.6
13.6
13.6
91.92
w=
13.6
Multiply both the divisor and dividend by 10 to make the divisor a whole number; then divide.

7.2

136)979.2
− 952
272
− 272
0
w = 7.2
Don’t forget to put the units of measurement in your answer!
The answer is width = 7.2 meters
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5337

This is a Khan Academy video on dividing decimals.
Explore More

Directions: Find the quotient.
1. 5.4 ÷ 4.5
2. 8.71 ÷ 6.7
3. 3.375 ÷ 2.25
4. 11.2 ÷ 5.6
5. 19.11 ÷ 1.3
6. 28.992 ÷ 18.12
7. 113.52 ÷ 12.9
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8. 31.93 ÷ 3.1
9. 46.125 ÷ 6.15
10. 84.28 ÷ 17.2
Directions: Find the quotient then rounding each answer to the nearest hundredth.
11. 113.409 ÷ 25.21
12. 81.862 ÷ 6.4
13. 377.15 ÷ 1.54
14. 9.17 ÷ 4.5
15. 7.56 ÷ 2.12
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2.14 Estimation to Check Decimal Division
Here you’ll learn to estimate and confirm decimal quotients by dividing leading digits.
Have you ever been to a science lab?
While at the science museum, Marc enjoyed looking at the scientists that were working in the lab. They were
working with microscopes and tiny fragments of materials. Marc wasn’t even sure what they were working on, but
it was fascinating to see real scientists at work in a lab.
On the board there was this problem written.
.36007809 ÷ .0234
Marc is curious how to figure this out. He knows that there is a short-cut, but isn’t sure what it is.
To figure this out, Marc can divide leading digits. This Concept will show you how to confirm decimal
quotients by dividing leading digits.

Guidance

Estimation is a process by which we approximate solutions. Estimating either before or after solving a problem
helps to generalize or confirm a solution.
Rounding decimals before division is one way to find an estimate. You can also simply divide the leading digits.
Previously we worked on how to estimate products by multiplying the leading digits.
Estimating quotients works the same way. Leading digits are the first two values in a decimal. To estimate a quotient,
divide the leading digits exactly as you have been—move the decimal point in the divisor to make it a whole number,
adjust the decimal point in the dividend accordingly, then divide, inserting the decimal point in the solution in line
with its position in the dividend.
Estimate the quotient. 7.882 ÷ .4563
To estimate, we are going to work with only the leading digits, or the first two.
Let’s examine the decimals and reduce them to their leading digits.
7.882 → 7.8 and .4563 → .45.
Now let’s move the decimal point in the divisor and dividend.
In long-division form, we have .45)7.8 so we’re going to multiply both numbers by 100 and move the decimal
points two places to the right: 45)780 . Notice how we added a zero to the end of the dividend to make the move of
the decimal point possible.
Now we can divide.
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17.33

45)780.00
− 45
330
− 315
150
− 135
150
− 135
15
Notice how we added 2 extra zeros to the dividend to facilitate our division? We could keep adding zeros and keep
dividing and our quotient would get longer and longer.
Can you notice a pattern in the quotient?
Each time we add a zero to the dividend, we come up with another 3 in the quotient. This is another repeating
decimal. We can either round our answer to 17.33 or notate the repeating decimal by putting a line over the repeating
part 17.3.
Our answer is 17.33 or 17.3.
Here is another one.
4.819 ÷ 1.245
First, let’s simplify these numbers to their leading digits.
4.819 = 4.8
1.245 = 1.2
Now we can set up the problem as a division problem.
1.2)4.8
Next, we make the divisor into a whole number by multiplying by 10. We do the same thing in the dividend. Next,
we can divide to find the quotient.
4

12)48
Our answer is 4.
Divide by using leading digits. You may round your answer to the nearest hundredth if necessary.
Example A

15.934 ÷ 2.57
Solution: 6
Example B

4.368 ÷ 3.12
Solution: 1.39
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Example C

6.16 ÷ 1.12
Solution: 5.55
Here is the original problem once again.
While at the science museum, Marc enjoyed looking at the scientists that were working in the lab. They were
working with microscopes and tiny fragments of materials. Marc wasn’t even sure what they were working on, but
it was fascinating to see real scientists at work in a lab.
On the board there was this problem written.
.36007809 ÷ .0234
Marc is curious how to figure this out. He knows that there is a short - cut, but isn’t sure what it is.
First, we can identify the leading digits.
.36007809 = .36
.0234 = .02
Now we write our new division problem.
.36 ÷ .02
Next, we divide.
Our answer is 18.
Guided Practice

Here is one for you to try on your own.
Divide by using leading digits. Round the quotient to the nearest tenth if necessary.
6.4256 ÷ 2.2453
Answer
First, we identify the leading digits.
6.4
1.2
Now we can set up a division problem and divide.
6.4 ÷ 2.2 = 2.9090909
Notice the repeating pattern in the quotient, but we can round to the nearest tenth.
2.9
This is our answer.
Explore More

Directions: Estimate the quotient by dividing the leading digits. You can round your answer to the nearest tenth
when necessary.
1. 4.992 ÷ .07123
2. 1.8921 ÷ 6.0341
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3. 26.2129 ÷ 1.3612
4. 1.00765 ÷ .25
5. 36.2129 ÷ 2.5612
6. .42129 ÷ .15612
7. 6.4129 ÷ 2.2612
8. 26.2129 ÷ 13.5612
9. 8.2129 ÷ 2.2612
10. 42.2129 ÷ 8.2612
11. 16.2129 ÷ 4.1612
12. 19.0029 ÷ 3.599
13. .45632 ÷ .09123
14. 8.765 ÷ 1.098
15. .145632 ÷ .701023
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2.15 Division to Solve Decimal Equations
Here you’ll learn to identify and apply the inverse property of multiplication in decimal operations with numerical
and variable expressions.
Have you ever tried to pole vault?

The pole vault is a track and field event where a student uses a pole to launch themselves over a bar. Then the student
lands on a large mat underneath the pole. Each part of the pole vault event is very specific. The height of the bar is
specific. The length of the pole is specific, and the dimensions of the mat are specific as well.
The track and field team at Harrison Middle school had a special visitor after practice. Jody a pole vaulter from the
nearby college visited to share his experiences with the students. He brought some pictures of himself in different
events and took a long time answering student questions.
“Even the mat has specific dimensions,” Jody explained. “They measure the length, width and height of the mat to
be sure that it has an accurate volume. The mat that we are using has a volume of 9009 cubic feet. The length of the
mat is 16.5 feet and the width is 21 feet.”
Justin and Kara were listening intently to Jody’s explanation of the pole vault event. Justin, who loves numbers,
began jotting down the dimensions of the mat on a piece of paper.
9009 cubic feet
16.5 feet in length
21 feet in width
Justin knows that he is missing the height of the mat.
“How high is the mat?” Justin asks Kara showing her his notes.
“Who cares?” Kara whispered looking back at Jody.
“I do,” Justin said turning away.
Justin begins to complete the math. But he can’t remember how to work the equation and the division.
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This is where you come in. Pay attention to this Concept. By the end of it, you will need to help Justin with
his dilemma.
Guidance

Sometimes division is called the inverse, or opposite, of multiplication. This means that division will “undo”
multiplication.

5 × 6 = 30
30 ÷ 6 = 5
See how that works? You can multiply two factors to get a product. Then when you divide the product by one factor,
you get the other factor.

The Inverse Property of Multiplication states that for every number x, x 1x = 1.
1
x

(also known as the multiplicative inverse), the result is one.

Let’s put whole numbers in place of x to make the property clear: 3 × 13 = 33 = 1. The Inverse Property of
Multiplication may seem obvious, but it has important implications for our ability to solve variable equations which
aren’t easily solved using mental math—such as variable equations involving decimals.
In other words, when you multiply x by its opposite,

How does this apply to our work with equations?
With equations, the two expressions on either side of the equal sign must be equal at all times. The Inverse
Property of Multiplication lets us multiply or divide the same number to both sides of the equation without
changing the solution to the equation. This technique is called an inverse operation and it lets us get the variable
x alone on one side of the equation so that we can find its value. Take a look at how it’s done.

5x = 15
5x 15
=
→ inverse operation = divide 5 from both sides
5
5
x=3
Remember how we said that division can “undo” multiplication? Well, this is a situation where that has happened.
Notice how, on the left side of the equation, 55 = 1, leaving the x alone on the left side. This is very instinctual to us.
Once you have been working with equations, it comes naturally that when you divide a number by itself the answer
is 1 and that has the variable be by itself on that side of the equals. After a while, we don’t even think about it, but it
is still important to point out.

Solve 2.7x = 3.78
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We need to find a value of x that, when multiplied by 2.7, results in 3.78. Let’s begin by using inverse operations
to get x alone on the left side of the equation.

2.7x = 3.78
2.7
3.78
x=
→ Inverse Operations = divide both sides by 2.7
2.7
2.7

Now, to find the value of x, we complete the decimal division. First we multiply by ten and move the decimal
places accordingly. 2.7 → 27 and 3.78 → 37.8

1.4

27)37.8
27
108
− 108
0

Our answer is 1.4.
Use the inverse operation to solve each problem.

Example A

2.3x = 5.06
Solution: 2.2

Example B

1.6x = 5.76
Solution: 3.6

Example C

4.7x = 10.81
Solution: 2.3
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Here is the original problem once again.
The pole vault is a track and field event where a student uses a pole to launch themselves over a bar. Then the student
lands on a large mat underneath the pole. Each part of the pole vault event is very specific. The height of the bar is
specific. The length of the pole is specific, and the dimensions of the mat are specific as well.
The track and field team at Harrison Middle school had a special visitor after practice. Jody a pole vaulter from the
nearby college visited to share his experiences with the students. He brought some pictures of himself in different
events and took a long time answering student questions.
“Even the mat has specific dimensions,” Jody explained. “They measure the length, width and height of the mat to
be sure that it has an accurate volume. The mat that we are using has a volume of 9009 cubic feet. The length of the
mat is 16.5 feet and the width is 21 feet.”
Justin and Kara were listening intently to Jody’s explanation of the pole vault event. Justin, who loves numbers,
began jotting down the dimensions of the mat on a piece of paper.
9009 cubic feet
16.5 feet in length
21 feet in width
Justin knows that he is missing the height of the mat.
“How high is the mat?” Justin asks Kara showing her his notes.
“Who cares?” Kara whispered looking back at Jody.
“I do, some things are worth figuring out,” Justin said turning away.
Justin begins to complete the math. But he can’t remember how to work the equation and the division.
To solve this problem of height, we need to remember that the formula for volume is length times width times
height. Justin has the measurements for the volume and for the length and the width. He is missing the height.
Justin can write the following formula.

V = lwh
9009 = 16.5 × 21 × h
181

2.15. Division to Solve Decimal Equations

www.ck12.org

Next, we multiply 16.5 × 21 to begin our equation.
16.5 × 21 = 346.5
We can write this equation.
9009 = 346.5h
Now we divide 9009 by 346.5.
h = 26 f eet
The height of the mat is equal to 26 feet.
Guided Practice

Here is one for you to try on your own.
Divide.
4.5x = 12.6
Answer
To solve this problem, we simply divide 12.6 by 4.5.
2.8
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57631

This is a video on the inverse property of multiplication.
Explore More

Directions: Solve the following problems using what you have learned about dividing decimals and equations. Write
an equation when necessary.
1. Solve 3.7x = 7.77
2. Solve 3.1x = 10.23
3. Solve 7.2x = 29.52
4. Solve 2.7x = 11.34
5. Solve 1.2x = 6.72
6. Solve 11x = 27.5
7. Solve 6.7x = 42.21
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8. Solve 8.2x = 51.66
9. Solve 1.9x = 12.92
10. Solve 5.7x = 54.72
11. Solve .55x = .31955
12. Solve 9.8x = 114.66
13. In a week of track practice, Rose ran 3.12 times more than Jamie. If Rose ran 17.16 kilometers, how many
kilometers did Jamie run? Write an equation and solve.
14. Ling’s flower bed has an area of 23.12 m2 and a width of 3.4 meters. What is the length of Ling’s flower bed?
Write an equation and solve.
15. A jet airplane travels 6.5 times faster than a car. If the jet travels at 627.51 kilometers per hour, how fast is the
car? Write an equation and solve.
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2.16 Scientific Notation
Here you’ll learn to recognize the equivalence of standard form, product form and scientific notation of very small
and very large decimal numbers.
Have you ever seen an exhibit on the solar system?
While Marc was observing the scientists, Kara spent her time at the solar system exhibit. She was amazed at all of
the different distances between earth and the other planets and moons.
Her favorite planet is Saturn.
She discovered that the distance from Earth to Saturn is 887 million miles.
Can you write this is standard form?
Can you write it in scientific notation?
This Concept will show you how to recognize equivalence in decimal numbers. By the end of it, you will be
able to answer these questions.
Guidance

To better understand our world, scientists take measurements. Some measurements can often be extremely
large or small.
The distance between Earth and Jupiter, for instance, is about 595,000,000 kilometers.
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The diameter of an insect’s cell is about .000000000017 meters.
Scientific notation is a way to represent very large and very small numbers. Scientific notation makes it easier
to read, write, and calculate extreme numbers.
How do we work with scientific notation?
To understand scientific notation, we need to first back up a bit and think about some of the things that we
have already learned.
Do you remember working with powers? Exponential notation is a way to write multiplication as a power.
In a power like 23 , 2 is the base and 3 is the exponent. In expanded form, 23 is written 2(2)(2), we multiply 2 by 2,
three times.
Scientific notation relies on the exponential notation—powers of 10—to rewrite numbers in a simpler form.
Let’s look at powers of 10 once again.
Our place-value system is based on these powers of 10.
10(10) = 100
100(10) = 1,000
1000(10) = 10,000 and so on.
Now let’s think about that original distance that we introduced between Earth and Jupiter.
The distance is 595,000,000. This is the number written in standard form.
We could also write this number using an exponent. Look at all those zeros. If we count them, there are 8 zeros. The
distance could also be written as 5.95 × 108 . When we write a number as a factor and a product of 10 and a power,
we call this scientific notation.
Write 560,000 in scientific notation.
To begin with, we take the first two numbers and convert this to a decimal.
56 becomes 5.6
Now we can think about how we would multiply 5.6 times a power of 10 to get 560,000. There are 5 decimal
places involved.
Our answer is 5.6 × 105
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Well, it has to do with the way that the decimal point is moving. If it moves to the left, then the power of ten
is positive. If it moves to the right, then the power of ten is negative. In the last problem, our decimal moved
to the left to 5.6. Now let’s look at one where it moves to the right.
The diameter of the insect’s gland cell is .000000000017.
.000000000017 is the standard form of the number. Notice that that is a very tiny decimal. To write this in scientific
notation, we have to move the decimal point 11 places to the right.
.000000000017 becomes 1.7
We moved the decimal 11 places, so that is our exponent.
Now we write the whole thing as a product of the decimal and a power of ten.
Our answer is 1.7 × 10−11 .
We can also work the other way around. We can take a number in scientific notation and rewrite it in standard
form. To do this, we have to work backwards. Pay close attention to whether the exponent is negative or
positive, and this will tell you which way to move the decimal point.
Write 1.2 × 104 in standard form.
First, we notice that the exponent is positive. This means that we move the decimal four places to the right.
1.2 × 104 becomes 12,000.
Our answer is 12,000.
Now it’s time for you to try a few on your own.
Example A

Write 450,000,000 in scientific notation.
Solution:4.5 × 108
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Example B

Write 3.4 × 105 in standard form.
Solution:340, 000
Example C

Write 6.7 × 10−9 in standard form.
Solution: .0000000067
Here is the original problem once again.
While Marc was observing the scientists, Kara spent her time at the solar system exhibit. She was amazed at all of
the different distances between earth and the other planets and moons.
Her favorite planet is Saturn.
She discovered that the distance from Earth to Saturn is 887 million miles.
Can you write this is standard form?
Can you write it in scientific notation?
First, let’s start with standard form. We can write 887 million by adding in six zeros and some commas.
887, 000, 000
Then, we can write it in scientific notation by writing it as a product of a base ten power.
8.87 × 108
Now our work is complete.
Guided Practice

Here is one for you to try on your own.
Write 4.5 × 10−6 in standard form.
Answer
First, notice that the exponent is negative. This means that we move the decimal six places to the left.
4.5 × 10−6 becomes .0000045.
Our answer is .0000045
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5469

This is a James Sousa video on scientific notation.
187

2.16. Scientific Notation
Explore More

Directions: Write each number in scientific notation.
1. 0.0000000056731
2. 24,010,000,000
3. 960,000,000,000,000,000
4. 0.0000001245
5. 36,000,000
6. .00098
7. .000000034
8. 345,000,000
Directions: Write each number in standard form.
9. 3.808 × 1011
10. 2.1 × 10−6
11. 5.912 × 108
12. 6.78 × 10−6
13. 5.7 × 109
14. 4.5 × 10−5
15. 3.21 × 107
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2.17 Comparison of Numbers in Scientific Notation
Here you’ll learn to compare and order numbers in scientific notation.

Jennifer is writing a paper for English class on different distances in track and field. She has decided to focus her
paper on middle and long distances and has made a list of every distance longer than 1 mile. Here is her list.
1,500 m
2000 m
3,000 m
5,000 m
10,000 m
20,000 m
25,000 m
30,000 m
She has also learned about scientific notation in math class. She has decided to write each distance in scientific
notation. That way she can add a twist to her paper and surprise both her English and her math teacher.
Think about how Jennifer can accomplish this goal. If you were to rewrite each distance in scientific notation,
how would you do it? This Concept will teach you all that you need to know about scientific notation. Let’s
get started.

Guidance

Previously we worked on how to compare and order whole numbers and decimals.
Numbers in scientific notation can be compared and ordered as well. In scientific notation, the number with
the greater power of 10 is always the larger number.
Take 9.6 × 103 compared to 2.2 × 105 . Let’s look at the numbers in standard form to illustrate the point.
9.6 × 103 → 9, 600 and 2.2 × 105 → 220, 000, therefore, 9.6 × 103 < 2.2 × 105
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Remember to apply what you know about negative numbers to scientific notation with negative powers. When
comparing the same number to the powers of 10−7 and 10−11 , for example, the number to the power of -7 is the
greater value, because −7 > −11.
If the powers of 10 are the same, then we look to the decimals to compare.
Finally, when comparing a number in standard form to a number in scientific notation, convert the number in standard
form to scientific notation; then compare.
Compare 8.43 × 106 and 2.38 × 108
First, notice that both of the exponents are positive and they are different, so we can simply compare the exponent.
The larger the exponent is the larger the number. Here is our answer.
8.43 × 106 < 2.38 × 108
Compare 3.2 × 10−10 and 1.2 × 10−9
First, notice that both of the exponents are negative. Therefore, we have to compare the greater exponent as the
larger number. This is a little bit backwards, but remember that negative numbers are larger the closer that they are
to zero. Therefore, negative 9 is greater than negative 10.
3.2 × 10−10 < 1.2 × 10−9
Compare 5.65 × 105 and 5.56 × 105
First, notice that the exponents are the same here. Therefore, we compare the decimals.
5.65 × 105 > 5.56 × 105
When ordering numbers in scientific notation, we do the same work as with comparing. Break the numbers down
by looking at the exponents and then write them in order according to the directions.
Now it’s time for you to try a few on your own.

Example A

4.5 × 107 and 4.5 × 109
Solution: <

Example B

5.6 × 10−3 and 7.8 × 10−5
Solution: >

Example C

8.9 × 102 and 9.8 × 102
Solution:
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Here is the original problem once again.
Jennifer is writing a paper for English class on different distances in track and field. She has decided to focus her
paper on middle and long distances and has made a list of every distance longer than 1 mile. Here is her list.
1,500 m
2000 m
3,000 m
5,000 m
10,000 m
20,000 m
25,000 m
30,000 m
She has also learned about scientific notation in math class. She has decided to write each distance in scientific
notation. That way she can add a twist to her paper and surprise both her English and her math teacher.
To write each distance in scientific notation, Jennifer will need to use powers of 10. Let’s look at the first
distance.
1,500 m can be changed to 1.5 × 103 since we moved the decimal point three places to the left, the exponent is
positive.
In fact, we will be moving all of the decimal points to the left in this problem. Here are the other distances
written in scientific notation.

2 × 103
3 × 103
5 × 103
1 × 104 or 10 × 103
2 × 104
2.5 × 104
3 × 104

Here is our list of answers.
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Guided Practice

Here is one for you to try on your own.
Compare 3.4 × 105 and 34, 000, 000
Answer
First, notice that you have one value in scientific notation and one in standard notation.
We should write them both in the same form to make the comparison easier.
Let’s write the first value in standard notation.
3.4 × 105 = 340, 000
Now we compare the two values.
340, 000 < 34, 000, 000
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5470

This James Sousa video is an animation on scientific notation.
Explore More

Directions: Compare the following. Write <, >, or = for each ___.
1. 2.1 × 106

8.9 × 105

2. 0.00000212

2.12 × 10−5

3. 4.26 × 1010

4, 260, 000, 000

4.

7.2 × 10−3

12.5 × 10−1

5. 2.1 × 105

3.1 × 104

6. 8.1 × 106

8.9 × 105

7. 7.2 × 10−4
8. 3.3 × 102

8.9 × 10−5
3.1 × 103

9. 12.1 × 104

18.9 × 102

10. 5.5 × 106

5.51 × 106

11. 16.1 × 103

18.9 × 102

Directions: Where necessary, convert to scientific notation. Order the following from greatest to least.
12. 9.2 × 1010 , 6.4 × 1015 , 2.1 × 1020 , 1.7 × 1015
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13. 5.63 × 10−5 , 4.16 × 10−3 , 3.42 × 10−6 , 8.71 × 10−3
14. 2.12 × 10−5 , 0.0000202, 2.02 × 10−4 , 0.0000221
15. 86, 102, 000, 8.61 × 108 , 86, 120, 000, 8.61 × 107
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2.18 Operations with Numbers in Scientific Notation
Here you’ll learn to find sums, differences, products and quotients of numbers in scientific notation.
Remember Kara’s study of the solar system in the Comparison of Numbers in Scientific Notation Concept?
Well, after gathering information, Kara decided to add some distances together. She decided to add the distances
from Earth to Saturn with the distance from Earth to Jupiter.
Here is what she wrote.
5.95 × 108 + 8.87 × 108
Do you know the sum?
This Concept will teach you how to add, subtract, multiply and divide values written in scientific notation.

Guidance

Scientific notation makes reading and writing very large and very small numbers easier; it makes computation
with such numbers easier as well.
Let’s start with addition and subtraction. Before performing addition or subtraction on scientific notation, the
exponents must be the same. Matching the exponents involves a simple case of moving the decimal point—a process
you’ve completed many times in making the divisor a whole number before dividing decimals. Let’s see how it’s
done in the following addition problem. Note how we use parentheses to group the scientific notation on either side
of the addition sign.
(5.7 × 104 ) + (4.87 × 105 )
We want to make both of these exponents the same. To make both exponents 5’s, we move the decimal point
in 5.7 one place to the left by multiplying by 10.
(.57 × 105 ) + (4.87 × 105 )
Now we can add the decimal parts of the problem. The power of 10 stays the same.

(.57 × 105 ) + (4.87 × 105 )
(.57 + 4.87) × 105
5.44 × 105
Our answer is 5.44 × 105 .
Subtraction works the same way as addition: Before performing the subtraction operation, the exponents
must be the same.
Multiplication and division in scientific notation is a little different.
Do you remember simplifying exponents?
(x3 )x4
To multiply the exponents, we add the powers. (x3 )x4 = x3+4 = x7 . Multiplying scientific notation is similar: You
multiply the decimals and add the exponents.
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(3.4 × 10−2 ) × (6.2 × 106 )
(3.4 × 6.2) × (10−2+6 )
21.08 × 104
Division of scientific notation is identical to multiplication—except you divide the decimals and subtract the
exponents. Let’s try it out.

(8.4 × 105 ) ÷ (1.4 × 10−2 )
(8.4 ÷ 1.4) × (105−(−2) ) → Remember subtracting a negative is the same as adding it.
6 × 107
Now it’s time for you to try a few on your own.

Example A

Add (3.4 × 103 + 5.6 × 104 )
Solution: 39.6 × 104

Example B

Multiply (1.2 × 104 )(3.4 × 104 )
Solution:4.08 × 108

Example C

Subtract (5.6 × 104 − 3.2 × 104 )
Solution: 2.4 × 104
Here is the original problem once again.
Well, after gathering information, Kara decided to add some distances together. She decided to add the distances
from Earth to Saturn with the distance from Earth to Jupiter.
Here is what she wrote.
5.95 × 108 + 8.87 × 108
Do you know the sum?
First, notice that the exponent is the same in both values. Therefore, we can simply add the decimals.
5.95 + 8.87 = 14.82
Now we add the rest of the scientific notation.
14.82 × 108
This is our answer.
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Guided Practice

Here is one for you to try on your own.
At its closest, the planet Neptune is 4,300,000,000 kilometers away from Earth. A group of astronauts from Earth
want to make it to Neptune is 20,000 days. If they travel the same amount of kilometers each day, how many
kilometers will they travel each day? Convert both numbers to scientific notation before solving.
Answer
Let’s begin by converting both numbers to scientific notation.
The distance between Earth and Neptune, in scientific notation, is 4.3 × 109 . The number of days the astronauts want
to travel in scientific notation is 2.0 × 104 .
We want to divide the distance evenly among the days, so we know we need to divide. Remember: To divide
numbers in scientific notation, you divide the decimals and subtract the exponents.

4.3 × 109 ÷ 2.0 × 104
(4.3 ÷ 2.0) × 109−4
2.15 × 105
Remember to put the units of measurement in your answer!
Our answer is 2.15 × 105 km or 215,000 kilometers.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5472

This is a James Sousa video about writing decimal numbers given scientific notation.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5473

This is a James Sousa video about multiplying values that are in scientific notation.

196

www.ck12.org

Chapter 2. Using Decimals

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5474

This is a James Sousa video about dividing numbers that are in scientific notation.
Explore More

Directions: Add, subtract, multiply or divide
1. 3.4 × 103 + 5.4 × 103
2. 5.4 × 104 − 1.3 × 104
3. 6.7 × 105 + 5.4 × 105
4. 13.4 × 103 − 5.4 × 103
5. 6.4 × 103 × 5.1 × 103
6. 12.4 × 105 ÷ 2 × 103
7. 5.4 × 105 + 4.4 × 105
8. 12.2 × 103 − 10.1 × 103
9. 5.6 × 103 + 4.5 × 103
10. 3.3 × 104 × 1.2 × 102
11. 24.6 × 105 ÷ 6 × 103
12. 266 × 10−6 + 8.6 × 10−6
13. 7.14 × 104 − 5.5 × 104
14. (2.56 × 10−3 ) × (3.8 × 106 )
15. (4.97 × 108 ) ÷ (7 × 105 )
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2.19 Metric System
Here you’ll learn to identify equivalence among metric units of measure.

Karina’s seventh grade class is reading a book about Greek history. Karina is fascinated by the Greek Gods and with
all of the mythology surrounding them. The class has decided to focus on the sporting events of the Greek Gods
since often the stories of mythology are studied in fifth or sixth grade. Their teacher, Ms. Harris thinks this will be
a good focus for the class.
“The first javelin was thrown in 708 BC by Hercules, the son of Zeus,” Ms. Harris said at the beginning of class.
“The javelin was originally 2.3 to 2.4 meters long and weighed about 400 grams. Then later, the weight and length
of the javelin changed,” Ms. Harris stopped lecturing and began scanning through her notes.
“Hmmm.. I can’t seem to find the place where I wrote down the new dimensions of the javelin,” She said. “Alright,
that will be your homework. Also, figure out the difference between the javelin of the past and the present.”
Karina hurried out of the class and during study hall began scouring the library for information. She found a great
book on track and field and began reading all of the information.
She discovered that the new length of the javelin is 2.6 meters and is 800 grams in weight. Now she needs to figure
out the difference.
Measuring metrics and performing operations with metric measurements is what this Concept is all about. It
is perfect timing for Karina too. At the end of the Concept, you will be able to help her with her homework.

Guidance

Previously we worked with powers of 10. Let’s review some of the places where you have seen powers of ten.
Our place-value system—on both the left and right sides of the decimal point—is based on powers of 10. This
fact helps us manipulate numbers so they are easier to use in operations. When adding, we add tens to the left
place-value, and when subtracting we borrow tens and regroup them to the right place-value.
In dividing decimals, we multiply the divisor and dividend by 10 until the divisor is a whole number. In scientific
notation, we use powers of 10 to convert numbers to a simpler form.
This brings us to measurement and the metric system. The metric system of measurement is also based on
powers of 10.
The metric system includes units of length (meters), weight (grams), and volume (liter).
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Look at the metric chart below to get an idea of the base-ten relationship among metric units. There are many
decimal places, but you will get an idea of which units of measure are larger and which are smaller. This will help
you as you learn about equivalence, or about determining which values are equal.
Notice that the metric system has units of length, weight and volume. Our customary system does too, but
familiarizing yourself with the metric system is helpful especially when traveling or working in the sciences.
Metric Units of Length

millimeter (mm)

.1 cm

.001 m

.000001 km

centimeter (cm)

10 mm

.01 m

.00001 km

meter (m)

1000 mm

100 cm

.001 km

kilometer (km)

1, 000, 000 mm

100, 000 cm

1000 m

milligram (mg)

.1 cg

.001 g

.000001 kg

centigram (cg)

10 mg

.01 g

.00001 kg

gram (g)

1000 mg

100 cg

.001 kg

kilogram (kg)

1, 000, 000 mg

100, 000 cg

1000 g

milliliter (ml)

.1 cl

.001 l

.000001 kl

centiliter (cl)

10 ml

.01 l

.00001 kl

liter (l)

1000 ml

100 cl

.001 kl

kiloliter (kl)

1, 000, 000 ml

100, 000 cl

1000 l

Metric Units of Mass

Metric Units of Volume

You aren’t. Remember all of that isn’t realistic. However, you can learn the prefixes of each measurement
unit and that can help you in the long run.
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milli - means one-thousandth;
centi - means one-hundredth,
kilo - means one thousand.
Notice that the first two represent a decimal, you can tell because the “th” is used at the end of the definition.
The prefix kilo means one thousand and this is not in decimal form.
Now let’s look at some equivalent measures.

Write down these notes before continuing with the lesson.
How can we convert different units of measurement?
You can move back and forth among the metric units by multiplying or dividing by powers of 10.
To get from kilometers to meters, multiply by 1,000.
To get from meters to centimeters, multiply by 100.
To get from meters to millimeters, multiply by 1,000.
Working backwards, to get from kilometers to meters, divide by 1,000.
To get from meters to centimeters, divide by 100.
To get from meters to millimeters, divide by 1,000.
To get from kilometers to millimeters, divide by 1, 000, 000 (1, 000 × 1, 000)
Let’s look at how we can use this information.
Fill in the blanks with the equivalent measurement.
100 centiliter = ___ liter
10 centimeters = ___ meters
1 kilogram = ___ centigrams
1 milligram = ___ centigram
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To figure these out, look back at the conversion chart and at the operations needed to convert one unit to
another. Whether you are multiplying or dividing, you will need the correct number to multiply or divide by.
There are 100 centiliters in 1 liter.
There are 100 centimeters in a meter. We divide by 100. 10 divided by 100 = .1
10 centimeters = .1 meters
There are 1,000 kilograms in a gram. We multiply 1 × 1, 000 = 1, 000 grams; there are 100 centigrams in a gram;
1, 000 × 100 = 100, 000
1 kilogram = 100,000 centigrams
There are 10 milligrams in a centigram 1 ÷ 10 = .1
1 milligram = .1 centigram

Notice that when we go from a smaller unit to a larger unit, we divide. When we go from a larger unit to a
smaller unit we multiply.
Convert 23 kilograms into grams.
We start by noticing that we are going from a larger unit to a smaller unit. Therefore, we are going to multiply.
There are 100 grams in 1 kilogram. There are 23 kilograms in this problem.

23 × 1000 = 23, 000
23 kilograms = 23, 000 grams.
Convert the following units to their equivalent.
Example A

10 centigrams = _____ grams
Solution: .1 grams
Example B

1 meter = _____ millimeters
Solution: 1000 millimeters
Example C

15 kilometers = _____ meters
Solution: 15, 000 meters.
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Now back to the javelin dimensions.
Reread the original problem. Then help Karina with her problem.
Karina’s seventh grade class is reading a book about Greek history. Karina is fascinated by the Greek Gods and with
all of the mythology surrounding them. The class has decided to focus on the sporting events of the Greek Gods
since often the stories of mythology are studied in fifth or sixth grade. Their teacher, Ms. Harris thinks this will be
a good focus for the class.
“The first javelin was thrown in 708 BC by Hercules, the son of Zeus,” Ms. Harris said at the beginning of class.
“The javelin was originally 2.3 to 2.4 meters long and weighed about 400 grams. Then later, the weight and length
of the javelin changed,” Ms. Harris stopped lecturing and began scanning through her notes.
“Hmmm.. I can’t seem to find the place where I wrote down the new dimensions of the javelin,” She said. “Alright,
that will be your homework. Also, figure out the difference between the javelin of the past and the present.”
Karina hurried out of the class and during study hall began scouring the library for information. She found a great
book on track and field and began reading all of the information.
She discovered that the new length of the javelin is 2.6 meters and is 800 grams in weight. Now she needs to figure
out the difference.
To figure out the difference, Karina needs to subtract the old length with the new length. The old length was
between 2.3 and 2.4. Karina decides to find the average of the range of numbers. To find the average, you add
the values and divide by the number of terms in the series
2.3 + 2.4 = 4.7 ÷ 2 = 2.35
Next, she subtracts 2.35 from the original javelin length.

2.6
−2.35
.25

There is a difference of

1
4

of a meter or .25 of a meter.

Next, we can figure the weight difference.
400 grams was the old weight and 800 grams is the new weight. The new weight of the javelin is twice the
weight of the old javelin.
Karina finishes her homework and makes a note of the fact that while the length of the javelin didn’t double
that the weight of it did!

Guided Practice

Here is one for you to try on your own.
Convert 25,000 meters into kilometers.
Answer
First, notice that we are going from a larger unit to a smaller unit, so we need to divide.
There are 1000 meters in 1 kilometer.
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25, 000 ÷ 1000 = 25
25, 000 meters = 25 kilometers
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5342

This is a James Sousa video on metric system conversions and equivalence.
Explore More

Directions: Fill in the blanks with the equivalent measurement.
1. 1,000 centimeters = ___ meters
2. 10 kiloliters = ___ centiliters
3. 1,000 milligrams = ___ centigrams
4. 100 milliliters = ___ centiliters
Directions: Fill in the blanks with the equivalent measurement.
5. 200 milligrams = ___ kilograms
6. 20 centimeters = ___ meters
7. 2 liters = ___ kiloliters
8. 2,000 centigrams = ___ kilograms
Directions: Fill in the blanks with the equivalent measurements for 180.76 centimeters.
9. ___ meters
10. ___ millimeters
11. ___ kilometers
Directions: Fill in the blanks with the equivalent measurements for 0.4909 kiloliters.
12. ___ liters
13. ___ centiliters
14. ___ milliliters
15. How many liters in one kiloliter?
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2.20 Appropriate Tools for Metric Measurement
Here you’ll learn to choose appropriate tools and units for given measurement situations.
Have you ever gotten a puppy? Take a look at this dilemma.
Jace has just gotten a new bulldog puppy. Jace has been wanting a bulldog puppy for a long time, and he has finally
gotten his wish. Jace named his new puppy Chase and took Chase for his first appointment at the veterinarian. At
the vet, the doctor weighed Chase in metric units on a scale.
Which metric unit of measurement do you think was used to record Chase’s weight? Kilograms or grams?
This Concept will teach you how to think in terms of metric units. By the end of the Concept, you will know
how to answer this question.

Guidance

Measurement is the system of comparing an object to a standard. As we have seen, the metric system includes
units of length (meters), weight or mass (grams), and volume (liter).
When we make a measurement of length, weight, or volume, we are comparing the object against a standard (1
meter, 1 gram, 1 volume).
Tools for metric measurements provide these standards.
The metric ruler is the tool for measuring length, and width. It looks like any other kind of ruler but includes units
of millimeters, centimeters, and meters.

The balance or scale is the appropriate tool for measuring weight or mass in grams. It looks something like a
seesaw. With the object being measured on one side, a combination of standard weights of milligrams, centigrams,
and kilograms comprise the other half. When the weight of the object being measured equals the combination of
standard weights the scale balances.
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A graduated cylinder measures volume. It looks like a drinking glass that has marks for volume on the side—milliliters,
centiliters, and liters.

Now we can look at choosing the best tool to measure different objects. You have to think of the object and unit of
measure that will be used to measure the object.
Look at this one.
Choose the appropriate tool for making the following measurements.
a) The weight of a golf ball
b) The height of a person
c) The volume of water in a chemical solution
d) The width of a table
Now, let’s think about each item and which tool would be the best choice for measuring.
a) The weight of a golf ball would be measured by the scale.
205

2.20. Appropriate Tools for Metric Measurement

www.ck12.org

b) The height of a person would be length, so we would use a metric ruler or metric tape measure for this measurement.
c) The volume of water would be measured by a graduated cylinder.
d) The width of a table would be length, so that would be a metric ruler or metric tape.
Thinking about what is being measured whether it is length, weight or volume can help you in selecting the
correct/best tool.
To find an accurate measurement, it is important to choose the right tool, but it is equally important to choose the
right unit of measurement. You wouldn’t want to measure the volume of a swimming pool in milliliters—the number
would be too high! The goal in choosing a unit of measure is finding the standard that most closely matches the
measure of the object.
This procedure is somewhat subjective. It helps to have some real-world measurement benchmarks to act as your
own personal standard.
Length:
•
•
•
•

A grain of sand is about 1 millimeter long
A paperclip is about 1 centimeter wide
A table could be about 1 meter tall
A road could be about 1 kilometer long

Weight:
• A speck of dust could weigh about 1 milligram
• A paperclip weighs about 1 gram
• A kitten could weigh about 1 kilogram
Volume:
•
•
•
•

An eyedropper holds about 1 milliliter
A juice box holds about 25 centiliters
A soda bottle holds about 1 liter
A kid’s pool could hold about 1 kiloliter

Now let’s practice. Identify the best tool to measure each item.
Example A

A bag of flour
Solution: Scale
Example B

The length of a table
Solution: Ruler or tape measure
Example C

The amount of water in a pitcher
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Solution: Graduated measuring cylinder
Here is the original problem once again.
Jace has just gotten a new bulldog puppy. Jace has been wanting a bulldog puppy for a long time, and he has finally
gotten his wish. Jace named his new puppy Chase and took Chase for his first appointment at the veterinarian. At
the vet, the doctor weighed Chase in metric units on a scale.
Which metric unit of measurement do you think was used to record Chase’s weight? Kilograms or grams?
Chase is a puppy and doesn’t weight a lot. Let’s review the different metric units that we use for measuring weight.
A milligram is for very tiny things such as a bean or a dust particle. A gram measures slightly heavier things like a
paperclip or a pencil. A kilogram is used for things with definite weight, like a kitten or a dog.
The vet would have measured Chase in kilograms.
Guided Practice

Here is a problem for you to try on your own.
Imogene is buying material for a costume. She buys 3.15 meters of purple material at $4.12 a meter, 2.25 meters of
yellow material at $8.63 a meter; and .5 meters of gold ribbon at $1.30 a meter. How much does she spend on her
costume? (Be sure to round your prices to the nearest hundredth.)
Answer
This problem asks us to find the total Imogene spent on her costume. We know the measurements of the three
materials and the cost of each type of material, so we need to multiply all three measurements by their cost and add
them together.

3.15($4.12) + 2.25($8.63) + 0.5($1.30)
$12.98 + $19.42 + $0.65
Imogene spent $33.05 on her costumes.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5342

This is a James Sousa video on metric unit conversion.
Explore More

Directions: Choose the appropriate tool for the following measurements.
1. the volume of a water balloon
2. the length of a basketball court
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3. the weight of an apple
4. the volume of a milk carton
Directions: Choose the appropriate unit for the following measurements:
5. the distance between two towns
6. the weight of a peanut
7. the length of a hand
8. the volume of a raindrop
9. the weight of a person
10. the weight of a bag of sand
11. The height of a table
Directions: Solve each problem.
12. The town square has a length of 39.2 meters and a width of 17.5 meters. What is the perimeter of the square?
[Remember: P = 2l + 2w]
13. A pharmacist mixing cough syrup mixes 1,550 milliliters of syrup, 725 milliliters of cherry flavor, and 1.25 liters
of water. Once mixed, what is the total volume of the cough syrup in liters?
14. A stable houses horses with the following weights. Arnaud: 331.6 kg; Josie: 331,061 g; Max: 331,612 g; Taboo:
331.61 kg. Order the horses from greatest to least weight.
15. At the farmer’s market, Josh bought 1.5 kilograms of oranges, 150 grams of grapes, and 15,000 centigrams of
apples. How many grams of fruit did he buy in all?
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2.21 Conversions of Length, Mass, Capacity in
Metric Units
Here you’ll learn to convert among metric units of measure using powers of 10.
While Kara was at the exhibit on the solar system, she also noticed that the exhibit listed distances in metric units as
well as standard units.
The distance from Earth to Saturn is 1,427,000,000 km.
Can you convert this measure to meters?
This Concept is about converting among metric units of measure. You will know how to solve this dilemma
by the end of it.

Guidance

As we have seen in our previous work, the metric system of measurement is based on powers of 10. When
you have a measurement in one unit, we convert it to another unit by either multiplying or dividing by some
power of 10.
To get from kilometers to meters, multiply by 1,000. Working backwards, to get from kilometers to meters, divide
by 1,000. To get from kilometers to millimeters, we divide by 1, 000, 000 (1, 000 × 1, 000). When converting among
measurements, use prefixes as a guide in multiplying or dividing by powers of 10.
Then you can ask yourself, “Am I moving from a smaller unit to a larger unit, or from a larger unit to a
smaller unit?”
If the units you’re converting to are smaller, multiply .
If the units you’re converting to are larger, divide .
Now try to do some conversions without using the conversion chart. If you remember the rules of moving the
decimal point, you should be able to do these quite easily. Keep in mind the relationship between the powers
of 10 and moving the decimal point to the right or left.
Dividing by 1,000, for instance, has the same effect as moving the decimal point three places to the left.
Similarly, multiplying by 1,000 has the same effect as moving the decimal point three places to the right.
Here is one to look at.
Convert the following measurements to centimeters, 525 meters
There are 100 centimeters in a meter, so to go from meters to centimeters, we multiply by 100 or move the
decimal point two places to the right.
The answer is 52,500 cm.
Let’s look at another one.
Convert the following measurements into kilograms, 95231 milligrams
To move from milligrams to kilograms, we divide by 1,000,000 (1,000 milligrams in a gram × 1,000 grams in
a kilogram), or move the decimal point six places to the left.
Our answer is .095231 kg.
Now it is time to practice what you have learned. Here is a table to help you.
209

2.21. Conversions of Length, Mass, Capacity in Metric Units

www.ck12.org

KM to M

× 1000

M to CM

× 100

CM to MM

× 10

MM to CM

÷ 10

CM to M

÷ 100

M to KM

÷ 1000

Practice converting the following units by moving the decimal point.
Example A

500 m =_____ cm
Solution: 50, 000
Example B

120 m = _____ km
Solution: .12
Example C

50 cm = _____m
Solution: .5
Here is the original problem once again.
While Kara was at the exhibit on the solar system, she also noticed that the exhibit listed distances in metric units as
well as standard units.
The distance from Earth to Saturn is 1,427,000,000 km.
Can you convert this measure to meters?
To convert from kilometers to meters, we multiply by 1000.
1, 427, 000, 000 × 1000 = 1, 427, 000, 000, 000
Wow! That is a lot of zeros.
Let’s write the value in scientific notation.
1.427000 × 109
This is our answer.
Guided Practice

Here is one for you to try on your own.
Convert 150 m to cm.
Answer
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To convert these units, we are going from a larger unit to a smaller unit.
When we convert from meters to centimeters, we multiply by 100.
150 × 100 = 15, 000
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5318

This is a James Sousa video on converting between metric units of measure.
Explore More

Directions: Convert the following metric units of length.
1. 10 cm to millimeters
2. 100 kilometers to meters
3. 453 meters to kilometers
4. 1,567 kilometers to meters
5. 6700 centimeters to meters
6. 7.8 meters to centimeters
Directions: Convert the following measurements into milliliters.
7. 65.57 liters
8. 28.203 centiliters
9. 0.009761 kiloliters
Directions: Convert the following measurements into centigrams.
10. 29.467 grams
11. 0.0562 milligrams
12. .0450584 kilograms
Directions: Convert the following measurements into kiloliters.
13. 89.96 liters
14. 45,217 milliliters
15. 3,120,700 centiliters
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2.22 Comparison of Metric Measurements
Here you’ll learn to compare and order given metric units of measure.
Are you familiar with the shot put? Take a look at this dilemma.

When Marcus was in sixth grade he thought that he was a runner. So, he tried out for the track team and his love
of running and determination made him an easy choice for the team. All that first year, Marcus ran. Then in the
hurdles, Marcus had a fall and hurt his knee. Marcus was devastated. He thought his life of track and field was over.
While his ankle healed, Marcus watched his team mates practice. One day after practice, Marcus picked up the shot
put and threw it across the field. His coach was watching and Marcus found a new way to participate.
“Sometimes life is like that,” his coach Mr. Samuels said. “You think you are going to be doing one thing and
something else crosses your path.
This year, Marcus is on the shot put team. His team is trying to figure out which field they should use to practice in.
There are several different fields available, but the team is large, so they are looking for a field with a width of 45.65
meters.
Field A—0.004565 kilometers
Field B—45,650 millimeters
Field C—456.5 centimeters
Field D—456,500 millimeters
Which field should his team choose? Marcus is puzzled and you may be too. This Concept will teach you all
about converting units of measure and comparing them. By the end of it, you will be able to help Marcus
figure out the best option for his shot put team.
Guidance

Knowing how to convert between metric units of measure makes comparing and ordering measurements possible.
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Previously we worked on how to compare decimals.
You line up the decimal points and compare the place values from left to right. Because units of measure often
involve decimals, comparing measurements is similar. But to compare measurements, they have to have the same
unit!
Compare 4.56 g to 4.59 g.
First, we have to be sure that these are the same unit of measure. Both are in grams, so we can look at the numbers
to determine which is larger. 4.56 is less than 4.59, so we have our answer.
The answer is 4.56 g <4.59 g.
Compare 4.56 g to 4.59 g.
First, we have to be sure that these are the same unit of measure. Both are in grams, so we can look at the numbers
to determine which is larger. 4.56 is less than 4.59, so we have our answer.
The answer is 4.56 g <4.59 g.
Once you understand how to compare units, ordering them becomes quite simple. Just remember that you always
have to convert the units so that they are the same!
Practice comparing metric units of measure.

Example A

45 cm _______ 500 mm
Solution: <

Example B

2 km _______ 400 m
Solution: >

Example C

6 l ________ 60,000 ml
Solution: <
Now back to the shot put and the teams.
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Here is the original problem once again.
When Marcus was in sixth grade he thought that he was a runner. So, he tried out for the track team and his love
of running and determination made him an easy choice for the team. All that first year, Marcus ran. Then in the
hurdles, Marcus had a fall and hurt his knee. Marcus was devastated. He thought his life of track and field was over.
While his ankle healed, Marcus watched his team mates practice. One day after practice, Marcus picked up the shot
put and threw it across the field. His coach was watching and Marcus found a new way to participate.
“Sometimes life is like that,” his coach Mr. Samuels said. “You think you are going to be doing one thing and
something else crosses your path.
This year, Marcus is on the shot put team. His team is trying to figure out which field they should use to practice in.
There are several different fields available, but the team is large, so they are looking for a field with a width of 45.65
meters.
Field A—0.004565 kilometers
Field B—45,650 millimeters
Field C—456.5 centimeters
Field D—456,500 millimeters
Which field should his team choose?
First, we need to look at each unit of measurement to determine the best option for Marcus and his team. This
problem asks us to compare the widths of these fields against 45.65 meters. Let’s begin by converting the widths of
the each field into meters.
• Field A has a width of 0.004565 kilometers. To convert to meters, we multiply by 1,000 or move the decimal
point three places to the right. 0.004565 kilometers = 4.565 meters.
• Field B has a width of 45,650 millimeters. To convert to meters, we divide by 1,000 or move the decimal point
three places to the left. 45, 650 ÷ 1, 000 = 45.65 meters.
• Field C has a width of 456.5 centimeters. To convert to meters, we divide by 100 or move the decimal point
two places to the left. 456.5 centimeters ÷ 100 = 4.565 meters.
• Field D has a width of 456,500 millimeters. To convert to meters, we divide by 1,000 or move the decimal
point three places to the left. 456, 500 millimeters = 456.5 meters.
Now we can compare the widths of the fields against 45.65 meters. Only Field B has the right width.
214

www.ck12.org

Chapter 2. Using Decimals

The solution is Field B.
Guided Practice

Here is one for you to try on your own.
Compare 743 km to 74,300,000 mm
Answer
The first thing to notice is that these two units of measure are not the same. Therefore, we have to convert both of
them to the same unit to compare them. We can convert both measurements to kilometers.
Multiply kilometers by 1,000,000 to get millimeters.
743 × 1, 000, 000 = 743, 000, 000
Our answer is that 743 km >74,300,000 mm.
Explore More

Directions: Compare or order the following measurements. Write <, >, or = for each ___.
1. 14 km ___ 56 m
2. 1.23 m ___ 123 kilometers
3. 3.4 km ___ 340 m
4. 18 g ___ .18 kilograms
5. 27 m ____ 2700 kilometers
6. 14 l ____ 2100 ml
7. 5 g ____ .0005 kg
8. 18 mm _____ .18 cm
9. 2.3 km ____ 2700 m
10. 3.48 cl ___ 0.348 l
11. 57.21 kg ___ 572,100 cg
12. 91.17 mm ___ 0.09117 m
13. 4.4 cl ___ 0.44 ml
14. Order the following measurements from least to greatest: 79,282 kg, 7,838,200 cg, 7,938,200 mg, 79,382 g.
15. Order the following measurements from least to greatest: 2,261,000 cl, 21,061 l, 21.06 kl, 21,161,000 ml
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2.23 Estimation of Conversion to Metric Units
Here you’ll learn to estimate equivalence between metric and customary units of measure.
Have you ever gotten a new camera? Well, Marc received one before his big trip to Boston.
Before going to Boston for the month, Marc was given a new camera for the trip. The new camera has a 55 mm lens.
Marc enjoyed reading all about his new camera and spent time trying it out. He wondered what the measurement of
the lens would be in inches if it is 55 mm in metrics.
Do you know?
This Concept will teach you how to estimate equivalence between metric and customary units of measure.
Then we’ll come back to this dilemma at the end of the Concept.
Guidance

We have been working inside the metric system of measurement.
Did you know there is another system of measurement? The customary system of measurement is widely-used
in the United States. You are probably already familiar with some of the customary units. Customary units of length
include the inch, foot, yard, and mile; for weight, ounce and pound; for capacity, teaspoon, cup, pint, quart, and
gallon.
We encounter both metric units and customary units all the time—sometimes at the same time . One important
aspect to understanding measurement is developing a general idea of the equivalence between the two systems.
The chart below shows the estimated metric equivalent to common customary units. Notice how all the
customary units are in units of 1. 1 foot, for instance, is about 30.48 centimeters, so 2 feet is about 60.96 centimeters
or 30.48 × 2. If you had a measurement in centimeters and wanted to estimate the number of inches, you would
reverse the process, or divide by 30.48.

TABLE 2.7:
Customary Units
1 inch
1 foot
1 yard
1 mile
1 teaspoon
1 cup
1 pint
1 quart
1 gallon
1 ounce
1 pound

Metric Units
25.4 millimeters
30.48 centimeters
0.91 meters
1.61 kilometers
4.93 milliliters
0.24 liters
0.47 liters
0.95 liters
3.79 liters
28.35 grams
0.45 kilograms

Completing these calculations exactly can be very tricky, so we use estimation to determine equivalence.
How many cups are equal to .48 liters?
To answer this question, we can look at the chart. We can see that one cup is equal to .47 liters. Therefore, we
can say that 2 cups is equal to .48 liters.
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Our answer is 2 cups.
4 kilograms is equal to how many pounds?
First, let’s look at the number of pounds to kilograms on our chart. 1 pound is equal to a little less than
one-half of a kilogram. To find the number of pounds in a one kilogram, we can multiply the pounds by 2. 2
pounds are in 1 kilogram. Therefore, there are 8 pounds in four kilograms.
By estimating, we can find approximate equivalent measures for customary and metric units of measure!!
Metric units play key roles in measurements of sports figures—in track and field distances like the one in our
introduction problem, in the size of an Olympic swimming pool, in the length and width of football fields and
basketball courts. But metric units play important roles in many other aspects of everyday life—from the weight of
vegetables at the farmer’s market, to the width of the living room drapes.
Now that you know how to convert and compare across metric units, you can use this knowledge to examine different
situations.
Example A

4 gallons = _____ liters
Solution: Between 15 - 16 liters
Example B

60 cm = _____feet
Solution: About 2 feet
Example C

3 cups = _____ liters
Solution: About .75 liters
Here is the original problem once again.
Before going to Boston for the month, Marc was given a new camera for the trip. The new camera has a 55 mm lens.
Marc enjoyed reading all about his new camera and spent time trying it out. He wondered what the measurement of
the lens would be in inches if it is 55 mm in metrics.
Do you know?
To figure this out, first think about the chart of equivalent measures that was presented earlier in this Concept.

TABLE 2.8:
Customary Units
1 inch
1 foot
1 yard
1 mile
1 teaspoon
1 cup
1 pint
1 quart

Metric Units
25.4 millimeters
30.48 centimeters
0.91 meters
1.61 kilometers
4.93 milliliters
0.24 liters
0.47 liters
0.95 liters
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TABLE 2.8: (continued)
Customary Units
1 gallon
1 ounce
1 pound

Metric Units
3.79 liters
28.35 grams
0.45 kilograms

If one inch equals 25.4 mm, then how many inches does 55 millimeters represent?
We can use mental math to figure this out.
55 mm is a little more than 2(25.4).
We can say then that 55 mm is about two inches. This is our answer.
Guided Practice

Here is one for you to try on your own.
At the Harvest Festival, Jocelyn is trying to buy the largest pumpkin. Covert the mass of the following pumpkins
into the same unit and order the pumpkins from greatest to least.
Pumpkin J—5.67 kg
Pumpkin K—5,510,000 mg
Pumpkin L—567,100 cg
Pumpkin M—5,800 g
Answer
This problem asks us to order the pumpkins from greatest to least mass. In order to do so, we need to get all of the
pumpkins into the same units. We’ll covert them to grams because grams is a good middle-point between the units.
• Pumpkin J has a mass of 5.67 kg. To convert to grams, we need to multiply by 1,000 or move the decimal
point three places to the right. 5.67 kg → 5,670 grams.
• Pumpkin K has a mass of 5,510,000 mg. To convert to grams, we need to divide by 1,000 or move the decimal
point three places to the left. 5,510,000 mg → 5,510 grams.
• Pumpkin L has a mass of 567,100 cg. To convert to grams, we need to divide by 100 or move the decimal
point two places to the left. 567,100 cg → 5,671 grams.
• Pumpkin M is already in grams → 5,800 grams.
The answer is Pumpkin M, Pumpkin L, Pumpkin J, Pumpkin K.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5401

This is a Khan Academy Video on customary and metric units of measurement.
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Explore More

Directions: Estimate a metric equivalent for the following customary measurements. You may round to the nearest
hundredth if necessary.
1. 5 cups to liters
2. 5 yards to meters
3. 6 inches to mm
4. 15 pounds to kg
5. 1 cup to liters
6. 4 miles to km
7. 5 feet to cm
8. 12 feet to cm
9. 8 inches to mm
10. 28.5 ounces to grams
11. 11.75 inches to millimeters
12. 8 quarts to liters
13. 15 pounds to kilograms
Directions: Solve the following problems.
14. To join the swim team, Jessica swam every day. The distances she swam for the first four days were as follows:
1.65 km, 1,750 m, 185,000 cm, 1,950,000 mm. If the pattern continues, how many kilometers will she swim on the
fifth day?
15. Mrs. Roth is moving to a new apartment. She can lift exactly 22.5 kg. Which of the following objects can she
lift: box of books (23,500 g), statue (2,450,000 cg), computer (2,550,000 mg), potted plant (22.55 kg)?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including comparing and ordering decimals, decimal operations, rounding decimals, commutative and associative properties of addition and multiplication,
the inverse property, scientific notation, metric system of measurement, converting and comparing metric units of
measurement, and equivalence between customary and metric units of measurement.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts
on comparing and ordering fractions, operations with fractions, mixed numbers, operations with mixed number,
relationships between fractions and decimals, measuring with customary units of measurement and converting
customary units of measurement.
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3.1 Equivalent Fractions
Here you’ll learn to identify equivalent proper fractions, mixed numbers and improper fractions.
Have you ever had a bake sale at school? It can be a great fundraiser. Take a look at this dilemma.

The Seventh grade class is having a bake sale to raise money for class projects and trips. Madison has decided to
bake her favorite kind of cookie for the sale. She loves linzer cookies with jam inside.
“What are you doing?” asks her brother Kyle coming into the kitchen.
“I’m making cookies for the bake sale,” Madison explains as she takes out the flour and the measuring cups.
“Can I help?” Kyle asks.
“Sure, now we need 2 21 cups of flour. Here is the 12 measuring cup, but I can’t find the 1 cup measuring cup. That’s
okay though because I can measure five 12 cups full of flour and that will be 2 12 cups,” She explains to Kyle.
“You could also use the

1
3

measuring cup and fill it up 8 times,” Kyle says picking up the

1
3

measuring cup.

“I don’t think so,” Madison says. “I think that is too much flour.”
“No it isn’t,” Kyle argues.
Who is correct? To figure out whether 2 21 cups of flour is equal to eight 13 cups of flour, you will need to
understand how to compare and figure out equivalent fractions. Pay attention during this Concept and by
the end of it, you will know who is correct and who needs to rethink their figuring.

Guidance

This Concept is all about fractions. To understand fractions, you will need to think about whole numbers too.
Without whole numbers, it is impossible to understand fractions because a fraction is a part of a whole.
Whole numbers are numbers like 1, 8, 56, and 278—numbers that don’t contain fractional parts. Not all numbers
are whole.
A Fraction describes a part of a whole number. You are certainly familiar with fractions in your everyday dealings
with cooking. Consider a recipe that calls for 21 cup of chocolate chips. You know that 12 cup represents one-half of
a whole cup.
3
4

or

3
4
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A fraction has certain parts. What are those parts?
The number written below the bar in a fraction is the denominator, which tells how many parts the whole is divided
into. The numerator is the number above the bar in a fraction, which tells how many parts of the whole you have.
In the recipe that calls for 21 cup, the denominator is 2, so we know that one whole cup is divided into 2 parts. The
numerator is 1, so we know that we need 1 of the 2 parts of the whole cup. Notice that the fraction can be written up
and down with one number on top of the other or using a slash. With a slash, the first number is the top number or
numerator and the bottom number is the second number.
A whole can be divided into an infinite number of parts. You can divide 1 cup of flour into thirds, sixths, tenths,
and so on. Fractions which describe the same part of a whole are called equivalent fractions. Remember that
the word equivalent means equal. For instance, if you measure out 42 cup of flour, 36 cup of flour or 12 cup of flour,
you will have the same amount of flour.

Therefore 24 , 36 and

1
2

are all equivalent fractions.

When we have been given a fraction, we can create a fraction that is equivalent to that fraction. We call this making
equal fractions or making equivalent fractions.
How do we do make equivalent fractions?
The first way is to work on simplifying the fraction to make a fraction smaller.
To simplify a fraction, we can reduce the number in the numerator and denominator by dividing them by the same
number. For example, 48 can be rewritten as 12 by dividing both the numerator and the denominator by 4. Note
that not all fractions can be rewritten by dividing. If the only number that both the numerator and denominator are
divisible by is 1, then the fraction is said to be in its simplest form.
Simplify

6
18

To simplify this fraction, we look for a number that we can divide into both the numerator and the denominator. In this case, the number is 6. We call 6 the Greatest Common Factor (GCF) of the numerator and the
denominator. To simplify, we divide the numerator and the denominator by 6.
6÷6
18÷6

=

1
3

The answer is 13 .
The second way is through multiplying. We can create an equivalent fraction by multiplying the numerator
and denominator by the same number. It doesn’t matter which number you choose, as long as the numbers
are the same numbers.
Create an equivalent fraction for 78 .
To do this, we need to multiply the numerator and the denominator by the same number. Let’s choose 2.
7×2
8×2

=

14
16

The answer is

14
16 .

Write four equivalent fractions for
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First, let’s see if we can reduce the numbers in the numerator and denominator. Are there any numbers,
8
is not in
which can be divided into both 8 and 12? 8 and 12 are both divisible by 2 and 4. So, the fraction 12
its simplest form.

8
8÷2
4
=
=
12 12 ÷ 2 6
8
8÷4
2
=
=
12 12 ÷ 4 3
When we divide both the numerator and the denominator by 2, we get 46 as an equivalent fraction. When we
divide the numerator and the denominator by 4, we get 23 as an equivalent fraction.
8
To find more equivalent fractions, we can multiply the numerator and denominator of 12
by any number.
24
8
Let’s multiply by 3. We get 36 as an equivalent fraction to 12 . If we multiply the numerator and denominator
8
by 5, we get 40
60 as an equivalent fraction to 12 .

8
8×3
24
=
=
12 12 × 3 36
8
8×5
40
=
=
12 12 × 5 60
40
The answer is 23 , 64 , 24
36 , 60 .

Notice that creating equivalent fractions in this example involved both simplifying and multiplying!!
There are other types of fractions too.
Sometimes when working with fractions, you use numbers which consist of a whole number and a fraction.
This is called a mixed number. For example, if a recipe calls for more than 1 cup of flour but less than 2 cups of
flour, you need to use a mixed number to describe exactly how much flour you need. A mixed number is written
as a whole number with a fraction to the right of it. Some common mixed numbers include: 1 21 or 2 23 .
When the numerator of a fraction is greater than or equal to the denominator, you have an improper fraction
. Improper fractions are greater than or equal to 1.
2 3
2, 3,

and

10
10

are all improper fractions that equal 1.

Why is this? Well, to understand this, you have to think about what the numerator and the denominator mean. The
denominator is how many parts the whole is divided into. The numerator is how many of those parts you have. If
you have two out of two parts, then you have the whole thing.
5 8
2, 3,

and

11
4

are all fractions that are greater than 1. These are called improper fractions.

Mixed numbers and Improper Fractions can be equivalent or equal to each other.
Improper fractions can be written as mixed numbers by dividing the numerator by the denominator and keeping
the remainder as the numerator. Mixed numbers can be rewritten as improper fractions by multiplying the whole
number in the mixed number by the denominator and adding the product to the numerator.
9
2

= 4 21

These two quantities are equal. This improper fraction is equal to the mixed number.
Write 3 23 as an improper fraction.
Remember, to write a mixed number as an improper fraction, we first multiply the whole number (3) by the
denominator in the fraction, 3 × 3 = 9. Next, we add this number to the numerator of the fraction, 9 + 2 = 11.
We put this new number over the original denominator and we have our improper fraction.
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Our answer is that 3 23 can be written as the improper fraction

11
3.

Practice working with equivalent fractions.
Example A

Simplify 10
12
Solution:

5
6

Example B

Create an equivalent fraction for 56
Solution:

10
12

Example C

Write 15
2 as a mixed number
Solution: 7 12

Here is the original problem once again.
The Seventh grade class is having a bake sale to raise money for class projects and trips. Madison has decided to
bake her favorite kind of cookie for the sale. She loves linzer cookies with jam inside.
“What are you doing?” asks her brother Kyle coming into the kitchen.
“I’m making cookies for the bake sale,” Madison explains taking out the flour and the measuring cups.
“Can I help?” Kyle asks.
“Sure, now we need 2 21 cups of flour. Here is the 12 measuring cup, but I can’t find the 1 cup measuring cup. That’s
okay though because I can measure five 12 cups full of flour and that will be 2 12 cups,” She explains to Kyle.
“You could also use the

1
3

measuring cup and fill it up 8 times,” Kyle says picking up the

1
3

measuring cup.

“I don’t think so,” Madison says. “I think that is too much flour.”
“No it isn’t,” Kyle argues.
To solve this problem, we need to compare Madison’s measurement with Kyle’s measurement.
Madison’s measurement is 2 21 .
Kyle’s measurement is 8 one-third cups which is 38 .
Next, we compare the two quantities. Kyle thinks that his measurement is equal to Madison’s. To see if he is
correct, we convert the improper fraction to a mixed number. That will make our comparison much easier.
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= 2 32

Now we compare 2 21 < 2 23 .
Madison is correct. If she uses Kyle’s measurement technique, she will have too much flour! Kyle needs to
remember that two-thirds is greater than one-half.
You can check this by taking the fraction part of each and rewriting them with a common denominator.

1 3
=
2 6
2 4
=
3 6
You can see that two-thirds is greater than one-half.
Guided Practice

Here is one for you to try on your own.
Write

7
3

as a mixed number.

Answer
To write an improper fraction as a mixed number, we divide the numerator by the denominator. 7 ÷ 3 = 2R1. To
finish, we write the remainder above the original denominator and write the whole number part of the quotient to the
left of this new fraction.
Our answer is that

7
3

can be written as the mixed number 2 13 .

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57620

This is a James Sousa video on fractions.
Explore More

1. Write four equivalent fractions for 68 .
Directions: Write the following mixed numbers as improper fractions
2. 2 58
3. 3 25
4. 1 17
5. 5 49
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3.1. Equivalent Fractions
Directions: Write the following improper fractions as mixed numbers.
29
28
7. 12
5
8. 92
9. 17
8
10. 22
3

6.

Directions: Write three equivalent fractions for each of the following fractions.
11.
12.
13.
14.
15.
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2
3
12
28
3
4
9
10
7
8
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3.2 Mixed Number and Fraction Estimation
Here you’ll learn to approximate fractions and mixed numbers using common benchmarks.
Remember the seventh grade bake sale from the Equivalent Fractions Concept? Well, look at this situation.
9
Sam baked 8 12
batches of cookies for the bake sale. When he brought them to school, Tracy asked how many
batches he had made.

When Sam told her, she wrote 9 batches of cookies on the check sheet.
How did Tracy know that Sam’s quantity was close to 9 batches? Do you know?
This Concept will teach you how to approximate mixed numbers and fractions using benchmarks. By the end
of it, you will know how Tracy came to this conclusion.
Guidance

Because a whole can be divided into an infinite number of parts, it is sometimes difficult to get a good sense of the
value of a fraction or mixed number when the denominator of the fraction is large. In order to get an approximate
sense of the value of a fraction, we compare the complicated fraction with several simpler fractions, or
benchmarks. The three basic fraction benchmarks are: 0, 12 and 1.
When approximating the value of a fraction or mixed number, ask yourself which of these benchmarks is the
number closest to?
Let’s look at how to apply benchmarks.
What is the approximate size of

17
18 ?

To begin with, we need to determine whether the fraction is closest to 0, one-half or 1 whole. The denominator is 18
and the numerator is 17. The numerator is close in value to the denominator. The value of 17
18 is closest to 1 because
18
would
be
equal
to
one.
18
Our answer is 1.

That’s right. When you are looking for a benchmark, you want to choose the one that makes the most sense.
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24
49 ?

First, we can look at the relationship between the numerator and the denominator. The numerator in this
case is almost half the denominator. Therefore the correct benchmark is one-half.
The answer is one-half.
What about mixed numbers?
We can identify benchmarks for mixed numbers too. The difference is that rather than zero, we look to the
whole number of the mixed number, the half and the whole number next in consecutive order.
What is the benchmark for 7 18 ?
Here we have 7 and one-eighth. Is this closer to 7, 7 12 or 8? If you think about it logically, one-eighth is a very
small fraction. There is only one part out of eight. Therefore, it makes sense for our benchmark to be 7.
The answer is 7.
Choose the correct benchmark for each example.

Example A
1
12

Solution: 0

Example B
5
6

Solution: 1

Example C

9 93
Solution: 9
Here is the original problem once again.
9
Sam baked 8 12
batches of cookies for the bake sale. When he brought them to school, Tracy asked how many
batches he had made.

When Sam told her, she wrote 9 batches of cookies on the check sheet.
How did Tracy know that Sam’s quantity was close to 9 batches? Do you know?
To figure out Tracy’s decision, let’s look at the fraction part of the mixed number of batches.
9
8 12

9 is more than half of 12, so rounded up to 9 batches. If the fraction part of 12 would have been less than half, then
Tracy would have rounded down to 8 batches.
Tracy thought about this and rounded up to 9.
This is our answer.
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Guided Practice

Here is one for you to try on your own.
Name the common benchmark for this fraction.
4
7

Answer
To begin, we have to look at the relationship between 4 and 7. 4 is a little more than half of seven. Because of this,
we can say that this fraction is closest to one - half.
1
2

is the appropriate benchmark.

Explore More

Directions: Approximate the value of the following fractions using the benchmarks 0,
1.
2.
3.
4.
5.
6.
7.
8.

1
2

and 1.

9
10
11
20
2
32
21
22
1
23
11
100
2
3
14
28

16
30
10. 18
21

9.

Directions: Approximate the value of the following mixed numbers.
79
11. 2 80
1
12. 6 10
7
13. 43 15
7
14. 8 99

15. 6 21
22
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3.3 Fraction and Mixed Number Comparison
Here you’ll learn to compare and order fractions and mixed numbers.
Have you ever had to organize all kinds of baked goods for a bake sale? Well, this is the task that Tracy is taking on.
Tracy has organized all of the baked goods that students have made. She has brownies, pies, a couple of cakes and
6
9
batches of cookies. Kelly baked 8 12
batches of cookies.
lots of cookies. Sam baked 8 12
Who baked more cookies?
In order to figure this out, you will need to know how to compare and order fractions and mixed numbers.
Pay attention to this Concept and you will see this problem again at the end of it.

Guidance

Previously we worked on fractions and approximation, you can easily compare and order fractions using this
technique. By figuring out the benchmark, you can determine which fractions are larger or smaller than each other.
This is the best way to approximate fractions as you compare and order them.
Sometimes, however, you can’t always rely on the approximation technique when comparing and ordering fractions.
This is true when two fractions have the same benchmark, or when they have different denominators. In order to be
exact when comparing and ordering fractions, you have to find a common denominator for all of the fractions. Then,
compare or order the fractions by looking at the value of the numerator. This will give you an exact comparison.
1
Use approximation to order 78 . 25 , 3 85 , 29
and

29
30

from greatest to least.

We begin by getting an approximate sense of the value of each of the fractions in the group by comparing
each fraction with the common benchmarks 0, 12 and 1.
Because the number 7, which is the numerator in the fraction
that 78 is approximately 1.
In the fraction, 25 , the numerator is approximately

1
2

7
8

is very close in value to the denominator (8), we say

of the denominator. So, we say that

2
5

is about 12 .

The number 3 85 is the only mixed number in the group, so we can see immediately that this number is larger than all
of the other numbers in the group because it is greater than 1.
In the fraction,

1
29 ,

the denominator is much greater than the numerator, so

The numerator of 29 in the fraction

29
30

1
29

is closest to the benchmark 0.

is close in value to the denominator, 30, so

29
30

is approximately 1.

Now that we have the approximate values of each fraction in the group,
fractions
in a preliminary
 we write the
 1
2 1
greatest to least order with the benchmarks in parentheses: 3 58 3 12 , 78 (1), 29
(1),
,
(0).
30
5 2
29
This approximation technique helps with most of the fractions in the group, but there are two fractions which
29
are close to 1. We know that both 78 and 30
are less than 1, but which of the two fractions is closest to 1? One helpful
way to determine which fraction is closest to 1 is to draw two number lines between 0 and 1, arranged so that one
number line is above the other. Divide the top number line into eight equal parts (eighths) and the bottom number
line into thirty equal parts (thirtieths).
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From this illustration, it is easy to see that

29
30

is closer to 1 than

7
8

and is therefore greater than 78 .

7 2 1
The answer is 3 85 , 29
30 , 8 , 5 , 29 .

Here is another one.
Compare

2
3

and 57 . Write >, <or =.

At first glance, it is hard to compare the two fractions because they have different denominators. Remember
the first step in comparing fractions is to find the common denominator. Look at the two denominators. Sometimes
the larger denominator is a multiple of the smaller denominator. For example, if we were comparing the fractions 23
and 57 , we can see that the denominator in 75 , is a multiple of 3, which is the denominator of 23 . This makes it easier
to find a common denominator.
In this problem, 7 is not a multiple of 3. The lowest common denominator in this instance can only be the product
of the two denominators (3 × 7 = 21). In order to find an equivalent fraction for 23 with a denominator of 21,
14
. In order to
we multiply both the numerator and denominator of 23 by 7. We get an equivalent fraction of 21
5
find an equivalent fraction for 7 with a denominator of 21, we multiply both the numerator and denominator
of 57 by 3. We get an equivalent fraction of 15
21 .
2 7 14
× =
3 7 21
5 3 15
× =
7 3 21
Now that we have a common denominator between the two fractions, we can simply compare the numerators.
The answer is that

2
3

< 57 .

Compare using <, >or =
Example A
1
3

and

5
6

Solution: <
Example B
2
9

and

7
11

Solution: <
Example C
8
9

and

3
4

Solution: >
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Remember the bake sale? Here is the original problem once again.
Tracy has organized all of the baked goods that students have made. She has brownies, pies, a couple of cakes and
9
6
lots of cookies. Sam baked 8 12
batches of cookies. Kelly baked 8 12
batches of cookies.
Who baked more cookies?
To figure out who baked more cookies, let’s write out a problem comparing the two mixed numbers.
6
9
_____ 8 12
8 12

The fraction parts of these two mixed numbers have a common denominator. Because baking cookies involves
dozens, both Sam and Kelly wrote the fraction part of their cookies in twelfths. Therefore, we can compare the
numerators.
9>6
9
6
8 12
>8 12

Sam baked more cookies than Kelly.
This is our answer.
Guided Practice

Here is one for you to try on your own.

In the long jump contest, Peter jumped 5 38 feet, Sharon jumped 6 53 feet and Juan jumped 6 27 feet. Now order their
jump distances from greatest to least.
Answer
The problem asks us to order the jump distances from greatest to least. We have three mixed numbers, so we should
look first at the whole number parts of the mixed numbers to see if we can compare the jump distances.
Peter jumped more than 5 feet, but less than 6 feet. Sharon jumped more than 6 feet, but less than 7 feet. Juan also
jumped more than 6 feet, but less than 7 feet.
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Simply by comparing the whole numbers, we can see that Peter jumped the shortest distance because he jumped less
than 6 feet. Because Sharon and Juan both jumped between 6 and 7 feet, we need to compare the fractional part of
their jumps. Sharon jumped 35 of a foot more than 6 feet and Juan jumped 72 of a foot more than 6 feet. In order to
compare these two fractions, we have to find a common denominator. The lowest common denominator for these
21
two fractions is 35. We get an equivalent fraction of 35
for 35 when we multiply both the numerator and denominator
10
2
by 7. We get an equivalent fraction of 35 for 7 when we multiply both the numerator and denominator by 5. Now
we can order the distances.
The answer is Sharon 6 35 f t., Juan 6 72 f t., Peter 5 38 f t.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54781

This is a Khan Academy video on comparing fractions.
Explore More

Directions: Compare each pair of fractions or mixed numbers. Write >, <or =.

8.

2
3
5 and 5 .
2
1
6 and 6 .
3
4
5 and 5 .
2
13
15 and 15 .
2
3
5 and 7 .
1
1
5 and 7 .
13
12
15 and 30 .
4
7
5 and 9 .

9.

3
8

1.
2.
3.
4.
5.
6.
7.

10.

and 47 .
1
2

and 36 .

Directions: Write each set in order from least to greatest.
11. 56 , 31 , 49
12. 67 , 41 , 23
13. 66 , 54 , 23
14. 12 , 53 , 23
15. 27 , 41 , 36
16. 16 , 92 , 25
Directions: Solve these two problems.
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17. Brantley is making an asparagus souffle, which calls for 3 37 cup of cheese, 3 23 cup of asparagus and 2 25 cup of
parsley. Using approximation order the ingredients from largest amount used to least amount used
18. Geraldine is putting in a pool table in her living room. She wants to put it against the longest wall of the room.
Wall A is 12 49 feet and wall B is 12 25 feet. Against which wall will Geraldine put her pool table?
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3.4 Addition of Fractions
Here you’ll learn how to add fractions and mixed numbers.
Do you like to eat pies? How about muffins? Take a look at this dilemma.

Teri and Ren are both in the seventh grade. They are baking pies and muffins for the bake sale. Teri has decided to
make a blueberry pie and Ren has decided to make blueberry muffins. While Teri works on making her pie crusts.
Ren offers to go to the grocery store with his Mom to get the blueberries that they will need.
Teri tells Ren that she needs 5 12 cups of blueberries for the pie. Plus she will need an additional
decorating the top of the pie. Ren know that he will need 1 13 cups of blueberries for his pie.

1
4

of a cup for

If blueberries come in pints and there are two cups in one pint, how many pints of blueberries will Ren need to buy
at the store?
Ren takes out a piece of paper and a pencil.
This is where you come in. You will learn all about adding fractions and mixed numbers in this Concept.
Guidance

Adding fractions and mixed numbers is as easy as adding whole numbers. The only trick is to make sure that
the fractions we are adding have the same denominator.

Imagine adding

1
2

cup of flour to

1
3

cup of flour. We know that my new mixture of flour is more than

1
2

cup of flour
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cup of flour. We also know that the new mixture is less than 1 cup of flour and greater than

2
3

cup

We have to divide the whole into a new number of parts, that is, find a common denominator in order to get
a fraction which accurately describes the new amount of flour.
When we use the common denominator of 6 and add the fractions 36 (equivalent fraction of 21 ) to 26 (equivalent
fraction of 31 ), we simply add the numerators and keep the denominator the same. If we add 12 cup of flour to 13 cup
of flour, we get 65 of a cup of flour.

How do we do this when we add mixed numbers and fractions?
Mixed numbers and fractions can be a little tricky because you are dealing parts and wholes. You can find
the sum of them though by keeping in mind that you add parts with parts and wholes with wholes.
3
4

+ 2 31

Here we are going to add a fraction and a mixed number together. You can see that the fractions have different
denominators. This is the first thing that we need to change. Both fractions must have the same denominator
before we can add them.
To do this, we find the common denominator of 3 and 4. That number is 12. Now we rename the fractions in terms
of twelfths. This is where we will create equivalent fractions with denominators of 12.
3
9
=
4 12
1
4
=
3 12
236
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Now we can add them. When the denominators are the same, we have to add the numerators only.
9
12

4
+ 12
=

13
12

We can change

13
12

1
into the mixed number 1 12
.

Now we had a 2 from the original mixed number. We add this to our sum so far.
1
The answer is 3 12
.

Here our answer is in simplest form so we leave it alone. If you can simplify an answer you must do so or the
answer is incorrect.
Here are the steps.
Adding Mixed Numbers
1.
2.
3.
4.

Add the fractions.
Add the whole numbers
Add the sum of the fractions to the whole numbers
Be sure that your answer is in simplest form.

Write these steps down in your notebook.
Now it’s time for you to practice adding fractions and mixed numbers on your own.
Example A

9 12 + 22 14
Solution: 31 43
Example B

2 13 + 8 23
Solution:11
Example C

5 31 + 17
10
Solution:5 21

Now back to the blueberries. Remember that Ren had just taken out a pencil and paper. Here is how Ren began
thinking his way through the problem.
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First, we will need to find the sum of the blueberries. We will figure out how many cups of blueberries both
Teri and Ren will need for their recipes.
5 12 + 14 + 1 31
Next, we need to rename each fraction with a common denominator. We can use 12 as our common denominator.
3
4
6
+ 12
+ 1 12
5 12

If we add the fraction parts, we get a sum of

13
12 .

1
This improper fraction changes to 1 12
.

Next we add this to our whole numbers.
1
The sum of the blueberries is 7 12
.

Now we have to figure out how many pints Ren will need to purchase. There are two cups in a pint. To have
enough blueberries, Ren will need to purchase 4 pints of blueberries. There will be some left over, but having
some left over is better than not having enough!!

Guided Practice

Here is one for you to try on your own.
Donte is making a costume with blue, red and black fabric. He has 6 12 yards of blue fabric, 3 23 yards of red fabric
and 5 54 yards of black fabric, how many yards of fabric does Donte have altogether?
Answer
Let’s look at the problem carefully and define the values that we know and the value or values that we want to know.
We know that Donte has 3 types of fabric (blue, red and black) and we know also the lengths of each type of fabric.
We want to find out how much fabric Donte has altogether. If we represent this problem in an equation, it would
look like this:
Length of blue fabric + length of red fabric + length of black fabric = total length of fabric
Since we know the lengths of the individual colors of fabric, we can rewrite the expression like this:
6 12 + 3 23 + 5 54 = total length of fabric.
If we add the mixed numbers together, we will learn what we want to find out. First, we will add the first two mixed
numbers. We use the common denominator of 6 for the fractions and we find the sum of the two mixed numbers:
6 36 + 3 46 = 9 67
Notice that seven-sixths is improper meaning that it is larger than one whole. We can convert this improper
fraction to a mixed number.
9 76 = 10 16
Now we can this new mixed number, 10 16 to the length of the black fabric, 5 45 yards.
5
We use the common denominator of 30 for the fractions and we find the sum of these mixed numbers. 10 30
+ 5 24
30 =
29
15 30

We can use the exact sum or we can say that Donte has just about 16 yards of fabric.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57621

This is a James Sousa video on adding fractions with like denominators.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5373

This is a James Sousa video on adding fractions with unlike denominators.
Explore More

Directions: Add the following fractions and mixed numbers. Simplify when necessary.
1.
2.
3.
4.

3
7
3
4
2
5
1
9

1
+ 14

+ 13
3
+ 10

+ 16

5. 2 35 + 17
20
5
6. 8 12
+ 2 61

7. 1 23 + 1 43
14
8. 2 15 + 4 15
2
9. 2 15 + 4 15
6
10. 12 51 + 4 15

11. 2 32 + 4 16
4
+ 6 19
12. 3 10
1
13. 2 30
+ 12
15

14. 4 21 + 14 45
9
15. 16 98 + 14 12
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3.5 Estimation of Sums of Mixed Numbers and
Fractions
Here you’ll learn to estimate the sums of fractions and mixed numbers.
Remember the blueberries from the Addition of Fractions Concept? Well, there is another blueberry dilemma here.

Teri and Ren finished baking pies and muffins and have moved on to scones.
Teri tells Ren that they need 4 34 cups of blueberries for the scones. Plus she will need an additional
decorating the topping.

3
4

of a cup for

About how many blueberries are need in all?
You can figure out an estimate of this sum. Pay attention to this Concept and you will learn exactly how to do
this.
Guidance

Estimation is a method for finding an approximate solution to a problem.
The sum of 22 and 51 is exactly 73. We can estimate the sum by rounding to the tens place and adding 20 + 50.
Then we can say the sum of 22 and 51 is “about 70.”
Previously we worked with three benchmarks (0, 12 and 1) to get a sense of the approximate value of different
fractions. We can use this same technique to estimate sums of two or more fractions and mixed numbers.
First, we approximate the value of each fraction or mixed number using the benchmarks 0,

1
2

and 1.

Next, we find the sum of the approximate values.
When you are approximating the value of mixed numbers, first figure out the approximate value of the fraction and
then add it to the whole number. For example, the approximate value of 2 43 is 3 because the approximate value of 34
is 1(2 + 1 = 3).
Even when you are asked to find an exact answer, estimation is a useful way to get an idea of a reasonable solution
to a problem. Once you have finished solving for an exact answer to a problem, you can check your answer against
the estimate. Refer back to the following steps if necessary.
Estimating sums of fractions and mixed numbers:
1. Approximate the value of each of the fractions or mixed numbers by using the benchmarks 0,
240
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2. Add these approximate values to get an estimated sum

Write these steps in your notebook and then continue with the Concept.
1
Estimate the following sum, 59 + 77
1
First, we approximate the value of the individual fractions. 59 is approximately 12 and 77
is approximately 0.
1
0.5
1
1
Now, we rewrite the problem substituting the approximate values: 2 + 9 + 77 is about 2 .

Estimate the following sum, 3 67 + 1 49
First, we approximate the value of each of the mixed numbers. The approximate value of 3 67 is 4 because the
approximate value of the fraction 67 is 1(3+1 = 4). The approximate value of 1 94 is 1 12 because the approximate
value of 94 is 12 . We rewrite the problem with the approximate values of the mixed numbers and it looks like
this: 4 + 1 21 . We estimate that the sum of 3 67 and 1 49 is about 5 12 .
Try a few on your own. Estimate the following sums.

Example A
6
7

+ 21

Solution: 1 + 12 = 1 21

Example B
29
30

8
+ 7 10

Solution: 8 + 1 = 9

Example C

1 12 + 3 56
Solution:1 21 + 1 = 2 12
Now back to the blueberries.
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Teri and Ren finished baking pies and muffins and have moved on t0 scones.
Teri tells Ren that they need 4 34 cups of blueberries for the scones. Plus she will need an additional
decorating the topping.
About how many blueberries are need in all?
To figure out this estimate, we must first use benchmarks to estimate each fraction or mixed number.
4 43 = 5
3
4

=1

5+1 = 6
Teri and Ren will need about 6 cups of blueberries. This is our estimate.
Guided Practice

Here is one for you to try on your own.
18
20

9
+ 5 10

Answer
First, we have to estimate each fraction or mixed number by using the common benchmarks.
18
20 = 1
9
5 10
=6

Here is our solution.
1+6 = 7
This is our estimate of the sum.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5381
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This is a James Sousa video on adding mixed numbers. It is a supporting video for this Concept.
Explore More

Directions: Estimate the sums.
+ 45

1.

1
29

2.

4.

9
4
11 + 10
12
2
5 + 13
2
1
71 + 29

5.

1
29

+ 45

6.

3
20

+ 14
15

7.

6
7

3.

+ 15

5
9
18 + 6
1
9. 12
13 + 25
1
10. 79 + 30

8.

Directions: Estimate the sums.
11. 3 76 + 2 10
11
1
12. 8 12
+ 6 37
9
1
13. 2 10
+ 3 17
2
14. 1 12
+ 44
46
1
15. 8 29
+ 10 45
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3.6 Commutative Property of Addition with
Fractions
Here you’ll learn to apply the commutative and associative properties of addition in fraction operations with numerical and variable expressions.
Have you ever combined ingredients to make a cake? Sometimes it matters which order you put them in, but often if
you keep the dry ingredients separate from the wet ingredients, then it doesn’t make a difference to the final product.
Sammi is baking a cake. She begins by combining the dry ingredients. She adds 12 cup of white flour and then
rereads the recipe to see that she need another 2 14 cups of white flour. The dough looks sticky, so she puts a bit of
whole wheat flour in too. It is just a small bit to even out the recipe.
Can you write an expression to show how Sammi added the flour? Can you simplify it?
This Concept will show you how to use the Commutative Property of Addition in fraction operations. You
will be able to write an expressions and simplify it by the end of the Concept.
Guidance

Now that we know the basics of adding fractions, we can use two mathematical properties of addition to help us
solve more complicated problems.
The Commutative Property of Addition states that the order of the addends does not change the sum. Let’s test
the property using simple whole numbers.

4 + 5 + 9 = 18

5 + 4 + 9 = 18

9 + 5 + 4 = 18

4 + 9 + 5 = 18

5 + 9 + 4 = 18

9 + 4 + 5 = 18

As you can see, we can add the three addends (4, 5, and 9) in many different orders. The Commutative Property of
Addition works also works for four, five, six addends.
It works for fraction addends, too. This means that the order that you add fractions in does not change the
sum of the fractions.
Parentheses are grouping symbols used in math to let us know which operations to complete first. The order of
operations tells us that operations in parentheses must be completed before any other operation. The Associative
Property of Addition states that the way in which addends are grouped does not change the sum. Once again,
let’s test the property using simple whole numbers.

(4 + 5) + 9 = 18

(5 + 4) + 9 = 18

(9 + 5) + 4 = 18

Clearly, the different way the addends are grouped has no effect on the sum. The Associative Property of
Addition works for multiple addends as well as fraction addends.
How do we use these properties when adding fractions?
These two properties are extremely useful when adding fractions. If you are adding three fractions and two of the
fractions have like denominators, you can add those two fractions together and then find a common denominator
with the third. This can be a big time saver.
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When you are working with variable expressions or with expressions which contain an algebraic unknown
(like x) you can use the commutative and associative properties of addition to simplify the expression.
Simplify the following variable expressions using the associative and commutative properties of addition.
3 23 + x + 13
To simplify means to make smaller. We are going to simplify this expression. We use the Commutative Property of
Addition to do this.

That’s a great question. If you think about it, because it doesn’t matter which order you add fractions in, you can
add the mixed number and the fraction and ignore the x. This will help you to simplify the expression. Let’s add the
two numbers together.
3 23 + 13 = 4
One-third plus two-thirds is three-thirds which is the same as one. We add one to the whole number three and get
four.
Our simplified expression is 4 + x.

3
1
10 + 4 + x
To simplify this expression, we are going to use the Associative Property of Addition. The hint is that there
are parentheses in this expression.
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That’s a good question. We use that property because we can change the grouping. You know from the order
of operations that operations inside the parentheses are done first. Well, you can’t complete this operation in
the grouping symbol because you don’t know what x is. But if you change the grouping, you can simplify the
expression.

3
1
10 + 4 + x
Now we add three-tenths and one-fourth.
3
6
=
10 20
5
1
=
4 20
6
5
11
+
=
20 20 20
Our answer is

11
20

+ x.

Simplify each expression using the Commutative and Associative Properties of Addition. Be sure your answers are
in simplest form.
Example A
2
3

+ y + 51

Solution: 13
15 + y
Example B
1
2

+

1
2

+x



Solution:1 + x
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Example C

x + 94 + 29
Solution:x + 23
Here is the original problem once again.
Sammi is baking a cake. She begins by combining the dry ingredients. She adds 12 cup of white flour and then
rereads the recipe to see that she need another 2 14 cups of white flour. The dough looks sticky, so she puts a bit of
whole wheat flour in too. It is just a small bit to even out the recipe.
Can you write an expression to show how Sammi added the flour? Can you simplify it?
Now let’s write an expression including the two fractions and the little bit of whole wheat flour is x because the
measurement is not clear.
1
2

+ 2 41 + x

Next, we can simplify it by adding the fractions.
2 34 + x
This is our answer.

Guided Practice

Here is one for you to try on your own.
Simplify. Be sure your answer is in simplest form.
3
7

+ y + 72

Answer
To simplify this, using the commutative property, we add the fractions.
3
7

+ 72 =

5
7

Now we put the variable into the final expression.
y + 57
This is our answer.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57624

This is a James Sousa video on adding and subtracting fractions. It is a supporting video for this Concept.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54784

Khan Academy Video on Associative Law of Addition

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54785

Khan Academy Video on Commutative Law of Addition
Explore More

Directions: Add.
1.
2.
3.

1
6
1
4
2
9

+ 26 + y
+ x + 4 43
+ y + 59

4. 2 78 + x + 1 81
Directions: Simplify the expressions using the associative and commutative properties of addition.
5. x + 3 23 + 5 16
+ x + 58

7. 19 + x + 29
6.

1
4


1
8. 2 14
+ x + 3 75

9. 3 14 + x + 1 32

1
10. 2 10
+ x + 3 13

11. 4 21 + x + 2 16

2
12. 3 91 + x + 2 18
Directions: Write an expression or an equation for each situation and then solve. There are two parts to each problem.
13. One-third of the CDs in Joseph’s CD collection are classical music CDs. Two-sevenths of the CDs are hip-hop
CDs. What fraction of Joseph’s collection is classical and hip-hop.
14. Naira is making pinecone stew. First, she mixes 3 15 cups of chopped pinecones with 1 12 cups of mud. For the
snail sauce on top, she uses another 1 83 cups of chopped pinecones. How much chopped pinecone does Naira use for
her recipe?
15. Jennifer is trying to determine if the cheerleading squad has enough ribbon for the pep rally on Friday. Kurt
contributes 9 16 feet of gold ribbon. Estelle contributes 34 foot of red ribbon. Aaron brings in 5 72 feet of gold ribbon at
the last minute. How much ribbon does the cheerleading squad have?
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16. Marcus and Anita are trying to complete the project. They finished 14 of the project on Saturday. They got another
four-sevenths of the project done on Tuesday. If the project needs to be finished by Thursday, write an algebraic
expression that shows how much of the project needs to be completed, how much they have done on Saturday, how
much they have done on Tuesday and how much they need to do on Wednesday.
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3.7 Subtraction of Fractions
Here you’ll learn to subtract fractions and mixed numbers.
Have you ever picked fresh peaches? Have you ever made a peach pie?

Jesse has decided to make peach pie for the bake sale. His recipe calls for 2 12 pounds of peaches. Jesse’s older
brother Jeff drives him to the farmer’s market to pick up his peaches. When Jesse gets there, he is amazed at how
fast paced the market is. There are several people working behind the counter and they seem to be adding up all of
the figures in their heads. Jesse is amazed. He loves math but he can’t even imagine adding up so many numbers in
his head at one time.
Jesse is fascinated. So much so that he loses his focus and puts many, many peaches in his cloth bag. When the girl
weighs it, Jesse watches her add up the math in her head. She tells Jesse how much and he pays her. Then she hands
Jesse back the bag.
“How many pounds is this?” Jesse asks.
“You bought 6 14 pounds of peaches,” She says focusing on another customer.
Jesse is surprised. He knows that he wasn’t paying very good attention, but he has a lot more peaches than he needs.
How much more does he have? After Jesse makes his pie, how many pounds of peaches will be left over?
To figure this out, you will need to understand how to subtract fractions and mixed numbers. Pay close
attention because this Concept will cover all that you need to know. You will see this problem again at the end
of the Concept and you will be ready to solve it!
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Guidance

In real life, we use fractions all the time. Let’s say you are cutting a piece of wood 3 34 feet long and you need to cut
1
2 foot off of the piece of wood. What do you need to do to figure out how much wood you have left, after you make
the cut? You guessed it. Subtraction is the key. Subtracting fractions and mixed numbers is a skill that you are going
to need to use all the time.
How do we subtract fractions and mixed numbers?
If you know how to add fractions, then you already know how to subtract them. The key is to make sure that the
fractions that you are subtracting have the same denominator. If the fractions have the same denominator,
then subtract the numerators just like you subtract whole numbers and keep the denominator the same in
your answer.
6
9

− 92

Notice that the denominators are the same, so we can simply subtract the numerators.
6−2 = 4
Our answer is 49 .
If the denominators are not the same, make sure to find the lowest or least common denominator first and then do
your subtracting. Think about the first example with sawing wood. If you subtract 12 foot from a piece of wood that
is 3 43 feet long, you have to find a common denominator first.
We can choose 4 as the least common denominator and rename each fraction in terms of fourths. To do this, we
create equivalent fractions. If you use the equivalent fraction 42 for 12 , then you have the same denominator as the
fraction in 3 43 .
3 43 − 24 = 3 41
This problem actually uses a mixed number and a fraction. We can also subtract two mixed numbers. We do
this in the same way. We subtract the fractions and then subtract the whole numbers.
4 56 − 1 46
First, we subtract the fraction parts. These fractions have the same denominator, so we can simply subtract
the numerators.
5 − 4 = 1 the fraction here is

1
6

Next, we subtract the whole numbers.
4−1
Our final answer is 3 61 .
Sometimes, when you subtract mixed numbers, you will have to do an extra step. Think about this one.
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Imagine you are cutting, or subtracting, 1 34 feet of wood from a piece of wood that is 3 21 feet long. Your subtraction
problem looks like this: 3 21 − 1 34 .
After you find a common denominator, your subtraction problem now looks like this.
3 24 − 1 34

Take a deep breath and don’t panic! This is where you use your expertise at converting mixed numbers to
improper fractions. After you have a common denominator for the fractions, multiply the whole number of
the mixed number by the denominator of the fraction. Add this product to the numerator of the fraction.
2 (3 × 4) + 2 14
3 =
=
4
4
4
3 (4 × 1) + 3 7
=
1 =
4
4
4
Your new subtraction problem for the example looks like this.
14
4

− 74

Now you simply subtract the numerators and you get 47 . Now you convert this back into a mixed number. Do
you remember how to do this?

Don’t forget to rewrite the difference as a mixed number and keep the fraction in lowest terms.
Here are the steps for subtracting mixed numbers.
Subtracting Mixed Numbers:
1. Make sure the fractions have a common denominator.
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2. If the fraction to the left of the minus sign is smaller than the fraction to the right of the minus sign
–convert both mixed numbers into improper fractions
3. Subtract the improper fractions
4. Rewrite the difference as a mixed number.

Take a few minutes to write these steps down in your notebooks.
Subtract the following fractions and mixed numbers. Be sure that your answer is in lowest terms.

Example A
10
12

6
− 12

Solution:

4
12

=

1
3

Example B
6
7

− 43

Solution:

3
28

Example C

4 41 − 34
Solution: 24 =

1
2
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Here is the original problem once again.
Jesse has decided to make peach pie for the bake sale. His recipe calls for 2 12 pounds of peaches. Jesse’s older
brother Jeff drives him to the farmer’s market to pick up his peaches. When Jesse gets there, he is amazed at how
fast paced the market is. There are several people working behind the counter and they seem to be adding up all of
the figures in their heads. Jesse is amazed. He loves math but he can’t even imagine adding up so many numbers in
his head at one time.
Jesse is fascinated. So much so that he loses his focus and puts many, many peaches in his cloth bag. When the girl
weighs it, Jesse watches her add up the math in her head. She tells Jesse how much and he pays her. Then she hands
Jesse back the bag.
“How many pounds is this?” Jesse asks.
“You bought 6 14 pounds of peaches,” She says focusing on another customer.
Jesse is surprised. He knows that he wasn’t paying very good attention, but he has a lot more peaches than he needs.
How much does he have? After Jesse makes his pie, how many pounds of peaches will be left over?
To solve this problem, we will need to subtract the number of pounds that Jesse needs for his recipe from the
number of pounds that he purchases.
6 14 − 2 12
These fractions have different denominators, so we need to rename them in terms of a common denominator.
The lowest common denominator here is 4.
6 41 is all set.
2 12 = 2 42
We can rewrite the problem.
6 14 − 2 24
Next, we have to convert these to improper fractions because we can’t subtract two-fourths from one-fourth.
25
4

− 10
4 =

15
4

To write it in simplest form, we convert this improper fraction to a mixed number.
Our answer is 3 34 pounds of peaches left over.
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Guided Practice

Here is one for you to try on your own.
Benito works in a bakery and has baked the world’s longest loaf of cinnamon bread. His loaf measures 11 58 feet.
He cuts a piece of bread 1 21 feet for his friend Pamela and he cuts another piece 2 23 feet for his friend Serena. How
much bread does he have left?
Answer
Let’s take careful inventory of the information that the problem gives us. We know that the whole loaf of bread is
11 85 feet. Pamela gets a piece 1 12 feet, that is her piece and Serena gets a piece 2 32 feet long, that is her piece.
This is our given information.
What do we want to find out? We want to know the length of the bread after he cuts Pamela and Serena’s pieces
(loaf after cutting = x).
Let’s write an equation to show the relationship between the values:
Whole loaf –Pamela’s piece –Serena’s piece = loaf after cutting
When we substitute the given values, we have the following equation.
11 58 − 1 12 − 2 32 = x
Now, we simply solve from left to right. First, find a common denominator between the fractions in 11 58 and 1 12 .
Let’s use 8, so we solve 11 85 − 1 48 = 10 81 .
Next, we can simplify the problem.
10 18 − 2 23 = x
The lowest common denominator for the fractions is going to be 24. We simplify the problem further.
3
− 2 16
10 24
24 = x

You can already see that you will have to convert the mixed numbers to improper fractions. Simplify again.
243 64
−
=x
24
24
179
x=
24
Next, we just convert the answer to a mixed number and write in simplest terms.
1
Solution: 7 11
24 feet or about 7 2 feet

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5382

This is a James Sousa video on subtracting mixed numbers
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57622

This is a James Sousa video on subtracting fractions
Explore More

Directions: Subtract.
1.
2.
3.
4.
5.
6.
7.
8.

1
7
10 − 4
4
1
8−2
4
1
7 − 21
3
1
4−8
1
3 10
− 15
4 38 − 3 41
2 16 − 1 31
9 12 − 7 71

Directions: Estimate the difference
9.

14
16

1
− 11

10.

28
60

11.

6
7

12.

32
33

6
− 13

2
− 145
5
− 12

20
− 3 18
13. 14 21
19
1
14. 2 49
− 1 13
14
2
6
15. 3 21
− 2 11
8
16. 4 17
− 71
73
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3.8 Estimation with Mixed Number/Fraction
Subtraction
Here you’ll learn to estimate differences of fractions and mixed numbers.
Remember Jesse and the peaches from the Subtraction of Fractions Concept? Well, what if you had estimated the
difference? Would this have worked?
Here is the problem once again.

Jesse has decided to make peach pie for the bake sale. His recipe calls for 2 12 pounds of peaches. Jesse’s older
brother Jeff drives him to the farmer’s market to pick up his peaches. When Jesse gets there, he is amazed at how
fast paced the market is. There are several people working behind the counter and they seem to be adding up all of
the figures in their heads. Jesse is amazed. He loves math but he can’t even imagine adding up so many numbers in
his head at one time.
Jesse is fascinated. So much so that he loses his focus and puts many, many peaches in his cloth bag. When the girl
weighs it, Jesse watches her add up the math in her head. She tells Jesse how much and he pays her. Then she hands
Jesse back the bag.
“How many pounds is this?” Jesse asks.
“You bought 6 14 pounds of peaches,” She says focusing on another customer.
Jesse is surprised. He knows that he wasn’t paying very good attention, but he has a lot more peaches than he needs.
How much more does he have? After Jesse makes his pie, how many pounds of peaches will be left over?
In this Concept you will learn how to estimate using benchmarks and figure out the difference.
Guidance

Estimation is a method for finding an approximate solution to a problem. For example, 52 − 21 is exactly 31. We
can estimate the difference by rounding to the tens place and subtracting 50 − 20. Then we can say that 52 − 21 is
“about 30.”
257

3.8. Estimation with Mixed Number/Fraction Subtraction

www.ck12.org

To approximate the values of fractions, we compare the fractions in relation to three benchmarks, 0,
Is the fraction closer to 0, 12 or 1? If it’s closer to 1, we say that the value of the fraction is “about 1.”

1
2

and 1.

We can use these approximate values of fractions to estimate the differences of fractions and mixed numbers.
First, we approximate the value of each fraction or mixed number using the benchmarks 0,

1
2

and 1.

Next, we find the difference between the approximate values.
Even when you are asked to find an exact answer, estimation is a useful way to get an idea of a reasonable
solution to a problem. Once you have finished solving for an exact answer of a problem, you can check your
answer against the estimate. Refer back to the following steps if necessary.
Estimate the difference between 78 − 94
First, we need to rewrite each fraction in terms of its benchmark. Seven-eighths is almost one, so we can say that
the best benchmark is 1. Four - ninths is a little less than one-half, so we can use one-half as the benchmark.
Next, to find the best estimate, we subtract the benchmarks.
1 − 12 =

1
2

Our estimate is one-half.
We can also estimate differences of mixed numbers.
1
Estimate the difference between 5 14
16 − 5 16

First, we need to rewrite each of these in terms of a benchmark. Now we use the whole numbers of 5 and 6 as our
starting points. Five and fourteen-sixteenths is close to 6. We use 6 as our benchmark for the first mixed number.
Five and one-sixteenth is closest to five. We use 5 as our second benchmark.
Now we subtract the benchmarks to find an accurate estimate.
6−5 = 1
Our estimate is 1.
Use benchmarks to estimate the differences.

Example A
9
6 65 − 10

Solution: 6

Example B
8
9

− 71

Solution:1

Example C

4 45 − 1 25
Solution: 4
Now we can solve Jesse’s dilemma using estimation. Here is the original problem once again.
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Jesse has decided to make peach pie for the bake sale. His recipe calls for 2 12 pounds of peaches. Jesse’s older
brother Jeff drives him to the farmer’s market to pick up his peaches. When Jesse gets there, he is amazed at how
fast paced the market is. There are several people working behind the counter and they seem to be adding up all of
the figures in their heads. Jesse is amazed. He loves math but he can’t even imagine adding up so many numbers in
his head at one time.
Jesse is fascinated. So much so that he loses his focus and puts many, many peaches in his cloth bag. When the girl
weighs it, Jesse watches her add up the math in her head. She tells Jesse how much and he pays her. Then she hands
Jesse back the bag.
“How many pounds is this?” Jesse asks.
“You bought 6 14 pounds of peaches,” She says focusing on another customer.
Jesse is surprised. He knows that he wasn’t paying very good attention, but he has a lot more peaches than he needs.
How much more does he have? After Jesse makes his pie, how many pounds of peaches will be left over?
To work through this problem, we must first figure out the benchmark for each mixed number.
Jesse bought 6 14 pounds of peaches.
This can simply be estimated at 6 pounds.
Jesse needed 2 12 pounds of peaches.
We want to figure out how many pounds he will have left over.
6 − 2 21
Now you would think that this answer is 4 pounds, but we have the extra one - half to consider.
The estimate is that Jesse will have 3 21 pounds of peaches left over.
Guided Practice

Here is one for you to try on your own.
Estimate the difference.
1
4 15
− 2 43

Answer
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To begin, we have to figure out the benchmark for each value.
1
4 15
=4

2 34 = 3
4−3 = 1
Our answer is 1.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5382

This is a James Sousa video on subtracting mixed numbers. It is a supporting video for this Concept.
Explore More

Directions: Estimate each difference by using benchmarks.
1.

14
16

1
− 11

2.

28
60

6
− 13

3.

6
7

4.

32
33
32
33

5.

2
− 145
5
− 12
1
− 12

18
6. 14 20
21 − 3 19
1
13
7. 2 49
− 1 14
2
6
8. 3 21
− 2 11
8
9. 4 17
− 71
73
1
10. 2 49
− 1 13
14
1
11. 12 43 − 11 14

12. 23 86 − 14 34
3
13. 18 91 − 12 10

14. 22 21 − 5 12
34
15. 27 51 − 18 78
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3.9 Inverse Property of Addition in Fraction
Equations
Here you’ll learn to identify and apply the inverse property of addition in fraction operations.
Have you ever made a pie crust?
Scott made a crust for a peach pie. He couldn’t find the recipe, so he decided to work off of his memory of the last
time he’d made a pie with his mom. He added 34 of a cup of flour, but the dough was too sticky to work with. After
he’d added more flour, he realized that he had used 1 34 cups of flour.
Given this information, can you write an equation to show how Scott added the flour?
Can you solve it using an inverse operation?
This Concept will teach you exactly how to do this.
Guidance

Do you remember the problem in the Estimation with Mixed Number/Fraction Subtraction Concept where
Teri was making the blueberry pie?
Imagine that the recipe calls for 3 34 cups of blueberries. You look in the refrigerator and you find 1 12 cups of
blueberries. You need to go to the store to buy the rest of the blueberries you need for the recipe. This is the
problem that you are now going to tackle.
Let’s consider the information that you know and the information that you don’t know. You know: the amount
of blueberries required by the recipe = 3 43 cups; the amount of blueberries in your refrigerator = 1 12 cups. You don’t
know the amount of blueberries you need to buy at the store. Let’s call that x, since it’s an unknown. If we write an
equation to model the relationship between these amounts, it looks like this.
blueberries in refrigerator + blueberries you buy at the store = blueberries required for the pie recipe
When you insert the values (numerical and unknown) into the equation, it looks like this.
1 21 + x = 3 43
This is how we can write an equation to solve a real-world problem.
How do we solve this equation and figure out the value of the variable?
We can use the Inverse Property of Addition to help us in solving equations.
The Inverse Property of Addition states that a number and its opposite is equal to 0. Let’s test it out.
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5 + (−5) = 0
Even if you can’t remember how to work with negative numbers, you can still think this through and have it make
sense. We have five and we add taking away five. Well, that answer is 0.
What does this have to do with solving equations?
Well, to solve an equation, we need to get the variable by itself on one side of the equals. In the example above, the
x is on one side with one and one-half. We need to move one and one-half to the other side of the equals. We can
do this by using the Inverse Property of Addition. To get the x alone, we need to have zero on the same side of the
equation with it. Here is how we use the Inverse Property of Addition.
3
4
3
1
−1
4
2
1
3
0+x = 3 −1
4
2
3
1
x = 3 −1
4
2

1
+x = 3
2


1
1
−1
+1 +x = 3
2
2
1

Now we can simply subtract the mixed numbers. First, we need to rename each fraction in terms of fourths. Three
and three-fourths is all set. We convert one and one-half to one and two-fourths.
Our answer is 2 14 .
Solve each equation using the Inverse Property of Addition. Be sure that your answer is in simplest form.
Example A
1
7

+x =

5
7

Solution:

4
7

Example B
4
6

+y =

5
6

Solution:

1
6

Example C

y + 36 =

5
6

Solution:

2
6

=

1
3

Here is the original problem once again.
Scott made a crust for a peach pie. He couldn’t find the recipe, so he decided to work off of his memory of the last
time he’d made a pie with his mom. He added 34 of a cup of flour, but the dough was too sticky to work with. After
he’d added more flour, he realized that he had used 1 34 cups of flour.
Given this information, can you write an equation to show how Scott added the flour?
Can you solve it using an inverse operation?
To write this equation, we use the fractions from the dilemma.
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+ x = 1 43

Notice that we used a variable for the unknown amount of flour that Scott added. We have the total amount of flour
at the end of the equation.
Now we can use an inverse operation and solve.
x = 1 34 − 34 = 1
x=1
Scott added 1 cup of flour to the three - fourths he started with.
Guided Practice

Here is one for you to try on your own.
x + 23 =

5
6

Answer
First, we have to write an equation showing how we can solve this equation using an inverse operation.
x = 56 − 23
Now we need to rename these fractions with a common denominator.
x = 56 − 46
x=

1
6

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57625

This is a Khan Academy video on the inverse property of addition.
Explore More

Directions: Solve for x.
1. x + 25 =

5
5

2. x + 28 =

6
8
4
9

3. x + 39 =
4. x + 57 =
5. x + 10
12
3
6. x + 15

6
7
= 11
12
= 10
15
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12
13

12
14
6
9. x + 15 = 10
10. x + 12 = 11
12
1
11. x − 1 2 = 4
12. 2 41 + x = 3 34
13. x − 78 = 2 43
6
=
8. x + 14

14. Ludmilla, Brent and Rudy have 8 56 feet of taffy that they have to sell to raise money for the school drama club.
Brent has already sold 3 23 feet of taffy and Rudy plans to sell exactly 2 43 feet. How much taffy does Ludmilla have
to sell, if they sell all of the taffy?
15. Ron, Jung-Ho and Sarah have a lawn mowing business. Today they are cutting an enormous lawn. Sarah agrees
to start and will mow 83 of the lawn. Ron will only mow 71 of the lawn, but he’s willing to work during the hottest
time of the day. How much of the lawn is Jung-Ho responsible for completing?
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3.10 Products of Mixed Numbers
Here you’ll learn to multiply fractions and mixed numbers.
Remember the bake sale from the Inverse Property of Addition in Fraction Equations Concept? Take a look at this
dilemma.

There are 24 students in Mrs. Carroll’s seventh grade homeroom. Of the 24 students, three-fourths of the students
participated in making food for the bake sale. The other students helped with signs and with actually selling the
products at the bake sale. A few of them also brought in juice boxes to sell.
Of the three-fourths that baked, one-half of them made cookies. Michelle is trying to keep track of who did what for
the bake sale. She has created a list and is writing down what each student’s participation has been.
This is where she is puzzled. Michelle wants to figure out three different things. How many students baked for the
bake sale, how many students baked cookies, and what fraction of the class baked cookies?
To figure these things out, Michelle will need to know how to multiply fractions. In this Concept, you will
learn all about multiplying fractions.
Guidance

Previously we worked on how to add and subtract fractions, but when you have a fraction and you want to figure
out a part of that fraction, you need to multiply. Remember, that a fraction is a part of a whole. Sometimes it is
tricky to figure out when to multiply fractions when you are faced with a real-world problem. First, let’s learn how
to actually multiply fractions and then we can look at applying this to some real-world problems.
Multiplying fractions is always at least a two-step process.
First, you line up two fractions next two each other, and then you are ready to start multiplying.
1
2

· 54
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Notice that we used a dot to show that we were multiplying.
You will multiply twice. First, multiply the numerators and write the product of the numerators above a
fraction bar. Next, multiply the denominators and write that product underneath the fraction bar. You don’t
have to find a common denominator. You do, however, have to reduce your answer to simplest terms. We usually
think of multiplying as increasing, but don’t be surprised to get a product that is smaller than one of the factors that
you are multiplying.
Let’s try this out.
1
2

· 54 =

1×4
2×5

=

4
10

Now we have a fraction called

4
10 .

What next?

That’s right, it isn’t. We can simplify the fraction four-tenths, but dividing the top and the bottom number by
the greatest common factor. The greatest common factor of four and ten is two. We divide the numerator and the
denominator by two.
4
10

=

4÷2
10÷2

=

2
5

Our final answer is 25 .
What about a fraction and a whole number?
When you multiply a fraction and a whole number, we have to make the whole number into a fraction. Then you
can multiply across just as you normally would with two fractions and simplify your answer if possible.
5 · 21 = 51 · 12 =

5
2

= 2 12

How do we multiply mixed numbers?
Because mixed numbers involve wholes and parts, multiplying mixed numbers requires an extra step. Remember improper fractions? It’s essential that you convert mixed numbers to improper fractions before you multiply.
Once you have the mixed numbers in the improper fraction form, multiply the numerators together and then multiply
the denominators together. If you have an improper fraction as your product, you can convert it back to a mixed
number to write your final answer.
3 21 · 2 31
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First, we convert each to an improper fraction.

1
3 =
2
1
2 =
3

7
2
7
3

Next, we multiply the two improper fractions.
7
2

· 37 =

49
6

Now we can convert this improper fraction to a mixed number.
49
6

= 8 16

Our final answer is 8 61 .
Sometimes, when you multiply fractions or mixed numbers, you can end up with very large numbers. When
this happens, you can simplify BEFORE multiplying. You simplify on the diagonals by using the greatest
common factor of the numbers on the diagonals.
2
9

18
· 30

If we look at the numbers on the diagonals, we can see that there are greatest common factors both ways.
The greatest common factor of two and thirty is 2. We can divide both by two to simplify them. The greatest
common factor of 9 and 18 is 9. We can divide both by 9. Let’s simplify on the diagonals now.

@
2 18 1 2
·
= ·
@
9 30
@ 1 15

Now we multiply across for our final answer.
The answer is

2
15

Multiply. Be sure that your answer is in simplest form.

Example A
1
3

· 65

Solution:

5
18

Example B
18
20

· 94

Solution:

2
5

Example C

2 51 · 3 21
7
Solution:7 10
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Here is the original problem once again.
There are 24 students in Mrs. Carroll’s seventh grade homeroom. Of the 24 students, three-fourths of the students
participated in making food for the bake sale. The other students helped with signs and with actually selling the
products at the bake sale. A few of them also brought in juice boxes to sell.
Of the three-fourths that baked, one-half of them made cookies. Michelle is trying to keep track of who did what for
the bake sale. She has created a list and is writing down what each student’s participation has been.
This is where she is puzzled. Michelle wants to figure out three different things. How many students baked for the
bake sale, how many students baked cookies, and what fraction of the class baked cookies?
First, let’s figure out how many students baked for the bake sale. We need to figure out three-fourths of 24.
Let’s write this as a multiplication problem.
3
4

· 24 = 43 · 24
1

Next, we can simplify on the diagonals before multiplying. We can simplify four and twenty-four by dividing
by four.
3
1

· 16 = 18

18 students out of 24 students baked for the bake sale.
Next, we want to find out how many baked cookies out of the three-fourths. We need to find out how many is
one-half of 18? We can set this up as a multiplication problem.
1
2

· 18
1 =

18
2

=9

Nine students made cookies.
Michelle’s final question is what fraction of the class made cookies. Here is our multiplication problem.
1
2

· 43 =

3
8

Three-eighths of the students made cookies.
Guided Practice

Here is one for you to try on your own.
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Dierdre claims that it takes her only 6 34 hours to complete her homework every night. Carlos thinks he can finish his
homework in 23 that time. How long does Carlos think it will take him to complete his homework?
Answer
We want to know the length of time Carlos thinks he needs to complete his homework.
What’s the relationship of this length of time to the length of time Dierdre takes to finish her homework? If we let
D = the amount of time it takes for Dierdre to complete her homework, then we would say that the length of time it
takes Carlos to finish his homework is 23 · D. That’s a simple multiplication problem. We solve 6 34 · 32 .
We convert all mixed numbers to improper fractions, 6 34 =

27 27
4. 4

· 23 = 4 12 .

Carlos thinks that he can complete his homework in 4 21 hours.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5478

This is a James Sousa video on multiplying fractions and simplifying products.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5392

This is a James Sousa video on multiplying mixed numbers.
Explore More

Directions: Multiply.
1.
2.
3.
4.
5.

1 3
4·7
5 2
6·3
3 10
10 · 12
4 2
7·3
1
2
3 ·23

6. 2 57 · 1 51
3
7. 2 10
· 2 41
1
8. 7 15 · 11

9. 4 58 · 2
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10.

1
7

· 61

11. 3 65 · 1 23
12.

1
5

7
· 12

Directions: Multiply.

14.

2
3
1
3

16.

10
12

13.

9 6
· 12
·7

· 1 54 · 34

15. 49 · 85 · 37
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3.11 Product Estimation with Mixed Numbers/Fractions
Here you’ll learn to estimate the products of fractions and mixed numbers.
Remember how Michelle was working with bake sale statistics in the Products of Mixed Numbers Concept? Well,
look at this dilemma.
Michelle knows that 34 of the cookies left were peanut butter cookies. There were 5 34 of a dozen cookies left.
Michelle wants to know what 43 of 5 34 is, then she will know about how many of the left - over cookies were peanut
butter.
Do you know how to do this?
Because Michelle doesn’t need an exact amount, we can estimate the product.
This Concept will teach you how to estimate the products of fractions and mixed numbers.

Guidance

By now you are very familiar with estimation as a tool for getting an approximate sense of the value of numbers,
sums of numbers and differences of numbers.
Now, we are going to add our knowledge of estimation to get approximate answers for products of fractions.
Just like rounding whole numbers, we can find approximate values of fractions by comparing the fractions to three
benchmarks, 0, 12 and 1.
Is the fraction closer to 0,

1
2

or 1? If it’s closest to one-half, we say that the value of the fraction is “about 12 .”

We can use these approximate values of fractions to estimate the products of fractions and mixed numbers.
First, we approximate the value of each fraction or mixed number using the benchmarks 0, 21 and 1. Next, we find
the product of the approximate values. Even when you are asked to find an exact answer, estimation is a useful
way to get an idea of a reasonable solution to a problem. Once you have finished solving for an exact answer of a
problem, you can check your answer against the estimate. Refer back to the following steps if necessary.
19
20

· 76

First, we have to take each fraction and find its benchmark. Nineteen-twentieths is close to 1. Six-sevenths is
also close to one.
1×1 = 1
We can say that

19
20

· 76 is approximately 1.

What about mixed numbers?
Mixed numbers work the same way except that your benchmarks will have whole numbers in them too. Let’s look
at an example.
1
3 86 · 5 10

Three and six-eighths is closest to 4.
Five and one-tenths is closest to 5.
4 × 5 = 20
1
We can say that 3 86 · 5 10
is approximately 20.
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Now it’s time to try a few on your own. Estimate each product using benchmarks.

Example A
6
12

10
· 11

Solution: 12
Example B
9
10

· 65

Solution: 1

Example C
11
4 18 · 2 13

Solution: 12
Here is the original problem once again.
Michelle knows that 34 of the cookies left were peanut butter cookies. There were 5 34 of a dozen cookies left.
Michelle wants to know what 43 of 5 34 is, then she will know about how many of the left - over cookies were peanut
butter.
Do you know how to do this?
Because Michelle doesn’t need an exact amount, we can estimate the product.
To begin, we have to use benchmarks for the dozens left in the problem. We need to find three - fourths of that
number, so we don’t use a benchmark for three - fourths. If we did, we would end up with a value larger than the
number of dozens left over.
5 34 = 6
Now we multiply.
6 × 34 = 4 12 dozens left were peanut butter.
This is our answer.

Guided Practice

Here is one for you to try on your own.
4 56 × 2 19
Answer
First, let’s use a benchmark for each mixed number.
4 65 = 5
2 19 = 2
5 × 2 = 10
Our answer is 10.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5391

This is a James Sousa video on multiplying fractions. It is a supporting video to this Concept.
Explore More

Directions: Estimate the product.
1.

1
9

· 45

2. 12 · 67
3.
4.

18
37
13
15

10
· 11

· 94

6
5. 6 23 · 2 11
1
6. 5 27
29 · 3 18

7. 4 67 · 1 74
2
8. 4 15
16 · 7 21
2
9. 4 15
16 · 7 21
1
10. 3 65 · 1 21
15
11. 6 16
· 7 19
11
12. 5 12
· 3 12
80
18
1
13. 4 60
· 7 21
1
14. 13 54 · 6 10
9
15. 15 11
13 · 11 10
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3.12 Commutative Property with Products of
Fractions
Here you’ll learn to identify and apply the commutative and associative properties of multiplication in fraction
operations with variable and numerical expressions.
Now back to the bake sale. Have you ever made a casserole?
Richard is baking 2 12 casseroles for the bake sale. Victoria does not think this will be enough food. She thinks he
should bake at least 6 87 times this amount.
How many casseroles does Victoria think Richard needs to bake?
To figure this out, you will need to write an equation and solve it. Does the order of the fractions matter in this
equation?
Why or why not?
This Concept will teach you about the commutative and associative properties of multiplication. You will be
able to complete this dilemma by the end of the Concept.
Guidance

Previously we worked with commutative and associative properties of addition. Knowing how the mechanism
of addition works helped us solve more complicated addition problems involving fractions. The properties of
multiplication are a lot like the properties of addition. In this lesson, we are going to discover how to use the
commutative property of multiplication and the associative property of multiplication.
The Commutative Property of Multiplication states that the order of the factors does not change the product.
Let’s test the property using simple whole numbers.

1·2·3 = 6

2·1·3 = 6

2·3·1 = 6

3·2·1 = 6

3·1·2 = 6

1·3·2 = 6

As you can see, we can multiply the three factors (1, 2, and 3) in many different orders. The Commutative Property
of multiplication works also works for four, five, six factors. It works for fraction addends, too.
The Associative Property of Multiplication states that the way in which factors are grouped does not change the
product. Notice that we use parentheses as the grouping symbol just as we did with addition. Once again, let’s test
the property using simple whole numbers.

(1 · 3) · 2 = 6

(2 · 3) · 1 = 6

(2 · 1) · 3 = 6

Clearly, the different way the factors are grouped has no effect on the final product. The associative property of
multiplication works for multiple factors as well as fraction factors.
These two properties are extremely useful when multiplying fractions. If you are multiplying three fractions
and two of the fractions contain factors that you can cancel out, you can multiply those two fractions together
and have a new fraction in simplest terms, then simply multiply your new simpler fraction with the third
fraction.
6
8

· 21 · 16
18
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Here the easiest thing to do is to simplify the first and the third fraction. We can rearrange the fractions thanks to the
Commutative Property to make our work simpler.
6
8

16 1
· 18
·2

Now we can simplify on the diagonals of the first two fractions.
6 and 18 have the greatest common factor of 6.
8 and 16 have the greatest common factor of 8.
1
1

· 32 · 12

Now we multiply across.
2
6

Finally we simplify.
Our final answer is 13 .
Did you notice that we could have simplified the 2’s on the diagonal?
How do we apply this to variable expressions?
When you are working with variable expressions or expressions which contain an algebraic unknown (like x)
you can use the commutative and associative properties of multiplication to simplify the expression. Let’s see
how it works.
2
3

· x · 87

We can use the Commutative Property of Multiplication to move the fractions together. Then we can find the product
of the two fractions and then we will have simplified the expression. Notice that we can’t solve the expression
because we don’t know the value of x.
2
3

· 87 · x

We can simplify the two and the eight on the diagonals before we multiply.
1
3

· 47 · x

Our simplified expressions is

7
12

· x.

Here is one where the associative property will be very useful.

x · 21 · 35
Here we can move the grouping symbol or the parentheses to include the two fractions. Then we can multiply the
two fractions and that will give us our simplified expression. Notice that we can’t solve this because we don’t know
the value of the variable.

x · 21 · 35
3
Our simplified expression is x · 10
.

Use the Commutative Property and the Associative Property to simplify each expression.

Example A


x · 54 · 12
Solution: 25 x
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Example B
6
7

· x · 31

Solution: 27 x
Example C

Solve this problem. Be sure your answer is in simplest form.
2
3

× 94

Solution:

8
27

Here is the original problem once again.
Richard is baking 2 12 casseroles for the bake sale. Victoria does not think this will be enough food. She thinks he
should bake at least 6 87 times this amount.
How many casseroles does Victoria think Richard needs to bake?
To figure this out, you will need to write an equation and solve it. Does the order of the fractions matter in this
equation?
Why or why not?
First, let’s write an equation to solve the problem. We want to know the product of the two values, so we are going
to multiply.
2 12 × 6 78 = x
Does it matter the order of the values?
Because of the commutative property of multiplication, the order that we write the values does not matter.
Now we can solve it.
First, change each mixed number to an improper fraction and rewrite the problem.
5
2

× 55
8

Now we multiply.
275
16

Next, we divide to figure out the mixed number.
3
17 16
casseroles

This is our final answer.
Guided Practice

Here is one for you to try on your own.
Solve and simplify.
2
3

9 6
· 12
·7

Answer
To solve this problem, we are going to multiply these three fractions together. If we cross simplify first, we end up
with the following problem.
1
1

· 13 · 17
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Now we multiply across.
3
7

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54833

This is a video on the commutative law of multiplication.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57619

This is a video on the associative law of multiplication
Explore More

Directions: Multiply.
9 6
· 12
·7

2.

2
3
1
3

4.

10
12

5.

1
3
4
5
1
3

1.

· 1 54 · 34

3. 49 · 58 · 37

6.
7.

7
· 3 51 · 10



9 6
· 18
·7
9 1
· 20
·2
4 2
· 12
·9

Directions: Simplify the following expressions using the commutative and associative properties of multiplication.
8.

7
8

· x · 54

9. x · 2 32 · 56
10.

5
8

· 1 32 · x

11.

6
8

· x · 32

12.

5
4
8 ·x· 5
3
4
10 · x · 5

13.
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Directions: Solve each problem.
14. Crazy Sal’s is having a Delirious Discount Sale. He is selling everything in his store for 38 of the marked price.
Rowena finds a t-shirt that is marked at $36. How much will she pay for the shirt at the discounted price?
15. Dan is cutting plywood for his science fair project. He cuts a board that is 3 14 feet long. After he cuts it, he
realizes that he really needs a piece about 32 of this length. How long will the new piece of wood that Dan cuts be?
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3.13 Division of Fractions
Here you’ll learn to divide fractions and mixed numbers.
Have you ever been to a bakery? Have you ever had a chance to bake at a bakery?

Marcella is a student in Mr. Carroll’s seventh grade class. Her Uncle Aldo owns a bakery. Uncle Aldo has told the
class that they can have some extra bread dough on his baking day. He said that he usually has some extra and if a
few students wish to come into the bakery, that they can take the extra dough and make some bread to sell at the bake
sale. Mr. Carroll thinks it is a great idea and assigns four students the task of baking bread on a Saturday morning.
On Saturday, Marcella, Juan, Julia and Christopher head to the bakery. Marcella’s Mom drives them over and the
students plan on baking all morning. When they arrive and walk in the door, they are overcome with the smell of
fresh bread baking.
“Come on in kids. Here is the extra dough that you can bake with,” He says handing a huge bowl of dough to Juan.
Uncle Aldo gives the students 8 14 pounds of dough.
“Each loaf takes three-quarters of a pound. You can use that scale and get to work. I’ll be over here if you have any
questions.”
The students look at the bowl and dough and the scale.
“How many loaves can we make from this?” Juan asks picking up a bread pan.
“I’m not sure,” Marcella answers. “I guess we need to do a little math.”
They certainly do, and you will too. Pay attention throughout this Concept and you will know how to solve
this problem.
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Guidance

By now you have a pretty solid understanding of how fractions work. You can add, subtract and multiply fractions.
Of course, it will also be extremely helpful to learn to divide fractions. There are plenty of real-world situations in
which you can use your expertise at dividing fractions.
Dividing fractions is a lot like multiplying fractions. In fact, it’s exactly like multiplying fractions! Remember that
when you divide two numbers, one number is the dividend and the other number is the divisor. For example, in
the division problem a ÷ b, a is the dividend and b is the divisor. To divide two fractions, you simply multiply the
dividend by the inverted divisor. How do you invert the divisor ? Just flip the fraction over! 12 inverted becomes
2 3
4
1 , 4 inverted becomes 3 . This inverted fraction is also called a reciprocal.
Let’s divide.
6
8

÷ 21

In this problem, one-half is the divisor. We need to flip the divisor so that we multiply by the reciprocal. Here is a
rhyme to help you remember
When dividing fractions, never wonder why
Flip the second and multiply
Now we rewrite the problem as a multiplication problem.
6
8

· 12

Next, we multiply across.
12
8

= 1 48

Our last step is to simplify the fraction part of the mixed number.
Our answer is 1 12 .
How do we divide mixed numbers?
Just like with multiplying fractions, if you are dividing mixed numbers, you have to first convert the mixed number
to an improper fraction. Remember how multiplying by fractions usually gave us a product that was smaller than
one of the factors? Well, with dividing you usually get an answer that is larger than the divisor or the dividend. But
either way, the rhyme is still going to apply here too.
4 31 ÷ 2 16
First, we convert both of these mixed numbers to improper fractions. Let’s rewrite the problem with these numbers.
13
3

÷ 13
6

Now we change this to a multiplication problem by multiplying by the reciprocal.
13
3

6
· 13

Next, we can simplify on the diagonals.

Z
13 
6 1 2
Z·
= · =2

3 Z
13
Z 1 1


Our answer is 2.
Now it’s time for you to try a few on your own.
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Example A
5
10

÷ 12

Solution: 1

Example B
6
8

÷ 41

Solution: 3

Example C

6 14 ÷ 1 12
Solution:4 61

Here is the original problem once again.
Marcella is a student in Mr. Carroll’s seventh grade class. Her Uncle Aldo owns a bakery. Uncle Aldo has told the
class that they can have some extra bread dough on his baking day. He said that he usually has some extra and if a
few students wish to come into the bakery, that they can take the extra dough and make some bread to sell at the bake
sale. Mr. Carroll thinks it is a great idea and assigns four students the task of baking bread on a Saturday morning.
On Saturday, Marcella, Juan, Julia and Christopher head to the bakery. Marcella’s Mom drives them over and the
students plan on baking all morning. When they arrive and walk in the door, they are overcome with the smell of
fresh bread baking.
“Come on in kids. Here is the extra dough that you can bake with,” He says handing a huge bowl of dough to Juan.
Uncle Aldo gives the students 8 14 pounds of dough.
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“Each loaf takes three-quarters of a pound. You can use that scale and get to work. I’ll be over here if you have any
questions.”
The students look at the bowl and dough and the scale.
“How many loaves can we make from this?” Juan asks picking up a bread pan.
“I’m not sure,” Marcella answers. “I guess we need to do a little math.”
The students want to figure out how many loaves they can make from the extra dough. To do this, we can
write this equation.
Pounds of dough ÷ # of pounds needed per loaf = number of loaves
Now we can fill in the given values.
8 14 ÷ 34 = x
Next, we convert the mixed number to an improper fraction.
25
4

÷ 34

Now we can rewrite this as a multiplication problem, simplify and solve it.
25
4

· 34 =

25
1

· 13 =

25
3

= 8 31

The students can make 8 loaves of bread and they will have

1
3

of a pound of dough left over.

Guided Practice

Here is one for you to try on your own.
Trina is building a sailboat. She needs 8 planks that are 34 foot in length. She has a piece of wood that is 6 12 feet
long. How many planks can she cut from this board and does she have enough to make her sailboat?
Answer
Let’s assess the information that the problem has given us. We know that we need planks that are 34 foot in length
and we know that we need 8 of them. But, we are not really sure, if we have 8 planks because we are working with
a piece of wood that is 6 12 feet long. How many 43 foot planks can be obtained from a 6 12 foot long board? That’s a
simple division problem. We set the problem up like this.
Total length of wood ÷ length of plank needed = number of planks
Let’s plug in the values: 6 12 ÷ 34 = number of planks.
We convert 6 21 to an improper fraction and we set up the division problem as a multiplication problem with inverted
divisor.
13
2

· 34

We can cancel out the factors of 2 to get a new multiplication problem, which looks like this.
13
1

· 32

We get

26
3

or 8 23 .

Trina can cut 8 32 planks from the piece of wood that she has. She has enough to make her sailboat.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5395

This is a James Sousa video on dividing fractions.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57623

This is a James Sousa video on applying fraction division.
Explore More

Directions: Divide.
1.

1
10

2.

5
9

÷ 16

3.

1
5
2
3

÷ 58

4.

÷ 34

÷ 14

5. 2 ÷ 12
6. 1 13 ÷ 3 81
7. 5 45 ÷ 1 51
8. 2 14 ÷ 17
9. 4 58 ÷ 2
10.

1
7

÷ 16

11. 3 65 ÷ 1 23
7
12. 6 15 ÷ 12

13.

1
5

7
÷ 12

3
14. 9 51 ÷ 12

15. 4 51 ÷ 89
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3.14 Quotient Estimation with Mixed Numbers/Fractions
Here you’ll learn to estimate quotients of fractions and mixed numbers.
Have you ever made something out of cloth? Take a look at this dilemma.
Casey is going to make a new sleeping bag. She has 5 43 yards of material. She needs to divide this in half.
About how many yards of material will be in each section after she divides the material?
This Concept is about estimating quotients of fractions and mixed numbers. You will be able to answer this
question by the end of the Concept.

Guidance

In real-world situations, we use estimation every day. In every real-world problem that involves math, the solution
is usually estimated before an exact answer is found. “I think we’ll need about 3 12 of the long pieces of wood.”
“Stephen estimates that the project will take about 36 14 hours.” Observe your language as you engage in everyday
activities. You are probably using estimation all of the time. Now that you already know how to estimate sums,
differences and products of fractions, we are going to see how easy it is to use estimation with division of fractions,
too.
Estimating quotients of fractions is pretty similar to estimating products of fractions, but there is one difference. As
you already know, when finding exact quotients in dividing fractions, the first step is to invert the divisor and
rewrite the problem as a multiplication problem. You have to complete this same first step when you estimate
quotients of fractions. Once you invert the divisor and rewrite as a multiplication problem, you find approximate
values for the fractions using the three benchmarks, 0, 12 and 1. Is the fraction closer to 0, 21 or 1? If it’s closest to
1
1
2 , we say that the value of the fraction is “about 2 .” Once we identify the approximate value of both fractions, we
simply multiply and we will have the estimate quotient.
Estimate 78 ÷ 13
First, we have to rewrite this as a multiplication problem. Then we can use benchmarks to estimate the product.
7
8

· 13

Now we can use benchmarks. Seven-eighths is close to 1. Three over one is close to three.
1×3 = 3
7
8

÷ 31 is an estimate of 3.
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Three does make sense as an answer if you think about what a division problem is asking. A division problem
is asking how many groups or how many in each groups. In other words, this problem is asking how many
groups can you divide seven-eighths into if you divide that quantity into thirds. You can divide it into three
groups.
What about estimating with dividing mixed numbers?
Working with mixed numbers is a little bit different, but we are still simply answering the question, “what is a
reasonable answer for this division problem?” When estimating quotients where the dividend is a mixed number,
we first estimate the value of the dividend and the divisor before we convert to an improper fraction or divide.
1
1
Consider a divisor that is 6 29
. 6 29
is really just 6. It is a lot easier to divide by 6 than to convert to an improper
fraction and invert. Making a lot of work defeats the purpose of estimating. If you do have a fraction in your
15
estimated divisor, you will go ahead and convert to an improper fraction and multiply. Consider a divisor that is 6 29
.
1
13
We approximate this at 6 2 . Now we can convert to an improper fraction of 2 and multiply. We always approximate
the value of mixed numbers before we convert to improper fractions or invert.
2 23 ÷ 1 78
Since we are dividing with mixed numbers, let’s approximate the values of the mixed numbers before we
divide. 2 32 is about 3 and 1 78 is about 2. The problem rewritten with the approximate values looks like this: 3 ÷ 2.
We can simply invert the divisor and rewrite as a multiplication problem, 3 · 12 .
Our answer is that 2 23 ÷ 1 78 is about 1 21 .
Now it’s time for you to try a few. Estimate each quotient.
Example A
9
10

1
÷ 13

Solution: 1
Example B

5 56 ÷ 2 34
Solution: 2
Example C
8
9

÷ 21
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Solution: 2
Here is the original problem once again.
Casey is going to make a new sleeping bag. She has 5 43 yards of material. She needs to divide this in half.
About how many yards of material will be in each section after she divides the material?
To figure this out, first we can write the problem out using a division sign.
5 34 ÷ 2
Now to estimate, we don’t need an exact quotient, so we can round the length of the material to help us with the
estimate.
5 34 = 6
Next, divide.
6÷2 = 3
There will be approximately 3 yards in each section of the material.
Guided Practice

Here is one for you to try on your own.
Estimate the following quotient.
7 87 ÷ 4
Answer
First, let’s round 7 78 . It rounds up to 8.
8÷4 = 2
Our estimate is 2.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5395

This is a James Sousa video on dividing fractions.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57623

This is a James Sousa video on applying fraction division.
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Explore More

Directions: Estimate the quotient.
1
÷ 36

1.

5
6

2.

11
12
18
37
13
15

3.
4.

÷ 67
÷ 10
11
÷ 49

1
5. 7 23 ÷ 2 11
1
6. 5 27
29 ÷ 3 18

7. 12 ÷ 76
8. 9 19 ÷ 2 54
6
9. 11 32 ÷ 2 11
1
10. 8 23 ÷ 3 11
1
11. 9 23 ÷ 2 15
1
12. 16 13
÷ 2 19
2
13. 26 41 ÷ 13 30
1
14. 44 43 ÷ 15 20
1
1
÷ 2 18
15. 26 13
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3.15 Fractions as Decimals
Here you’ll learn to write fractions and mixed numbers as terminating decimals.
Have you ever eaten a portion of a pie and wondered how much you actually ate? Well, look at what Daniel ate.
Daniel loves peach pie. At the bake sale, he bought an entire peach pie. Then he went home, poured himself a glass
of milk and ate 38 of the pie.
What is this fraction as a decimal?
Do you know how to figure this out?
This Concept will teach you how to write fractions and mixed numbers as terminating decimals. You will
know how to write Daniel’s part of the pie by the end of the Concept.
Guidance

Previously we worked on fractions and their corresponding operations, now it’s time to discover how they relate to
decimals.
Fractions and decimals are related because they are both ways of describing numbers that are not wholes. In essence,
a fraction is simply another way of describing what a decimal describes. They both represents parts of a whole and
both can show the same part in a different way. The fraction shows us the part using the fraction bar comparing part
to whole and the decimal shows us the part using place value. To start off, we’ll see how fractions can be converted
into decimals and how decimals can be converted into fractions.
How do we convert fractions to decimals and decimals to fractions?
First, remember that fractions and decimals are different ways of writing the same thing. Both show us how
to represent a part of a whole. Think about how we talk about fractions and decimals because this will become
useful as we convert them.
Say this value out loud 0.1. You can say “point one” or you can say “one tenth.” Does the second version
1
1
sound a little bit familiar? It sounds like the fraction 10
. It turns out that 0.1 = 10
.
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Yes. The quantities are the same.
How do we convert fractions into decimals?
We can easily convert fractions into decimals. You’ve probably noticed by now that a fraction is really a short
way of writing a division expression. Writing 43 is really like writing 3 ÷ 4. The way that we find out how to
write 34 as a decimal is to go ahead and solve the division problem. Since 4 doesn’t go into 3, we have to expand the
number over the decimal point.

4)3.0
How many times does 4 go into 3.0? Four goes into 3.0 .7 times.

.7

4)3.0
−2.8
.2
Be sure when you are writing your quotient above the dividend to keep the original place of the decimal point. Since
4 does not divide evenly into 3.0 and we have a remainder of .2, we can go further to the other side of the decimal
point by adding a 0 next to the remainder of .2.

.75

4)3.00
−2.8
.20
−.20
0
4 goes evenly into .20 five times, so we have our final answer.
3
4

= 0.75

Convert

1
4

to a decimal.

We start this by changing it into a division problem. We will be dividing 1 by 4. You already know that 1 can’t
be divided by four, so you will need to use a decimal point and add zeros as needed.

.25

4)1.00
−8
20
−20
0
Our answer is .25.
How do we convert mixed numbers to decimals?
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When you are working with mixed numbers like 1 34 for example, it is easiest to simply set the whole number to
the side and solve the division problem with the fraction. When you have completed the division problem with the
fraction, make sure that you put the whole number back on the left side of the decimal point.
1 34 = 1.75
Convert 3 12 to a decimal.
First, set aside the 3. We will come back to that later.
Next, we divide 1 by 2. Use a decimal point and zeros as needed.

.5

2)1.0
−10
0
Now we add in the 3.
Our final answer is 3.5.
Now it’s your turn. Convert each fraction or mixed number to a decimal.
Example A
1
5

Solution:.2
Example B
3
6

Solution:.5
Example C

4 54
Solution:4.8
Here is the original problem once again.
Daniel loves peach pie. At the bake sale, he bought an entire peach pie. Then he went home, poured himself a glass
of milk and ate 38 of the pie.
What is this fraction as a decimal?
Do you know how to figure this out?
To figure this out, we are going to divide the numerator by the denominator.
3 ÷ 8 =?
To do this, we will need to add decimals and divide.
.375
This is our answer.
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Guided Practice

Here is one for you to try on your own.
Convert the following mixed number to a decimal.
4 35
Answer
First, convert the mixed number to an improper fraction.
4 35 =

23
5

Now, we divide the numerator by the denominator.
23 ÷ 5 = 4.6
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5366

This is a James Sousa video on writing fractions as terminating decimals.
Explore More

Directions: Write each fraction or mixed number as a decimal.
1.
2.
3.
4.
5.
6.

3
5
1
2
4
5
3
4
3
8
7
8

7. 2 14
8. 5 25
9. 6 48
10. 11 85
11. 10 12
12. 18 34
13. 12 45
14. 19 34
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3.16 Repeating Decimals
Here you’ll learn how to write fractions and mixed numbers as repeating decimals.
Have you ever eaten a part of a pie and you couldn’t figure out how much you ate?
While Daniel ate peach pie, Natalia ate blueberry. Her pie was cut into nine pieces and she ate only two of them.
What fraction of the pie did she eat? What is this fraction as a decimal?
In this Concept, you will learn about repeating decimals. Then you will see how this applies to Natalia.

Guidance

By now you’ve gotten the hang of converting fractions to decimals. So far, we have been working with what are
known as terminating decimals, or decimals that have an end like 0.75 or 0.5.
One reason that we sometimes use fractions instead of decimals is because some decimals are repeating decimals,
or decimals that go on forever. If you try to find a decimal for 13 by dividing, you can divide forever because 13
written as a decimal = 0.3333333333.... It goes on and on. That’s why we usually just simply write a line above the
number that repeats. For 13 , we write: 0.3. Let’s check out some problems involving repeating decimals.
Write

5
6

using decimals

First, we rewrite 56 as the division problem 5 ÷ 6. We already know that we will have to go on the right side of the
decimal point, so we are going to begin by dividing 6 into 5.0.

Six goes into 5.0 .8 times, but we have the remainder of .2. Six goes into 0.2 .03 times and we have a remainder of
.02. Since 6 always goes into 20 three times, (3 · 6 = 18) and there will always be a remainder of 2, we can see that
it will never evenly divide.
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If you keep dividing, you will get 0.83333333333.... forever and ever.
Our final answer is 0.83.
What about mixed numbers?
Well, there are some mixed numbers where the fraction part is a repeating decimal. Let’s look at one like this.
Write 2 23 using decimals.
Just as we did with the terminating decimals, we are going to leave the whole number, 2 to the side before we are
ready to add it to the final answer. So, we are simply solving for the decimal equivalent of 23 . We write the division
problem 2.0 ÷ 3. How many times does 3 go into 2.0? It goes into 2.0 0.6 times.

We have 0.20 as the remainder. How many times does 3 go into 0.20? The answer is 0.06 times.

Are you noticing a pattern here? It is obvious that there will always be a remainder whether we divide 3 into 2.0,
0.2, 0.02, 0.002, or 0.0002 and on and on. Clearly 32 is a repeating decimal.
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For our final answer we write 2.6.
Try a few of these on your own. Convert each to a repeating decimal.
Example A
1
6

Solution: .16
Example B

4 64
Solution:4.6
Example C
4
9

Solution:.4
Here is the original problem once again.
While Daniel ate peach pie, Natalia ate blueberry. Her pie was cut into nine pieces and she ate only two of them.
What fraction of the pie did she eat? What is this fraction as a decimal?
First, let’s write the fraction of two out of nine.
2
9

Now let’s divide the numerator by the denominator.
.222222222
We have repeating decimal. We can rewrite this repeating decimal using different notation as it was presented in the
Concept.
.2
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write 2 16 as a decimal.
Answer
To do this, first, we have to convert the mixed number to an improper fraction.
13
6

Now we divide the numerator by the denominator.
2.1666666
We have a repeating decimal. We can rewrite this using decimal notation.
2.16
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This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5368

This is a James Sousa video on writing fractions as repeating decimals.
Explore More

Directions: Write each fraction or mixed number as a repeating decimal or terminating decimal.
1.

2
3

2.

5
6

3. 5 13
4.
5.
6.
7.
8.
9.

1
3
3
4
1
6
1
8
3
7
2
6

10. 4 32
11. 7 13
12. 6 56
13. 8 12
14. 9 23
15. 11 15
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3.17 Decimals as Fractions
Here you’ll learn to write decimals as fractions.
Have you ever had a friend who loved math so much that they included it into all of their conversations? Well, look
at Jessie and Fiona.
Jessie loves math. She and Fiona were discussing the bake sale, and Jessie had to put in some math.
"I think I will eat .75 of a whole cake," She said grinning.
Fiona looked wryly at her friend.
Do you know what this amount of cake is as a fraction?
This Concept is about writing decimals as fractions. You will be able to figure this out by the end of the
Concept.

Guidance

Previously we worked on writing fractions as decimals, it will be good to know how to go back the other way
and write decimals as fractions.
Consider again the decimal 0.1. We already know that we can say that this number is “one-tenth.” It’s very easy to
rewrite decimals as fractions because decimals are already expressed as fractions with a denominator that is a factor
of ten.
0.1 =

1
10 , 0.01

=

1
100

We can also say that 0.86 =

86
100 .

To convert decimals to fractions, we write the number to the right of the decimal place over a denominator
877
equivalent to the last place value of the decimal number. So, if we have 0.877, we would write 1000
.
If we have simply 0.6, we can write
simplest terms.

6
10 ,

or in simplest terms, 35 . Always make sure to put your fraction in

Convert 0.35 to a fraction.
Start by saying the decimal to yourself out loud. To say 0.35 out loud, we can say “35 hundredths,” so we can go
ahead and write the fraction down.
35
100

That’s a big fraction. We want to make our lives a little bit easier, so we will reduce the fraction to simplest terms.
7
This fraction expressed in simplest terms is 20
.
Our final answer is

7
20 .

Here is another one.
Convert 2.4 to a mixed number.
Just as we leave aside the whole number when converting mixed numbers to decimals, we will leave aside the
numbers to the left of the decimal point when converting decimals to fractions. So, in this case, we just have to
find out what 0.4 is expressed as a fraction.
Let’s write it directly as the fraction “four tenths” or

4
10 .

Can we simplify it? You bet.

4
10

= 52 .
297
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2.4 expressed as a mixed number = 2 52 .
Now it’s your turn to try a few. Write each decimal as a fraction or mixed number.
Example A

.5
Solution:

5
10

Example B

.67
Solution:

67
100

Example C

3.21
21
Solution: 3 100

Here is the original problem once again.
Jessie loves math. She and Fiona were discussing the bake sale, and Jessie had to put in some math.
"I think I will eat .75 of a whole cake," She said grinning.
Fiona looked wryly at her friend.
Do you know what this amount of cake is as a fraction?
To figure this out, we can change the decimal to a fraction with a base ten denominator.
This decimal has two decimal places represented. That means hundredths.
Here is the decimal as a fraction with a base ten denominator.
.75 =

75
100

Now we can simplify the fraction.
75
100

=

3
4

This is our answer.
Guided Practice

Here is one for you to try on your own.
Write the following decimal as a fraction or mixed number in simplest form.
5.25
Answer
First, you can see that this decimal has wholes and parts, so it will become a mixed number.
5 is the whole.
.25 is the parts.
.25 =
298
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=

1
4
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Our answer is 5 14 .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57618

This is a James Sousa video on how to convert a decimal to a fraction.
Explore More

Directions: Write each decimal as a fraction in simplest form.
1. .3
2. .4
3. .2
4. .53
5. .55
6. .08
7. .25
8. .23
9. .876
10. .512
11. 74.34
12. 3.88
13. 5.6
14. 12.8
15. 23.06
16. .987
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3.18 Positive and Negative Fraction and Decimal Comparison
Here you’ll learn to compare and order decimals and fractions.
Take a look at this dilemma.

At the bake sale, the seventh grade has set up two tables full of baked goods. There was so much baked that they
also have extras on reserve. The students have decided to run the bake sale for three days so that they can try to sell
their good throughout all three lunch periods at school. They hope to raise a lot of money.
Derek and Keisha have been assigned the task of keeping track of sales. They need to keep track of how much of
each item is sold. For example, if there are twelve cupcakes and six of them sell, then they could write one-half as
the statistic for cupcakes. The students think that if they keep track of each item sold, that they will have a good idea
of which items are the big sellers.
The first day goes smoothly. Derek and Keisha each keep track of one table and they split the third table in half. At
the end of the sale day, they sit down to compare notes.
Derek has written these amounts down.
Peach pie .10
Cupcakes .75
Brownies .50
Bread .25
Keisha has written these amounts down.
Blueberry pie

1
2

Chocolate cookies
Blueberry muffins

1
4
1
3

Double Fudge Brownies
Apple pie

3
4

5
6

They are surprised to see that one of them has written all of the data in decimals while the other has written all of
the data in fraction form. To figure out which items were the biggest sellers they will have to order their data.
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Derek needs to write his decimals in order from greatest to least and Keisha needs to write her fractions in order
from greatest to least.
This Concept will teach you all you need to know about comparing and ordering fractions and decimals.
Guidance

Eventually, you will be able to convert common fractions to decimals and common decimals to fractions in your
head. You already know some of the classics like 0.5 = 12 .
Knowing this off the top of your head will make it easy for you to compare and order between fractions and decimals.
For now, we will use our expertise at converting to compare and order. It’s always helpful to check.
Compare

1
4

and 0.25 using <, >or =

To compare a fraction to a decimal or a decimal to a fraction, we will need to convert one of them, so that
we can compare a fraction to a fraction or a decimal to a decimal. For this one, I will convert 14 to a decimal. I
divide 1.0 by 4. 4 goes into 1.0 .2 times. There is also a remainder of 0.20 and 4 goes into 0.20 0.05 times. Now we
know that 14 written as a decimal is 0.25.
We compare it as

1
4

= 0.25.

Here is another one.
2
Compare 1 20
and 1.30

Our work in estimating the value of fractions and rounding decimals can be helpful when comparing fractions
and decimals because you can look at a fraction or a decimal and quickly have a sense of what the approximate
2
value is. Take a look at the mixed number 1 20
. Don’t be intimidated by the large denominator, it looks like we can
1
simplify it. If we simplify it to 1 10 .
3
Now we can take 1.30 and make it a mixed number. 1.30 becomes 1 10
.
2
Our final answer is that 1 20
< 1.30.

We can use all of these strategies when ordering fractions and decimals too. Be sure that they are in the same form
and then order them from least to greatest or from greatest to least.
Now it’s time for you to try a few on your own. Compare using <,>or =.
Example A

.5 and

1
4

Solution: >
Example B

3 35 and 3.56
Solution: >
Example C
2
8

and .25

Solution: =
Let’s go back to our original problem now and apply what we have learned.
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Here is the original problem once again.
At the bake sale, the seventh grade has set up two tables full of baked goods. There was so much baked that they
also have extras on reserve. The students have decided to run the bake sale for three days so that they can try to sell
their good throughout all three lunch periods at school. They hope to raise a lot of money.
Derek and Keisha have been assigned the task of keeping track of sales. They need to keep track of how much of
each item is sold. For example, if there are twelve cupcakes and six of them sell, then they could write one-half as
the statistic for cupcakes. The students think that if they keep track of each item sold, that they will have a good idea
of which items are the big sellers.
The first day goes smoothly. Derek and Keisha each keep track of one table and they split the third table in half. At
the end of the sale day, they sit down to compare notes.
Derek has written these amounts down.
Peach pie .10
Cupcakes .75
Brownies .50
Bread .25
Keisha has written these amounts down.
Blueberry pie

1
2

Chocolate cookies
Blueberry muffins

1
4
1
3

Double Fudge Brownies
Apple pie

3
4

5
6

They are surprised to see that one of them has written all of the data in decimals while the other has written all of
the data in fraction form. To figure out which items were the biggest sellers they will have to order their data.
Derek needs to write his decimals in order from greatest to least and Keisha needs to write her fractions in order
from greatest to least.
First, Derek needs to write his data in order from greatest to least.
Cupcakes .75
Brownies .50
Bread .25
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Peach Pie .10
Next, Keisha needs to write her data in order from greatest to least.
Apple pie

5
6

Double Fudge Brownies
Blueberry Pie

3
4

1
2

Chocolate Cookies
Blueberry Muffins

1
4
1
3

Given this information, the top seller were the apple pies, the double fudge brownies, the cupcakes and the
brownies. Derek and Keisha report their sales to their teacher and they decide to put out more of those items
for day two of the bake sale.
Guided Practice

Here is one for you to try on your own.
Compare the following values using <, >or =.
.45 and

6
10

Answer
To compare these two values, let’s convert the fraction into a decimal.
6
10

= .6

Now we can easily compare.
.45 < .6
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57626

This is a James Sousa video on ordering decimals and fractions from least to greatest.
Explore More

Directions: Compare the following decimals and fractions using <, >or =
1.

1
3

2.

6
10

and .5
and .9

3. .25 and

1
10
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4. .16 and
5.
6.
7.
8.
9.

33
100

3
5 and .6
3
15 and .15
6
7
3
4
1
9

10.

and .99
and .75
and .33
7
10

and .8

Directions: Write the following values in order from least to greatest.
11. .25, 31 , .54
12. .55, 43 , .613
13. .252, 19 , .31
14. .05, 87 , .546
1
15. .09, 10
, .88
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3.19 United States Customary Units
Here you’ll learn to identify equivalence among customary units of measure.
Have you ever made many loaves of bread and needed pounds of flour? Take a look at this dilemma.
Jake made many loaves of bread with his Uncle Henry. He needed 12 pounds of flour. How many cups is that?
This Concept is about identifying equivalent customary units of measure. You will be able to convert this
quantity by the end of the Concept.

Guidance

Throughout our study of fractions, we have continuously worked with units of measurement. Whether it’s
of a pound, 3 12 feet or 2 32 cups, we use fractions all of the time when we are measuring things.

1
4

In this Concept, we will learn more about the units themselves, what they measure and how they relate to each
other. By the time you are finished, you’ll be measuring everything you see. Using fractions will help make your
measurements even more accurate.
The Customary System of measurement is the system of measurement most widely used in the United States.
This system includes measurements of length, mass, volume and units of volume that are mostly used in
cooking. Take a look at the chart below.
Customary Units of Length

inch (in)
foot ( f t)

12 in.

yard (yd)

3 f t.

mile (mi)

5, 280 f t.

Customary Units of Mass
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ounce (oz)
pound (lb)

16 oz.

Customary Units of Volume

ounce (oz)
cup (c)

8 oz.

pint (pt)

16 oz.

quart (qt)

32 oz.

gallon (gal)

4 qt.

Customary Units of Volume Used in Cooking

teaspoon (tsp)
tablespoon (tbsp)

3 tsp.

cup (c)

16 tbsp.

Unlike the metric system, there is not a specific way of relating the customary units of measurement to each
other. If a foot is 12 inches, you might expect that the next largest measurement unit of length, a yard, to be 12 feet.
However, this is not the case. A yard instead, is 3 feet.
Nevertheless, there are relationships among the units of measurement. For now, it is helpful to refer to the above
chart when working with customary units of measurement. As you get more and more familiar with the units and
the various measurement tools, you will acquire an automatic sense of measurement and how the various units relate
to each other. Let’s look at some examples that deal with equivalence or equal measures.
6 feet = ___ yards
We are going to convert feet into yards. There are three feet in one yard. If we divide 6 feet by 3 feet, we will have
the correct number of yards.
6÷3 = 2
6 feet = 2 yards
2 tablespoons = ___ teaspoons
We are going to convert tablespoons to teaspoons. To do this, we multiply. There are three teaspoons in one
tablespoon.
2×3 = 6
2 tablespoons = 6 teaspoons
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There is a hint.
If we go from a larger unit to a smaller unit, we multiply. If we go from a smaller unit to a larger unit, we divide.

Make a note of this rule and then continue with the Concept.
Try a few of these equivalents on your own.
Example A

12 pounds = ______ ounces
Solution: 192
Example B

6 yards = ______ feet
Solution: 18
Example C

48 inches = _____ feet
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Solution: 4
Here is the original problem once again.
Jake made many loaves of bread with his Uncle Henry. He needed 12 pounds of flour. How many cups is that?
There are 8 ounces in 1 cup.
There are 16 ounces in 1 pound.
This means that there are 2 cups in one pound.
If Jake used 12 pounds, then we can multiply to find the answer.
12 × 2 = 24 cups.
This is our answer.
Guided Practice

Here is one for you to try on your own.
How many fluid ounces is there in 1 gallon?
Answer
There are 32 ounces in 1 quart.
There are four quarts in one gallon.
We can multiply to figure out this problem. Take a look.
32 × 4 = 128 ounces
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5479

This is a James Sousa video on equivalent customary units of length.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5402

This is a James Sousa video on equivalent customary units of capacity.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5403

This is a James Sousa video on equivalent customary units of mass.
Explore More

Directions: Fill in the blanks with the equivalent measurement.
1. 6 pints = ___ quarts
2. 2 cups = ___ tablespoons
3. 3 12 pounds = ___ ounces
4.

1
2

mile = ___ feet

5. 56 ounces = ___ pounds
6. 24 inches = ___ feet
7. 5 12 feet = ___ inches
8.

1
2

pound = ___ ounces

Directions: Fill in the blanks with the equivalent measurements for 3 yards.
9. ___ inches
10. ___ feet
Directions: Fill in the blanks with the equivalent measurements for 4 cups.
11. ___ tablespoons
12. ___ teaspoons
13. ___ pounds
14. ___ ounces
15. ___ pints
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3.20 Appropriate Tools for Customary Measurement
Here you’ll learn to choose appropriate tools and units for given customary measurement situations.
Have you ever measured tables? Which measurement tool would make the most sense? A ruler? A tape measure?
Take a look at this dilemma.

The next day while the seventh graders were setting up the tables for the bake sale, Mr. Potter the custodian came to
them with an idea.
“Hey kids, I think I have a bigger table for you,” he said.
“That would be great!” exclaimed Tyrone.
“Yes. I think it is larger than this one, but I’m not sure. Go to my supply closet and come back and measure this one.
Then meet me in the auditorium and I’ll show you the other one. Then you can decide which one is best.”
“Okay,” Tyrone said.
Tyrone went to the supply closet and grabbed a ruler. He came back to the bake sale area to measure the table.
“What are you going to do with that?” Felix asked.
“Measure this table,” Tyrone said as Felix laughed. “What are you laughing at?”
“Your choice of tools, you should choose a tape measure.”
“Really why?” Tyrone asked looking up from the table.
Do you know why it makes more sense to use a tape measure verses a ruler? Tyrone isn’t sure, but Felix seems
to have a clue. This section is all about measurement and measuring with tools and units. Pay attention to
this Concept and at the end, you will be ready to help Tyrone understand why one tool is better than another.

Guidance

Measurement is the system of comparing an object to a standard.
Previously we worked with the customary system which includes units of length (feet or inches), weight or mass
(ounces and pounds), and volume (cups or gallons). When we make a measurement of length, weight, or volume,
we are comparing the object against a standard (1 foot, 1 ounce, 1 teaspoon).
Tools for customary measurements provide these standards. The ruler is the tool for measuring length, and
width. You can find short rulers that are 1 foot, or 12 inches in length, or you can find what are known as yardsticks,
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which measures 1 yard, 3 feet, or 36 inches. Another way to measure length is with a measuring tape, which can
be uncurled to measure longer lengths. Measuring tapes usually show inches and feet.

The balance or scale is the appropriate tool for measuring weight or mass in ounces and pounds.

When we are cooking, we often use a measuring cup to measure out portions of liquids or powders. You can find
different sizes of measuring cups. The most commonly used measuring cup measures exactly 1 cup, but you can
also find 12 cup, 13 cup, and 14 cup sizes.

Choose the appropriate tool for making the following measurements:
a) the weight of an apple
b) to measure the length of a swimming pool
c) to measure the length of a caterpillar
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If you think about each item, it becomes easy to determine the best tool for each measurement.
The answers are:
a) Balance or scale
b) Yardstick or measuring tape
c) Ruler
We use our system of measurement to help us complete essential tasks in everyday life. If you are building a
house, you will have to decide how long and how wide your house will be. If you are baking a key lime pie, you
will need to know how many cups of lime juice to use.
Using the correct units of measurement makes our lives easier. You can measure the distance from your house
to Paris, France in inches, but that’s a lot of inches! That’s why we measure that distance in miles.
When you need to measure something, always consider the most reasonable unit to use before measuring. If
you choose a unit that is too small, you will get a large number that is hard to keep track of. If you choose a
unit that is too large, it will be more difficult to be precise in your measurement.
The volume of jar of jam
Think about volume. We want to measure the volume or the amount of jam in a jar. Since a jar is small, we can use
ounces to measure.
Ounce is the answer.
A part of figuring out the unit of measurement is to use common sense. We have to think about what we are
measuring, how we are measuring, and then you will be able to figure out the correct unit of measurement.
Choose the best tool for each measure.

Example A

Milk for a recipe
Solution: A measuring cup

Example B

A garden plot
Solution: A measuring tape

Example C

A bunch of bananas
Solution: A scale
312

www.ck12.org

Chapter 3. Using Fractions

Here is the original problem once again.
The next day while the seventh graders were setting up the tables for the bake sale, Mr. Potter the custodian came to
them with an idea.
“Hey kids, I think I have a bigger table for you,” he said.
“That would be great!” exclaimed Tyrone.
“Yes. I think it is larger than this one, but I’m not sure. Go to my supply closet and come back and measure this one.
Then meet me in the auditorium and I’ll show you the other one. Then you can decide which one is best.”
“Okay,” Tyrone said.
Tyrone went to the supply closet and grabbed a ruler. He came back to the bake sale area to measure the table.
“What are you going to do with that?” Felix asked.
“Measure this table,” Tyrone said as Felix laughed. “What are you laughing at?”
“Your choice of tools, you should choose a tape measure.”
“Really why?” Tyrone asked looking up from the table.
Think about what you have learned in this lesson. Now do you understand why Felix recommends that Tyrone
use a tape measure?
Think about the size of a table. A table is an item that is larger than the length of a notebook or a textbook.
When an item is larger than a notebook or a textbook, you should use a tape measure. While Tyrone could
use a ruler, it is harder to measure it and keep track of each length of the ruler. With a tape measure, the
measurement is clear and exact.
Tyrone decides to take Felix’s advice. In no time at all, he has measured the table and is off to check with Mr.
Potter.

Guided Practice

Here is one for you to try on your own.
What tool and unit would you use to measure the height of a tree?
Answer
To measure a tree, you could use a measuring tape, and you would measure it in feet.

Explore More

Directions: Choose the appropriate tool for the following measurements.
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1. The weight of a violin
2. The volume of a small amount of oregano
3. The volume of a glass of milk
4. The length of one side of your desk
5. Sugar for a cup of coffee
6. The amount of sugar needed for a cake
7. The weight of a person
Directions: Choose the appropriate unit for the following measurements.
8. The length of a football field
9. The volume of a car’s gas tank
10. The length of an insect
11. The weight of a tennis shoe
12. The distance a person runs in 1 hour
13. The amount of water in a large drum
14. The amount of water in a pool
15. The size of a child’s foot
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3.21 Conversion of Customary Units of Measurement
Here you’ll learn to convert and compare customary units of measure using factors and multiples.
Remember the tables that Mr. Potter suggested? Take a look at this dilemma.

Tyrone has his first measurement done when he meets Mr. Potter in the auditorium. He has written the measurement
of the first table on the paper.
The first table is 80 × 40 .
When Tyrone arrives at the auditorium, Mr. Potter has another table all clean and set up for Tyrone to check out.
“I think this one is larger than the other one,” Mr. Potter says. “It measures 9600 × 3000 .”
Tyrone looks at the table. He doesn’t think this one looks larger, but he can’t be sure.
On his paper he writes.
Table 2 = 9600 × 3000
To figure out which table is larger, Tyrone will need to convert customary units of measure. Then he will need to
compare them.
This Concept will teach you all that you need to know about how to do this. When finished, you will know
which table is larger and so will Tyrone.

Guidance

Imagine that you are cooking with a recipe that calls for 13 tablespoons of whipping cream. Since you are cooking
for a large banquet you need to make 4 times what the recipe makes. So you are multiplying all of the ingredient
quantities by 4 and combining them in a very large bowl. You realize that this requires you to use 52 tablespoons of
whipping cream. To measure out 1 tablespoon 52 times will take forever!
Don’t worry, though.
You can convert tablespoons to a larger unit of measurement like cups and be able to measure out the
whipping cream in larger quantities.
Look at the chart of customary units again.
Customary Units of Length
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inch (in)
foot ( f t)

12 in.

yard (yd)

3 f t.

Mile (mi)

5, 280 f t.

Customary Units of Mass

ounce (oz)
pound (lb)

16 oz.

Customary Units of Volume

ounce (oz)
cup (c)

8 oz.

pint (pt)

16 oz.

quart (qt)

32 oz.

gallon (gal)

4 qt.

Customary Units of Volume Used in Cooking

teaspoon (tsp)
tablespoon (tbsp)

3 tsp.

cup (c)

16 tbsp.

Do you notice a relationship between the various units of volume? If we have 8 ounces of a liquid, we have 1
cup of it. If we have 16 ounces of a liquid, we have 1 pint of it, or 2 cups of it. If we have 2 pints of a liquid, we
have 1 quart, or 4 cups, or 32 ounces of it.
We just looked at volume relationships by going from ounces to quarts, let’s look at a larger quantity and break it
down to smaller parts. If we have 1 cup, how many teaspoons do we have? 1 cup is 16 tablespoons and 1 tablespoon
is 3 teaspoons, so 1 cup is 16 · 3 teaspoons. 1 cup is 48 teaspoons.
Once we know how the different units of measurement relate to each other it is easy to convert among them.
Don’t forget that 12 inches is equal to 1 foot. As you work more with measurements, it will be helpful for you to
learn many of these relationships by heart.
Convert 374 inches into feet.
There are 12 inches in 1 foot, so to go from inches to feet we divide 374 by 12.
Our answer is 31 16 feet.
Notice this rule again.
If you go from a smaller unit to a larger unit, we divide. If we go from a larger unit to a smaller unit, we multiply.
Dividing and multiplying any units always has to do with factors and multiples of different numbers.
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Studying measurement is particularly helpful because you learn to estimate more accurately what things
around you measure. You catch a bass that weighs about 10 pounds, or your book bag filled with books weighs
about 25 pounds. Maybe your good friend is about 5 21 feet tall or your bicycle is 4 feet long.
Once you start measuring things, you can compare different quantities. Is the distance from your house to
school farther than the distance from your house to the grocery store? Does your math book weigh more than your
history book?
To be accurate in comparing and ordering with measurements, it is essential that you are comparing using
the same unit. So, if you compare pounds and ounces, you should convert ounces to pounds and then compare
pounds to pounds. Or, you can convert pounds to ounces and compare ounces to ounces.
Compare 4 21 lbs ___ 74 oz.
First, notice that we have two different units of measurement. To accurately compare these two quantities, we need
to make them both into the same unit. We can do this by multiplying. Multiply the pounds by 16 to get ounces.
4 12 · 16 = 72 oz.
Our answer is that 4 12 lbs < 74 oz.
Compare 62 ft. ___ 744 in.
First, we need to convert the units so that they are both the same. We can do this by converting inches to feet. The
inches measurement is so large, that it is difficult to get an idea the exact size. Divide inches by 12 to get feet.
744 ÷ 12 = 62 f eet
Our answer is that 62 ft. = 744 inches.
You can also use this information when ordering units of measurement from least to greatest and from greatest
to least.
Now it’s time for you to practice. Convert these measurements into quarts.

Example A

82 pints
Solution: 41 quarts
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Example B

80 ounces
Solution:2.5 quarts

Example C

8 12 gallons
Solution:34 quarts

Here is the original problem once again.
Tyrone has his first measurement done when he meets Mr. Potter in the auditorium. He has written the measurement
of the first table on the paper.
The first table is 80 × 40 .
When Tyrone arrives at the auditorium, Mr. Potter has another table all clean and set up for Tyrone to check out.
“I think this one is larger than the other one,” Mr. Potter says. “It measures 9600 × 3000 .”
Tyrone looks at the table. He doesn’t think this one looks larger, but he can’t be sure.
On his paper he writes.
Table 2 = 9600 × 3000
To figure out which table is larger, Tyrone will need to convert customary units of measure. Then he will need to
compare them.
To figure out which table is larger, Tyrone needs to convert both tables to the same unit of measure. One has
been measured in inches and one has been measured in feet. Tyrone will convert both tables to inches.
He takes his measurements from table one.
80 × 40
There are 12 inches in 1 foot, so if he multiplies each by 12 they will be converted to inches.
8 × 12 = 9600
The length of both tables is the same. Let’s check out the width.
4 × 12 = 4800
The first table is 9600 × 4800 .
The second table is 9600 × 3000 .
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Tyrone shows his math to Mr. Potter. The first table that the students already have is the larger of the two
tables. Tyrone thanks Mr. Potter, but decides to stick with the first table.
Guided Practice

Here is one for you to try on your own.
Henrietta is having her 8 best friends over for a luncheon. She wants to prepare salads on which she uses exactly
7 tablespoons of Romano cheese. If she is preparing 8 salads, how many cups of Romano cheese does Henrietta
require?
Answer
We know that each salad requires 7 tablespoons and that Henrietta is making 8 salads. To find out the total amount
of Romano cheese she needs in tablespoons, we multiply 7 by 8 to get 56 tablespoons. Now we need to convert 56
tablespoons to cups. There are 16 tablespoons in a cup, so we need to divide 56 by 16.
56 ÷ 16 = 3 21
Henrietta will need 3 12 cups of Romano cheese.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5479

This is a James Sousa video on equivalent customary units of length.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5402

This is a James Sousa video on equivalent customary units of capacity.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5403

This is a James Sousa video on equivalent customary units of mass.
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Explore More

Directions: Convert the following measurements into yards. You may round to the nearest tenth when necessary.
1. 195 inches
2. 0.2 miles
3. 88 feet
4. 90 feet
5. 900 feet
Directions: Convert the following measurements into pounds.
6. 2,104 ounces
7. 96 ounces
8. 3 tons
9. 15 tons
Directions: Convert the following measurements into pints.
10. 102 quarts
11. 57 ounces
12. 9.5 gallons
13. 4 quarts
14. 18 quarts
15. 67 gallons
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3.22 Conversion Estimation between Systems
of Measure
Here you’ll learn to estimate equivalence between customary and metric units of measure.
Have you ever measured liquid?
Let’s say that you wanted to make a cake which needed 2 cups of milk. Could you estimate a conversion of two cups
of milk to liters?
This Concept will teach you how to estimate between customary and metric units of measurement.
Guidance

While you encounter the Customary System of measurement all of the time in your everyday life, there is another
system of measurement that is also widely used. This system is known as the Metric System. In other countries
people use the metric system for the same things that we use the customary system for. We might weigh grapes
using pounds, but in France they use grams to weigh grapes. You may measure the length of one side of your
backyard in feet, but in Beijing they use meters. Even in the United States, the metric system is frequently used
especially in science.
You may find yourself in a situation where you need to convert between the metric system and the customary
system. Take a look at the chart below. It shows the estimated customary equivalent to common metric units.

TABLE 3.1:
Metric Units
1 centimeter
1 meter
1 kilometer
1 milliliter
1 liter
1 gram
1 kilogram

Customary Units
0.39 inches
3.28 feet
0.62 miles
0.2 teaspoons
4.23 cups
0.04 ounces
2.2 pounds

Using this chart can help us to estimate the equivalence between metric units of measurement and customary
units of measurement. Let’s look at a problem.
Estimate the equivalent measures from 14 centimeters to inches.
A centimeter is equal to about 0.39 inches, so we multiply 14 · 0.39 = 5.46 inches
Estimate the equivalent measures from 7.7 pounds to kilograms.
There are 2.2 pounds in 1 kilogram, so we divide the number of pounds by the number of pounds in 1
kilogram. 7.7 ÷ 2.2 = 3.5
The answer is 3.5 kilograms.
If you keep this chart in mind, you will always be able to estimate measures. If you do this enough, you will
be able to figure some of them out without the chart.
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Most runners know that a 5k race is about 3.1 miles. Where as a 10k is 6.2 miles.
Here are a few for you to try on your own. Estimate each equivalent metric measure.

Example A

.16 ounces = ____ grams
Solution: 4 grams

Example B

6 pounds = ____ kilograms
Solution: 3 kilograms

Example C

12 feet = ____ meters
Solution: 3 meters
Here is the original problem once again.
Let’s say that you wanted to make a cake which needed 2 cups of milk. Could you estimate a conversion of two cups
of milk to liters?
To convert cups to liters, let’s think about how many cups equals 1 liter.
4.23 cups is equal to 1 liter.
Our recipe calls for a little less than half the cups needed to equal 1 liter.
Therefore, we can say that 2 cups is approximately equal to .5 liters.
This is our answer.
Guided Practice

Here is one for you to try on your own.
How many cups is 16 liters?
Answer
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To figure this out, we can use the equivalent measure of cups to liters.
4.23 cups = 1 liter
We can round down to 4 cups = 1 liters to estimate accurately.
Now we want to figure out the number of cups in 16 liters, so we can multiply to figure this out.
4 × 16 = 64
There are about 64 cups in 16 liters.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5401

This is a Khan Academy video on customary and metric units of measurement.

Explore More

Directions: Estimate a customary equivalent for the following metric measurements.
1. 4 kilograms to pounds
2. 7.5 meters to feet
3. 6 liters to cups
4. 13.25 kilometers to miles
5. 6 kilometers to miles
6. 8 liters to cups
7. 20 kilograms to pounds
8. 12 meters to feet
Directions: Estimate a metric equivalent for the following customary measurements, round to the nearest hundredth
where necessary.
9. 4 quarts to liters
10. 34 ounces to grams
11. 52 pounds to kilograms
12. 9 inches to centimeters
13. 14 feet to meters
14. 16 cups to liters
15. 5 miles to kilometers
323

3.22. Conversion Estimation between Systems of Measure

www.ck12.org

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including comparing and ordering
fractions, operations with fractions, mixed numbers, operations with mixed number, relationships between fractions
and decimals, measuring with customary units of measurement and converting customary units of measurement.
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4.1 Integers that Represent Different Situations
In this concept, you will learn how to write integers to represent real world situations.

Let’s Think About It
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Michele lives in Salt Lake City, Utah. In school she learned that Salt Lake City is 4,300 feet above sea level. Michele
is going on vacation with her family to Death Valley in California. Her mom told her that Death Valley has the lowest
land in North America and a portion of it lies 282 feet below sea level. How could Michele represent the locations
of Salt Lake City and Death Valley with respect to sea level using integers?
In this concept, you will learn how to write integers to represent real world situations.
Guidance

Integers are a set of numbers that include the positive whole numbers (1, 2, 3, 4, 5, ...), their opposites (-1, -2, -3,
-4, -5, ...) and zero. This number line shows the integers from -5 to 5.

You can use integers to help represent many real world situations, such as:
• Increases and decreases in temperature.
• Profits and losses of money
• Locations above and below sea level.
Let’s look at an example.
Suppose the temperature outside a ski lodge was 3◦ F below 0◦ F. You want to express that temperature with an
integer.
To write this as an integer, first you should look for key words. The word “below” means the integer will be negative.
Therefore, the temperature is −3◦ F .
Let’s look at another example.
A fisherman is sitting 2 feet above the surface of a lake on a boat. The hook on his fishing pole is floating 6 feet
below the lake’s surface. Use integers to represent the position of the fisherman and his hook.
The surface of the lake can be represented by the integer 0.
The fisherman is sitting above the surface. The word “above” means the integer will be positive. The position of the
fisherman is +2 or 2.
The hook is floating below the surface. The word “below” means the integer will be negative. You can represent the
position of the hook as -6.
Guided Practice

Express the following situation using integers.
John gained 15 dollars, but then he lost 20 dollars.
First, look for key words in order to determine if your integers will be positive or negative. To “gain” means to get
more, so that will be a positive integer. “Lost” means to have less, so that will be a negative integer.
Now, you can write your answer:
+15 represents the gain.
-20 represents the loss.
The answer is +15 gain and -20 loss.
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Examples
Example 1

Express the following using an integer.
An increase of $200.00.
First, look for key words. The word “increase” means to go up, so you will use a positive integer.
The answer is +200 or 200.
Example 2

Express the following using an integer.
Down 10%.
First, look for key words. The word “down” means you will need to use a negative integer.
The answer is -10%.
Example 3

Express the following using an integer.
50 feet below sea level.
First, look for key words. The word “below” means you will need to use a negative integer.
The answer is -50.
Follow Up

Remember Michele who was traveling to Death Valley? Michele knows that Salt Lake City is 4,300 feet above sea
level, while parts of Death Valley are 282 feet below sea level. Michele wanted to figure out how to represent these
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locations with respect to sea level using integers.
First, consider Salt Lake City. It is above sea level so you will use a positive integer. With respect to sea level, Salt
Lake City is +4,300 or 4,300.
Next, consider Death Valley. It is below sea level so you will use a negative integer. With respect to sea level, Death
Valley is -282.
The answer is 4,300 for Salt Lake City and -282 for Death Valley.
Explore More

Write each as an integer.
1. 10 degrees below zero
2. 50◦ F
3. A loss of $20.00
4. 35 feet below the surface
5. 120 feet below sea level
6. An altitude of 15,000 feet
Use two integers and an operation to represent each situation.
7. A loss of 20 and a gain of 15.
8. A gain of 15, then a loss of twenty.
9. A gain of 20 and a gain of 35.
10. A loss of 19 and another loss of 30.
11. An altitude of 30,000 feet and another height of 15,000 feet
12. A loss of 15,000 feet and another loss of 12,000 feet.
13. A depth of 60 feet and a resting stop at 15 feet below the surface of the water.
14. A depth of 15 feet and then another descent of 20 feet below the surface of the water.
15. The hikers climbed to 1500 feet and then hiked another 1000 feet.
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4.2 Absolute Value of Integers
In this concept, you will learn how to find the absolute value of an integer and you will learn how to find the opposite
of an integer.

Let’s Think About It

Victor’s grandparents live in Moscow, Russia. They told him that in the winters the high temperatures average
around −10◦C while in the summers the high temperatures average around 23◦C. In science class Victor learned
that in Celsius, water freezes at 0◦C. How could Victor use absolute value to determine which temperature is closer
to the freezing point of water, 0◦C?
In this concept, you will learn how to find the absolute value of an integer and you will learn how to find the opposite
of an integer.

Guidance

The absolute value of a number is its distance from zero on the number line. The symbol for absolute value is | | .
Let’s look at an example.
|−3|
This is read as “the absolute value of -3”. To figure out the absolute value of -3, think about how far the number -3
is from zero. -3 is 3 units from zero on the number line. This means the absolute value of -3 is 3.
The answer is |−3|= 3.
Let’s look at another example.
|3|
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This is read as “the absolute value of 3”. 3 is 3 units from zero on the number line. This means the absolute value of
3 is 3.
The answer is |3|= 3.
Notice that both |−3| and |3| are equal to 3. This is because both -3 and 3 are 3 units from zero on the number line.

Keep in mind that the absolute value of a number will always be a positive value. This is because all numbers will
always be a positive number of units away from zero on the number line.
In general, any positive integer and its opposite will have the same absolute value. To find the opposite of an integer,
just change its sign either from positive to negative or from negative to positive.
Let’s look at an example.
Find the opposite of -16.
-16 is a negative integer. To find its opposite, change the negative sign to a positive sign.
The answer is that the opposite of -16 is +16 or 16.
Let’s look at another example.
Find the opposite of 900.
900 is a positive integer. It’s the same as +900. To find its opposite, change the positive sign to a negative sign.
The answer is that the opposite of 900 is -900.
Guided Practice

Find the absolute value.
|−234|
First, read the expression. This expression is read as “the absolute value of -234”.
Next, you should think about how far the integer -234 is from zero on the number line. -234 is 234 units from zero
on the number line. This means that the absolute value of -234 is 234.
Remember that in general, the absolute value of a number will always be positive.
The answer is 234.
Examples
Example 1

Find the absolute value.
|22|
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First, read the expression. This expression is read as “the absolute value of 22”.
Next, you should think about how far the integer 22 is from zero on the number line. 22 is 22 units from zero on the
number line. This means that the absolute value of 22 is 22.
Notice that our sign didn’t change. The absolute value of a number will always be positive.
The answer is 22.

Example 2

Find the absolute value.
|−222|
First, read the expression. This expression is read as “the absolute value of -222”.
Next, you should think about how far the integer -222 is from zero on the number line. -222 is 222 units from zero
on the number line. This means that the absolute value of -222 is 222.
Remember that the absolute value of a number will always be positive.
The answer is 222.

Example 3

Find the opposite of -18.
First, notice that -18 is a negative integer. To find its opposite, change the negative sign to a positive sign.
The answer is 18.
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Follow Up

Remember Victor who has grandparents in Moscow? The winter temperature there is around −10◦C while the
summer temperature is around 23◦C. Victor wondered which of these temperatures is closer to the freezing point of
water, 0◦C.
First, consider the winter temperature of −10◦C.
|−10|= 10.
This means that −10^◦C is10degreesaway f romthe f reezingpointo f water.
Next, consider the summer temperature of 23^◦C .
|23|= 23
This means that 23◦C is 23 degrees away from the freezing point of water.
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The answer is that because |−10| is less than |23|, the winter temperature is closer to the freezing point of water.
Explore More

Write the opposite of each integer.
1. 20
2. -7
3. 22
4. -34
5. 0
6. -9
7. 14
8. 25
Find the absolute value of each integer.
9. |13|
10. |−11|
11. |−5|
12. |17|
13. |−9|
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4.3 Comparison of Integers with Absolute
Value
In this concept, you will learn how to order integers on a number line and how to compare integers using inequality
symbols.
Let’s Think About It

Josh and his four friends are comparing how much money they each have. Josh has $23. His friend Krista has $25.
His friend Mark has $8. His friends Luis and Tessa each owe their parents money so they basically have negative
money. Luis has -$5 and Tessa has -$10. How could Josh use a number line to compare and order the amount of
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money he and his friends have from least to greatest?
In this concept, you will learn how to order integers on a number line and how to compare integers using inequality
symbols.
Guidance

Recall that integers are a set of numbers that include the positive whole numbers (1, 2, 3, 4, 5, ...), their opposites
(-1, -2, -3, -4, -5, ...) and zero. Sometimes you will want to compare different integers or put them in order from
smallest to largest. A number line can help you to do this.
On a number line, the further a number is to the right, the larger its value. Conversely, the further a number is to the
left, the smaller its value.
Let’s look at an example.
Plot these numbers on a number line. Then determine which one is the largest and which is the smallest: -12, 5, -6,
-9, 10, 7
First, draw a number line and plot the numbers on the number line.

Now look at the values on this number line and where they are located.
You can see that the number furthest to the right is 10. That is the largest number. The number furthest to the left is
-12. That is the smallest number.
Let’s look at another example.
Order these integers from least to greatest: -6, 0, 5, -1.
Again, to help you to order these integers, draw a number line. Then, plot points for -6, 0, 5 and -1.

You can see that -6 is furthest to the left. This means -6 is the smallest number in your set. Moving to the right, the
next plotted point is -1. This means -1 is the next smallest number in your set. Continuing in this way you see that
the next smallest number is 0 and then the largest number is 6.
Ordered from least to greatest, the numbers are -6, -1, 0, 5.
Once you know how to order integers from smallest to largest, you can compare integers using symbols. You can
use the following inequality symbols to compare integers:
•
•
•
•

>means is greater than.
<means is less than.
= means is equal to.
6= means is not equal to.

Let’s look at an example.
Choose the inequality symbol that goes in the blank to make the statement true: −2
First, draw a number line.
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Next, notice that -2 is to the right of -4 on the number line. This means that -2 is greater than -4 so the symbol
> should go in the blank.
The answer is [U+0088][U+0092]2 > [U+0088][U+0092]4.
Let’s look at another example.
Choose the inequality symbol that goes in the blank to make the statement true: |−4|

4

First, evaluate the absolute value. |−4| is 4, because -4 is 4 units from zero on the number line. This means |−4| is
equal to |4| so the symbol = goes in the blank.
The answer is |−4|= 4.
Guided Practice

Choose the inequality symbol that goes in the blank to make the statement true: −22

− 32

First, visualize a number line and imagine plotting the points -22 and -32.
Next, determine where -22 is on the number line compared to -32. -22 will be further to the right. This means -22 is
greater than -32.
The answer is −22 > −32.
Examples
Example 1

Use a number line and write these numbers in order from least to greatest.
−4, 2, 8, 9, −11, −5
First, draw a number line. Make sure it is big enough to include all the numbers you need to plot.

Next, figure out which number is furthest to the left on the number line. This will be your smallest number. -11 is
the smallest number.
Then, look to see which plotted number is to the right of -11. -5 comes next so it is the second smallest number.
Continue by reading the plotted points off the number line from left to right. This will give you the numbers ordered
from least to greatest.
The answer is -11, -5, -4, 2, 8, 9.
Example 2

Use a number line and write these numbers in order from least to greatest.
5, −16, 6, -12, 1, 4
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First, draw a number line. Make sure it is big enough to include all the numbers you need to plot.

Next, figure out which number is furthest to the left on the number line. This will be your smallest number. -16 is
the smallest number.
Then, look to see which plotted number is to the right of -16. -12 comes next so it is the second smallest number.
Continue by reading the plotted points off the number line from left to right. This will give you the numbers ordered
from least to greatest.
The answer is -16, -12, 1, 4, 5, 6.

Example 3

Use a number line and write these numbers in order from least to greatest.
−3, −2, −7, −12, −1
First, draw a number line. Make sure it is big enough to include all the numbers you need to plot.

Next, figure out which number is furthest to the left on the number line. This will be your smallest number. -12 is
the smallest number.
Then, look to see which plotted number is to the right of -12. -7 comes next so it is the second smallest number.
Continue by reading the plotted points off the number line from left to right. This will give you the numbers ordered
from least to greatest.
The answer is -12, -7, -3, -2, -1.
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Follow Up

Remember Josh and his four friends? Josh has $23, his friend Krista has $25, his friend Mark has $8, his friend Luis
has -$5 (he owes his parents), and his friend Tessa has -$10 (she also owes her parents). Josh wanted to compare
and order the amount of money he and his friends have.
First, draw a number line. Make sure it is big enough to include all the numbers you need to plot. Plot all the money
values on the number line.

Next, figure out which number is furthest to the left on the number line. This will be your smallest number. -10 is
the smallest number which means Tessa has the least amount of money.
Then, look to see which plotted number is to the right of -10. -5 comes next so it is the second smallest number.
Luis has the next smallest amount of money.
Continue by reading the plotted points off the number line from left to right. This will give you the numbers ordered
from least to greatest.
The answer is that the money amounts in order from least to greatest are -$10, -$5, $8, $23, $25. Tessa has the
smallest amount of money, then Luis, then Mark, then Josh. Krista has the most amount of money.
Video Review

The video below reviews comparing integers using inequality symbols.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/164704
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Compare the following integers using inequality symbols.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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−17
− 19
−9
− 11
4
−3
5
7
9
−9
−12
− 23
|8|
|−9|
|9|
|−9|
|−7|
|−2|
|−12|
12
|−22|
|22|
|14|
|−7|
|88|
|90|
|−88|
|−92|
|−27|
|27|
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4.4 Sums of Integers on a Number Line
In this concept, you will learn how to add integers with the help of a number line.
Let’s Think About It

Leslie is saving up for concert tickets and wants to keep track of the amount of money she has. She started with $20
that her parents gave her. Then, she spent $6 on a sandwich. Next, she made $15 babysitting. Last, she made $10
mowing her neighbor’s lawn. How could Leslie represent her earning/spending of money with integers and then add
those integers in order to figure out how much money she now has?
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In this concept, you will learn how to add integers with the help of a number line.

Guidance

Integers are the set of whole numbers and their opposites.
There are many different strategies for adding integers. One strategy for adding integers is to use a number line. To
add two integers using a number line:
1. First, draw a number line.
2. Then, find the location of the first integer on the number line.
3. Next, if the second integer is positive, move that many units to the right from the location of the first integer.
If the second integer is negative, move that many units to the left from the location of the first integer.
4. Your answer will be the point you end on.
Let’s look at an example.
Use a number line to find the sum of [U+0088][U+0092]4 + ([U+0088][U+0092]6).
First, draw your number line.
Then, find the location of -4 (the first integer in your sum) on the number line.
Next, notice that the second integer, -6, is negative. This means you will be moving to the LEFT. Starting at -4,
move to the LEFT 6 units.
You end up on -10. The answer is -10.

Let’s look at another example.
Use a number line to find the sum of 4 + ([U+0088][U+0092]6).
First, draw your number line.
Then, find the location of 4 (the first integer in your sum) on the number line.
Next, notice that the second integer, -6, is negative. This means you will be moving to the left. Starting at 4, move
to the left 6 units.
You end up on -2. The answer is -2.
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Let’s look at one more example.
Use a number line to find the sum of [U+0088][U+0092]4 + 6.
First, draw your number line.
Then, find the location of -4 (the first integer in your sum) on the number line.
Next, notice that the second integer, 6, is positive. This means you will be moving to the right. Starting at -4, move
to the right 6 units.
You end up on 2. The answer is 2.

Remember that whether you move to the right or to the left from your starting point only depends on the sign of the
second integer. The sign of the first integer just helps you to find the correct starting position on the number line.

Guided Practice

Use a number line to find the sum of [U+0088][U+0092]8 + 3 + ([U+0088][U+0092]2).
In this problem you are finding the sum of three integers. You can use the same process as before, you will just need
to repeat step 3.
First, draw your number line.
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Then, find the location of -8 (the first integer in your sum) on the number line.
Next, notice that the second integer, 3, is positive. This means you will be moving to the right. Starting at -8, move
to the right 3 units.
You are now at -5.
Next, notice that the third integer, -2, is negative. This means you will be moving to the left. Starting at -5, move to
the left 2 units.
You end up on -7.
The answer is -7.
Examples
Example 1

Use a number line to find the sum of [U+0088][U+0092]4 + ([U+0088][U+0092]3).
First, draw your number line.

Then, find the location of -4 on the number line.
Next, notice that the second integer, -3, is negative. This means you will be moving to the left. Starting at -4, move
to the left 3 units.
You end up on -7.
The answer is -7.
Example 2

Use a number line to find the sum of [U+0088][U+0092]8 + 7.
First, draw your number line.

Then, find the location of -8 on the number line.
Next, notice that the second integer, 7, is positive. This means you will be moving to the right. Starting at -8, move
to the right 7 units.
You end up on -1.
The answer is -1.
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Example 3

Use a number line to find the sum of 8 + ([U+0088][U+0092]12).
First, draw your number line.

Then, find the location of 8 on the number line.
Next, notice that the second integer, -12, is negative. This means you will be moving to the left. Starting at 8, move
to the left 12 units.
You end up on -4.
The answer is -4.
Follow Up

Remember Leslie who was saving up for concert tickets? She started with $20, then spent $6, then earned $15, and
finally earned another $10. Leslie wanted to know how much money she now has.
First, change the money amounts to integers.
•
•
•
•

She started with $20 so that is +20.
She then spent $6 so that is -6.
Next she earned $15 so that is +15.
Finally she earned another $10 so that is +10.

In order to figure out how much money Leslie has, you need to find the sum of the four amounts.
20 + (−6) + 15 + 10
You can use a number line to help her to find the sum.
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Start by finding the location of 20 on the number line.
Next, notice that the second integer, -6, is negative. This means you will be moving to the left. Starting at 20, move
to the left 6 units.
You are now at 14.
Next, notice that the third integer, 15, is positive. This means you will be moving to the right. Starting at 14, move
to the right 15 units.
You are now at 29.
Finally, notice that the fourth integer, 10, is also positive. This means you will again be moving to the right. Starting
at 29, move to the right 10 units.
The answer is 39.
Leslie now has $39
Video Review

The video below reviews finding sums of integers using a number line.
https://youtu.be/204uFu0DRWE

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/164762

Explore More

Add the integers using a number line as your guide.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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2+5
([U+0088][U+0092]4) + 4
([U+0088][U+0092]3) + ([U+0088][U+0092]3)
8 + ([U+0088][U+0092]6)
[U+0088][U+0092]8 + ([U+0088][U+0092]6)
[U+0088][U+0092]2 + ([U+0088][U+0092]6)
8 + 5 + ([U+0088][U+0092]2)
5 + ([U+0088][U+0092]6) + 2
2 + ([U+0088][U+0092]2) + 7
[U+0088][U+0092]2 + ([U+0088][U+0092]6) + 5
[U+0088][U+0092]8 + 3 + ([U+0088][U+0092]4)
[U+0088][U+0092]6 + 6 + ([U+0088][U+0092]5)
[U+0088][U+0092]8 + ([U+0088][U+0092]8) + 3
[U+0088][U+0092]7 + ([U+0088][U+0092]6) + 3
[U+0088][U+0092]9 + ([U+0088][U+0092]6) + 11
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4.5 Sums of Integers Using Absolute Value
In this concept, you will learn how to find the sum of integers using absolute value.
Let’s Think About It

The weather has been very cold this winter in North Dakota where Lauren lives! This morning the meteorologist
said that the temperature was −12◦ F. Lauren was hoping to go for a ride on her horse on Saturday and luckily for
Lauren, it is supposed to warm up a bit by the weekend. The meteorologist said the temperature will be 23◦ F higher
on Saturday. How could Lauren use absolute value to help her to add the two integers in order to figure out what the
temperature will be on Saturday?
In this concept, you will learn how to find the sum of integers using absolute value.
Guidance

Integers are the set of whole numbers and their opposites.
There are many different strategies for adding integers. One strategy for adding involves absolute value. The
absolute value of a number is its distance from zero on the number line. Remember that the symbol for absolute
value is | |. The absolute value of an integer will always be positive (or zero).
To add two integers using the absolute value strategy first look at the signs of the two integers.
• If the two integers have the same sign:
1. Add their absolute values.
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2. Give the answer the same sign as the two original integers.
• If the two integers have different signs:
1. Subtract the lesser absolute value from the greater absolute value.
2. Give the answer the same sign as the integer with the greater absolute value.
Let’s look at an example.
Find the sum of −13 + (−12).
First, look at the signs of the integers. Both integers have the same sign, a negative sign.
Step 1 is to add their absolute values. |−13|= 13 and |−12|= 12, so you have
13 + 12 = 25
Step 2 is to give the answer the same sign as the original two integers. In this case, that is a negative sign. So the 25
becomes -25.
The answer is -25. So −13 + (−12) = −25.
Let’s look at another example.
Find the sum of 13 + (−12).
First, look at the signs of the integers. This time the integers have different signs, one negative and one positive.
Step 1 is to subtract the lesser absolute value from the greater absolute value. |13|= 13 and |−12|= 12, so the lesser
absolute value is 12 and the greater absolute value is 13. So you have
13 − 12 = 1
Step 2 is to give the answer the same sign as the integer with the greater absolute value. 13 had the greater absolute
value and it is a positive integer. So your final answer is positive.
The answer is 1. So 13 + (−12) = 1.
You can use the same strategy to find the sum of more than two integers. Start by adding the first pair of integers.
Then, add the next integer to the sum of the first pair. Continue in this way until you have added all of the integers.
Guided Practice

Find the sum of −12 + (−18).
First, look at the signs of the integers. Both integers have the same sign, a negative sign.
Step 1 is to add their absolute values. |−12|= 12 and |−18|= 18, so you have
12 + 18 = 30
Step 2 is to give the answer the same sign as the original two integers. In this case, that is a negative sign. So the 30
becomes -30.
The answer is -30. So −12 + (−18) = −30.
Examples
Example 1

Find the sum of −12 + 8.
First, look at the signs of the integers. The integers have different signs, one negative and one positive.
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Step 1 is to subtract the lesser absolute value from the greater absolute value. |−12|= 12 and |8|= 8, so the lesser
absolute value is 8 and the greater absolute value is 12. So you have
12 − 8 = 4
Step 2 is to give the answer the same sign as the integer with the greater absolute value. 12 had the greater absolute
value and it is a negative integer. So your answer is negative and the 4 becomes a -4.
The answer is -4. So −12 + 8 = −4.

Example 2

Find the sum of −9 + (−12).
First, look at the signs of the integers. Both integers have the same sign, a negative sign.
Step 1 is to add their absolute values. |−9|= 9 and |−12|= 12, so you have
9 + 12 = 21
Step 2 is to give the answer the same sign as the original two integers. In this case, that is a negative sign. So the 21
becomes -21.
The answer is -21. So −9 + (−12) = −21.

Example 3

Find the sum of 7 + (−2) + (−10).
First, add the first two integers, 7 + (−2). These two integers have different signs, one negative and one positive.
Step 1 is to subtract the lesser absolute value from the greater absolute value. |7|= 7 and |−2|= 2, so the lesser
absolute value is 2 and the greater absolute value is 7. So you have
7−2 = 5
Step 2 is to give the answer the same sign as the integer with the greater absolute value. 7 had the greater absolute
value and it is a positive integer. So your result is positive.
7 + (−2) = 5
Next, take your result of 5 and add the third integer from the original sum, (-10). These two integers also have
different signs, one negative and one positive.
Again, Step 1 is to subtract the lesser absolute value from the greater absolute value. |5|= 5 and |−10|= 10, so the
lesser absolute value is 5 and the greater absolute value is 10. So you have
10 − 5 = 5
Again, Step 2 is to give the answer the same sign as the integer with the greater absolute value. -10 had the greater
absolute value and it is a negative integer. So your result becomes negative.
5 + (−10) = −5
The final answer is -5. So 7 + (−2) + (−10) = −5.
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Follow Up

Remember Lauren and her cold winter in North Dakota? It is currently −12◦ F, but it is supposed to warm up
by 23◦ F on Saturday when Lauren is hoping to go for a ride on her horse. Lauren wanted to figure out what the
temperature will be on Saturday.
In order to figure out what the temperature will be on Saturday, Lauren would need to add −12 + 23.
First, look at the signs of the integers. The integers have different signs, one negative and one positive.
Step 1 is to subtract the lesser absolute value from the greater absolute value. |−12|= 12 and |23|= 23, so the lesser
absolute value is 12 and the greater absolute value is 23. So you have
23 − 12 = 11
Step 2 is to give the answer the same sign as the integer with the greater absolute value. 23 had the greater absolute
value and it is a positive integer. So your answer is positive.
The answer is 11. So −12 + 23 = 11.
Lauren can expect that it will be 11◦ F on Saturday.
Explore More

Use absolute values to find each sum.
1.
2.
3.
4.
5.
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20 + ([U+0088][U+0092]9)
[U+0088][U+0092]6 + ([U+0088][U+0092]9)
4 + ([U+0088][U+0092]9)
[U+0088][U+0092]12 + ([U+0088][U+0092]19)
[U+0088][U+0092]2 + ([U+0088][U+0092]5)
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8.
9.
10.
11.
12.
13.
14.
15.
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[U+0088][U+0092]11 + ([U+0088][U+0092]13)
[U+0088][U+0092]30 + ([U+0088][U+0092]40)
[U+0088][U+0092]8 + 3 + ([U+0088][U+0092]9)
6 + 1 + ([U+0088][U+0092]9)
([U+0088][U+0092]8) + [U+0088][U+0092]20
([U+0088][U+0092]6) + 8 + ([U+0088][U+0092]4)
(2) + 8 + ([U+0088][U+0092]12)
5 + 7 + ([U+0088][U+0092]15)
−5 + [U+0088][U+0092]7 + ([U+0088][U+0092]15)
[U+0088][U+0092]15 + [U+0088][U+0092]17 + (12)
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4.6 Simplify Variable Expressions Involving
Integer Addition
In this concept, you will learn how to simplify variable expressions involving integer addition.
Let’s Think About It

Ashley has just started a new business making and selling granola bars. So far she has been selling the granola bars
at soccer games on Saturdays. Ashley sold 10 bars in her first week of business and 25 bars in her second week of
business. If b represents the profit she makes from selling one bar, how could Ashley write and simplify a variable
expression that represents her current profit after two weeks in business?
In this concept, you will learn how to simplify variable expressions involving integer addition.
Guidance

An expression is a number phrase that contains numbers and operations.
Here are some examples of expressions:
•
•
•
•

2x − 4
−15 + 7 − 1
3x + 5y − 2
5x + 2x

A variable is a symbol or letter (often x or y) that is used to represent one or more numbers. A variable expression
is an expression that includes variables.
Here are some examples of variable expressions:
• 2x − 4
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• 3x + 5y − 2
• 5x + 2x
In a variable expression, like terms are two terms that include the same variable. If a variable expression has like
terms, it can be simplified by combining the like terms into one single term.
Here is an example.
Simplify 5x + 2x.
In this variable expression, 5x and 2x are like terms because they include the same variable, x.
To simplify the expression, focus on the coefficients, which are the numbers in front of the x’s. In this case, your
coefficients are 5 and 2. Add them up in order to simplify the variable expression.
5x + 2x = 7x
Think of it as if you had 5 x’s and 2 more x’s, you’d have 7 x’s total.
Here is another example.
9y + 8x
This variable expression cannot be combined or simplified. It does not have like terms. The x and the y are different,
so you cannot do anything with this expression. It is in simplest form.
You can use what you know about adding integers to help you to simplify variable expressions.
Let’s look at one more example.
Find the sum of −3t + 9t.
Since −3t and 9t both have the same variable, they are like terms. Use what you know about how to add integers to
help you add the terms.
Notice that the two like terms have different signs. So, your first step is to find the absolute values of both integers.
Then subtract the term whose integer has the lesser absolute value from the other term.
|[U+0088][U+0092]3|= 3 and |9|= 9
9−3 = 6
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original term that had the greater absolute value. Since 9 is greater than 3, and 9t has a positive sign, give the answer
a positive sign.
The answer is −3t + 9t = 6t.

Guided Practice

Simplify 7z + (−3z).
First, notice that both terms have the same variable, z, so they are like terms.
Next, look at the signs of the terms. 7z is positive, but −3z is negative. Because they have different signs, you will
need to subtract their absolute values.
|7|= 7 and |−3|= 3.
7−3 = 4
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original term that had the greater absolute value. Since 7 is greater than 3, and 7z has a positive sign, give the answer
a positive sign.
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The answer is 7z + (−3z) = 4z.
Examples
Example 1

Simplify −8x + (−5x).
First, notice that both terms have the same variable, x, so they are like terms.
Next, look at the signs of the terms. −8x is negative and −5x is also negative. Because they have the same sign,
you will need to add their absolute values.
|−8|= 8 and |−5|= 5.
8 + 5 = 13
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original terms. Since the original terms were negative, your final answer should be negative.
The answer is −8x + (−5x) = −13x.
Example 2

Simplify −19y + 5y.
First, notice that both terms have the same variable, y, so they are like terms.
Next, look at the signs of the terms. −19y is negative, but 5y is positive. Because they have different signs, you will
need to subtract their absolute values.
|−19|= 19 and |5|= 5.
19 − 5 = 14
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original term that had the greater absolute value. Since 19 is greater than 5, and −19y has a negative sign, give the
answer a negative sign.
The answer is −19y + 5y = −14y.
Example 3

Simplify −6y + 2y + (−3y).
First, notice that all three terms have the same variable, y, so they are all like terms.
Now, you will do this problem in two steps. Start by adding −6y + 2y.
Look at the signs of the terms. −6y is negative, but 2y is positive. Because they have different signs, you will need
to subtract their absolute values.
|−6|= 6 and |2|= 2.
6−2 = 4
Your next step is to decide what the sign should be on your result. Your result should take the sign of the original
term that had the greater absolute value. Since 6 is greater than 2, and −6y has a negative sign, give the result a
negative sign.
−6y + 2y = −4y
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Next, take −4y and add to it the final term from the original expression, −3y.
Again, look at the signs of the terms. −4y is negative and −3y is also negative. Because they have the same sign,
you will need to add their absolute values.
|−4|= 4 and |−3|= 3.
4+3 = 7
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original terms. Since the original terms (−4y and −3y) were negative, your final answer should be negative.
−4y + (−3y) = −7y
The answer is −6y + 2y + (−3y) = −7y.
Follow Up

Remember Ashley and her granola bar business? Her first week in business she sold 10 bars and her second week in
business she sold 25 bars. She wants to come up with a variable expression to represent her total profit so far.
If b represents her profit from one bar, then in the first week her profit was 10b and in the second week her profit was
25b. To find her total profit, she wants to simplify
10b + 25b
To simplify this expression, start by looking at the signs of the terms. 10b is positive and 25b is also positive. Because
they have the same sign, you will need to add their absolute values.
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|10|= 10 and |25|= 25.
10 + 25 = 35
Your next step is to decide what the sign should be on your final answer. Your answer should take the sign of the
original terms. Since the original terms were positive, your final answer should be positive.
The answer is 10b + 25b = 35b.
Ashley’s profit so far is 35b, where b represents the profit she makes from selling one granola bar.
Explore More

Simplify each variable expression.
1. 7z + ([U+0088][U+0092]3z)
2. 17z + ([U+0088][U+0092]15z)
3. 5x + ([U+0088][U+0092]3x)
4. 8y + (2y)
5. 12x + (−13x)
6. 9z + ([U+0088][U+0092]9z)
7. 14a + (−3a)
8. 22y + (−33y)
9. (−10d) + (−d) + 2
10. 8x + (−4x) − 5
11. 7y + (−3y)
12. 16x + (−22x)
13. 5a + (−a) + 7a
Solve each real-world problem.
14. A plane is flying at an altitude that is 2, 500 feet above sea level. If the plane increases its altitude by 500 feet
more, what will be its new altitude?
15. The temperature on a mountaintop at midnight was [U+0088][U+0092]8◦ F. By 3:00 A.M., the temperature had
risen by 3◦ F. What is the temperature at 3:00 A.M.?
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4.7 Differences of Integers Using a Number
Line
In this concept, you will learn how to subtract integers with the help of a number line.

Let’s Think About It
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Over the past few months Mark has borrowed a lot of money from his sister. At this point he is $25 in debt to his
sister! His sister makes him a deal and says that she will take away $8 of the debt if Mark cleans her room for her.
How could Mark use a number line to find the difference of −25 − (−8) in order to determine how much he will
still be in debt to his sister after cleaning his sister’s room?
In this concept, you will learn how to subtract integers with the help of a number line.
Guidance

Integers are the set of whole numbers and their opposites.
There are many different strategies for subtracting integers. One strategy for subtracting integers is to use a number
line. To subtract two integers using a number line:
1. First, draw a number line.
2. Then, find the location of the first integer on the number line.
3. Next, if the second integer is positive, move that many units to the left from the location of the first integer. If
the second integer is negative, move the absolute value of that many units to the right from the location of the
first integer. *Note that these are the opposite movements from when you ADD integers using a number line!
This is because addition and subtraction are opposite operations.
4. Your answer will be the point you end on.
Let’s look at an example.
Use a number line to find the difference of 4 − 3.
First, draw your number line.
Then, find the location of 4 (the first integer in your difference) on the number line.
Next, notice that the second integer, 3, is positive. This means you will be moving to the left. Starting at 4, move to
the left 3 units.
You end up on 1. The answer is 1.
So 4 − 3 = 1.

Let’s look at another example.
Use a number line to find the difference of 4 − (−3).
First, draw your number line.
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Then, find the location of 4 (the first integer in your difference) on the number line.
Next, notice that the second integer, -3, is negative. This means you will be moving to the right. Starting at 4, move
to the right 3 units.
You end up on 7. The answer is 7.
So 4 − (−3) = 7.

Let’s look at one more example.
Use a number line to find the difference of −4 − (−3).
First, draw your number line.
Then, find the location of -4 (the first integer in your difference) on the number line.
Next, notice that the second integer, -3, is negative. This means you will be moving to the right. Starting at -4, move
to the right 3 units.
You end up on -1. The answer is -1.
So −4 − (−3) = −1.

Remember that whether you move to the right or to the left from your starting point only depends on the sign of the
second integer. The sign of the first integer just helps you to find the correct starting position on the number line.
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Guided Practice

Use a number line to find the difference of −4 − 3.
First, draw your number line.
Then, find the location of -4 (the first integer in your difference) on the number line.
Next, notice that the second integer, 3, is positive. This means you will be moving to the left. Starting at -4, move to
the left 3 units.
You end up on -7. The answer is -7. −4 − 3 = −7.

Examples
Example 1

Use a number line to find the difference of −5 − 2.
First, draw your number line.

Then, find the location of -5 on the number line.
Next, notice that the second integer, 2, is positive. This means you will be moving to the left. Starting at -5, move to
the left 2 units.
You end up on -7. The answer is -7. −5 − 2 = −7.

Example 2

Use a number line to find the difference of 6 − (−2).
First, draw your number line.
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Then, find the location of 6 on the number line.
Next, notice that the second integer, -2, is negative. This means you will be moving to the right. Starting at 6, move
to the right 2 units.
You end up on 8. The answer is 8. 6 − (−2) = 8.

Example 3

Use a number line to find the difference of −7 − (−5).
First, draw your number line.

Then, find the location of -7 on the number line.
Next, notice that the second integer, -5, is negative. This means you will be moving to the right. Starting at -7, move
to the right 5 units.
You end up on -2. The answer is -2. −7 − (−5) = −2.
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Follow Up

Remember Mark who was in debt to his sister? Mark is $25 in debt, but has the opportunity of getting rid of $8 of
that debt if he cleans his sister’s room. Mark wants to subtract −25 − (−8) in order to determine what his new debt
would be if he cleaned his sister’s room.
First, draw your number line.

Then, find the location of -25 on the number line.
Next, notice that the second integer, -8, is negative. This means you will be moving to the right. Starting at -25,
move to the right 8 units.
362

www.ck12.org

Chapter 4. Using Integers

You end up on -17. The answer is -17.
So −25 − (−8) = −17.
If Mark cleans his sister’s room, he will be left with -$17 (he will be $17 in debt).
Explore More

Subtract the following integers using a number line.
1. 8[U+0088][U+0092]6

2. [U+0088][U+0092]5[U+0088][U+0092]3

3. [U+0088][U+0092]3[U+0088][U+0092]([U+0088][U+0092]6)

4. 2[U+0088][U+0092]([U+0088][U+0092]5)

5. [U+0088][U+0092]6[U+0088][U+0092]3

6. 8[U+0088][U+0092]([U+0088][U+0092]3)
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7. [U+0088][U+0092]7[U+0088][U+0092]([U+0088][U+0092]7)

8. [U+0088][U+0092]5[U+0088][U+0092]4

9. 1[U+0088][U+0092](−8)

10. [U+0088][U+0092]4[U+0088][U+0092]7

Subtract these integers without a number line.
11. [U+0088][U+0092]24[U+0088][U+0092]37
12. [U+0088][U+0092]34[U+0088][U+0092]([U+0088][U+0092]7)
13. [U+0088][U+0092]44[U+0088][U+0092]([U+0088][U+0092]37)
14. [U+0088][U+0092]82[U+0088][U+0092]([U+0088][U+0092]7)
15. [U+0088][U+0092]64[U+0088][U+0092]97
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4.8 Differences of Integers Using Absolute
Value
In this concept, you will learn how to find the difference of integers using opposites.
Let’s Think About It

This summer Logan is spending all of July driving across the United States. At the start of the trip Logan had $500.
Over the course of the trip, Logan spent $792 traveling and charged it all to his credit card. How can Logan figure
out how much money he has now?
In this concept, you will learn how to find the difference of integers using opposites.
Guidance

The opposite of any integer, b, is −b. To find the opposite of an integer, change its sign.
Here are some examples of integers and their opposites.
•
•
•
•

The opposite of 2 is -2.
The opposite of -4 is 4.
The opposite of -100 is 100.
The opposite of 17 is -17.

There are many different strategies for subtracting integers. One strategy for subtracting involves opposites. To use
this strategy you will be changing your subtraction problem into an addition problem.
To find a − b, add a + (−b).
In other words, to subtract two integers:
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1. Take the opposite of the integer being subtracted (the second integer).
2. Add that opposite to the first integer using your strategies for integer addition.
Let’s look at an example.
Find the difference of 5 − (−8).
First, you need to take the opposite of your second integer, -8. The opposite of -8 is 8.
Now you can rewrite your subtraction problem as an addition problem.
5 − (−8) = 5 + 8
Finally, you can solve your addition problem.
5 + 8 = 13
The answer is 13. 5 − (−8) = 13.
Let’s look at another example.
Find the difference of −12 − 2.
First, you need to take the opposite of your second integer, 2. The opposite of 2 is -2.
Now you can rewrite your subtraction problem as an addition problem.
−12 − 2 = −12 + (−2)
Next, you can solve your addition problem. Here we have two integers with the same sign. To add, find the absolute
value of each integer and add. |−12|= 12 and |−2|= 2 so you have
12 + 2 = 14.
Finally, determine the sign of your final answer by looking at the signs of the original integers. -12 and -2 were both
negative so your answer will be negative.
−12 + (−2) = −14
The answer is −14. − 12 − 2 = −14.

Guided Practice

The temperature inside a laboratory freezer was −10◦ C. A scientist at the lab then lowered the temperature inside
the freezer so it was 5◦ C less. What was the new temperature inside the freezer?
First, turn the word problem into a subtract problem. The room started out at -10 and then the temperature went
down by 5 degrees. The subtraction problem is
−10 − 5.
To solve the subtraction problem, you first need to take the opposite of your second integer, 5. The opposite of 5 is
-5.
Now you can rewrite your subtraction problem as an addition problem.
−10 − 5 = −10 + (−5)
Next, you can solve your addition problem. Here we have two integers with the same sign. To add, find the absolute
value of each integer and add. |−10|= 10 and |−5|= 5 so you have
10 + 5 = 15
Finally, determine the sign of your final answer by looking at the signs of the original integers. -10 and -5 were both
negative so your answer will be negative.
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−10 + (−5) = −15
The answer is -15. −10 − 5 = −15
The new temperature inside the freezer is −15◦ C.
Examples
Example 1

Find the difference of −5 − 7.
First, you need to take the opposite of your second integer, 7. The opposite of 7 is -7.
Now you can rewrite your subtraction problem as an addition problem.
−5 − 7 = −5 + (−7)
Next, you can solve your addition problem. Here we have two integers with the same sign. To add, find the absolute
value of each integer and add. |−5|= 5 and |−7|= 7 so you have
5 + 7 = 12
Finally, determine the sign of your final answer by looking at the signs of the original integers. -5 and -7 were both
negative so your answer will be negative.
−5 + (−7) = −12
The answer is -12. −5 − 7 = −12.
Example 2

Find the difference of 8 − (−4).
First, you need to take the opposite of your second integer, -4. The opposite of -4 is 4.
Now you can rewrite your subtraction problem as an addition problem.
8 − (−4) = 8 + 4
Finally, you can solve your addition problem.
8 + 4 = 12
The answer is 12. 8 − (−4) = 12.
Example 3

Find the difference of −12 − (−8).
First, you need to take the opposite of your second integer, -8. The opposite of -8 is 8.
Now you can rewrite your subtraction problem as an addition problem.
−12 − (−8) = −12 + 8
Next, you can solve your addition problem. Here we have two integers with different signs. To add, find the absolute
value of each integer and subtract. |−12|= 12 and |8|= 8 so you have
12 − 8 = 4.
Finally, determine the sign of your final answer by looking at the sign of the integer with the greater absolute value.
-12 had the greater absolute value and it is negative, so your answer will be negative.
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−12 + 8 = −4
The answer is -4. −12 − (−8) = −4.

Follow Up

Remember Logan and his trip across the United States? He started out with $500 and spent $792 on his credit card
over the course of his trip. He wants to know how much money he has now.
Since Logan spent more money than he has, he is now in debt and essentially has negative money. To figure out how
much money he has, you need to subtract:
500 − 792
First, you need to take the opposite of your second integer, 792. The opposite of 792 is -792.
Now you can rewrite your subtraction problem as an addition problem.
500 − 792 = 500 + (−792)
Next, you can solve your addition problem. Here we have two integers with different signs. To add, find the absolute
value of each integer and subtract. |500|= 500 and |−792|= 792 so you have
792 − 500 = 292.
Finally, determine the sign of your final answer by looking at the sign of the integer with the greater absolute value.
-792 had the greater absolute value and it is negative, so your answer will be negative.
500 + (−792) = −292
The answer is -292. 500 − 792 = −292.
Logan now has -$292.
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Video Review

The video below reviews integer subtraction.
https://youtu.be/-BzR1DwJznY

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/164839

Explore More

Find each difference using opposites.
1. 15[U+0088][U+0092]7
2. [U+0088][U+0092]7[U+0088][U+0092]12
3. 0[U+0088][U+0092]4
4. 13[U+0088][U+0092]([U+0088][U+0092]9)
5. [U+0088][U+0092]21[U+0088][U+0092]4
6. 33[U+0088][U+0092]([U+0088][U+0092]4)
7. [U+0088][U+0092]11[U+0088][U+0092]([U+0088][U+0092]8)
8. 18[U+0088][U+0092]28
9. 28[U+0088][U+0092]([U+0088][U+0092]8)
10. 13[U+0088][U+0092]18
11. [U+0088][U+0092]21[U+0088][U+0092]([U+0088][U+0092]8)
12. [U+0088][U+0092]9[U+0088][U+0092]([U+0088][U+0092]38)
13. 22[U+0088][U+0092]8
14. 25[U+0088][U+0092]38
15. 19[U+0088][U+0092]([U+0088][U+0092]19)
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4.9 Simplify Variable Expressions Involving
Integer Subtraction
In this concept, you will learn how to simplify and evaluate variable expressions involving integer subtraction.
Let’s Think About It

Noah has started up a lawn mowing business to make some extra money this summer. He charges $14 to mow a
lawn. For each lawn he mows, it costs him $1.50 for supplies. If L stands for the number of lawns Noah mows,
how could Noah write and simplify an expression for his profit from mowing lawns this summer? If Noah ends up
mowing 130 lawns, how much money does he make this summer?
In this concept, you will learn how to simplify and evaluate variable expressions involving integer subtraction.
Guidance

A variable expression is a math phrase that has numbers, variables, and operations in it.
Here are some examples of variable expressions:
• −2x − x
• 3x − 5y
• −10n − (−8n)
In a variable expression, like terms are two terms that include the same variable. If a variable expression has like
terms, it can be simplified by combining the like terms into one single term.
If two like terms are being subtracted in a variable expression, you can use what you know about integer subtraction
to help you to combine the terms.
Here is an example.
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Simplify −10n − (−8n).
In this variable expression, −10n and −8n are like terms because they include the same variable, n.
First, rewrite this problem as an addition problem. The term being subtracted is −8n and the opposite of -8 is 8.
This means subtracting −8n is the same as adding 8n.
−10n − (−8n) = −10n + 8n
Now, notice that the two like terms have different signs. So, your next step is to find the absolute values of both
integers and subtract.
|[U+0088][U+0092]10|= 10 and |8|= 8
10 − 8 = 2
Then, decide what the sign should be on your final answer. Your answer should take the sign of the original term that
had the greater absolute value. Since 10 is greater than 8, and −10n has a negative sign, give the answer a negative
sign.
−10n + 8n = −2n
The answer is −10n − (−8n) = −2n.
You can evaluate variable expressions for specific values. To evaluate means to determine what value the expression
takes when the variable is equal to a specific number.
Here is an example.
Find −10n − (−8n) when n = 5.
You could evaluate by substituting n = 5 for both n’s in the expression and simplifying. However, you already know
from the previous example that −10n − (−8n) simplifies to −2n. This means you can evaluate −2n for n = 5 instead
of having to evaluate the original expression.
−2n = −2(5) = −10
The answer is -10.

Guided Practice

Simplify −33b − (−18b) + 7.
First, notice that there are three terms. The first two terms are like terms because they have the same variable, b.
Focus on combining the like terms: −33b − (−18b).
Next, rewrite this problem as an addition problem. The term being subtracted is −18b and the opposite of -18 is 18.
This means subtracting −18b is the same as adding 18b.
−33b − (−18b) = −33b + 18b
Now, notice that the two like terms have different signs. Find the absolute values of both integers and subtract.
|[U+0088][U+0092]33|= 33 and |18|= 18
33 − 18 = 15
Next decide what the sign should be on your combined term. Your answer should take the sign of the original term
that had the greater absolute value. Since −33b has the greater absolute value, your combined term will be negative.
−33b − (−18b) = −15b
Now you can write your final answer. Don’t forget to include the +7 from the original expression. 7 is not like terms
with −15b because it does not have a "b", so it cannot be combined with −15b.
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The answer is −15b + 7.
Examples
Example 1

Simplify −4y − 6y and then evaluate for y = 2.
First, notice that both terms have the same variable, y, so they are like terms. You will combine the like terms and
then evaluate.
Next, rewrite the subtraction problem as an addition problem. The term being subtracted is 6y. The opposite of 6 is
-6. So you have
−4y − 6y = −4y + (−6y)
Now notice that the two like terms have the same sign. Combine by adding their absolute values.
|−4|= 4 and |−6|= 6
4 + 6 = 10
The result will have the same sign as the original two terms. Because the original terms were negative, the result is
negative.
−4y + (−6y) = −10y
The simplified expression is −4y − 6y = −10y.
Finally, you can evaluate −10y for y = 2.
−10y = −10(2) = −20
The answer is -20.
Example 2

Simplify 18x − (−4x).
First, notice that both terms have the same variable, x, so they are like terms.
Next, rewrite the subtraction problem as an addition problem. The term being subtracted is −4x. The opposite of -4
is 4. So you have
18x − (−4x) = 18x + 4x
Now notice that the two like terms have the same sign. Combine by adding their absolute values.
|18|= 18 and |4|= 4
18 + 4 = 22
The result will have the same sign as the original two terms. Because the original terms were positive, the result is
positive.
18x + 4x = 22x
The answer is 18x − (−4x) = 22x.
Example 3

Simplify −9a − (−3a) and then evaluate for a = 2.
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First, notice that both terms have the same variable, a, so they are like terms. You will combine the like terms and
then evaluate.
Next, rewrite the subtraction problem as an addition problem. The term being subtracted is −3a. The opposite of -3
is 3. So you have
−9a − (−3a) = −9a + 3a
Now notice that the two like terms have different signs. Combine by subtracting their absolute values.
|−9|= 9 and |3|= 3
9−3 = 6
The result will have the same sign as the original term with the greater absolute value. Because −9a has the greater
absolute value, the result is negative.
−9a + 3a = −6a
The simplified expression is −9a − (−3a) = −6a.
Finally, you can evaluate −6a for a = 2.
−6a = −6(2) = −12.
The answer is -12.
Follow Up

Remember Noah and his business mowing lawns? He charges $14 to mow a lawn, but every lawn he mows costs him
$1.50 in supplies. First, he wanted to know an expression that would represent his profit in terms of L, the number
of lawns he ends up mowing.
He gets 14L dollars from mowing L lawns, but he spends 1.50L dollars in supplies from mowing those same lawns.
That means his profit is
14L − 1.50L
Now Noah can simplify this expression.
Notice that both terms have the same variable, L, so they are like terms. You can rewrite the subtraction problem as
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an addition problem. The term being subtracted is 1.50L. The opposite of 1.50 is -1.50. So you have
14L − 1.50L = 14L + (−1.50L)
Now notice that the two like terms have different signs. Combine by subtracting their absolute values.
|14|= 14 and |−1.50|= 1.50
14 − 1.50 = 12.50
The result will have the same sign as the original term with the greater absolute value. Because 14L has the greater
absolute value, the result is positive.
14L + (−1.50L) = 12.50L
The simplified expression is 14L − 1.50L = 12.50L.
Noah also wondered what his profit would be if he ended up mowing 130 lawns during the summer. To figure this
out, you can evaluate 12.50L for L = 130.
12.50L = 12.50(130) = 1625.
If Noah mowed 130 lawns, his profit would be $1625.
Explore More

Simplify each variable expression.
1. [U+0088][U+0092]8m[U+0088][U+0092]3m
2. ([U+0088][U+0092]7c)[U+0088][U+0092]([U+0088][U+0092]c)
3. [U+0088][U+0092]19a[U+0088][U+0092]([U+0088][U+0092]4a)
4. 12a[U+0088][U+0092]([U+0088][U+0092]4a)
5. 6a[U+0088][U+0092](4a)
6. 19a[U+0088][U+0092](24a)
7. 13z[U+0088][U+0092]([U+0088][U+0092]4z)
8. [U+0088][U+0092]20x[U+0088][U+0092](14x)
9. [U+0088][U+0092]19a[U+0088][U+0092](18a)
10. 56x[U+0088][U+0092]22x
11. 34y[U+0088][U+0092]([U+0088][U+0092]6y)
12. 88z[U+0088][U+0092]([U+0088][U+0092]44x)
13. [U+0088][U+0092]19a[U+0088][U+0092]([U+0088][U+0092]4a)[U+0088][U+0092]8x
14. [U+0088][U+0092]19a[U+0088][U+0092]([U+0088][U+0092]4a)[U+0088][U+0092]8x[U+0088][U+0092]2
15. [U+0088][U+0092]19a[U+0088][U+0092]([U+0088][U+0092]4a)[U+0088][U+0092]5y[U+0088][U+0092]2y

374

www.ck12.org

Chapter 4. Using Integers

4.10 Integer Multiplication
In this concept, you will learn how to multiply integers.
Let’s Think About It

Marybeth just helped give her baby brother a bath. As the water is draining out of the tub, Marybeth notices that the
height of the water in the tub is decreasing by about 2 inches per minute. How could Marybeth describe the change
in the height of the water in the tub after 3 minutes?
In this concept, you will learn how to multiply integers.
Guidance

Integers are the set of whole numbers and their opposites.
When you multiply integers, the numbers that you are multiplying are called factors. Your answer after multiplying
is called a product.
Here is an example.
3 × 7 = 21
In this example, 3 and 7 are the factors. 21 is the product.
Multiplying integers is very similar to multiplying whole numbers. The only difference is you will have to decide if
your product is negative or positive.
To multiply two integers:
1. First, multiply the absolute value of the factors.
2. Next, determine the sign of your product according to the following rules:
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A positive number times a positive number equals a positive number.
A positive number times a negative number equals a negative number.
A negative number times a negative number equals a positive number.
A negative number times a positive number equals a negative number.
Any integer times zero equals zero.

3. Your product will be your result from step 1 with the sign from step 2.

It might help to remember that if your original two integers have the same sign, then their product will be positive.
If your original two integers have different signs, then their product will be negative.
Let’s look at an example.
Multiply (−4)(−3).
The first step is to multiply the absolute value of the factors. This means you are basically ignoring the negative
signs for now.
(4)(3) = 12
The next step is to decide on the sign of your answer. Both factors were negative and a negative times a negative
equals a positive. This means your product is positive.
(−4)(−3) = 12
The answer is 12.
Here’s another example.
Multiply −5 · 8.
Again, the first step is to multiply the absolute value of the factors. Don’t worry about the negative sign for now.
5 · 8 = 40
The next step is to decide on the sign of your answer. The two factors had different signs. A negative times a positive
is a negative. This means your product is negative.
−5 · 8 = −40
The answer is -40.
You can use the same process to multiply more than two integers together. Just work from left to right and multiply
two factors at a time.
Here is an example.
Multiply (−8)(−3)(−2).
First you will multiply (−8)(−3). You know that (8)(3) = 24. You also know that a negative times a negative equals
a positive. So you have
(−8)(−3) = 24
Next, take your product of 24 and multiply by the third factor, -2.
(24)(−2)
You know that (24)(2) = 48. You also know that a positive times a negative equals a negative.
(24)(−2) = −48
The final answer is (−8)(−3)(−2) = −48.
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Guided Practice

The number of students voting in a school election has been decreasing at a rate of 15 students per year. Represent
the change in the number of students voting over the last 3 years as an integer.
First, represent the decrease in the number of students voting as an integer.
The problem states that the number of students voting has been decreasing by 15 students each year. To show a
decrease, use a negative integer -15.
To represent the decrease in the number of students voting over the last 3 years, multiply the number of years by the
integer representing the decrease.
3 × (−15) =?
Find the product to solve the problem.
Multiply the absolute value of the factors.
3 × 15 = 45
Next, decide on the sign for your product. A positive times a negative equals a negative, so your product is a negative.
3 × −15 = −45
The answer is -45.
The change in the number of students voting over the last 3 years can be represented as -45.
Examples
Example 1

Multiply −9(−3).
First, multiply the absolute value of the factors.
9(3) = 27
Next, decide on the sign for your product. A negative times a negative equals a positive, so your product is a positive.
−9(−3) = 27
The answer is 27.
Example 2

Multiply (−3)(12).
First, multiply the absolute value of the factors.
(3)(12) = 36.
Next, decide on the sign for your product. A negative times a positive equals a negative, so your product is a negative.
(−3)(12) = −36
The answer is -36.
Example 3

Multiply (−4)(3)(−2)
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First you will multiply (−4)(3). You know that (4)(3) = 12. You also know that a negative times a positive equals
a negative. So you have
(−4)(3) = −12
Next, take your product of -12 and multiply by the third factor, -2.
(−12)(−2)
You know that (12)(2) = 24. You also know that a negative times a negative equals a positive.
(−12)(−2) = 24
The final answer is (−4)(3)(−2) = 24.

378

www.ck12.org

Chapter 4. Using Integers

Follow Up

Remember Marybeth and the bathtub? She noticed that the height of the water in her baby brother’s bathtub was
decreasing by 2 inches every minute. She wondered how she could represent the change in the height of the water
after 3 minutes.
First, represent the decrease in the height as an integer.
The height of the water is decreasing by 2 inches per minute. Use a negative integer, -2, to show the decrease.
To represent the decrease in the height of the water after 3 minutes, multiply the number of minutes by the integer
representing the decrease.
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3 × ([U+0088][U+0092]2) =?
Find the product to solve the problem.
Multiply the absolute value of the factors.
3 × 2 = 6.
Next, decide on the sign for your product. A positive times a negative equals a negative, so your product is a negative.
3 × −2 = −6
The answer is -6.
The change in the height of the water after 3 minutes can be represented by -6 inches.
Video Review

The video below reviews multiplying integers.
https://youtu.be/YR6BzEjLx6k

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/164932

Explore More

Use integer rules to find each product.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
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(−3)(9)
8(−9)
12 × 8
(−4)(7)
(−2) · (−11)
3 · (−25)
5 × (−6) × (−1)
(−8)(−7)
(−2)(3)(−4)
(9)(1)(−1)
(−9)(2)(−1)

www.ck12.org

Chapter 4. Using Integers

4.11 Simplify Variable Expressions Involving
Integer Multiplication
In this concept, you will learn how to simplify terms within variable expressions using integer multiplication.
Let’s Think About It

Mr. Myers teaches geometry at Rosewood High School. The school year is about to start and he’s thinking about
how many tests he will have to grade over the course of the year. He isn’t sure exactly how many tests he will be
giving, but each of his classes has 25 students and he has 5 geometry classes. If t represents the number of tests he
gives each student that year, how can Mr. Myers write and simplify an expression to represent the total number of
tests he will have to grade over the course of the year?
In this concept, you will learn how to simplify terms within variable expressions using integer multiplication.
Guidance

A variable expression is a math phrase that has numbers, variables, and operations in it. Variable expressions are
made up of terms that are separated by addition or subtraction.
Here is an example:
2x · (−4) + 3x − 1
In this variable expression there are 3 terms. The first term is 2x · (−4), the second term is 3x, and the third term is
-1.
Sometimes individual terms can be simplified if they contain more than one number.
For example, in the variable expression above, the term 2x · (−4) can be simplified. Let’s look at how you would
simplify that term.
The first step is to rewrite 2x · (−4) as (−4) · 2x.
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You can flip the order of the multiplication due to the commutative property of multiplication which states that
the order in which factors are multiplied does not matter.
The next step is to group the integers together.
Rewrite (−4) · 2x as (−4 · 2) · x.
You can change the way the parts of the term are grouped due to the associative property of multiplication which
states that you can group the factors being multiplied in any order.
Then, you can multiply the integers. Remember that a negative times a positive equals a negative so
−4 · 2 = −8
(−4 · 2) · x = −8x
The answer is 2x[U+008B][U+0085](−4) = −8x.
Keep in mind that whenever you are simplifying a term, you are combining all the integers in the term that are being
multiplied by performing the multiplication. When you write your answer, the variables that were in the term at the
beginning will appear at the end of the term.
Let’s look at another example.
Simplify (−5)(−2m)(n).
This variable expression has only one term. It can be simplified by combining the integers within the term together
through multiplication.
First, rewrite this expression by grouping all of the integers together and leaving the variables at the end.
(−5)(−2m)(n) = (−5 · −2)mn
Next, multiply the integers so that you have one integer in your expression instead of two. Remember that a negative
times a negative equals a positive.
−5 · −2 = 10
(−5 · −2)mn = 10mn
The answer is (−5)(−2m)(n) = 10mn.

Guided Practice

Simplify −2x(4y)(6).
First, rewrite this expression by grouping all of the integers together and leaving the variables at the end.
−2x(4y)(6) = (−2 · 4 · 6)xy
Next, multiply the integers so that you have one integer in your expression instead of three. You can do this in two
steps. First multiply −2 · 4 and then multiply the result by 6.
−2 · 4 = −8
−8 · 6 = −48
(−2 · 4 · 6)xy = −48xy
The answer is −2x(4y)(6) = −48xy.
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Examples

Example 1

Simplify 3x(4y).
First, rewrite this expression by grouping all of the integers together and leaving the variables at the end.
3x(4y) = (3 · 4)xy
Next, multiply the integers so that you have one integer in your expression instead of two.
3 · 4 = 12
(3 · 4)xy = 12xy
The answer is 3x(4y) = 12xy.

Example 2

Simplify −6a(−4b).
First, rewrite this expression by grouping all of the integers together and leaving the variables at the end.
−6a(−4b) = (−6 · −4)ab
Next, multiply the integers so that you have one integer in your expression instead of two.
−6 · −4 = 24
(−6 · −4)ab = 24ab
The answer is −6a(−4b) = 24ab.

Example 3

Simplify −4z(10).
First, rewrite this expression by grouping all of the integers together and leaving the variable at the end.
−4z(10) = (−4 · 10)z
Next, multiply the integers so that you have one integer in your expression instead of two.
−4 · 10 = −40
(−4 · 10)z = −40z
The answer is −4z(10) = −40z.
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Follow Up

Remember Mr. Myers and his geometry classes? He teaches 5 geometry classes and each class has 25 students. If
he gives each student t tests during the school year, how many tests will he have to grade over the course of the year?
If t represents the number of tests that he gives each student, then the number of tests he will have to grade from one
geometry class is 25t.
He teaches 5 geometry classes, so the total number of tests he will have to grade is:
(25t) · 5
You can simplify this expression by combining the integers together through multiplication.
First, rewrite the expression by grouping all of the integers together and leaving the variable at the end.
(25t) · 5 = (25 · 5)t
Next, multiply the integers so that you have one integer in your expression instead of two.
25 · 5 = 125
(25 · 5)t = 125t
The answer is (25t) · 5 = 125t.
Mr. Myers will have to grade 125t tests over the course of the year.

Explore More

Simplify each variable expression.
384

www.ck12.org
1.
2.
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4.
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6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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(−7k)(−6)
(−8)(3a)(b)
−6a(b)(c)
−8a(6b)
(12y)(−3x)(−1)
−8x(4)
−a(5)(−4b)
−2ab(12c)
−12ab(12c)
8x(12z)
−2a(−14c)
−12ab(11c)
−22ab(−2c)
18ab(12)
−21a(−3b)
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4.12 Integer Division
In this concept, you will learn how to divide integers.

Let’s Think About It

The company that Sam works for is doing a weight loss challenge in 2015. The three different departments in the
company are competing against each other. Whichever department has the most negative average change in weight
will win.
• Department A has 12 employees and its current overall change in weight is -36 pounds.
• Department B has 9 employees and its current overall change in weight is -45 pounds.
• Department C has 35 employees and its current overall change in weight is -70 pounds.
How could Sam determine which department is currently winning the weight loss challenge?
In this concept, you will learn how to divide integers.

Guidance

Integers are the set of whole numbers and their opposites.
When you divide integers, your answer after dividing is called a quotient.
Here is an example.
15 ÷ 3 = 5
In this example, 5 is the quotient.
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Dividing integers is very similar to dividing whole numbers. The only difference is you will have to decide if your
quotient is negative or positive. The rules for deciding if your quotient is positive/negative are very similar to the
rules you used with integer multiplication.
To divide two integers:
1. First, divide the absolute value of the integers.
2. Next, determine the sign of your quotient according to the following rules:
•
•
•
•
•
•

A positive number divided by a positive number equals a positive number.
A positive number divided by a negative number equals a negative number.
A negative number divided by a negative number equals a positive number.
A negative number divided by a positive number equals a negative number.
Any integer divided by zero is undefined.
Zero divided by any integer except zero equals zero.

3. Your quotient will be your result from step 1 with the sign from step 2.
It might help to remember that if your original two integers have the same sign, then their quotient will be positive.
If your original two integers have different signs, then their quotient will be negative. This is the same as it was for
integer multiplication!
Let’s look at an example.
Divide (−33) ÷ (−3)
The first step is to divide the absolute value of the factors.
33 ÷ 3 = 11
The next step is to decide on the sign of your answer. Both integers were negative and a negative divided by a
negative equals a positive. This means your quotient is positive.
(−33) ÷ (−3) = 11
The answer is 11.
Here’s another example.
Divide

−20
5 .

Remember that the fraction bar is the same as division. This problem is the same as
−20 ÷ 5
Again, the first step is to divide the absolute value of the factors.
20 ÷ 5 = 4
The next step is to decide on the sign of your answer. The two factors had different signs. A negative divided by a
positive is a negative. This means your quotient is negative.
−20
5

= −20 ÷ 5 = −4

The answer is -4.
Guided Practice

On 3 consecutive plays, a football team lost a total of 30 yards. The team lost the same number of yards on each
play. Represent the change in the number of yards on each play as a negative integer.
First, represent the total number of yards lost as an integer.
Since the integer shows a loss of 30 yards, use a negative integer, -30.
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To represent the loss for each of the 3 plays, divide the integer representing the total number of yards lost by 3.
−30 ÷ 3 =?
First, divide the absolute value of the factors.
30 ÷ 3 = 10
Next, decide on the sign for your quotient. A negative divided by a positive equals a negative, so your quotient is a
negative.
−30 ÷ 3 = −10
The answer is -10.
The integer -10 represents the change in the number of yards on each play.
Examples
Example 1

Divide −12 ÷ −3.
First, divide the absolute value of the factors.
12 ÷ 3 = 4.
Next, decide on the sign for your quotient. A negative divided by a negative equals a positive, so your quotient is a
positive.
−12 ÷ −3 = 4
The answer is 4.
Example 2

Divide

18
−3 .

This is the same as 18 ÷ −3.
First, divide the absolute value of the factors.
18 ÷ 3 = 6.
Next, decide on the sign for your quotient. A positive divided by a negative equals a negative, so your quotient is a
negative.
18 ÷ −3 = −6
The answer is -6.
Example 3

Divide −24 ÷ 8.
First, divide the absolute value of the factors.
24 ÷ 8 = 3
Next, decide on the sign for your quotient. A negative divided by a positive equals a negative, so your quotient is a
negative.
−24 ÷ 8 = −3
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The answer is -3.
Follow Up

Remember Sam and his weight loss challenge at work? He wants to find out which department is currently winning
the competition. In order for a department to be in the lead, it needs to have the most negative average change in
weight.
Department A with 12 employees has a current overall change in weight of -36 pounds. To find the average change
in weight for the department, you need to divide the change in weight by the number of employees.
−36 ÷ 12 =?
You know that 36 ÷ 12 = 3. You also know that a negative divided by a positive equals a negative. This means the
answer is negative.
−36 ÷ 12 = −3
Department A has an average change in weight of -3 pounds.
Department B with 9 employees has a current overall change in weight of -45 pounds. Divide to find its current
average change in weight:
−45 ÷ 9 =?
You know that 45 ÷ 9 = 5 and a negative divided by a positive equals a negative.
−45 ÷ 9 = −5.
Department B has an average change in weight of -5 pounds.
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Department C with 35 employees has a current overall change in weight of -70 pounds. Divide to find its current
average change in weight:
−70 ÷ 35 =?
You know that 70 ÷ 35 = 2 and a negative divided by a positive equals a negative.
−70 ÷ 35 = −2.
Department C has an average change in weight of -2 pounds.
Currently, Department B has the most negative average change in weight with -5 pounds.
The answer is that Department B is currently winning the weight loss challenge.
Video Review

The video below reviews dividing integers.
https://youtu.be/o6zh558w8R4

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/164934

Explore More

Find each quotient.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
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−18 ÷ 6
−18 ÷ −6
48 ÷ 8
64 ÷ (−8)
−28 ÷ (−4)
−35 ÷ 7
−80 ÷ (−4)
−50 ÷ 10
−18 ÷ −2
42 ÷ −6
−72 ÷ 9
−48 ÷ −12
−16 ÷ 4
−22 ÷ −11
72 ÷ −12
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4.13 Simplify Variable Expressions Involving
Integer Division
In this concept, you will learn how to simplify terms within variable expressions using integer division.
Let’s Think About It

Jake and his 3 friends are working together to sell bird houses that they’ve made. They are selling the bird houses
for $20 each and plan to divide up the money they make equally. If b represents the number of bird houses they sell,
how could Jake write and simplify a variable expression that represents how much money he will make in terms of
b?
In this concept, you will learn how to simplify terms within variable expressions using integer division.
Guidance

Recall that a variable expression is a math phrase that has numbers, variables, and operations in it. Variable
expressions are made up of terms that are separated by addition or subtraction.
Here is an example:
24x
3

+ 18xy

In this variable expression there are two terms. The first term is

24x
3

and the second term is 18xy.

Sometimes individual terms can be simplified if they contain more than one number or the same variable more than
once.
For example, in the variable expression above, the term
it.

24x
3

can be simplified. Let’s look at how you would simplify

Remember that a fraction bar is the same as division. So 24x
3 is the same as 24x ÷ 3. You will see expressions written
in both ways. If the expression is not already in fraction form, it helps to rewrite it in fraction form.
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24x
3

Your next step is to separate out the integers and variable in the numerator and the denominator.
24x
3

24·x
3

=

Now, divide the integers within the term.
24
3

=8

There is only one x in the expression, so it will not change.
The answer is

24x
3

= 8x.

Let’s look at another example where there is the same variable more than once.
Simplify −24y ÷ 2y.
First, rewrite using a fraction bar.
−24y ÷ 2y =

−24y
2y

Next, separate out the integers and variables in the numerator and the denominator.
−24y
2y

=

−24·y
2·y

Now, focus on the integers. Divide
negative.
−24
2

−24
2 .

You know that

24
2

= 12 and a negative divided by a positive equals a

= −12

Next, look at the variables. There is a y in both the numerator and the denominator. Any number divided by itself is
equal to 1, so yy is equal to 1. You might say that the y’s “cancel out”.
−24·y
2·y

= −12 · 1 = −12

The answer is −24y ÷ 2y = −12.

Guided Practice

Simplify −18ab ÷ 9b.
First, rewrite using a fraction bar.
−18ab ÷ 9b =

−18ab
9b

Next, separate out the integers and variables in the numerator and the denominator.
−18ab
9b

=

−18·a·b
9·b

Now, focus on the integers. Divide
−18
9

−18
9 .

You know that

18
9

= 2 and a negative divided by a positive equals a negative.

= −2

Next, look at the variables. There is a b in both the numerator and the denominator.
one a, so it will not change.
−18·a·b
9·b

= −2 · a · 1 = −2a

The answer is −18ab ÷ 9b = −2a.
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Examples
Example 1

Simplify −14a ÷ −7.
First, rewrite using a fraction bar.
−14a
−7

−14a ÷ −7 =

Next, separate out the integers and variable in the numerator and the denominator.
−14a
−7

=

−14·a
−7

Now, focus on the integers. Divide
−14
−7

−14
−7 .

You know that

14
7

= 2 and a negative divided by a negative equals a positive.

=2

Next, look at the variable. There is only one a, so it will not change.
−14·a
−7

= 2a

The answer is −14a ÷ −7 = 2a.

Example 2

Simplify 28ab ÷ −7b.
First, rewrite using a fraction bar.
28ab ÷ −7b =

28ab
−7b

Next, separate out the integers and variables in the numerator and the denominator.
28ab
−7b

28·a·b
−7·b

=

Now, focus on the integers. Divide
28
−7

28
−7 .

You know that

28
7

= 4 and a positive divided by a negative equals a negative.

= −4

Next, look at the variables. There is a b in both the numerator and the denominator.
one a, so it will not change.
28·a·b
−7·b

b
b

is equal to 1. There is only

= −4 · a · 1 = −4a

The answer is 28ab ÷ −7b = −4a .

Example 3

Simplify −6x ÷ −2y.
First, rewrite using a fraction bar.
−6x ÷ −2y =

−6x
−2y

Next, separate out the integers and variables in the numerator and the denominator.
−6x
−2y

=

−6·x
−2·y

Now, focus on the integers. Divide
−6
−2

−6
−2 .

You know that

6
2

= 3 and a negative divided by a negative equals a positive.

=3

Next, look at the variables. There is only one x, so it will not change. There is only one y, so it will not change.
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3x
y

Notice that the y must stay in the denominator of the fraction!
The answer is −6x ÷ −2y =

3x
y .

Follow Up

Remember Jake and his bird houses? Jake and his three friends will sell b bird houses for $20 each and Jake wonders
how much money he will make if he and his friends divide the money equally.
If Jake and his friends sell b bird houses at $20 each, they will make 20b dollars total. They will divide up that
money four ways amongst the four friends. Each person will get:
20b
4

You can simplify this expression by dividing the integers. First, separate the integers from the variable:
20·b
4

Now, focus on the integers. Divide
20
4

20
4.

=5

Next, look at the variable. There is only one b, so it will not change.
20·b
4

= 5b

The answer is

20b
4

= 5b.

Jake will make 5b dollars from selling the bird houses.
Explore More

Simplify each variable expression.
1. 36t ÷ (−9)
2. −56n ÷ (−7)
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−22n ÷ −11n
−28n ÷ 7
18xy ÷ 2x
72t ÷ (−9t)
48xy ÷ (−8y)
54xy ÷ (−9xy)
16a ÷ (4a)
−16ab ÷ (−4b)
−99xy ÷ (−9x)
121a ÷ (11b)
−144xy ÷ (−12)
−169y ÷ (−13x)
−225xy(5z)
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4.14 Properties of Rational Numbers
In this concept, you will learn how to identify rational numbers.
Let’s Think About It

Eva just learned about rational numbers in math class. She learned that rational numbers are numbers that be written
as a ratio of two integers. She understands that numbers like 13 and 95 are rational numbers. Eva’s friend Mike says
that all integers are rational numbers too, but Eva isn’t sure if that is true. After all, integers don’t look like fractions.
How could Mike help to convince Eva that integers are rational numbers too?
In this concept, you will learn how to identify rational numbers.
Guidance

A ratio is a comparison between two numbers. Ratios can be written in words, in fraction form, or using a colon.
Here is an example.
Suppose your class has 12 boys and 13 girls. You could say that the ratio of boys to girls is:
• 12 to 13
• 12:13
12
• 13
All three forms are equivalent ways of expressing the same ratio.
The rational numbers are the set of numbers that can be written as a ratio of two integers. In other words, any
number that can be written as a fraction where both the numerator and the denominator are integers is a rational
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number. Any number that cannot be written as a fraction in this way is not a rational number and is considered an
irrational number.
Let’s look at an example.
−2
3

This number is already written as a fraction so it is definitely a rational number.
The answer is that

−2
3

is a rational number because it is the ratio of -2 to 3.

Let’s look at another example.
10
This number is not already written as a fraction; however, you could rewrite it as a fraction. Remember that any
number divided by 1 is just itself. So you have
10 =

10
1

The answer is that because 10 can be written as the ratio of 10 to 1, it is a rational number. In fact, all integers are
rational numbers because they can all be written as a ratio of themselves to 1.
Numbers written in decimal form can also be rational numbers as long as they are repeating or terminating decimals.
Here is an example.
0.687
This number goes out to the thousandths place. You can read this number as 687 thousandths. Reading it in this way
can help you to rewrite this number in fraction form:
687
1000

Because 0.687 can be written as the ratio of 687 to 1000, it is a rational number.

Guided Practice

Show that the following number is rational by writing it as a ratio in fraction form.
.85
You read this number as eighty-five hundredths. You can convert it to a fraction:
85
100

The answer is that .85 is a rational number because it can be written as the ratio

85
100 .

Examples
Example 1

Determine whether or not the following number is rational. If it is rational, show how it can be written as a ratio in
fraction form.
-4
This number is not already written as a fraction; however, it can be rewritten as a fraction.
−4 =

−4
1

The answer is that because -4 can be written as the ratio of -4 to 1, it is a rational number.
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Example 2

Determine whether or not the following number is rational. If it is rational, show how it can be written as a ratio in
fraction form.
0.333
This is a repeating decimal and all repeating decimals are rational. This means you can rewrite this number in
fraction form as the ratio of two integers.
0.333 =

1
3

The answer is that because 0.333 can be written as the ratio of 1 to 3, it is a rational number.

Example 3

Determine whether or not the following number is rational. If it is rational, show how it can be written as a ratio in
fraction form.
[U+0080] ≈ 3.14159 . . .
π, pronounced “pi” is an example of a number that is not rational. It is an irrational number. Its decimals continue
on forever, but never repeat. It cannot be rewritten in fraction form.
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Follow Up

Remember Eva and Mike who just learned about rational numbers? Mike is trying to convince Eva that integers are
rational numbers too. Eva understands that a rational number is a number that can be written in fraction form as a
ratio of two integers.
If Mike wanted to convince Eva that integers are rational numbers too, he could give a specific example. For example,
the integer -20.
-20 does not look like the ratio of two integers. However, it can be rewritten in fraction form.
−20 =

−20
1
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Because any integer could be similarly written as a ratio of itself to 1, all integers are rational numbers. In fact,
integers make up a subset of the set of rational numbers.
Explore More

Rewrite each number as the ratio of two integers to prove that each number is rational.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

400

−11
3 16
9
0.08
-0.34
0.678
4
5

-19
25
0.17
0.2347
-17
347
87
-97
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4.15 Comparison of Rational Numbers
In this concept, you will learn how to order rational numbers on a number line and how to compare rational numbers
using inequality symbols.
Let’s Think About It

Christine is working on a craft project and she needs ribbon. She heads to the fabric store where they are having a
sale on ribbon remnants (leftover scraps of ribbon). Everything in the ribbon remnants bin is only $2. She wants to
buy one ribbon remnant but wants to get the longest piece of ribbon she can. She sees some ribbon is 23 of a yard,
some ribbon is 87 of a yard, and some ribbon is 0.8 of a yard. Which ribbon should Christine buy if she wants the
most ribbon?
In this concept, you will learn how to order rational numbers on a number line and how to compare rational numbers
using inequality symbols.
Guidance

The rational numbers are the set of numbers that can be written as a ratio of two integers. Integers, fractions,
repeating decimals, and terminating decimals are all rational numbers.
Sometimes you will want to compare different rational numbers or put them in order from smallest to largest. A
number line can help you to do this. On a number line, the further a number is to the right, the larger its value. The
further a number is to the left, the smaller its value.
Once you know how rational numbers are related, you can use the following inequality symbols to describe their
relationship:
• >means is greater than.
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• <means is less than.
• = means is equal to.
Let’s look at an example.
Choose the inequality symbol that goes in the blank to make this statement true.
−5

−2.5

First, draw a number line from -5 to 5. Place the numbers -2.5 and -5 on that number line. -2.5 will be between -2
and -3 on the number line.

Since -2.5 is further to the right on the number line compared to -5, -2.5 is greater than -5.
The answer is −2.5 > −5.
Let’s look at another example.
Order these rational numbers from least to greatest.
4
5

0.6

1

0.6

When comparing rational numbers it can help to have all your numbers in the same form. It is usually easiest to
compare numbers when they are in decimal form. Convert 45 to its decimal form.
4
5

= 0.8

Next, plot all four numbers on a number line. When dealing with decimals it can help to draw a number line that is
divided into tenths. So, draw a number line from 0 to 1 and divide it into tenths.

Notice that 0.6 appears between the 0.6 and the 0.7 on the number line.
Now, with the four numbers plotted on the number line you can see that the smallest number is 0.6 because it is
furthest to the left. The largest number is 1 because it is furthest to the right.
0.6 < 0.6 <

4
5

<1

The answer is that ordered from least to greatest, the numbers are 0.6, 0.6, 45 , 1.
Guided Practice

Compare the following rational numbers.
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− 45 and -0.25
First, put both rational numbers into the same form. Let’s convert − 45 to a decimal. Divide 4 by 5 to find that 45 = 0.8.
So you have
− 45 = −0.8
Next, plot both numbers on a number line. Draw a number line from -1 to 0 and divide it into tenths.

Notice that -0.25 appears between the -0.2 and the -0.3 on the number line.
Now, with the two numbers plotted on the number line you can see that − 45 is the smaller number because is further
to the left. The larger number is -0.25.
The answer is that − 45 < −0.25.

Examples
Example 1

Compare the following rational numbers.
7
-0.7 and − 10
7
First, put both rational numbers into the same form. Let’s convert − 10
to a decimal. Divide 7 by 10 to find that
7
=
0.7.
So
you
have
10
7
− 10
= −0.7

Next, you would usually draw a number line to help you to compare the numbers, but you can already see that the
two numbers are equal! So drawing the number line is not necessary this time.
7
The answer is that −0.7 = − 10
.

Example 2

Compare the following rational numbers.
0.34 and

1
2

First, put both rational numbers into the same form. Let’s convert
1
2

1
2

to a decimal.

= 0.5

Next, plot both numbers on a number line. Draw a number line from 0 to 1 and divide it into tenths.
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Notice that 0.34 appears between the 0.3 and the 0.4 on the number line.
Now, with the two numbers plotted on the number line you can see that 0.34 is the smaller number because is further
to the left. The larger number is 12 .
The answer is that 0.34 < 21 .

Example 3

Compare the following rational numbers.
7
7.777 and 7 10
7
to a decimal. You know that
First, put both rational numbers into the same form. Let’s convert 7 10
have

7
10

= 0.7, so you

7
7 10
= 7.7.

Next you could plot both numbers on a number line, but this time that might not be as easy or as helpful. Sometimes
when comparing numbers in decimal form it can be helpful for each number to have the same number of digits after
the decimal point.
You can rewrite 7.7 by adding zeros at the end without changing the value of the number.
7.7 = 7.700
Now you want to compare 7.700 with 7.777. Focus on the digits after the decimal point. You know that 777 is
greater than 700. This means that 7.777 is greater than 7.700.
7
The answer is that 7.777 > 7 10
.
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Follow Up

Remember Christine at the fabric store? She is trying to figure out which ribbon to buy. She wants the most ribbon
for her money. Her three options are:
• 23 of a yard of ribbon for $2
• 78 of a yard of ribbon for $2
• 0.8 of a yard of ribbon for $2
Christine needs to decide which piece of ribbon is the longest. She is trying to compare the rational numbers 23 , 78 and
0.8 to figure out which number is the biggest.
To help Christine, you should first make all numbers be in the same form. It is often easiest to compare numbers in
decimal form, so you should convert the fractions to decimals. You can also write the decimals so they each have
the same number of digits after the decimal point to make the comparison easier.
2
3
7
8

= 0.666
= 0.875

0.8 = 0.800
Looking at it this way, you can see that 0.875 is the largest number and 0.666 is the smallest number. If Christine
wants to get the most amount of ribbon, she should buy the ribbon that is 78 of a yard.
The answer is that Christine should buy the

7
8

of a yard of ribbon if she wants the most ribbon.

Video Review

The video below reviews comparing rational numbers.
https://youtu.be/VZOHWaw5dqM

405

4.15. Comparison of Rational Numbers

www.ck12.org

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/165084

Explore More

Choose the inequality symbol (>, <, or =) that goes in the blank to make each statement true.
1
1 10

1. 1
2. −2
3.

2
5

1 31
0.3
−3
10

4. −.34
5. 5.6

5.7

6. −8

− 12

− 34

− .75

8. 18.4

18.2

7.

1
− 1 10

9. −.356

5
6 10

10. 5.678888

−509
1000

11. −.509
12. .87

8
10

13. −4

− 14

14. 1.212

1.232

Place each rational number on the number line below. Then list these rational numbers in order from greatest to
least.
15.
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4.16 Expressions and the Distributive Property
In this concept, you will learn how to use the distributive property to write and evaluate equivalent numerical and
variable expressions.
Let’s Think About It

Karen’s biology class is going on a trip to the beach. Karen is in charge of keeping track of who has paid for the trip
and who still needs to pay. There are 50 students going on the trip. Each student must pay $5 for transportation, $4.50
for lunch, and $3 for a t-shirt. How could Karen write and simplify a numerical expression using the distributive
property to determine how much money should be collected total?
In this concept, you will learn how to use the distributive property to write and evaluate equivalent numerical and
variable expressions.
Guidance

The distributive property states that if a factor is multiplied by the sum of two numbers, you can multiply each of
the two numbers by that factor and then add them to produce the same result. In symbols, the distributive property
says that for numbers a, b and c:
a(b + c) = ab + ac
Anytime you see a number outside of a set of parentheses within an expression, you can use the distributive property
to help you to simplify by writing an equivalent expression without parentheses.
Let’s look at an example.
5(2 + 3)
You want to simplify by writing an equivalent expression without parentheses.
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First, multiply the 5 by each of the terms inside the parentheses.
5(2 + 3) = 5(2) + 5(3)
Next, simplify each part of the expression and then add.
5(2) + 5(3) = 10 + 15 = 25
The answer is 5(2 + 3) = 25.
The distributive property also works if there is subtraction inside the parentheses. This is because subtracting a
positive is just like adding a negative.
Here is an example.
3(3 − 2)
You want to simplify by writing an equivalent expression without parentheses.
First, multiply the 3 by each of the terms inside the parentheses.
3(3 − 2) = 3(3) − 3(2)
Next, simplify each part of the expression and then subtract.
3(3) − 3(2) = 9 − 6 = 3
The answer is 3(3 − 2) = 3.
Notice this is the same answer that you would have gotten had you first subtracted the numbers inside the parentheses
and then multiplied:
3(3 − 2) = 3(1) = 3
The distributive property isn’t as necessary in situations where all parts of your expressions are numbers like in
the previous two examples. However, it becomes very useful with variable expressions that contain variables. The
distributive property helps you to get rid of the parentheses in variable expressions.
Here is an example.
4(x + 3)
First, write an equivalent expression without parentheses. Multiply the 4 by each term inside the parentheses.
4(x + 3) = 4(x) + 4(3)
Next, simplify each part of the expression.
4(x) + 4(3) = 4x + 12
The answer is 4(x + 3) = 4x + 12.

Guided Practice

Liam has a rectangular backyard that is 20 yards long and 18 yards wide. He wants to use a part of his yard that is
20 yards by 8 yards for a vegetable garden. If he does this, what will be the area of the section of the yard that will
not be used as a garden?
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First, remember that to find the area of a rectangle you need to multiply length times width.
Next, figure out the length and width of the part of the backyard not used as a garden.
• The length of the part of the backyard not used as a garden is 20 yards.
• The width of the part of the backyard not used as a garden is (18 yards - 8 yards).
Now, write out the product of length times width.
Area = 20(18 − 8)
One way to complete this multiplication is by using the distributive property. Multiply 20 by each term inside the
parentheses.
Area = 20(18) − 20(8)
Now simplify each part of the expression and then subtract.
Area = 360 − 160 = 200
The answer is that the area of the backyard not used as a garden is 200 square yards.
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Examples

Example 1

Simplify using the distributive property.
6(5 + 2)
First, write an equivalent expression without parentheses. Multiply the 6 by each of the terms inside the parentheses.
6(5 + 2) = 6(5) + 6(2)
Next, simplify each part of the expression and then add.
6(5) + 6(2) = 30 + 12 = 42
The answer is 6(5 + 2) = 42.

Example 2

Simplify using the distributive property.
3(x − 5)
First, write an equivalent expression without parentheses. Multiply the 3 by each term inside the parentheses.
3(x − 5) = 3(x) − 3(5)
Next, simplify each part of the expression.
3(x) − 3(5) = 3x − 15
The answer is 3(x − 5) = 3x − 15.

Example 3

Simplify using the distributive property.
8(9 + y)
First, write an equivalent expression without parentheses. Multiply the 8 by each term inside the parentheses.
8(9 + y) = 8(9) + 8(y)
Next, simplify each part of the expression.
8(9) + 8(y) = 72 + 8y
The answer is 8(9 + y) = 72 + 8y.
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Follow Up

Remember Karen and her biology class trip to the beach? Each of the 50 students going on the trip must pay $5 for
transportation, $4.50 for lunch, and $3 for a t-shirt. Karen wants to know how much money will be collected in total.
Each of the 50 students going on the trip has to pay 5 + 4.50 + 3 for transportation, lunch, and a t-shirt. That means
the total amount of money collected will be
50(5 + 4.50 + 3)
One way to complete this calculation is by using the distributive property.
First, write an equivalent expression without parentheses. Multiply the 5 by each of the terms inside the parentheses.
50(5 + 4.50 + 3) = 50(5) + 50(4.50) + 50(3)
Next, simplify each part of the expression and then add.
50(5) + 50(4.50) + 50(3) = 250 + 225 + 150 = 625
The answer is 625.
In total, $625 will be collected for the trip to the beach.
Video Review

The video below reviews the distributive property.
https://youtu.be/6wj-H3SZQbQ

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/165260
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Use the distributive property to write an equivalent expression for each numerical expression.
1. 6(3 + 4)
2. 5(4 + 1)
3. 12(3 + 5)
4. 6(7 + 8)
5. 2(4 + 5)
6. 3(5 − 2)
7. 6(7 − 3)
8. 5(4 − 2)
9. 7(5 − 1)
10. 6(9 − 3)
Use the distributive property to write an equivalent expression for each variable expression.
11. 5(x + 3)
12. 6(y − 2)
13. 5(x + 9)
14. 8(a + b)
15. 7(x − y)
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4.17 Points in the Coordinate Plane
In this concept, you will learn how to name and graph ordered pairs of integer coordinates in a coordinate plane.

Let’s Think About It

Megan is on vacation in Rome and is trying to find the restaurant where she will meet her friends for lunch. She got
a map from her hotel that is formatted like a coordinate grid. The hotel is at the origin of the map and she was told
that the restaurant is at the point (4, 5) on the map. How can Megan find this location on the map so she can make it
to the restaurant?
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In this concept, you will learn how to name and graph ordered pairs of integer coordinates in a coordinate plane.
Guidance

The coordinate plane is a grid created by a horizontal number line, the x-axis, intersecting a vertical number line,
the y-axis. The point of intersection is called the origin.

The coordinate plane allows you to describe locations in two-dimensional space.
Each point on the coordinate plane can be named by a pair of numbers called an ordered pair in the form (x, y).
• The first number in an ordered pair identifies the x-coordinate of the point. This coordinate describes how far
to the right or left of the y -axis a point is.
• The second number in an ordered pair identifies the y -coordinate of the point. This coordinate describes how
far above or below the x-axis a point is.
Here is an example.
Plot the point (3, −4) on the coordinate plane.
This point has an x-coordinate of 3 and a y-coordinate of -4.
To plot this point, first start at the origin.
Then, find the location of the x-coordinate. Because the x-coordinate is positive, you will be moving to the right.
Move to the right along the x-axis 3 units until you find 3.
414
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Next, look at your y-coordinate. Because the y-coordinate is negative, you will be moving down. Move down from
the 3 on the x-axis 4 units until you are lined up with the -4 on the y-axis.
The answer is shown plotted on the coordinate plane below.

Here is another example.
Give the ordered pair for the point plotted below.
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To write the ordered pair you need both the x-coordinate and the y-coordinate.
Start at the origin. You need to figure out how far to the right/left you need to move and then how far up/down you
need to move to reach your point.
First notice that you need to move 5 units to the right from the origin to reach the point. This means the x-coordinate
is 5.
Next notice that you do not need to move up or down from the x-axis at all to reach the point. This means the
y-coordinate is 0.
The answer is that the ordered pair is (5, 0).

Guided Practice

This coordinate grid shows locations in Jimmy’s city. Name the ordered pair that represents the location of the city
park.
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To write the ordered pair you need both the x-coordinate and the y-coordinate.
Start at the origin. You need to figure out how far to the right/left you need to move and then how far up/down you
need to move to reach your point.
First notice that you need to move 2 units to the left from the origin in order to be exactly above the point for the city
park. This means the x-coordinate is -2.
Next notice that you need to move down 6 units from the -2 on the x-axis to reach the point. This means that the
y-coordinate is -6.
The arrows below show how you should have moved your finger to find the coordinates.
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The answer is that the ordered pair for the city park is (−2, 6).

Examples
Example 1

Plot the point (0, 3) on the coordinate plane.
This point has an x-coordinate of 0 and a y-coordinate of 3.
To plot this point, first start at the origin.
Then, find the location of the x-coordinate. Because the x-coordinate is 0, you do not need to move to the right or to
the left from the origin. Stay at the origin.
Next, look at your y-coordinate. Because the y-coordinate is positive you will be moving up. Move up from the
origin 3 units until you are lined up with the 3 on the y-axis.
The answer is shown plotted on the coordinate plane below.
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Example 2

Give the ordered pair for the point plotted below.
419
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To write the ordered pair you need both the x-coordinate and the y-coordinate.
Start at the origin. You need to figure out how far to the right/left you need to move and then how far up/down you
need to move to reach your point.
First notice that you need to move 6 units to the right from the origin to be exactly above the point. This means the
x-coordinate is 6.
Next notice that you need to move down 3 units from the 6 on the x-axis to reach your point. This means your
y-coordinate is -3.
The answer is that the ordered pair is (6, −3).

Example 3

Plot the point (−2, −5) on the coordinate plane.
This point has an x-coordinate of -2 and a y-coordinate of -5.
To plot this point, first start at the origin.
Then, find the location of the x-coordinate. Because the x-coordinate is negative, you will be moving to the left.
Move to the left 2 units until you reach the -2 on the x-axis.
Next, look at your y-coordinate. Because the y-coordinate is negative, you will be moving down. Move down 5 units
from the -2 on the x-axis.
The answer is shown plotted on the coordinate plane below.
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Follow Up

Remember Megan on vacation in Rome? She’s at her hotel and trying to use a map to find the location of the
restaurant where she will be meeting her friends for lunch. The restaurant is at the point (4, 5) on the map.
This point has an x-coordinate of 4 and a y-coordinate of 5.
To find this point, Megan should start at the origin on the map (her hotel).
Then, she should find the location of the x-coordinate. Because the x-coordinate is positive, she will be moving to
the right. She needs to move to the right 4 units until she reaches the 4 on the x-axis.
Next, Megan should look at her y-coordinate. Because the y-coordinate is positive, she will be moving up. She
should move up 5 units from the 4 on the x-axis.
The answer is shown plotted on the coordinate plane below.
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Video Review

The video below reviews ordered pairs and the coordinate plane.
https://youtu.be/s7NKLWXkEEE

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/165273

Explore More

1. Name the ordered pair that represents each of these points on the coordinate plane.
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Below is a map of an amusement park. Name the ordered pair that represents the location of each of these rides.
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2. roller coaster
3. Ferris wheel
4. carousel
5. log flume
Name the ordered pairs that represent the vertices of triangle FGH.
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6. F
7. G
8. H
Name the ordered pairs that represent the vertices of pentagon ABCDE.
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9. A
10. B
11. C
12. D
13. E
14. On the grid below, plot point V at (−6, 4).
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15. On the grid below, plot point a triangle with vertices R(4, −1), S(4, −4) and T (−3, −4).
427
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4.18 Scatter Plots
In this concept, you will learn how to make and read scatter plots of paired real-world data to recognize patterns and
make predictions.

Let’s Think About It

William is interested in global warming and climate change. He’s noticed that the summers seem to be pretty hot,
but there have been some really bad snow storms in the winter as well so he’s not sure what global warming is all
about. He does some research and finds the following scatter plot.
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This scatter plot shows the average temperature for the whole Earth each year since 1880. How should William
interpret this scatter plot? Does it show a correlation between year and annual average global temperature?
In this concept, you will learn how to make and read scatter plots of paired real-world data to recognize patterns and
make predictions.

Guidance

A scatter plot is a type of graph that shows pairs of data plotted as points.
You can use a scatter plot to analyze trends in your data and to help you to determine whether or not there is a
relationship between two variables. A scatter plot can show a positive relationship, a negative relationship, or no
relationship.

If the points on the scatter plot seem to form a line that slants up from left to right, there is a positive relationship
or positive correlation between the variables.
430
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If the points on the scatter plot seem to form a line that slants down from left to right, there is a negative relationship
or negative correlation between the variables.
If the points on the scatter plot seem to be scattered randomly, there is no relationship or no correlation between
the variables.
When there is a positive or negative relationship between your variables, you can draw a line of best fit. This is a
line that will not go through every point on the scatter plot, but will show the general trend of your data.
Let’s look at an example.
A teacher wants to know if there is a relationship between the amount of time her students spent working on a social
studies report and the grade each student received. She surveyed 10 students and recorded the data below.

TABLE 4.1: Data for Hours Worked and Grade on Report
Student
Ahmad
Becky
Darrell
Emma
Guillermo
Helene
Kiet
Nykeisha
Ollie
Zivia

Number of Hours Worked
5
3
3.5
1
4.5
1
3
4
2
2.5

Grade
90
80
80
60
90
70
75
85
70
75

a. Make a scatter plot based on the data.
b. Determine if there is a relationship between the number of hours worked and the grade received. If so, describe
the relationship.
c. Suppose an eleventh student spent 1.5 hours working on her report. Based on the scatter plot, predict the grade
you would expect her to receive.

Let’s start by looking at part a.
To make the scatter plot you need to first scale your axes. The teacher wants to know if the number of hours worked
is related to the grade a student earned, so use the horizontal axis of the scatter plot to show the number of hours
worked. Notice that in the table, the number of hours worked ranges from 1 to 5, so draw your horizontal axis so it
goes from 0 to 6.
Next, scale the vertical axis. You will use the vertical axis to show the grades students received. The grades in the
table range from 60 to 90. Showing every grade from 0 to 100 would make the plot very large, so include a break in
the axis between 0 and 60. Use intervals of 10 for the rest of scale.
Now, you can plot a point for each pair of data in the table. For example, Ahmad worked for 5 hours and earned a
grade of 90. So, plot a point at (5, 90) on the scatter plot. Do this until you have plotted all 10 data points.
The answer to part a is shown below.
431

4.18. Scatter Plots

www.ck12.org

Next let’s look at part b.
Notice that when you look at the scatter plot the points seem to form a line going up from left to right. You could
sketch in a potential line of best fit that shows this general trend of the data.
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The answer is that because the line of best fit slants up from left to right, this scatter plot shows a positive relationship
between hours worked and grade on the report. This means that in general, the longer a student spent working on
the report, the higher the student’s grade on the report.
Last let’s look at part c.
Because the scatter plot shows a relationship between hours worked on the report and grade on the report, you can
use the scatter plot to make predictions for other values within the original range of your data.
None of the original ten students worked only 1.5 hours on the report; however, you can assume that this student
would fit into the trends seen with the rest of the students.
Look at the scatter plot with the line of best fit. Find 1.5 hours on the x-axis and move up until you hit the line of
best fit. You are at a height corresponding to a grade of 65 on the report. This means that if a student only worked
1.5 hours on the report, you can predict that they will get a 65 as a grade on the report.
The answer is that you predict that a student who only worked 1.5 hours on the report will receive a grade of a 65 on
the report.
Guided Practice

Look at the following set of ordered pairs. Would the scatter plot show a positive correlation, a negative correlation
or no correlation?
(1, 2), (3, 5), (7, 10), (9, 15), (4, 8)
First, plot all five points on a graph.
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Next, look to see if there is a pattern in the graph. Notice that when you look at the scatter plot the points seem to
form a line going up from left to right. This means that there is a positive correlation between the x-coordinates and
the y-coordinates.
The answer is that the scatter plot shows a positive correlation.

Examples
Example 1

Does a line of best fit on a plot with a positive correlation go up or down as you move from left to right on the scatter
plot?
This is something that you have to remember. Positive correlation means that as the first variable increases, the
second variable increases as well. This corresponds to points (and a line of best fit) that move up as you go from left
to right.
Negative correlation would mean that as one variable increases, the second variable decreases. Negative correlation
corresponds to points that move down as you go from left to right on your scatter plot.
The answer is that the line of best fit on a scatter plot with positive correlation will go up as you move from left to
right.

Example 2

Look at the following set of ordered pairs. Would the scatter plot show a positive correlation, a negative correlation
or no correlation?
(1, 12), (5, 5), (3, 8), (9, 1), (8, 4)
First, plot all five points on a graph.
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Next, look to see if there is a pattern in the graph. Notice that when you look at the scatter plot the points seem to
form a line going down from left to right. This means that there is a negative correlation between the x-coordinates
and the y-coordinates.
The answer is that the scatter plot shows a negative correlation.
Example 3

Look at the following set of ordered pairs. Would the scatter plot show a positive correlation, a negative correlation
or no correlation?
(1, 12), (8, 9), (3, 10), (2, 4), (5, 2), (6, 6)
First, plot all six points on a graph.
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Next, look to see if there is a pattern in the graph. Notice that when you look at the scatter plot there does not seem
to be any real pattern to the points. The points don’t seem to be trending up or down. This means that there is no
correlation between the x-coordinates and the y-coordinates.
The answer is that the scatter plot shows no correlation.

Follow Up

Remember William who was researching global warming? He found a scatter plot that showed the annual average
global temperature each year since 1880.
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In order to determine if the graph shows any correlation, William should look to see if there is a pattern in the scatter
plot. Notice that when you look at the scatter plot overall the points seem to form a line going up from left to right.
While there are brief periods where the points head back down, the overall trend is up. This means that there is a
positive correlation.
The answer is that the scatter plot shows a positive correlation between year and annual average global temperature.
This means that the average annual global temperature appears to be going up over time. Keep in mind the scale on
the vertical axis. The annual average global temperature has only changed 1◦ C over 120+ years so while there is
definitely a positive correlation, it’s not quite as drastic as it might appear on the scatter plot.

Explore More

This scatter plot shows the relationship between the last digit of ten students’ phone numbers and their vocabulary
quiz scores.
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1. Does this scatter plot show a positive relationship, a negative relationship, or no relationship?
2. How many students have a six as the last digit in their phone number?
3. How many students have an eight as the last digit?
4. How many students received a grade of 70%?
5. How many students received a grade of 60%
6. How many students earned 100%?
7. How many students earned a 75%?
8. True or false. No one earned below a 60%.
9. True or false. No one earned an 80%.
10. True or false. No one earned an 85%.
Serena wants to know if there is a relationship between a person’s age and the number of DVDs they purchased in
one year. She surveyed a group of people and recorded the data in the table below.

TABLE 4.2:
Person
Person 1
Person 2
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Age
18
19

Number of DVDs Purchased
14
13
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TABLE 4.2: (continued)
Person 3
Person 4
Person 5
Person 6
Person 7
Person 8
Person 9
Person 10

20
20
21
22
22
23
24
25

13
12
11
12
11
10
9
9

11. Use the grid below to make a scatter plot for the data in the table.

12. True or false. The scatter plot shows a negative correlation.
13. True or false. The scatter plot shows no correlation.
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14. True or false. The scatter plot shows a positive correlation.
15. If the trend in the scatter plot continues, predict the number of DVDs you would expect a 27-year-old person to
buy in one year.
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P ROBLEM S OLVING P LAN , P ROPORTIONS

5.15

C ONVERSION U SING U NIT A NALYSIS

Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts
on ratios, rates, unit rates, slope, identifying proportions, writing proportions, solving proportions, unit scale, scale
factor, problem solving with unit analysis and problem solving with proportions.
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5.1 Equivalent Ratios
Here you’ll learn to identify and write different forms of equivalent ratios among rational numbers.
Have you ever participated in a reading contest or challenge?

Kayla and Torrey are both in Mrs. Henderson’s seventh grade Language arts class. On the first day of school, Mrs.
Henderson posed a reading challenge to the class. The challenge is to see how many books they can each read
throughout the entire year. The books would be read in silent reading or outside of school and the honor system
would be employed. Each student is to keep track of the title and author of each book as they read it. At the end of
the year, they would celebrate their accomplishments with a pizza party and students can earn extra credit towards
their final grade. While some students were hesitant to take on the challenge, all loved the promise of a pizza party
and extra credit. Mrs. Henderson won them over.
Kayla and Torrey have been participating in the challenge since day one. By October, eight weeks into school, Kayla
had already finished 6 books.
“I have six read,” Kayla said biting into her sandwich at lunch.
“I think I am reading at the same pace,” Torrey said. “After four weeks, I had already finished 3 books.”
“Are you sure,” Kayla asked.
“Well, I need to count, but I am pretty sure that we have both finished reading the same number of books.”
Is Torrey correct? Have the girls each read the same number of books now that 8 weeks have passed?
To figure this out, you will need to use equivalent ratios. Equivalent ratios are the topic of this first Concept,
pay attention and you be able to figure out the book dilemma at the end of the Concept.
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Guidance

In math and in real-life, we compare things all the time. We look at what we have and what someone else has or
we look at the difference between values and we compare them. Comparing comes very naturally to us as people.
Using ratios comes naturally too, because ratios are a way that we can compare numbers and values.
What is a ratio?
A ratio compares two numbers or quantities called terms. For example, suppose there are 3 green (G) apples and 4
red (R) apples in this basket.

We can express the ratio of green apples to red apples in the basket as a fraction.
green
red

=

3
4

We can also express this ratio in words, 3 to 4, or using a colon, 3:4.
The ratio above compares one part of the apples in the basket to another part. For example, the ratio above compares
the apples that are green to the apples that are red.
A ratio may also express a part to a whole. For example, we can express the ratio of green apples to total apples in
the basket as a fraction, too.
green
total

=

green
green+red

=

3
3+4

=

3
7

There are a total of 7 apples in the basket, so the ratio of green apples to total apples is 3 to 7 or 3:7.
Here are the three ways that we can write a ratio:
1. In fraction form using a fraction bar
2. Using the word “to”
3. Using a colon:

Take a few minutes to write these three ways in your notebook. Then you can refer back to them when needed.
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Now that you know how to write a ratio, let’s think about equivalent ratios.
A ratio shows the relationship between two quantities. Equivalent ratios can be used to show the same relationship
between two quantities. Remember that the word “equivalent” means equal.
Because we can write ratios in fraction form, we can use what we know about finding equivalent fractions to
help us identify equivalent ratios. Here is where simplifying fractions is going to help us. We can simplify
ratios to discover equivalence just as we can simplify fractions.
Determine if these two ratios are equivalent

2
3

and

10
15 .

We can start by simplifying the larger of the two fractions. If they simplify to the same numbers, then we know that
the two ratios are equivalent.

10 ÷ 5 2
=
15 ÷ 5 3
2 2
=
3 3
These are both equal ratios.
Simplifying is one way to check for equivalence. We can also create equivalent ratios by multiplying just as
we would make equivalent fractions.
Change

2
3

to a ratio with 15 as the second term (the denominator).

Since 3 × 5 = 15, multiply both terms of the ratio
2
3

=

2×5
3×5

=

2
3

by 5.

10
15

This shows that the ratio

2
3

is equivalent to the ratio

10
15 .

So, the two ratios listed above are equivalent.
Determine if these two ratios are equivalent 7:6 and 13:12.
Rewrite the ratios as fractions
Change

7
6

7
6

and

13
12 .

to a ratio with 12 as the second term.

Since 6 × 2 = 12, multiply both terms of the ratio
7
6

=

7×2
6×2

=

7
6

by 2.

14
12

When the second term (the denominator) is 12, the equivalent ratio for

7
6

is

14
12 ,

not

13
12 .

So, 7:6 and 13:12 are not equivalent ratios.
’Another way to determine if two ratios are equivalent is to cross multiply the terms in the ratio. If the cross
products are equal, then the two ratios are equivalent. If the cross products are not equal, then the two ratios are
not equivalent.
Determine whether or not each pair of ratios is equivalent. Write yes or no.

Example A
3
4

and

9
12

Solution: Yes
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Example B
5
6

and

20
30

Solution: No
Example C
4
5

and

8
10

Solution: Yes

Now it is time to apply what you have learned in this lesson to our original problem. Here it is again.
Kayla and Torrey are both in Mrs. Henderson’s seventh grade Language arts class. On the first day of school, Mrs.
Henderson posed a reading challenge to the class. The challenge is to see how many books they can each read
throughout the entire year. The books would be read in silent reading or outside of school and the honor system
would be employed. Each student is to keep track of the title and author of each book as they read it. At the end of
the year, they would celebrate their accomplishments with a pizza party and students can earn extra credit towards
their final grade. While some students were hesitant to take on the challenge, all loved the promise of a pizza party
and extra credit. Mrs. Henderson won them over.
Kayla and Torrey have been participating in the challenge since day one. By October, eight weeks into school, Kayla
had already finished 6 books.
“I have six read,” Kayla said biting into her sandwich at lunch.
“I think I am reading at the same pace,” Torrey said. “After four weeks, I had already finished 3 books.”
“Are you sure,” Kayla asked.
“Well, I need to count, but I am pretty sure that we have both finished reading the same number of books.”
Is Torrey correct? Have the girls each read the same number of books now that 8 weeks have passed?
To solve this problem, we need to figure out if the girls have been reading the same number of books in the
same number of weeks. First, let’s write a ratio that compares Kayla’s books read to the number of weeks.
Kayla read 6 books in 8 weeks.
books
weeks

=

6
8

Torrey said that she believes that she is reading on the same pace as Kayla. She says that she read 3 books
after four weeks.
books
weeks
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If Torrey is reading at the same pace, then we can compare these two ratios to see if they are equivalent. If
they are, then the girls have been reading the same number of books.
To do this, we simplify Kayla’s ratio.
6
8

=

3
4

Simplifying Kayla’s ratio shows that she also read 3 books in the first 4 weeks. If Torrey is still reading at this
pace, then the girls have both read the same number of books. Because both ratios are equivalent.
Guided Practice

Here is one for you to try on your own.
Determine if these two ratios are equivalent

4
8

and 12 .

Answer
?

We use the = symbol to show that the two ratios below may or may not be equal.
4 ? 1
8 = 2

Now, we cross multiply. To cross multiply, multiply the circled pairs of numbers shown below. The product we get
when we multiply each circled pair of numbers is called a cross product.

?

8×1 = 4×2
?

8=8
8=8
Since 8 = 8, the cross products are equal. This means that

4
8

= 21 , and those two ratios are equivalent.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1358

This is a James Sousa video on ratios. This video on ratios supports success in this Concept.
Explore More

Directions: Determine whether each of the following ratio pairs is equal. Write yes if they are equal and no if they
are not equal.
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1
2
3
8

and

6
12
1
4

3.

6
7

and

2
3
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6
7
2
3
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12
14
10
15
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and

6
7
12
24

17
21
24
48
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16
18
9
45

and
and

32
38
1
9
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4
6
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66
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6
9
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4
6
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16
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24
48
84
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5.2 Ratios in Simplest Form
Here you’ll learn to write ratios in simplest form.
Have you ever had a goal that you wanted to meet?
Joanna has a goal of reading 16 books in the first semester of the new school year. By Halloween, she had read four
out of 16 books.
Joanna wants to use a ratio to express her progress. What is the simplest way to write this ratio?
This Concept is about simplifying ratios. By the end of it, you will be able to complete this task.

Guidance

Previously we worked on how to simplify ratios that are in fraction form to see if they are equivalent or not. We will
explore this further in this section.
What does it mean to simplify?
To simplify means to make smaller. When we simplify, we make a fraction smaller. It is still equivalent to the larger
form of the fraction, but it is simpler.
How do we simplify a ratio in fraction form?
To write a ratio in simplest form, find the greatest common factor of both terms in the ratio. The greatest common
factor of two numbers is the greatest number that divides both numbers evenly. Then, divide both terms of the ratio
by the greatest common factor.
This is basically the same procedure you use to rewrite a fraction in simplest form.
Write this ratio in simplest form

20
24 .

First, find the greatest common factor of the terms 20 and 24.
The factors of 20 are 1, 2, 4, 5, 10, and 20.
The factors of 24 are 1, 2, 3, 4, 6, 8, 12, and 24.
The factors that both 20 and 24 have in common are 1, 2 and 4.
The greatest of those common factors is 4, so divide both terms by 4 to write the ratio in simplest form.
20
24

=

20÷4
24÷4

=

5
6

So, the simplest form of the ratio

20
24

is 65 .

How is this useful when working with ratios?
It is useful because we can simplify ratios in fraction form to see if they are equivalent. We can also use a simplified
ratio to find an equivalent ratio. To do this, you can multiply both terms of the original ratio by the same number to
find an equivalent ratio.
Write three equivalent ratios for this ratio 1:9.
The ratio 1:9 or
work with.

1
9

is already in simplest form. Notice that we wrote the ratio into fraction form so that it is easier to

449

5.2. Ratios in Simplest Form

www.ck12.org

Now, we will write three equivalent ratios by multiplying both terms by the same number.
It does not matter which numbers we choose to multiply the terms. Let’s multiply by 2, first.
1
9

=

1×2
9×2

=

2
18

or 2 : 18

Let’s multiply by 5, next.
1
9

=

1×5
9×5

=

5
45

or 5 : 45

Let’s multiply by 100, next.
1
9

=

1×100
9×100

=

100
900

or 100 : 900

So, three ratios that are equivalent to 1:9 are 2:18, 5:45, and 100:900.
Now it’s time for you to try a few on your own.
Example A

Simplify this ratio: 14:16
Solution: 7 : 8
Example B

Simplify this ratio: 3 to 18
Solution: 1 to 6
Example C

Write an equivalent ratio: 4 to 5
Solution: 8 to 10
Now back to Joanna and the books.
Joanna has a goal of reading 16 books in the first semester of the new school year. By Halloween, she had read four
out of 16 books.
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Joanna wants to use a ratio to express her progress. What is the simplest way to write this ratio?
First, let’s write the ratio of books that Joanna has completed.
4
16

This is the fraction form of the ratio, but we could have also written it with a colon or with the word "to".
Now we simplify by dividing the numerator and the denominator by the greatest common factor, 4.
1
4

This is our answer.
Guided Practice

Here is one for you to try on your own.
Elena and Jake have a box with only two colors of marbles in it. There are 28 blue marbles and 16 gray marbles in
the box. Elena says that the ratio of gray marbles to blue marbles is 16
28 . Jake says that the ratio of gray marbles to
blue marbles is 47 . Who is correct, or are they both correct? Then find the ratio of gray marbles to total marbles in
the box. Write your answer in simplest form.

Answer
Consider the first question. It is a question about comparing and determining equivalence.
Write the ratio of gray marbles to blue marbles as a fraction. Be careful that the ratio you write compares gray
marbles to blue marbles, not blue marbles to gray marbles.
Since there are 16 gray marbles and 28 blue marbles, the ratio is:
gray
blue

=

16
28

So, Elena is correct that the ratio of gray marbles to blue marbles is

16
28 .

If that ratio is equivalent to 74 , then Jake is correct, too. One way to determine if those two ratios are equivalent is to
cross multiply.
16 ? 4
=
28 7
?

28 × 4 = 16 × 7
?

112 = 112
112 = 112
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Since the cross products are equal, the two ratios are equivalent.
So, the answer to the first question is that Elena and Jake are both correct.
Now let’s think about the second part of the question. To figure this out, we need to figure out the ratio of
gray marbles to total marbles in the box.
gray
total

=

gray
gray+blue

=

16
16+28

=

16
44

Write that ratio in simplest form.
The factors of 16 are: 1, 2, 4, 8, and 16.
The factors of 44 are: 1, 2, 4, 11, 22, and 44.
The greatest common factor of 16 and 24 is 4. So, divide both terms by 4.
16
44

=

16÷4
44÷4

=

4
11

The ratio of gray marbles to total marbles, written in simplest form, is

4
11 .

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5409

This James Sousa video is about writing ratios in simplest form. It includes fractions and decimals.
Explore More

Directions: Simplify each ratio. Write the simplified version in the same form of the ratio.
1. 3 to 6
2. 5:20
3. 18 to 22
4.

18
20

5.

25
55

6. 6 to 42
7. 18 to 10
8. 12 to 4
9. 16:8
10. 24 to 16
11. 18 to 36
12. 54 to 9
13. 81:27
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14. 72 to 9
15.

18
12
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5.3 Comparison of Ratios in Decimal Form
Here you’ll learn to write and compare ratios in decimal form.
Remember Joanna from the Ratios in Simplest Form Concept?
Joanna read the following fraction of books.
She read
1
4

1
4

books that she had intended to read. We can write that a decimal.

= .25

Kara read

1
3

books that she intended to read.

Can you compare these two ratios?
Pay attention and you will learn how to do this by the time this Concept is complete.

Guidance

Previously we worked on writing fractions in decimal form. Just like fractions can be written in decimal form, well,
ratios can be written in fraction form, so they can also be written as decimals. We can look at how to write a ratio as
a decimal too.
How do we write a ratio as a decimal?
To convert a ratio to decimal form, write the ratio as a fraction. Then divide the term above the fraction bar
by the term below the fraction bar.
Let’s look at how to do this.
Rewrite the ratio 1 to 4 in decimal form.
The ratio 1 to 4 can be expressed as the fraction 14 . This is our first step.
Next, divide the term above the fraction bar, 1, by the term below the fraction bar, 4.
1
4

= 4)1

Since 1 cannot be evenly divided by 4, rewrite 1 as a decimal with a zero after the decimal point You can do this
because 1 = 1.0 = 1.00 = 1.000. Before you divide, write a decimal point in the quotient directly above the decimal
point in the dividend. Then divide.

0.2

4)1.0
−8
2

Continue adding zeroes after the decimal point and diving until the quotient has no remainder.
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0.25

4)1.00
−8
20
−20
0
The decimal form of the ratio

1
4

is 0.25.

Rewrite the ratio 9:5 in decimal form.
The ratio 9:5 can be expressed as the fraction 95 .
Next, divide the term above the fraction bar, 9, by the term below the fraction bar, 5.

1

14) 9
−5
4
There is a remainder. So, add zeroes after the decimal point in 9 to continue dividing.

1.8

5)9.0
−5
40
−40
0
The decimal form of 9:5 is 1.8.
What about comparing? Can we use decimals to compare ratios?
Sometimes, you may want to compare two ratios and determine if they are equivalent or not. Rewriting both
ratios in decimal form is one way to do this.
Compare these two ratios and determine if they are equivalent
Rewrite

7
14

7
14

and

11
20 .

in decimal form.

0.5

5) 7.0
−70
0
−0
0
Rewrite

11
20

in decimal form.
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0.55

20)11.00
−100
100
−100
0
To compare the ratios in decimal form, give each decimal the same number of decimal places. In other words,
give 0.5 two decimal places: 0.5 = 0.50.
Now compare. Since both decimals have a 0 in the ones place and a 5 in the tenths place, compare the digits
in the hundredths place.

0.50
0.55
Since 0 < 5, 0.50 < 0.55. So, the ratios,
In fact,

7
14

<

7
14

and

11
20 ,

are not equivalent.

11
20 .

Write each ratio as a decimal.
Example A

5 to 10
Solution: .5
Example B

4 to 10
Solution: .4
Example C

Compare 6 to 10 and 1 to 4
Solution: >
Now back to the book comparison. Here is the original problem once again.
Joanna read the following fraction of books.
She read
1
4

1
4

books that she had intended to read. We can write that a decimal.

= .25

Kara read

1
3

books that she intended to read.

Can you compare these two ratios?
First, let’s write a statement so that we can compare the decimals.
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= .33

One-third becomes a repeating decimal, but for our purposes we can round to the hundredths place.
.25 < .33
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write this ratio as a decimal.
3
5

Answer
To do this, we divide 3 by 5.
3 ÷ 5 = .6
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5409

This is a James Sousa video on simplifying ratios in decimal and fraction form and is a supporting video to this Con
cept.
Explore More

Directions: Write each ratio as a decimal. Round to the nearest hundredth when necessary.
1. 1 to 4
2. 3 to 6
3. 3:4
4. 8 to 5
5. 7 to 28
6. 8 to 10
7. 9 to 100
8. 15:20
9. 18:50
10. 3 to 10
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11. 6 to 8
12. 15 to 35
Directions: Compare the following ratios using <, >or =.
13. .55 ____1 to 2
14. 3:8 _____ 4 to 9
15. 1 to 2 _____ 4:8
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5.4 Identification and Writing of Equivalent
Rates
Here you’ll learn to identify and write equivalent rates.
Have you ever tried to figure out a better buy?
Kyle went to the bookstore. There was a big sale going on. In one corner of the store, you could buy four books for
twelve dollars. In another part of the bookstore, you could buy three books for nine dollars. Kyle thinks that this is
the same deal.
Is he correct?
To answer this question, you will need to understand equivalent rates. This is the information that will be
presented in this Concept.

Guidance

What is a rate?
A rate is a special kind of ratio. It compares two different types of units, such as dollars and pounds.

Suppose you are buying turkey at a supermarket, and you pay $12 for 2 pounds of turkey. That is an example of a
rate. The turkey you bought cost $6 per pound for the turkey. That is another example of a rate.
Notice the word “per”. This word signals us that we are talking about a rate.
We use rates all the time. We use them when shopping for example, per pound. We use them with gasoline, think
per mile. We use them with speed, per gallon or with pricing, $4.00 per yard of material.
Sometimes, two rates are equivalent or equal.
How can we tell if two rates are equivalent?
Two rates are equivalent if they show the same relationship between two units of measure. We can use the
same strategies to find equivalent rates that we use to find equivalent ratio.
Determine if these two rates are equivalent 40 miles in 2 hours, and 80 miles in 4 hours.
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You can think of this as the distance and time of two different cars. Did they both travel at an equal rate?
First, express each rate as a fraction. Be sure to keep the terms consistent. That is, if the first ratio compares
miles to hours, the second ratio should also compare miles to hours.

40mi 40
=
2h
2
80mi 80
80 miles in 4 hours =
=
4h
4
40 miles in 2 hours =

Change the ratio,

40
2,

to a ratio with 4 as the second term, or denominator.

Since 2 × 2 = 4, multiply both terms of the ratio
40
2

=

40×2
2×2

=

40
2

by 2.

80
4

This shows that the ratio

80
4

is equivalent to the ratio

40
2.

This means that the rate 80 miles in 4 hours is equivalent to the rate 40 miles in 2 hours.
The two cars traveled at the same rate.
You can also cross multiply to determine if two rates are equivalent. Let’s look at an example where this
strategy is applied.
Determine if these two rates are equivalent 5 meters every 3 seconds and 20 meters every 18 seconds.
You can think of this in terms of speed. The machine wound 5 meters of wire in three seconds. A second
machine wound 20 meters of wire in 18 seconds. Did they wind the wire at the same rate?
First, cross multiply to determine if the rates are equivalent or not.

5m ? 20m
=
3 sec 18 sec
5 ? 20
=
3 18
?

3 × 20 = 5 × 18
?

60 = 90
60 6= 90
Since the cross products are not equal, the rates are not equivalent.
Determine if each rate is equivalent to the other rate.
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Example A

3 feet in 9 seconds and 6 feet in 18 seconds
Solution: Equal

Example B

5 miles in 30 minutes and 6 miles in 42 minutes
Solution: Not Equal

Example C

5 pounds for $20.00 and 8 pounds for $32.00
Solution: Equal
Now back to the books.
Kyle went to the bookstore. There was a big sale going on. In one corner of the store, you could buy four books for
twelve dollars. In another part of the bookstore, you could buy three books for nine dollars dollars. Kyle thinks that
this is the same deal.
Is he correct?
To figure this out, we can write two ratios and compare them. Let’s use each deal as our ratios.
4
12

and

3
9

Simplifying these two ratios will show us that they both are equal to 13 .
These two ratios are equivalent.

Guided Practice

Here is one for you to try on your own.
Write an equivalent rate for 3 out of 10.
Answer
We can do this by creating any equal ratio. We do this by multiplying both values in the ratio by the same number.
Here are some possible answer.
6 to 20
9 to 30
12 to 40
15 to 50
There are many possible answers.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5411

This is a James Sousa video on rates and unit rates.
Explore More

Directions: Write an equivalent rate for each rate.
1. 2 for $10.00
2. 3 for $15.00
3. 5 gallons for $12.50
4. 16 pounds for $40.00
5. 18 inches for $2.00
6. 5 pounds of blueberries for $20.00
7. 40 miles in 80 minutes
8. 20 miles in 4 hours
9. 10 feet in 2 minutes
10. 12 pounds in 6 weeks
Directions: Write each rate as a fraction and simplify it.
11. 2 for $10.00
12. 3 for $15.00
13. 5 gallons for $25.00
14. 40 pounds for $80.00
15. 18 inches for $2.00
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5.5 Unit Rates
Here you’ll learn to find unit rates.
Remember the reading challenge?

Manuel loves to read. He found a series of mystery books that take place in the world of medieval knights, and he
has been working his way through the series. There are twelve books in the series.
After the first 5 weeks of school, Manuel has finished 8 of the 12 books.
“How many have you finished?” his sister Sarina asked at breakfast.
“I have read 8 out of 12,” Manuel said. “I have four more to go to finish the series.”
“How long is that going to take you?” Sarina asked.
Manuel had to think for a few minutes about this. Then he took out his notebook to do some figuring.
Think about this with Manuel. At this rate, how many books is he reading per week? How many weeks will it take
him to read all 12?
To figure out this problem, you will need to know about rates and unit rates. In this Concept, you will learn
everything that you need to know to solve this problem. By the end, you will be able to help Manuel keep
track of books.

Guidance

There is a special kind of rate which is called a unit rate.
A unit rate has a denominator of 1, meaning that it is the measure for one of whatever you are talking about:
1 mile, 1 pound, 1 foot, etc.
When we talk about unit rates, we are talking about singular measurement and single rates.
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1 pound of apples is $1.79.
This is a unit rate. It tells us that for 1 pound of apples, we will pay $1.79. Based on this number, we can
figure out the rate for 2 pounds, 3 pounds, 5 pounds, etc.
This problem told us what the unit rate was, but sometimes you will need to figure out the unit rate. How do
we figure out the unit rate?
To figure out the unit rate, we have to write the ratio as a fraction with a denominator of one.
Rochelle ran 15 miles in 2 hours. Express her speed as a unit rate.
To express this as a unit rate, we need to figure out Rochelle’s speed for one mile. Begin by setting up the rate as a
fraction.
15 miles in 2 hours =

15mi
2h

=

15
2

The second number in a unit rate is 1. Since 2 ÷ 2 = 1, you can divide both terms by 2 to write this as a unit rate.
15mi
2h

=

15
2

=

15÷2
2÷2

Use long division to divide 15 by 2.

7.5

2) 15.0
−14
10
−10
0
So,

15mi
2h

=

15÷2
2÷2

=

7.5
1

=

7.5mi
1h

or 7.5 miles per hour.

The unit rate was 7.5 miles in 1 hour, or 7.5 miles per hour.
A quicker strategy for finding a unit rate is to simply divide the first term by the second term.
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Notice that to find the unit rate in the first situation, you could have simply divided 15 miles by 2 hours to find the
unit rate in miles per hour. Notice that that is exactly what we did. The only difference is that we showed why that
strategy works by writing the original rate as a fraction and then showing how to simplify it to find an equivalent rate
with a 1 in the denominator.
Try this out on this one.
Kyle ran 4 miles in 28 minutes. How fast did he run per mile?
“Per mile” let’s us know that we are looking for his rate for 1 mile. That is the unit rate.
We write a fraction ratio and divide.

28
min
=
miles
4
28 ÷ 4 = 7
7
1
Kevin ran 1 mile in 7 minutes. That is the unit rate.
Try a few on your own. Find each unit rate.
Example A

5 pounds of apples for $2.00
Solution: 1 pound for $.40
Example B

45 miles for 3 gallons of gasoline
Solution: 15 miles for 1 gallon
Example C

18 inches in 2 minutes
Solution: 9 inches in 1 minute
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Here is the original problem once again.
Manuel loves to read. He found a series of mystery books that take place in the world of medieval knights, and he
has been working his way through the series. There are twelve books in the series.
After the first 5 weeks of school, Manuel has finished 8 of the 12 books.
“How many have you finished?” his sister Sarina asked at breakfast.
“I have read 8 out of 12,” Manuel said. “I have four more to go to finish the series.”
“How long is that going to take you?” Sarina asked.
Manuel had to think for a few minutes about this. Then he took out his notebook to do some figuring.
Think about this with Manuel. At this rate, how many books is he reading per week? How many weeks will it take
him to read all 12?
There are two questions here to figure out. Let’s tackle the first one. We need to figure out how many books
Manuel is reading per week. The word “per” lets us know that we want to figure out the number of books for
one week. Let’s write a ratio to compare books read to weeks.
8 books
5 weeks

Next, we need to figure that out for 1 week. To do this, we divide 8 by 5.
1.6

5)8.0
Manuel reads 1.6 books per week. We could also say that he reads a little more than 1 12 books per week.
Given this rate, how long will it take him to read 12 books? We can set up a pair of ratios to figure this out.
1.6 books
1 week

=

12 books
x weeks

If we divide 12 by 1.6, we will have the number of weeks.
7.5

1.6)12.00
It will take Manuel 7 21 weeks to finish the series. In 2 12 more weeks he will finish the series.

Guided Practice

Here is one for you to try on your own.
Maria ran 5 miles in 60 minutes. Her brother Mario ran the same distance in half the time. What is Mario’s rate per
mile?
Answer
To figure this out, first notice that we are looking for Mario’s unit rate. To find this, we need to start with figuring
out Maria’s. Then we know that Mario ran the same distance in half the time, so we can say that Mario’s unit rate is
one-half of Maria’s. This means that the time that it takes Maria to run 1 mile, that Mario runs 1 mile in one-half the
time.
1
2

(Maria’s unit rate) = Mario’s unit rate

First, we need to figure out Maria’s unit rate.
60 min
5 miles

=

12 min
1 mile

Maria runs 1 mile in 12 minutes.
Mario runs the same distance in half the time. Mario runs one mile in 6 minutes.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5411

This is a James Sousa video on rates and unit rates.
Explore More

Directions: Write a unit rate for each ratio.
1. 2 for $10.00
2. 3 for $15.00
3. 5 gallons for $12.50
4. 16 pounds for $40.00
5. 18 inches for $2.00
6. 5 pounds of blueberries for $20.00
7. 40 miles in 80 minutes
8. 20 miles in 4 hours
9. 10 feet in 2 minutes
10. 12 pounds in 6 weeks
11. 14 pounds for $7.00
12. 18 miles in 3 hours
13. 21 inches of cloth costs $7.00
14. 45 miles on 3 gallons of gasoline
15. 200 miles in four hours
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5.6 Comparison of Unit Rates
Here you’ll learn to compare unit rates.
Remember the book challenge from the Unit Rates Concept?
Kelly read 8 books in three weeks. Marc read 10 books in 4 weeks.
Who has the faster rate?
To figure this out, you will need to write and compare unit rates. This Concept will teach you just how to do
that.
Guidance

Sometimes, it is helpful to compare unit rates. For example, a unit price is a type of unit rate. In real life, you
may want to compare two unit prices to determine which one is the better buy.
Felicia needs to buy sugar. She could buy a 16-ounce box of sugar for $1.12, or she could buy a 24-ounce box of
sugar for $1.44. Which is the better buy? How many cents per ounce cheaper is that buy?
Find the unit price per ounce for the 16-ounce box. Remember, you can find the unit price by dividing the
first term by the second term.

$1.12 for 16 oz =

$1.12
16oz

$0.07

16)$1.12
−1.12
0

Find the unit price per ounce for the 24-ounce box.

$1.44 for 24 oz =

$1.44
24oz

$0.06

24)$1.44
−1.44
0

Since $0.06 <$0.07, the 24-ounce box has a cheaper unit price, $0.06 per ounce.
Subtract to find how much cheaper per ounce the better buy is $0.07 - $0.06 = $0.01
So, the 24-ounce box of sugar is the better buy. Felicia will pay $0.01 less per ounce if she buys the 24-ounce box.
Once you can figure out the unit rate, you can easily compare which unit rate is greater and which is less.
Now it’s time for you to compare a few unit rates on your own. Use <,>,or =.
Example A

3 to 1 ____ 6 to 2
Solution: =
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Example B
16
20

4 to 5 ____
Solution: =

Example C

18 to 3 ____ 15 to 5
Solution: >
Here is the original dilemma once again.
Kelly read 8 books in three weeks. Marc read 10 books in 4 weeks.
Who has the faster rate?
To figure this out, we have to turn each rate into a unit rate. We do this by dividing.
Kelly

8
3

=

2.6
1

Kelly read more than 2 1/2 books per week.
Marc

10
4

=

2.5
1

Marc read 2 1/2 books per week.
Kelly has the faster reading rate.
Guided Practice

Here is one for you to try on your own.
Marc put labels on 80 boxes in 6 minutes. Jeff put labels on 90 boxes in 8 minutes.
Who has the better rate?
Answer
To compare these two rates, we have to figure out the unit rates. This will tell us how many each man can do in one
minutes.
To figure this out, we write a ratio and divide.
80
6

=

13.3
1

90
8

=

11.25
1

Marc has a better rate because he puts more labels on per minute.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5412
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This is a James Sousa video on finding unit rates. It is a support video to this Concept.
Explore More

Directions: Determine whether each is equivalent or not.
1. 60 units in 3 minutes and 80 units in 4 minutes
2. $16 for 8 pounds and $22 for 10 pounds
3. 50 kilometers in 2 hours and 75 kilometers in 3 hours
Directions: Solve each problem.
4. Max paid $45 for 15 gallons of gasoline. What was the cost per gallon of gasoline?
5. Mr. Brown paid $8.28 for 12 cans of green beans. Express this cost as a unit price.
6. A train travels 480 kilometers in 3 hours. Express this speed as a unit rate.
7. Mrs. Jenkins paid $50 for 40 square feet of carpeting. What was the cost per square foot for the carpeting?
8. A copy machine can produce 310 copies in 5 minute. How many copies can the machine produce per minute?
Nadia needs to buy some cheddar cheese. An 8-ounce package of cheddar cheese costs $2.40. A 12-ounce package
of cheddar cheese costs $3.36.
9. Find the unit price for the 8-ounce package.
10. Find the unit price for the 12-ounce package.
11. Which is the better buy? How many cents per ounce cheaper is the better buy?
Joe drove 141 miles in 3 hours. His cousin Amy drove 102 miles in 2 hours. Assume both cousins were driving at
constant speeds.
12. How fast was Joe driving, in miles per hour?
13. How fast was Amy driving, in miles per hour?
14. Who was driving at a faster rate of speed?
15. How much faster was the faster person traveling?
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5.7 Slope
Here you’ll learn to recognize the slope of a line as the ratio of the vertical rise to the horizontal run and distinguish
between types of slopes.
Have you ever thought of slope connected with books and reading? I know it sounds interesting. Take a look at this
dilemma.

Five of the students in Mrs. Henderson’s class have been tracking the number of books that they have read and have
been comparing their results. During the first week, all five finished one book. After the second week, all five had
finished two books. During the third week, all five had finished three books. After ten weeks, all five had finished
ten books.
What is their rate? If you were to draw the rate of change on a graph comparing books to weeks, what would the
graph look like?
To understand this problem, you have to understand slope and graphs. All of this will be shown in this
Concept. At the end, you will understand how to show these values on a graph.
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Guidance

Have you ever been skiing? Even if you haven’t, you may know a little bit about what it might be like to learn to ski.
When someone first learns to ski, he or she usually starts on a slope that is not very steep. Sometimes that slope is
called a beginners’ slope. After mastering the basic skills for skiing, a person may begin to try slopes that are steeper
and more challenging.
In mathematics, the term slope has a different meaning. In mathematics, the slope of a line describes the steepness
of a line. However, thinking of a ski slope can help you remember that the slope of a line tells how steep it is.
It is helpful to think of the slope of the line as the “rise-over-run.” That is, the slope is the ratio of the vertical (up
and down) rise of a line to its horizontal (left to right) run.
To help us understand this ratio, let’s look at line AB on the coordinate plane below.

Imagine placing your finger on point A. To move from point A to point B, your finger would need to move 5 units up
and then move 6 units to the right. That is because the line has a rise of 5 units up and a run of 6 units to the right.
So, slope =

rise
run

= 56 .

The slope of line AB is 65 .
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Line AB has a slope of 56 , which is a positive slope.

Notice that line AB slants up from left to right!
Knowing some basic information about the slope of a line can tell you about its slant.

• A line that slants up from left to right has a positive slope.
• A line that slants down from left to right has a negative slope.

Determine if the slope of each line shown below is positive or negative.
a.
473
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b.

Consider the line in a.
The line slants down from left to right, so its slope is negative.
Consider the line in b.
The line slants up from left to right, so its slope is positive.
You should also know about the slopes of horizontal and vertical lines.
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• A horizontal line has a run, but does not have a rise.

slope =

rise
run

=

0
n

= 0.

So, the slope of a horizontal line is zero.
• A vertical line has a rise, but does not have a run.
slope =

rise
run

=

n
0

= unde f ined.

Any fraction with a zero in the denominator is undefined. So, the slope of a vertical line is undefined.
Identify the slope of each line shown below.
a.

b.
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Consider the line in a.
The line is vertical, so its slope is undefined.
Consider the line in b.
The line is horizontal, so its slope is zero.
Now it is your turn to think about slope. Answer the following questions.

Example A

What is the slope of a horizontal line?
Solution: 0

Example B

What is the slope of a vertical line?
Solution: Undefined

Example C

What is the slope of a line that goes up from left to right?
Solution: Positive
Here is the original problem once again.
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Five of the students in Mrs. Henderson’s class have been tracking the number of books that they have read and have
been comparing their results. During the first week, all five finished one book. After the second week, all five had
finished two books. During the third week, all five had finished three books. After ten weeks, all five had finished
ten books.
What is their rate? If you were to draw the rate of change on a graph comparing books to weeks, what would the
graph look like?
If you read the problem carefully you’ll see that the rate of the students is one book per week.
Let’s list their weeks and books in a table.

TABLE 5.1:
week
1
2
3
4
5
6
7
8
9
10

books
1
1
1
1
1
1
1
1
1
1

Now, let’s create a graph to show these results.
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Guided Practice

Here is one for you to try on your own.
Is this slope positive, negative or undefined?

Answer
This line is vertical, therefore the slope of the line is undefined.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/132

This is a Khan Academy video on the slope of a line.
Explore More

Directions: For each graph, tell if the slope of the line shown is positive, negative, zero, or undefined.
1.

2.

3.
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4.

5.
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6.

7.
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8.

9.
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10.

Directions: Answer each question.
11. Does a positive slope have to contain positive numbers?
12. True or false. A horizontal line is undefined.
13. True or false. A negative slope goes down from right to left.
14. True or false. A vertical line has an undefined slope.
15. True or false. You can figure out any slope as long as the line has some slant to it.
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5.8 Slope of a Line Using Two Points
Here you’ll learn to find the slope of a line.
Remember the book count from the Slope Concept? Well, now let’s take it one step further. Take a look.

Five of the students in Mrs. Henderson’s class have been tracking the number of books that they have read and have
been comparing their results. During the first week, all five finished one book. After the second week, all five had
finished two books. During the third week, all five had finished three books. After ten weeks, all five had finished
ten books.
Here is a graph of the students’ results.
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Can you figure out the slope of this line?
This Concept is about finding the slope of a line. By the end of it, you will know how to answer this question.
Guidance

Suppose you are given the graph of a line. You can find the slope of that line by choosing two points on the
line. Then you can count the units to find the ratio of the rise to the run.
Be sure to consider if the line slants up or down from left to right. This will help you determine if the slope is
positive or negative.
Find the slope of line CD below.

From point C to point D, the line rises 6 units up and then runs 2 units to the right. Since the lines slants up
from left to right, the slope is positive.

Slope =

rise
run

=

6
2

=

6÷2
2÷2

=

3
1

= 3.
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The slope of line CD is 3.
Find the slope of line FG below.

From point F to point G, the rise is 4 units down and then 3 units to the right. Since the line slants down from left to
right, the slope is negative. You can think of a rise of 4 units down as a negative rise, and represent it as -4.

Slope =

rise
run

=

−4
3

= − 43 .

The slope of line FG is − 34 .
Remember, the slope represents a ratio, not an improper fraction. We cannot say that the slope of line FG is
−1 31 .
We know that we can think of the slope of a line as the ratio
specific slope.

rise
run .

Draw a line that goes through a point at (–4, –1) and has a slope of 37 .
Here are the steps to drawing a line with a given slope.
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On a coordinate plane, plot a point at (–4, –1). Place the tip of your pencil at that point.
The slope is 37 . So, slope =

rise
run

= 73 .

The slope is positive, so move your pencil 3 units up and then 7 units to the right to find another point on that same
line. Your pencil will end up at (3, 2), so plot a point there. Then draw a line through the two points.

The line you drew passes through a point at (–4, –1) and has a slope of 37 .
Draw a line that goes passes through (–5, 4) and has a slope of − 23 .
On a coordinate plane, plot a point at (–5, 4). Place the tip of your pencil at that point.
The slope is − 23 . So, slope =

rise
run

=

−2
3 .

The slope is negative, so move your pencil 2 units down and then 3 units to the right to find another point on that
same line. Your pencil will end up at (-2, 2), so plot a point there. Then draw a line through the two points.

The line you drew passes through a point at (–5, –4) and has a slope of − 32 .
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Now it’s time for you to try a few on your own. Identify the slope of each line.

Example A

Solution: Slope =

2
7

Example B

True or false. A line that slants down from left to right has a positive slope.
Solution: False

Example C

True or false. A line that slants up from left to right has a positive slope.
Solution: True
Here is the original problem once again.
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Five of the students in Mrs. Henderson’s class have been tracking the number of books that they have read and have
been comparing their results. During the first week, all five finished one book. After the second week, all five had
finished two books. During the third week, all five had finished three books. After ten weeks, all five had finished
ten books.
Here is a graph of the students’ results.

Can you figure out the slope of this line?
You can see that the rate of change is 0. The slope is 0. The line is a horizontal line because the students did
not increase or decrease the number of books that they read per week. The numbers remained consistent.
Guided Practice

Here is one for you to try on your own.
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Define this slope.

Answer
This line is vertical. It goes up, but doesn’t have a particular rise or run that you can calculate.
The slope is undefined. This is our answer.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/132

This is a Khan Academy video on the slope of a line.

Explore More

Directions: Find the slope of each line shown.
1.
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2.

3.
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4.

5.
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6.

7.
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8.

9.
494

www.ck12.org

www.ck12.org

Chapter 5. Using Ratios, Rates and Proportions

10.

11.
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12. On the coordinate grid below, draw a line that passes through (–3, 2) and has a slope of 12 .

13. Is this slope positive or negative?
14. On the coordinate grid below, draw a line that passes through (-2, 5) and has a slope of -4.
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15. Is this slope positive or negative?
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5.9 Proportions
Here you’ll learn to recognize proportions as a statement of equivalent ratios.
The students are still actively reading books. Take a look at this situation.

Manuel was reading all of the medieval books on knights. Well after he finished reading the series, he loaned it to
his friend Rafael. Rafael is enjoying the series as much as Manuel did.
Rafael had finished 9 of the 12 books. It took Manuel read three-fourths of the books in the same time. Are Rafael
and Manuel reading at the same rate?
To figure this out, you will need to write two proportions and figure out if they are equal. This Concept will
teach you how to do this.
Guidance

Remember ratios? Think back to what you have already learned about ratios.

A ratio represents a comparison between two quantities. We can write ratios in fraction form, using a colon or
using the word “to”.
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We also learned that equivalent ratios are two ratios that are equal. The numbers in the ratios may not be the same,
but the comparison of quantities is the same.
Equivalent ratios are directly related to proportions.
What is a proportion?
A proportion states that two ratios are equivalent. Here is an example of a proportion.
1
2

=

2
4

This proportion shows that the ratios
equivalent ratios.

1
2

and

2
4

are equivalent. In other words, a proportion is made up of two

In the situation above, we knew all of the parts of the two ratios that made up the proportion. Sometimes, we will
know three of the numbers, but not four of them. When this happens, we have to use a variable and solve for the
missing number.
Look at this proportion.
1
2

=

n
12

Notice that the first term of the second ratio––its numerator––is a variable. Suppose we wanted to find the value of
this variable. We could do that by using proportional reasoning.
Proportional reasoning is when we figure out a missing value in a proportion by thinking about the relationship between the numbers in the two ratios.
Use proportional reasoning to solve for n :

1
2

=

n
12 .

To figure this out, we need to figure out a relationship between either numerators or denominators. The
proportion does not show the relationship between the first terms in the ratios––the numerators of the fractions.
However, we can determine the relationship between the second terms in the ratios––the denominators of the
fractions.
We can ask ourselves: “what number, when multiplied by 2, results in 12?”
Since 2 × 6 = 12, we can multiply both the numerator and the denominator of
1
2

=

1×6
2×6

=

6
12

=

1
2

by 6 to find the value of n.

n
12

This shows that when the second term (the denominator) of the ratio is 12, the first term (the numerator) is 6.
The value of n is 6.
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Good for you! Mental math is very helpful when looking at proportional reasoning. When you can figure out
the relationship between numbers, then you can solve for the missing value of the variable.
Use proportional reasoning to solve for x :

15
35

= 7x .

Which relationship can we use to figure out the variable? This proportion does not show the relationship between
the first terms in the ratios––the numerators of the fractions. We need to find the relationship between the second
terms in the ratios––the denominators of the fractions.
We can ask ourselves, “what number can we divide 35 to get 7?”
Since 35 ÷ 5 = 7, we can divide both the numerator and the denominator of
15
35

=

15÷5
35÷5

=

3
7

=

15
35

by 5 to find the value of x.

x
7

This shows that when the second term (the denominator) of the ratio is 7, the first term (the numerator) is 3.
The value of x is 3.
Use proportional reasoning to find the value of each unknown variable.
Example A
2
3

=

x
6

Solution: x = 4
Example B
12
24

=

24
z

Solution: z = 48
Example C
y
5

=

500
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Solution: 3.5
Here is the original problem once again.

Manuel was reading all of the medieval books on knights. Well after he finished reading the series, he loaned it to
his friend Rafael. Rafael is enjoying the series as much as Manuel did.
Rafael had finished 9 of the 12 books. It took Manuel read three-fourths of the books in the same time. Are Rafael
and Manuel reading at the same rate?
To determine if they are reading at the same rate, we have to write two ratios to describe each pace.
9
12
Manuel 34

Rafael

Now let’s write these as a statement of equal ratios.
9
12

=

3
4

These are equal.
The boys are reading at the same rate.
Guided Practice

Here is one for you to try on your own.
Use equal ratios to solve for z :

z
9

=

32
36 .

Answer
The problem does not show the relationship between the first terms in the ratios––the numerators of the fractions.
We need to find the relationship between the second terms in the ratios––the denominators of the fractions.
We can ask ourselves “what number, when multiplied by 9, results in 36?”

9 × 4 = 36
z
z × 4 32
=
= .
9 9 × 4 36
From this, we can see that z × 4 = 32.
We must ask ourselves, “what number, when multiplied by 4, results in 32?”
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8 × 4 = 32 , so z = 8.
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5416

This James Sousa video is an introduction to proportions.
Explore More

Directions: Look at each pair of ratios. Tell whether or not these ratios form a proportion.
1.

1
2

and

4
8

2.

and

4.

3
7
5
2
3
1

and

6
14
10
6
9
3

5.

2
9

and

1.5
4.5

6.

4
9

and

8
10

7.

1
4
3
4

and

5
20
9
10

3.

8.

and

and

Directions: Use proportional reasoning to find the value of the variable in each proportion.
9.

1
4

10.
11.
12.
13.
14.
15.
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a
20

15
x
30 = 2
2
n
9 = 63
z
7
3
5

=
=

k
72
x
32

12
21
t
60

=
=

5
12
4
8
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5.10 Proportions Using Cross Products
Here you’ll learn to solve proportions using cross products.

Remember Manuel who was reading all of the medieval books on knights in the Proportions Concept? Well after he
finished reading the series, he loaned it to his friend Rafael. Rafael is enjoying the series as much as Manuel did.
In five weeks, Rafael had already finished 8 of the 12 books. It took Manuel 7.5 weeks to read all 12 books. Will
Rafael and Manuel finish the series in the same amount of time? Are they reading at the same rate? How can you
figure this out?
To figure this out, you will need to know how to determine if two ratios form a proportion. If the reading rate
of the boys is the same, then the ratios will form a proportion.
Use this Concept to learn how to solve proportions using cross products. Then you will know how to figure
out this dilemma.
Guidance

Previously we learned that a proportion states that two ratios are equivalent. Here are two proportions.
a
b

=

c
d

or

a:b=c:d

In a proportion, the means are the two terms that are closest together when the proportion is written with colons. So,
in a : b = c : d, the means are b and c.
The extremes are the terms in the proportion that are furthest apart when the proportion is written with colons. So,
in a : b = c : d, the extremes are a and d.
The diagram below shows how to identify the means and the extremes in a proportion.
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In the last lesson, you learned how to solve proportions by using proportional reasoning. We can also solve a
proportion for a variable in another way. This is where the cross products property of proportions comes in.
What is the Cross Products Property of Proportions?
The Cross Products Property of Proportions states that the product of the means is equal to the product of the
extremes. You can find these cross products by cross multiplying, as shown below.

a c
=
b d
b·c = a·d
a
4

=

6
8

To solve this, we can multiply the means and the extremes.

a·8 = 4·6
8a = 24
Next, we solve the equation for the missing variable. To do this, we use the inverse operation. Multiplication is
in the problem, so we use division to solve it. We divide both sides by 8.

8a 24
=
8
8
a=3
Our answer is 3.
Solve for each variable in the numerator by using cross products.

Example A
x
5

=

6
10

Solution:x = 3

Example B
a
9

=

15
27

Solution:a = 5

Example C
b
4

=

12
16

Solution:b = 3
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Here is the original problem once again.
Remember Manuel who was reading all of the medieval books on knights? Well after he finished reading the series,
he loaned it to his friend Rafael. Rafael is enjoying the series as much as Manuel did.
In five weeks, Rafael had already finished 8 of the 12 books. It took Manuel 7.5 weeks to read all 12 books. Will
Rafael and Manuel finish the series in the same amount of time? Are they reading at the same rate? How can you
figure this out?
Let’s write a proportion to solve this problem.
8 books
5 weeks

=

12 books
7.5 weeks

Next, we can use cross products to see if the two ratios form a proportion. If they do, then the two boys will
finish the series in the same amount of time.

8 × 7.5 = 60
5 × 12 = 60
The two cross products are equal so the two ratios form a proportion. The two boys will finish the series of
books in the same amount of time.
Guided Practice

Here is one for you to try on your own.
The ratio of boys to girls in the school chorus is 4 to 5. There are a total of 20 boys in the chorus. How many total
students are in the chorus?
Answer
The ratio given, 4 to 5, compares boys to girls. However, the question asks for the total number of students in the
chorus.
One way to set up a proportion for this problem would be to write two equivalent ratios, each comparing boys to
total students.
The ratio of boys to girls is 4 to 5. We can use this ratio to find the ratio of boys to total students.
boys
total

=

boys
boys+girls

=

4
4+5

=

4
9

You know that there are 20 boys in the chorus. The total number of students is unknown, so represent that as x.
boys
total

=

20
x
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Get those ratios equal to form a proportion. Then cross multiply to solve for x.

4 20
=
9
x
9 · 20 = 4 · x
180 = 4x
180 4x
=
4
4
45 = x
So, there are a total of 45 students in the school chorus.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5417

This is a James Sousa video on solving proportions.
Explore More

Directions: Use cross products to find the value of the variable in each proportion.

2.

6
x
10 = 5
x
2
3 = 9

3.

4
9

=

a
45

4.

7
8

=

a
4

5.

b
8

=

5
16

6.

6
3

=

x
9

7.

4
x

=

8
10

8.

1.5
y

=

3
9

9.

4
11

=

c
33

10.

2
6

=

5
y

11.

2
10

=

5
x

12.

4
12

=

6
n

13.

5
70
r = 126
4
14
14 = k

1.

14.
506

www.ck12.org
15.
16.

Chapter 5. Using Ratios, Rates and Proportions

8
6
w = 3
17
2
5 = a
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5.11 Scale Distances or Dimensions
Here you’ll learn to recognize unit scale as a ratio between units of measure of scale dimensions to actual dimensions.
Have you ever built a bookcase?

Jeremy and his Grandpa are going to build him a new bookcase. Given all of the reading that Jeremy has been doing
in Mrs. Henderson’s class, he is definitely in need of a new bookcase.
There is one wall in Jeremy’s room that is the perfect size for bookcase. He and his Grandpa have decided that a
bookcase that is 36” long by 36” wide by 48” high is the best size for the bookcase. Jeremy decides to draw a design
of the bookcase first.
He chooses a unit scale of

1 inch
1 f oot .

Jeremy begins to figure out how to draw the bookcase design given the unit scale. Do you know how to do it? Using
this unit scale and the actual measurements of the bookcase, how big will each dimension of the drawing be?
This Concept is all about unit scale. Pay close attention and you will know how to help Jeremy at the end of
the Concept.
Guidance

Previously we worked on ratios and proportions. Remember that a ratio compares two quantities. Ratios can
be written as fractions, with a colon or with the word “to”. A proportion is created when two ratios are
equivalent or equal.
There are many real-life applications of ratios and proportions. One such application is when we use maps or
drawings or models of real-life things.
If you think about this it makes perfect sense. We can’t really draw 500 miles so we use a scale to help us to represent
500 miles in a sensible way. We can’t really draw a building that is 20 stories high, so we use a scale to help us to
draw it in a sensible way. We can’t really build a life-size model of a home or a car, so we use a scale to help us to
build a model of that real thing.
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Ratios make all of this possible. Let’s think about maps to begin with.
Suppose you wanted to find your way to a place you’ve never been before? What would you do?
You might decide to look at a map to help you determine how to get there. A map is an example of a scale drawing.
Scale drawings and scale models allow us to represent objects accurately that are too large or too small to represent
at the correct size.
Unit scale is what allows us to represent these objects. A unit scale is a ratio. It compares the dimensions of an
actual object to the dimensions of a scale drawing or model. For example, 1 inch on a map of your town might
actually represent a distance of 100 feet.
We could write this ratio like this

1 inch
100 f t .

Then if you wanted to draw 500 feet, you could use this unit scale to draw 5 inches.
If you drew a line that was 8 inches, you would know that you are representing 800 feet.
All of this is thanks to ratios.
Once you decide on a unit scale for a scale drawing, map or model, you can use it and the actual dimension to figure
out what the measurements will be on the drawing. For example, suppose you wanted to make a scale model or a
scale drawing. You would need to know the dimensions, such as the length or width, of the object you wanted to
represent. Then, you would need to decide on a unit scale for your model or drawing. You would then use that unit
scale to create the drawing.
Kim has a rectangular backyard. Its actual dimensions are 50 feet by 30 feet. Kim wants to make a scale drawing of
her backyard. The scale of her drawing will be 12 in. = 5 f t.
Find the dimensions of the backyard in her scale drawing.
First, write the unit scale,
decimal, 0.5 in.
inches
f eet

=

1
2

in. = 5 f t, as a ratio. When writing a ratio, it will be easier to convert

1
2

in. to a

0.5
5

The backyard has a length and a width, so the next thing is to write ratios for the length and the width. The
actual length of the backyard is 50 feet. Use l to represent the length of the backyard in the scale drawing.
inches
f eet

=

l
50

The actual width of the backyard is 30 feet. Use w to represent the length of the backyard in the scale drawing.
inches
f eet

=

w
30

Set up and solve proportions to find the scale length, l, and the scale width, w. This will give us the number of
inches that we will draw for the scale drawing.

l
0.5
=
5
50
5 · l = 0.5 · 50
5l = 25
5l 25
=
5
5
l=5

0.5
w
=
5
30
5 · w = 0.5 · 30
5w = 15
5w 15
=
5
5
w=3

In the scale drawing, Kim’s rectangular backyard should be 5 inches long and 3 inches wide. Her drawing might
look like this example.
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Now it’s time for you to practice. Use the scale
the actual dimensions.

Example A

If the yard is 10 feet by 20 feet.
Solution: 1 inch x 2 inches

Example B

If the yard is 25 feet by 45 feet.
Solution: 1.5" x 4.5"

Example C

If the yard is 60 feet by 100 feet.
Solution: 6" x 10"
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Here is the original problem once again.
Jeremy and his Grandpa are going to build him a new bookcase. Given all of the reading that Jeremy has been doing
in Mrs. Henderson’s class, he is definitely in need of a new bookcase.
There is one wall in Jeremy’s room that is the perfect size for bookcase. He and his Grandpa have decided that a
bookcase that is 36” long by 36” wide by 48” high is the best size for the bookcase. Jeremy decides to draw a design
of the bookcase first.
He chooses a unit scale of

1 inch
1 f oot .

Jeremy begins to figure out how to draw the bookcase design given the unit scale. Do you know how to do it? Using
this unit scale and the actual measurements of the bookcase, how big will each dimension of the drawing be?
With a unit scale of 1” : 1 foot, the first thing to notice is that the actual measurements of the bookcase are in
inches. To figure out how many inches we need to draw, we first need to convert the number of inches of the
bookcase’s actual dimensions into feet.
We can do this by dividing by 12.
Length = 3600 ÷ 12 = 3 f eet
Width = 3600 ÷ 12 = 3 f eet
Height 4800 ÷ 12 = 4 f eet
Now we know that Jeremy is going to draw 1” for every foot. That means that the length of the bookcase in
the drawing will be 3 inches, the width of the bookcase will be 3 inches and the height of the bookcase will be
4 inches.
Jeremy completes his drawing and decides that it is too small. He decides to change his unit scale. Here is the
new unit scale.
2 inches
1 f oot

This means that the new dimensions will be double the old ones. The drawing will have the following
dimensions now.
6” length × 6” width × 8 inches height
Jeremy is pleased with the adjustment and heads off to show his Grandpa his design for the bookcase.
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Guided Practice

Here is one for you to try on your own.
Below is a map of Camp Cardinal, where Mia is a counselor.

a. This morning, Mia walked directly from her bunk to the dining hall for breakfast. How many meters did she walk
from the bunk to the dining hall?
b. After breakfast, Mia walked directly from the dining hall to the arts and crafts center. How many meters did she
walk from the dining hall to the arts and crafts center?
c. What is the total distance that Mia walked from her bunk to the dining hall and then to the arts and crafts center
this morning?
Answer
First, let’s use the scale to figure out these answers.
You can see that .5 cm = 14 m. This means that 1 cm = 28 meters.
Mia walked 4 cm on the map.
28 × 4 = 112
She walked 112 meters to the dining hall.
When she walked to the arts and crafts center, she walked 2.25 cm.
28 × 2.25 = 63
Mia walked 63 meters to the arts and crafts center.
Now we add them together for our last answer.
112 + 63 = 175
Mia walked 175 meters in all.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5508

This is a James Sousa video on unit scale.

Explore More

Directions: Solve each problem using scale and measurement.
1. Haley made a scale model of her new school building. The scale she used for her model was 1 inch = 6 feet. The
actual height of her school building is 30 feet. What was the height of the school building in her scale model?
2. If the width of Haley’s school is 120 feet, what would be the width in the scale model?
3. If the length of Haley’s school is 180 feet, what would be the length in the scale model?
4. Eddie drew a map of Main Street in his hometown. The scale he used for his map was 1 centimeter = 8 meters.
The actual distance between the post office and City Hall, both of which are on Main Street, is 56 meters. What is
the distance between those two places on Eddie’s map?
5. If the distance from the post office to the library is twice the distance from the post office to the City Hall, what is
the distance on Eddie’s map?
6. If the distance from the library to the school is three times the distance as from the post office to the City Hall,
what is the distance on Eddie’s map?
7. Asharah built a model of a car. The actual length of the car is 12 feet. The scale of her model is
What is the length of her model car?
8. Kenya built a model of the same car. His scale of the model is

1 00
2

1
4

inch = 1 f oot.

= 1 f oot. What is the length of his model?

9. Jonah observed a spider that was too small to draw at its actual size. So he made a scale drawing, using the scale
0.5 centimeter = 4 millimeters. The actual length of the spider’s body, not including its legs, was 16 millimeters.
What is the length of the spider’s body, not including its legs, in Jonah’s drawing?
10. If Jonah made a drawing that is half the size of this one, what would length of the spider’s body be in the new
drawing?
11. Alyssa made a scale drawing of her rectangular classroom. She used the scale 21 inch = 4 f eet. Her actual
classroom has dimensions of 32 feet by 28 feet. What are the dimensions of her classroom in the scale drawing?
12. Below is a scale drawing of a circular fountain. In the scale drawing, the diameter of the fountain measures 3
centimeters. What is the actual diameter of the fountain?
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13. On a map, Brandon measured the straight-line distance between Los Angeles, California and San Francisco,
California to be 2 inches. The scale on the map shows that 14 inch = 43 miles. What is the actual straight-line
distance between Los Angeles and San Francisco?
14. A butterfly that Adriana observed was too small to draw at its actual size. So, she made this scale drawing.

In the drawing, the wingspan of the butterfly measures 4.5 centimeters. What was the actual wingspan of the butterfly
Adriana observed?
15. Jeremy made this scale model of Taipei 101, one of the tallest buildings in the world. The scale height of his
model is 2 12 inches. Find the actual height of Taipei 101.
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5.12 Unit Scale to Find Actual Dimensions
Here you’ll learn to use unit scale to find actual dimensions from scale models, drawings or maps.
Remember Jeremy and his grandpa from the Scale Distances or Dimensions Concept? Well, they used the actual
bookcase to create a design using a unit scale. Now Jeremy is going to figure out the actual size of a different
bookcase using a drawing. Take a look.

Jeremy has a drawing of the bookcase which shows that the bookcase is 5.5 inches high. The scale says, 2 inches =
1 foot.
Given this scale, what is the actual height the bookcase?
This Concept will show you how to use unit scale to figure out actual dimensions. We will look at this problem
again at the end of the Concept.

Guidance

Sometimes, you will have a scale drawing, map or model to work with first. You won’t be given the actual
dimensions. Instead, you will have to use the unit scale that accompanies the scale model, drawing or map to
figure out the actual dimensions.
This often happens with maps. You look at a map and try to figure out how far it is from one city to another. The
scale in the bottom of the map can help you with this. If the scale says that 1” = 100 miles and the map indicates
that there is 4 inches between one city and the next, then you can say that the actual distance between the two cities
is 400 miles.
Hector made this scale model of the Statue of Liberty. The scale height of his model, from the base to the torch, is
4.65 centimeters. Find the actual height of the Statue of Liberty.
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Write the unit scale as a ratio.
centimeters
meters

=

1
10

The scale height of the model is 4.65 centimeters. Use h to represent the actual height of the Statue of Liberty.
centimeters
meters

=

4.65
h

Set up and solve proportions to find the actual height, h.

1
4.65
=
10
h
10 · 4.65 = 1 · h
46.5 = h
The actual height of the Statue of Liberty, from the base to the torch, is 46.5 meters.
So far, we have considered scale drawings and models that are used to represent very large objects. Scale
drawings or models can also help us represent very small objects.
A beetle that Amelia observed was too small to draw at its actual size. So, she made this scale drawing.
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In her drawing, the length of the beetle was 4.8 cm. What was the length of the actual beetle?
Write the unit scale, 0.4 cm = 1 mm, as a ratio.
centimeters
millimeters

=

0.4
1

In the scale drawing, the beetle has a length of 4.8 centimeters. Use m to represent the actual length, in millimeters,
of the beetle.
centimeters
millimeters

=

4.8
m

Set up and solve a proportion to find the actual length, m.

0.4 4.8
=
1
m
1 · 4.8 = 0.4 · m
4.8 = 0.4m
4.8 0.4m
=
0.4
0.4
12 = m

The actual length of the beetle Amelia observed was 12 millimeters.
Now it’s your turn. Use unit scale 1" = 200 miles to find the actual dimensions of distance on the map.

Example A

500 miles
Solution: 2.5 inches

Example B

600 miles
Solution: 3 inches

Example C

3000 miles
Solution: 15 inches
Here is the original problem once again.
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Jeremy has a drawing of the bookcase which shows that the bookcase is 5.5 inches high. The unit scale says,
2 in = 1 f t.
Given this scale, what is the actual height the bookcase?
To solve this problem, we can write a proportion and solve for the missing value.
2
1

=

x
5.5

Now cross multiply and solve.
x = 11
The actual height of the bookcase is 11 feet.

Guided Practice

Here is one for you to try on your own.
The map below shows the distances between three towns.
a. On the map, the distance between Smithville and Frankton is 2 14 inches. Find the actual straight-line distance
between Smithville and Frankton.
b. On the map, the distance between Frankton and Blair is 1 12 inches. Find the actual straight-line distance between
Frankton and Blair.
c. How many miles closer is Frankton to Blair than to Smithville?
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Answer
First, let’s look at the information that we have been given. Then we can use this information to solve each part of
the problem. Notice that there are three parts, a, b and c.
The unit scale is
ratio.
inches
miles

=

1
4

in. = 2 mi. Express that ratio as a fraction. Since

1
4

= 0.25, use 0.25 mile as the first term of the

0.25
2

Now, consider part a.
You know that the scale distance between Smithville and Frankton is 2 14 inches. The actual distance between those
two towns is unknown, so use x to represent that distance. Write a ratio to represent this. Since 2 41 = 2.25, use 2.25
as the first term.
inches
miles

=

2.25
x

Set up a proportion using the unit scale and the ratio above and solve for x.

0.25 2.25
=
2
x
2 · 2.25 = 0.25 · x
4.5 = 0.25x
4.5
0.25x
=
0.25
0.25
18 = x

The actual distance between Smithville and Frankton is 18 miles.
Next, consider part b.
You know that the scale distance between Frankton and Blair is 1 12 inches. The actual distance between those two
towns is unknown, so use x to represent that distance. Write a ratio to represent this. Since 1 12 = 1.5, use 1.5 as the
first term.
inches
miles

=

1.5
x

Set up a proportion using the unit scale and the ratio above and solve for x.
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0.25 1.5
=
2
x
2 · 1.5 = 0.25 · x
3 = 0.25x
3
0.25x
=
0.25
0.25
12 = x
The actual distance between Frankton and Blair is 12 miles.
Finally, consider part c.
We know that Smithville is 18 miles from Frankton, and that Blair is 12 miles from Frankton. So, we can subtract
to find out how much closer Frankton is to Blair than to Smithville.
18 − 12 = 6
Frankton is 6 miles closer to Blair than to Smithville.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5508

This is a James Sousa video on unit scale.
Explore More

Directions: Use the given scale to determine the actual distance.
Given: Scale 1” = 100 miles
1. How many miles is 2” on the map?
2. How many miles is 2 21 inch on the map?
3. How many miles is 14 inch on the map?
4. How many miles is 10 inches on the map?
5. How many miles is 11 inches on the map?
6. How many miles is 12.5 inches on the map?
7. How many miles is

1
2

inch on the map?

8. How many miles is 5 14 inch on the map?
Given: 1 cm = 20 mi
9. How many miles is 2 cm on the map?
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10. How many miles is 4 cm on the map?
11. How many miles is 8.5 cm on the map?
12. How many miles is 19 cm on the map?
13. How many miles is 13 cm on the map?
14. How many miles is

1
2

cm on the map?

15. How many miles is 1 12 cm on the map?
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5.13 Scale Factor to Find Actual Dimensions
Here you’ll learn to use scale factor to find actual dimensions from scale models, drawings or maps.
Remember the reading challenge? Take a look at this dilemma.

Mrs. Henderson is thrilled with the progress that her students are making in the reading challenge. As a reward, she
has decided to make a small reading corner in the back of her room. She has gotten a few bean bag chairs donated
and one small couch. When the students arrived on Monday morning, they were thrilled.
“Wow! This is awesome!” they exclaimed as they took turns trying out the furniture.
“Next, we need a small rug,” Mrs. Henderson said.
On the board she drew a rectangle.
“This rug has a scale factor of
area of the rug?”

1
10 .

If the length of the rug is 6” in this drawing and the width is 3”, then what is the

“Mrs. Henderson, this isn’t math,” Jessica said smiling.
“A little math never hurt anyone, let’s get started.”
While the students work on this problem, it is your turn to learn about scale factor in this Concept.
Guidance

The relationship between the dimensions on a scale drawing or model and the actual dimensions of the object
being represented is described by a ratio. One type of ratio that could be used is called a unit scale , in which
units of measure are used to relate scale dimensions to actual dimensions. For example, a unit scale for a scale
drawing might be: 1 centimeter = 2 meters.
Another ratio that could be used is called a scale factor. Like a unit scale, a scale factor relates the scale
dimensions to actual dimensions however it does so without regard to specific units.
A scale factor for a scale drawing might be

1
200 .

If you think about the unit scale that we just introduced, 1 centimeter to 2 meters, the scale factor would be 1
to 2.
Let’s look at how we can work with scale factors when given actual dimensions.
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Suppose you wanted to make a scale model or a scale drawing. You would need to know the dimensions of the
object you wanted to represent. Then, you could choose a scale factor for your model or drawing. You would then
use that scale factor to create the drawing.
Since a scale factor disregards units of measure, you will need to convert units of length to solve problems involving
scale drawings and models. Knowing the unit conversions in this table can help you convert units of length.

TABLE 5.2:
Customary Units of Length
1 foot (ft) = 12 inches (in.)
1 yard (yd) = 3 feet (ft)
1 mile (mi) = 1760 yards (yd) = 5280 feet (ft)

Metric Units of Length
1 meter (m) = 100 centimeters (cm) = 100 millimeters
(mm)
1 kilometer (km) = 1000 meters (m)

Write these conversions down in your notebook and then continue. This way you can refer back to them as you
work.

A small airplane has a wingspan of 16 feet. Finn wants to make a scale model of the airplane. The scale factor for
1
his model will be 48
. Find the wingspan of his model airplane in inches.
The scale factor compares the dimensions of the scale model to the dimensions of the actual airplane.
scale
actual

=

1
48

The actual wingspan of the airplane is 16 feet. Use w to represent the unknown wingspan of the model
airplane.
scale
actual

=

w
16

Set up and solve a proportion to find w, the wingspan of the scale model.
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w
1
=
48 16
48 · w = 1 · 16
48w = 16
48w 16
=
48
48
16 16 ÷ 16 1
=
=
w=
48 48 ÷ 16 3

The wingspan of the model airplane will be

1
3

foot.

The question asks for the wingspan in inches. So, convert

1
3

foot to inches.

We know that 1 foot = 12 inches. One way to find the number of inches in

1
3

foot is to multiply

1
3

by 12.

1
1 12 12
1
f oot = × 12 = ×
=
= 4 inches
3
3
3
1
3

The wingspan of the model airplane will be 4 inches, or

1
3

foot.

The longest side of a triangular flower bed is 5.5 meters long. Leah wants to make a scale drawing of the flower
1
. What will be the length of the longest side of the flower bed in her
bed. The scale factor for her drawing will be 200
drawing?
The scale factor compares the dimensions of the scale drawing to the dimensions of the actual flower bed.
scale
actual

=

1
200

The actual length of the flower bed is 5.5 meters. Use l to represent the unknown length of the flower bed in
the scale drawing.
scale
actual

=

l
5.5

Set up and solve a proportion to find the scale length, l.

1
l
=
200 5.5
200 · l = 1 · 5.5
200l = 5.5
200l
5.5
=
200
200
l = 0.0275

If you were unsure of how to divide 5.5 by 200, here is how you could have done it:
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0.0275

5.5 = 5.5000, so

200) 5.5000
−400
1500
−1400
1000
−1000
0

Since the actual length was 5.5 meters , the length of the flower bed in the scale drawing is 0.0275 meters .
Convert that scale length to centimeters. Write a ratio for the unit conversion: 1 meter = 100 centimeters. Then write
a second ratio to compare x, the unknown scale length, in centimeters, to the known scale length in meters.
meters
1
=
centimeters 100

meters
0.0275
=
centimeters
x

Now, set up and solve a proportion to find the scale length in centimeters.
1
0.0275
=
100
x
100 · 0.0275 = 1 · x
2.75 = x
The length of the longest side of the flower bed in the scale drawing will be 0.0275 meter or 2.75 centimeters. You
can also use scale factor to find the actual dimensions of an object that is represented in a scale drawing or scale
model.
An ant that Alison observed was too small to draw at its actual size. So, Alison made the scale drawing shown below.
The scale factor for the drawing is 5. Find the actual length of the ant Alison observed.

The scale factor compares the dimensions of the scale drawing to the dimensions of the actual ant. Since
5 = 51 , we can represent the ratio as, 51 .
scale
actual

=

5
1

The scale length of the ant in the drawing is 2.75 centimeters. Use l to represent the unknown length of the
actual ant.
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2.75
l

Set up and solve a proportion to find the actual length, l.

5 2.75
=
1
l
1 · 2.75 = 5 · l
2.75 = 5l
2.75 5l
=
5
5
0.55 = l
Since the scale length you used was 2.75 centimeters , the length of the actual ant was 0.55 centimeter .
Convert that scale length to millimeters. Use the unit conversion, 1 centimeter = 10 millimeters, to write a
ratio.
centimeters
millimeters

=

1
10

Then write a second ratio to compare x, the unknown scale length, in millimeters, to the known scale length in
centimeters.
centimeters
millimeters

=

0.55
x

Now, set up and solve a proportion to find the scale length in centimeters.

1
0.55
=
10
x
10 · 0.55 = 1 · x
5.5 = x
The actual length of the ant was 0.55 centimeter or 5.5 millimeters.
Use the scale factor of 1 to 3 to figure out the actual dimensions given the following scale dimensions.
Example A

9 inches
Solution: 27 inches
Example B

12 mm
Solution: 36 mm
Example C

15 inches
Solution: 45 mm
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Here is the original problem once again.
Mrs. Henderson is thrilled with the progress that her students are making in the reading challenge. As a reward, she
has decided to make a small reading corner in the back of her room. She has gotten a few bean bag chairs donated
and one small couch. When the students arrived on Monday morning, they were thrilled.
“Wow! This is awesome!” they exclaimed as they took turns trying out the furniture.
“Next, we need a small rug,” Mrs. Henderson said.
On the board she drew a rectangle.
“This rug has a scale factor of
area of the rug?”

1
10 .

If the length of the rug is 6” in this drawing and the width is 3”, then what is the

“Mrs. Henderson, this isn’t math,” Jessica said smiling.
“A little math never hurt anyone, let’s get started.”
First, we need to figure out the actual length of the rug and the actual width of the rug given the drawing and
the scale factor. Here is our proportion for the length.
1
10

=

6
l

Notice that we use “l” for the missing length. We use cross products and find that the length is 60 inches.
Next, we find the width.
1
10

=

3
w

We use cross products to find that the width is 30 inches.
Next, we want to find the area of the rug. We want to find it in square feet. First, we need to convert the length
and width to feet from inches.

60 ÷ 12 = 5 f eet
30 ÷ 12 = 2.5 f eet

The area is found by multiplying length times width.
5 × 2.5 = 12.5 square feet
This is the area of the rug.
528

www.ck12.org

Chapter 5. Using Ratios, Rates and Proportions

Guided Practice

Here is one for you to try on your own.
The scale drawing below shows a rectangular carpet. The scale factor for the drawing is
square feet, of the actual carpet?

1
24 .

What is the area, in

Answer
You can find the area of a rectangle by multiplying the length by the width: A = lw.
Before you can find the actual carpet’s area, you must first find the length and width of the actual carpet.
The scale factor compares the dimensions of the scale drawing to the dimensions of the actual carpet.
scale
actual

=

1
24

The scale length in the drawing is 4 inches and the scale width is 2 inches. Use l to represent the unknown
actual length and use w to represent the unknown actual width.
scale
actual

=

4
l

scale
actual

=

2
w

Set up and solve proportions to find the actual length, l, and the actual width, w.

1
4
=
24
l
24 · 4 = 1 · l

1
2
=
24 w
24 · 2 = 1 · w

96 = l

48 = w

Since the scale dimensions you used were given in inches , the actual length is 96 inches and the actual width
is 48 inches.
You need to find the area in square feet . So, convert each scale length to feet before you find the area. Use the
unit conversion, 1 foot = 12 inches.
f eet
inches

=

1
12

Then write two more ratios. One should compare x, the actual length, in feet, to the known scale length in inches.
The other should compare y, the actual width, in feet, to the known scale width in inches,

ratio for length =

f eet
x
=
inches 96

ratio for width:

f eet
y
=
inches 48
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Now, set up and solve proportions to convert the dimensions to feet.

1
x
=
12 96
12 · x = 1 · 96

1
y
=
12 48
12 · y = 1 · 48

12x = 96
12x 96
=
12
12
x=8

12y = 48
12y 48
=
12
12
x=4

Now, calculate the area in square feet.
A = lw = 8 f t · 4 f t = 32 f t 2
The area of the carpet is 32 square feet.
You may wonder why we converted the dimensions from inches to feet before finding the area. You might wonder
if we could have simply found the area, in square inches, and then converted the area to square feet. We could have,
but if we did, we would have needed to be careful to convert from square inches to square feet.
The area in square inches is:
A = lw = 96 in. · 48 in. = 4608 in.2
How do we convert from square inches to square feet?
We know that 1 foot = 12 inches and 1 f t 2 = 1 f t · 1 f t. We can use that information to find out how many square
inches are in 1 square foot:
1 f t 2 = 1 f t × 1 f t = 12 in. × 12 in. = 144 in.2
So, we could set up and solve a proportion to convert 4,608 square inches to square feet, using the ratio: 1 square
foot = 144 square inches.

a
1
=
144 4608
144 · a = 1 · 4608
144a = 4608
144a 4608
=
144
144
a = 32

We would get the same answer, 32 square feet, for the area of the carpet using this method. If you choose to solve
problems this way, just be sure to remember that even though 1 foot = 12 inches, 1 square foot = 144 square inches,
not 12 square inches.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1347

This is a James Sousa video on scale factor.
Explore More

Directions: Solve each problem. Keep in mind that several problems may have more than one part.
1
1. Calvin drew a map of his neighborhood. The scale factor he used for his map was 800
. The actual distance
between Calvin’s house and his best friend Frank’s house is 80 meters. What should be the distance, in centimeters,
between those two places on his scale drawing?

2. If the distance from Calvin’s house to the park is 40 meters, what would be the distance in centimeters?
3. If the distance from Calvin’s house to the corner store is double the distance from his house to Frank’s, what
would be the distance on the map in centimeters?
4. If the distance from Calvin’s house to his Grandmother’s was halfway between his and Frank’s, what would be
the distance on the map in centimeters?
5. Madeline built a model of a boat. The actual length of the boat is 24 feet. The scale factor she used for the model
1
was 36
. What should be the length, in inches, of the model boat?
6. If the scale factor was

1
72 ,

what would the length be in inches of the model boat?

7. A metal pipe is 2.5 meters long. Josh wants to make a scale drawing of the pipe. The scale factor for his drawing
1
will be 100
. What will be the length, in centimeters, of the metal pipe in his drawing?
8. Sydra observed a housefly that was too small to draw at its actual size. So she made a scale drawing, using 10
as a scale factor. The actual length of the housefly was 8 millimeters. What is the length of the housefly in Sydra’s
drawing in millimeters?
9. What is the length of the housefly in Sydra’s drawing in centimeters?
1
. He
10. Luis made a scale model of the doghouse he is going to build. The scale factor he used for this model was 24
wants the actual height of the doghouse to be 6 feet. What should be the height of the doghouse in his scale model?

11. Jean-Marc used a scale factor of 5 to make this scale drawing of a moth.

In the drawing, the wingspan of the moth measures 3 centimeters. What was the actual wingspan, in millimeters, of
the moth Jean-Marc observed?
12. Below is a scale drawing of a swimming pool. In the scale drawing, the diameter of the pool measures 1 12 inches.
1
The scale factor for the drawing is 72
. What is the actual diameter of the pool in feet?
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13. Barbara made a scale model of the Washington Monument. The scale factor for her model is
her model is 5 inches. What is the actual height, in feet, of the Washington Monument?
14. Below is a map of a city park. This map was created using a scale factor of

1
1332 .

The height of

1
300 .

a. On the map, the distance between the sandbox and the swings is 2.5 centimeters. What is the actual distance
between the sandbox and the swings in meters?
b. On the map, the distance between the sandbox and the jungle gym is 1.7 centimeters. What is the actual distance
between the sandbox and the jungle gym in meters?
15. The scale drawing below shows the floor of Julian’s bedroom.

The scale factor for the drawing is

1
200 .

a. What are the dimensions, in meters, of the actual floor?
b. What is the area, in square meters, of the actual floor?
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5.14 Problem Solving Plan, Proportions
Here you’ll learn to develop and use the strategy: write a proportion.

After a whole year of reading, the students in Mrs. Henderson’s class are ready to tally up the number of books that
were read. The students read a total of 544 books. There were many different types of books that were read. A few
of the students took everyone’s lists and organized them into categories. Then they tallied the number of books in
each category and composed a list.
History 12 books
Adventure 250 books
Romance 100 books
Mystery 120 books
Nature/Science 62 books
Then the students began comparing the number of books in each category. They compared the three largest categories
with each other. They compared romance to adventure, mystery to romance, and mystery to adventure.
Given what you have learned about ratios and proportions answer each of the following questions.
What is the ratio of romance books to adventure books? Write your answer in simplest form too.
What is the ratio of mystery to romance books? Write your answer in simplest form.
What is the ratio of mystery to adventure? Write your answer in simplest form.
Do any of these ratios form a proportion? Why or why not?
Take a few minutes to write down your answers. Now go through the Concept and check your answers at the end.
Guidance

As you already know, some types of problems can be solved by writing and solving a proportion. However, how you
choose to solve the proportion may vary. Sometimes, it may be easier to use proportional reasoning. Other times,
cross multiplying may be easier.
Let’s look at two different situations where you can use a proportion.
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On a map, Sonia measured the straight-line distance between Baltimore, Maryland and Washington D.C. to be 2
centimeters. The scale on the map shows that 1 centimeter = 28 kilometers. What is the actual straight-line distance
between Baltimore and Washington D.C.?
This problem involves a map, which is a type of scale drawing. It makes sense to use proportions to solve it.
The unit scale, 1 centimeter = 28 kilometers, can be represented as a ratio. We can also write a ratio that compares
the scale distance, 2 centimeters, to the unknown actual distance, d.
centimeters
kilometers

=

1
28

centimeters
kilometers

=

2
d

These are equivalent ratios, so we can use them to write a proportion.
1
28

=

2
d

Consider which strategy to use. Should we solve for d by using proportional reasoning? Or should we cross
multiply?
Either strategy will work, but look at the terms in the numerators. The relationship between those two terms is
easy to see––we can multiply 1 by 2 to get 2. So, the computation will probably be simpler if we use proportional
reasoning and multiply both terms of the first ratio by 2.
1
28

=

1×2
28×2

=

2
56

=

2
d

From the work above, we can see that when the first term is 2, the second term is 56. So, d = 56.
The actual distance between Baltimore and Washington D.C. is 56 kilometers.
Sometimes, it is easier to use the cross product property of proportions than to use proportional reasoning.
This is especially true when the relationship between a pair of terms in a proportion is not immediately
obvious.
534

www.ck12.org

Chapter 5. Using Ratios, Rates and Proportions

A baker uses 22 cups of flour to make 4 loaves of bread. How many cups of flour will he need to use to make 31
loaves of bread?
We can write a proportion to help us solve this problem. The first ratio can use the fact that it takes 21 cups of
flour to make 4 loaves of bread. The second ratio can compare the unknown number of cups of flour needed, c, to
the 31 loaves of bread the baker wants to make.
cups
loaves

=

22
4

cups
loaves

=

c
31

These are equivalent ratios, so we can use them to write a proportion.
22
4

=

c
31

Consider which strategy to use. Should we solve for c by using proportional reasoning? Or should we cross
multiply?
The relationship between the terms in the denominators, 4 and 31, is not immediately obvious because 31 is not a
multiple of 4. So, cross multiplying is probably easier.

22
c
=
4
31
4 · c = 22 · 31
4c = 682
4c 682
=
4
4
c = 170.5

The baker will need 170.5, or 170 12 , cups of flour to bake 31 loaves of bread.
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Now it is time for you to try a few on your own. Use the information from the baker above.

Example A

How many cups for 6 loaves?
Solution: 33 cups

Example B

How many loaves for 55 cups?
Solution: 10 loaves

Example C

If the baker made half as many loaves to start with, how many cups would he have needed?
Solution: 11 cups
Here is the original problem again. It is time to check your answers.
After a whole year of reading, the students in Mrs. Henderson’s class are ready to tally up the number of books that
were read. The students read a total of 544 books. There were many different types of books that were read. A few
of the students took everyone’s lists and organized them into categories. Then they tallied the number of books in
each category and composed a list.
History 12 books
Adventure 250 books
Romance 100 books
Mystery 120 books
Nature/Science 62 books
Then the students began comparing the number of books in each category. They compared the three largest categories
with each other. They compared romance to adventure, mystery to romance, and mystery to adventure.
Given what you have learned about ratios and proportions answer each of the following questions.
What is the ratio of romance books to adventure books? Write your answer in simplest form too.
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2
5

What is the ratio of mystery to romance books? Write your answer in simplest form.
120
100

=

6
5

What is the ratio of mystery to adventure? Write your answer in simplest form.
120
250

=

12
25

Do any of these ratios form a proportion? Why or why not?
None of these ratios form a proportion because none of them are equal.
Take a few minutes to go over your answers with a friend.
Guided Practice

Here is one for you to try on your own.
Use a proportion to solve the following problem.
If a person can run 3 miles in 18 minutes, how long will it take the same person to run 21 miles if it is at the same
rate?
Answer
In this problem, we are comparing miles and time. That is our ratio. Let’s set it up.
miles
time

=

miles
time

Next we fill in the given information.
3
18

=

21
x

Now we cross multiply and solve.
3x = 378
x = 126
The person would run 21 miles in 126 minutes, a little over two hours.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1360

This is a James Sousa video on problem solving with proportions.
Explore More

Directions: Use what you have learned to solve each problem. Consider more than one strategy for solving each
problem. Then choose the strategy you think will work best and use it to solve the problem.
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1. A jar contains only pennies and nickels. The ratio of pennies to nickels in the jar is 2 to 7. If there are 14 nickels
in the jar, how many pennies are in the jar?
2. Anya charges $40 for 5 hours of babysitting. Lionel charges $14 for 2 hours of babysitting. Which babysitter
charges the cheapest rate?
3. On a map, Derek measured the straight-line distance between Toronto, Canada and Niagara Falls, New York to
be 2 inches. The scale on the map shows that 21 inch = 11 miles. What is the actual straight-line distance between
Toronto and Niagara Falls?
4. A desk is 120 centimeters long. What is the length of the desk in meters? Use this unit conversion: 1 meter = 100
centimeters.
5. On a field trip, the ratio of teachers to students is 1 : 25. If there are 5 teachers on the field trip, how many students
are on the trip?
6. Kara bought 5 pounds of Brand X roast beef for $43. Cameron bought 3 pounds of Brand Y roast beef for $27.
Which brand of roast beef is the better buy?
7. If two inches on a map are equal to three miles, how many miles are represented by four inches?
8. If eight inches on a map are equal to ten miles, how many miles are 16 inches equal to?
9. Casey drew a design for bedroom. On the picture, she used one inch to represent five feet. If her bedroom wall is
ten feet long, how many inches will Casey draw on her diagram to represent this measurement?
10. If two inches are equal to twelve feet, how many inches would be equal to 36 feet?
11. If four inches are equal to sixteen feet, how many feet are two inches equal to?
12. The carpenter chose a scale of 6” for every twelve feet. Given this measurement, how many feet would be
represented by 3”?
13. If 9 inches are equal to 27 feet, how many feet are equal to three inches?
14. If four inches are equal to 8 feet, how many feet are equal to two inches?
15. If six inches are equal to ten feet, how many inches are five feet equal to?
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5.15 Conversion Using Unit Analysis
Here you’ll develop and use the strategy: use unit analysis.
Have you ever wondered how much of one unit is found in another unit? Sound confusing? Take a look.
Jeff made 4 liters of lemonade for a party. He is wondering how many milliliters there are in his lemonade.
Do you know how to figure this out?
Using proportions and unit analysis is the way to solve this problem. This Concept will teach you what you
need to know.

Guidance

Proportions can help us convert from one unit of measure to another. For example, suppose you needed to convert
from liters to milliliters.

A pitcher holds 4 liters of water. Determine how many milliliters of water the pitcher holds. Use the unit conversion:
1 liter = 1000 milliliters
First, let’s set up a proportion to solve this problem.
The first ratio can use the unit conversion and compare liters to milliliters. The second ratio can compare 4
liters to the unknown number of milliliters, n.
liters
milliliters

=

1
1000

liters
milliliters

=

4
n

These are equivalent ratios, so we can use them to write a proportion.
1
1000

=

4
n

Consider which strategy to use. Should we solve for d by using proportional reasoning? Or should we cross
multiply?
The relationship between the terms in the numerators is easy to see––we can multiply 1 by 4 to get 4. So, the
computation will probably be simpler if we use proportional reasoning and multiply both terms of the first ratio by
4.
1
1000

=

1×4
1000×4

=

4
4000

=

4
n
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From the work above, we can see that when the first term is 4, the second term is 4000. So, n = 4000.
The pitcher holds 4000 milliliters of water.
Another strategy for solving a problem like the one with the pitcher is to use unit analysis. In unit analysis, we
write ratios as fractions, just as we do when we write a proportion. However, in unit analysis, we do not want
the terms in the fractions to be consistent. Instead, the units in the fractions are written so that certain units
cancel one another out.

This will be easier to understand if we consider an example. Let’s go back to the last example with the liters
and the pitcher. We can use unit analysis to solve it.
The problem requires us to convert 4 liters to milliliters. Our answer should be in milliliters, so the number of
milliliters is unknown.
The measure we are given is 4 liters.
We know that 1 liter (L) = 1000 milliliters (mL). This can be expressed as either
possible conversion factor by which we might multiply 4 liters.

1L
1000mL

We should start by writing 4 liters as a fraction over 1. We can do this because 4L =

or

1000mL
1L .

Each of these is a

4L
1 .

4L
1

We want our answer to be in milliliters, not in liters. So, we want the liters to cancel each other out. Since liters is
in the numerator of the fraction above, we should make sure that liters is in the denominator of the conversion factor
we use, like this:
4L
1

× 1000mL
1L

Since liters appears in the numerator of one factor and in the denominator of another factor, we can cancel them out,
like this:

4S
L 1000mL
×
1
1S
L
Now we can multiply what is left as we would multiply any fractions.
4
1

× 1000mL
=
1

4×1000mL
1×1

=

4000mL
1

= 4000mL

The pitcher holds 4000 milliliters of water.
Now it’s your turn to try a few conversions.
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Example A

How many milliliters in 2.5 liters? Write a proportion and solve.
Solution: 2500 mL

Example B

How many meters in 11 kilometers? Write a proportion and solve.
Solution: 11,000 meters

Example C

How many inches are there in 18 feet? Use a proportion and solve.
Solution: 216 inches
Here is the original problem once again.
Jeff made 4 liters of lemonade for a party. He is wondering how many milliliters there are in his lemonade.
Do you know how to figure this out?
To figure this out, we can start with the unit scale from liters to milliliters.
1
1000

This means that there are 1000 milliliters in 1 liter.
Now we can set up a proportion.
1
1000

= 4x

Cross multiply and solve.
4000
There are 4000 mL in the lemonade container.

Guided Practice

Here is one for you to try on your own.
Arnaldo needs to buy olive oil. He could buy a 15-ounce bottle of Brand A olive oil for $3, or he could buy a
20-ounce bottle of Brand B olive oil for $5. Which is the better buy?
Answer
One way to solve this problem is to find the unit price for each bottle.
Find the unit price for the 15-ounce bottle. Remember, you can find the unit price by dividing the first term by the
second term.
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$3
15oz

$0.20

15)$3.00
−30
0
−0
0

Find the unit price for the 20-ounce bottle.

$5 for 20 oz =

$5
20oz

$0.25

20)$5.00
−40
100
−100
0

Since $0.20 <$0.25, the 15-ounce bottle of Brand A olive oil has the cheaper unit price and is the better buy.
Finding the unit rate is not the only strategy we could have used to solve a problem like the one in the last
example. Instead of determining the unit rate, we could have imagined buying several bottles of each brand
until we had the same number of ounces of Brand A oil as Brand B oil. Then we could have compared those
costs. This strategy is known as the scaling strategy . Take a look at the next problem.
Find a common number of ounces for both brands.
The first few multiples of 15 are: 15, 30, 45, 60, and 75.
The first few multiples of 20 are: 20, 40, 60, 80, and 100.
The least common multiple of 15 and 20 is 60. So, we can find the cost of buying 60 ounces of each brand of oil.
A 15-ounce bottle of Brand A oil costs $3.
15 × 4 = 60, so

ounces
price

=

15
3

=

15×4
3×4

=

60
12 .

The cost of 60 ounces of Brand A oil (four 15-ounce bottles of oil) is $12.
A 20-ounce bottle of Brand B oil costs $5.
20 × 3 = 60, so

ounces
price

=

20
5

=

20×3
5×3

=

60
15 .

The cost of 60 ounces of Brand B oil (three 20-ounce bottles of oil) is $15.
Since $12 <$15, it would cost less to buy 60 ounces of Brand A olive oil than to buy 60 ounces of Brand B olive
oil. So, the 15-ounce bottle of Brand A olive oil is the better buy.
Explore More

Directions: Use unit analysis to solve each problem.
1. How many feet in 1 mile?
2. How many feet in 18.5 miles?
3. How many milliliters in 3.75 liters?
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4. How many milliliters in 18.25 liters?
5. How many pounds in 3 tons?
6. How many pounds in 2.5 tons?
7. How many pounds in 4.75 tons?
8. How many feet in 18 yards?
9. How many inches in 4 feet?
10. How many inches in 8.75 feet?
11. How many milliliters in 29.5 liters?
Directions: Solve each problem.
12. Fred needs to buy vanilla extract to bake a cake. He could buy a 4-ounce bottle of vanilla extract for $8, or a
6-ounce bottle of vanilla extra for $15. Which bottle is the better buy?
13. A rope is 3 yards long. How many inches long is the rope? Use these unit conversions: 1 yard = 3 feet and 1
foot = 12 inches.
14. At the farmer’s market, Maureen can buy 6 ears of corn for $3. At that price, how much would it cost to buy 9
ears of corn?
15. James bought a 128-ounce bottle of apple juice. How many pints of apple juice did James buy? Use these unit
conversions: 1 cup = 8 fluid ounces and 1 pint = 2 cups.

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including ratios, rates, unit rates, slope,
identifying proportions, writing proportions, solving proportions, unit scale, scale factor, problem solving with unit
analysis and problem solving with proportions.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts on
recognizing percents, percents and fractions, percents and proportions, the percent equation, percents as decimals,
percent of increase, percent of decrease, percent of change, tips, taxes, interest and circle graphs.
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6.1 Percents
Here you’ll learn to recognize percent as a ratio whose denominator is 100.
Have you ever thought about percentages? Have you ever thought about them in connection to a candy store?
Randy loves gummy worms. In looking at a package of gummy worms, he has figured out that 45% of the gummy
worms in a bag are red ones.
"Look at the red ones," he told his friend Sasha.
"I like red ones too," Sasha commented.
"Yes, but only 45% of this bag are red," Randy explained.
Do you know how many worms that is out of 100?
Percents are out of 100. Because Randy calculated the number of red gummy worms out of 100, he used a
percent. You can also write this value as a ratio. This Concept will teach you how to tackle this dilemma.
Guidance

In an earlier Concept, you learned that a ratio is a comparison of two numbers and that a ratio can be written in
three ways.
Think about this. If there are 13 red jelly beans and 15 yellow jelly beans in a jar, the ratio of red jelly beans to
yellow jelly beans can be written as 13 to 15, 13:15, or 13
15 . Each of these ratios is read as “thirteen to fifteen.”

A percent is a type of ratio. You may have worked with percents before, but now we are going to apply them directly
to ratios. Hopefully, you will see percents in a new way.
What is a percent?
A percent is a ratio that compares a number to 100. Percent means “per hundred” and the symbol for percent
is %. 100% represents the ratio 100 to 100 or 100
100 . Therefore, the value of 100% is 1.
If there are 100 jelly beans in a jar and 19 are black, we can say that
Look at the following examples to better understand percents.

19
100

or 19% of the jelly beans in the jar are black.

Write a ratio and a percent that describes the shaded part.
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The figure shows the ratio of 37 shaded squares to 100 squares.
We can write the ratio as 37 to 100, 37:100, or

37
100 .

When the denominator of a ratio in fraction form is 100, you can express the ratio as a percent.
37
100

= 37%

The ratio that describes the shaded part is 37 to 100, 37:100, or

37
100 ,

and the percent is 37%.

This is a visual way of showing a percent as a ratio. We can use the picture to write the ratio and the percent.
Let’s look at another situation that uses a real-life item.
There were 100 questions on a test and Amanda answered 92 of them correctly. What percent did she answer
correctly? What percent did she answer incorrectly?
Amanda answered 92 out of 100 questions correctly. We can write this as the ratio
100, we can write this in percent form as 92%.

92
100 .

Since the denominator is

Since there were 100 questions on the test and Amanda answered 92 correctly, she answered 100 –92, or 8 out of
8
100 incorrectly. We can write this as the ratio 100
and as the percent 8%.
Amanda answered 92% of the questions correctly and 8% incorrectly.
Practice what you have learned by writing a percent for each example.

Example A

Karen ate 12 out of 100 blueberries.
Solution: 12%

Example B

Joey answered 92 questions correctly out of 100 questions on his test.
Solution: 92%

Example C

Sarah gathered 25 roses out of 100 flowers.
Solution:25%
Remember Randy and the gummy worms? Here is the original problem once again.
546

www.ck12.org

Chapter 6. Using Percents

Randy loves gummy worms. In looking at a package of gummy worms, he has figured out that 45% of the gummy
worms in a bag are red ones.
"Look at the red ones," he told his friend Sasha.
"I like red ones too," Sasha commented.
"Yes, but only 45% of this bag are red," Randy explained.
Do you know how many worms that is out of 100?
To answer this question, let’s first write the percent.
45%
A percent is out of 100, so we can say that this percent means that out of 100 gummy worms that 45 of them are red.
Here is a ratio.
45 out of 100
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write this percent as a ratio.
12%
Answer
To write this as a ratio, we change the 12% to 12 out of 100.
Now we can write that ratio in fraction form.
12
100

This is our answer.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5421

This James Sousa video is an introduction to percents.
Explore More

Directions: Write each percent as a ratio with a denominator of 100.
1. 10%
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2. 6%
3. 22%
4. 41%
5. 33%
6. 70%
7. 77%
8. 19%
9. 25%
10. 15%
11. 7%
12. 29%
13. 88%
14. 92%
15. 90%
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6.2 Percents as Fractions
Here you’ll learn to write percents as fractions in simplest form.
Remember Randy? Here is the gummy worm dilemma once again.
Randy loves gummy worms. In looking at a package of gummy worms, he has figured out that 45% of the gummy
worms in a bag are red ones.
"Look at the red ones," he told his friend Sasha.
"I like red ones too," Sasha commented.
"Yes, but only 45% of this bag are red," Randy explained.
Do you know how many worms that is out of 100?
In the last Concept, we wrote this percent as a fraction with a denominator of 100.
45
100

Now we can simplify this ratio.
This is what you will learn how to do in this Concept.

Guidance

In the last Concept you saw how you can write a percent as a ratio. Well, remember that one of the ways of writing
a ratio is to write it in fraction form. Fractions can be simplified. Therefore, we can write percents as fractions
and reduce them to simplest form.
To write a percent as a fraction, we write the percent as a ratio with a denominator of 100. We can then write
the fraction in simplest form, if possible.
Write 80% as a fraction in simplest form.
First, write the percent as a fraction with a denominator of 100.
80
100

Next, we can simplify this fraction. You can start by canceling a zero in the numerator and one in the denominator.

80A
100A

Now we have eight-tenths to simplify.
8
10

=

4
5

Our final answer is that 80% can be written as the fraction 45 .
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Yes. Because they are both parts of a whole, we can interchange the way that we write them. A percent can
be written as a fraction and a fraction can be written as a percent too.
Write 12% as a fraction in simplest form.
First, write the percent as a fraction out of 100.
12
100

Next, we simplify this fraction. The greatest common factor is 4, so we divide the numerator and the
denominator by 4.
12÷4
100÷4

=

3
25

12% can be written as the fraction

3
25 .

Now it’s time for you to try a few on your own.

Example A

18%
Solution:

18
100

=

9
50

Example B

20%
20
Solution: 100
=

1
5

Example C

4%
4
Solution: 100
=

1
25

Now you are ready to simplify. Here is the gummy worm situation once again.
Randy loves gummy worms. In looking at a package of gummy worms, he has figured out that 45% of the gummy
worms in a bag are red ones.
"Look at the red ones," he told his friend Sasha.
"I like red ones too," Sasha commented.
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"Yes, but only 45% of this bag are red," Randy explained.
Do you know how many worms that is out of 100?
In the last Concept, we wrote this percent as a fraction with a denominator of 100.
45
100

Now we can simplify this ratio.
To do this, we divide the numerator and denominator by the greatest common factor.
The greatest common factor of 45 and 100 is 5.
9
20

This is our answer.
Guided Practice

Here is one for you to try on your own.
Write this percent as a fraction in simplest form.
33%
Answer
First, we can write it as a fraction with a denominator of 100.
33
100

There isn’t a greatest common factor for 33 and 100, so this is the fraction in simplest form.
Our work is complete.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5423

This James Sousa video relates fractions, decimals and percents.
Explore More

Directions: Write each percent as a fraction in simplest form.
1. 10%
2. 6%
3. 22%
4. 41%
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5. 33%
6. 70%
7. 77%
8. 19%
9. 12%
10. 20%
11. 5%
12. 25%
13. 40%
14. 60%
15. 90%
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6.3 Fractions as Percents
Here you’ll learn to write fractions as percents.
Have you ever thought about a statistic in terms of percent? Take a look at this dilemma.
After conducting a survey of middle school students, Justin learned that 19 out of 50 students will attend summer
camp. This is his statistic.
What is this statistic as a percent?
This Concept is about writing fractions as percents. You will be able to complete this problem at the end of
the Concept.
Guidance

A fraction can be written as a percent if it has a denominator of 100. Sometimes, you will be given a fraction
with a denominator of 100 and sometimes you will have to rewrite the fraction to have denominator of 100 before
you write it as a percent.
9
100

This fraction is already written with a denominator of 100, so we can just change it to a percent.
9
100

= 9%

What do we do if a fraction does not have a denominator of 100?
This is where your work with proportions and equal ratios comes in. Remember that a proportion is two equal
ratios. We can write a proportion for a fraction by creating a second fraction equal to the first that has a
denominator of 100. Then we solve the proportion. It sounds trickier than it is. Let’s look at an example.
Write

3
5

as a percent.

To start with, notice that the denominator is not 100. Therefore, we need to create a new fraction equivalent
to this one with a denominator of 100.
3
5

=

x
100

Wow! Here is a proportion. Next, think back to solving proportions. We can cross multiply to find the value
of x.

5x = 300
x = 60
3
60
=
5 100
Now we have a fraction with a denominator of 100. We can write it as a percent.
Our answer is that

3
5

is equal to 60%.

What about if we had an improper fraction?
To work with an improper fraction, you have to think about what that means. An improper fraction is greater
than 1, so the percent would be greater than 100%. Sometimes in life we can have numbers that are greater than
100%. Most often they aren’t, but it is important to understand how to work with a percent that is greater than 100.
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as a percent.

First, we write a proportion with a denominator of 100.
9
4

=

x
100

Next, we cross multiply to find the value of x.

4x = 900
x = 225
225
= 225%
100
Our answer is 225%.
Did you know that you already know some common fraction equivalents for percents? Think of 25 cents, 50
cents, and 75 cents.

25 cents means 25 cents out of a dollar, or 25% of a dollar. Since a quarter is 25 cents,

1
4

= 25%.

50 cents means 50 cents out of a dollar, or 50% of a dollar. Since a half dollar is 50 cents,

1
2

75 cents means 75 cents out of a dollar, or 75% of a dollar. Since three quarters is 75 cents,

= 50%.
3
4

= 75%.

Sometimes, you can also have fractions that don’t convert easily.
Write

2
3

as a percent.

First, set up the proportion.
2
3

=

x
100

Next, cross multiply to solve for the value of x.

3x = 200
x = 66.6
Notice that we end up with a decimal and it is a repeating decimal. If we keep dividing, we will keep ending
up with 6’s. Therefore, we can leave this percent with one decimal place represented.
554

www.ck12.org

Chapter 6. Using Percents

Our answer is 66.6%.
Sometimes, you will see fractions like this, but you will get used to them and often you can learn the percent
equivalent of these fractions by heart.
Write each fraction as a percent.

Example A
1
4

Solution: 25%

Example B
2
5

Solution: 40%

Example C
4
40

Solution: 10%
Here is the original problem once again.
After conducting a survey of middle school students, Justin learned that 19 out of 50 students will attend summer
camp. This is his statistic.
What is this statistic as a percent?
To figure this out, we first have to write this statistic as a fraction.
19 out of 50 becomes

19
50 .

Now we can take this fraction and rename it as a proportion out of 100.
19
50

=

x
100

We can use equal fractions to solve.
50 x 2 = 100
19 x 2 = 38
38
100

= 38%

This is our answer.
Guided Practice

Here is one for you to try on your own.
James ate three out of ten pieces of pizza. What percent did he eat? What percent didn’t he eat?
Answer
To figure this out, first let’s write a fraction to show the part of the pizza that James did eat.
3
10
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Next, we convert that to a fraction out of 100.
3
10

=

30
100

Now we can write it as a percent.
30%
James ate 30% of the pizza.
James did not each 70% of the pizza.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5423

This James Sousa video relates fractions, decimals and percents.
Explore More

Directions: Write each fraction as a percent.

7.

1
2
1
4
3
4
11
100
1
5
4
8
17
100

8.

125
100

1.
2.
3.
4.
5.
6.

250
100
10. 233
100
11. 27
50
12. 18
36
13. 21
50
14. 20
50
15. 30
60

9.
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6.4 Percent of a Number
Here you’ll learn to find the percent of a number using fraction multiplication.

Taylor’s family owns a candy store. During her winter vacation, Taylor has the opportunity to work in the candy
store and earn some extra money. Since candy is one of her favorite things, she never turns down an opportunity to
help out in the store.
The first day that Taylor worked in the store, a family with three small children came into the store. The little children
each wanted gummy bears to eat. Since there weren’t enough gummy bears in the jar, Taylor had to open a new bag
of them. The bag said 400 on it.
Taylor took out the bag and began to open it.
“Please give us 25% of the bag,” the Mom said smiling.
Taylor looked at the bag and then back up at the Mom. She took out a piece of paper and a pencil.
“You can estimate,” she said smiling.
Taylor estimated 25% or

1
4

of the bag. The family paid and then left smiling.

After they had left, Taylor began thinking about how many gummy bears would be 25%. She picked up the pencil
and began to do some figuring.
This Concept is all about percents. To work with a percent you have to understand how they relate to parts
and fractions. Pay attention and by the end of the lesson, you will be able to do some gummy bear arithmetic.
Guidance

The table below shows the fraction equivalents for common percents.

5%
1
20

10%
1
10

20%
1
5

25%
1
4

30%
3
10

40%
2
5

50%
1
2

60%
3
5

70%
7
10

75%
3
4

80%
4
5

90%
9
10

The word “of” in a percent problem means to multiply. If you know the fraction equivalents for common
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percents, you can use this information to find the percent of a number by multiplying the fraction by the
number. If you want to find a part of a whole using a percent, you use multiplication to solve this.
Find 40% of 45.
40% of 45 means 40% × 45.
Look at the chart. The fraction

2
5

is equivalent to 40%.

9

40% × 45 = 25 × 45 =

2

5


45
×
1 =

18
1

= 18

1

Our answer is that 40% of 45 = 18
What about if the percent is not on the chart?
For a percent that is not on the chart, change the percent to a fraction in simplest form.
Find 85% of 20.
85% of 20 means 85% × 20.

85% =

85 ÷ 5
17
85
=
=
100 100 ÷ 5 10
1

 17
17
17 
20
85% × 20 =
×
× 20 =
=
= 17

20
20
1
1

1

The answer is that 85% of 20 is 17.
Now it’s time for you to try a few on your own.

Example A

What is 10% of 50?
Solution: 5

Example B

What is 25% of 80?
Solution: 20

Example C

What is 22% of 100?
Solution: 22
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Here is the original problem once again.
Taylor’s family owns a candy store. During her winter vacation, Taylor has the opportunity to work in the candy
store and earn some extra money. Since candy is one of her favorite things, she never turns down an opportunity to
help out in the store.
The first day that Taylor worked in the store, a family with three small children came into the store. The little children
each wanted gummy bears to eat. Since there weren’t enough gummy bears in the jar, Taylor had to open a new bag
of them. The bag said 400 on it.
Taylor took out the bag and began to open it.
“Please give us 25% of the bag,” the Mom said smiling.
Taylor looked at the bag and then back up at the Mom. She took out a piece of paper and a pencil.
“You can estimate,” she said smiling.
Taylor estimated 25% or

1
4

of the bag. The family paid and then left smiling.

After they had left, Taylor began thinking about how many gummy bears would be 25%. She picked up the pencil
and began to do some figuring.
Taylor wants to figure out how many gummy bears 25% is out of 400.
To do this, she needs to multiply. 25% of 400 means 25% times 400.
We can change 25% to the fraction 14 .
Here is our new problem.
1

400 = 1 × 100 = 100
×
1
1
1


4
Our answer is that 25% of 400 is 100. The exact number would have been 100 gummy bears.
“Wow!” thought Taylor, “That is a lot of candy. I hope they remember to brush their teeth.”

Guided Practice

Here is one for you to try on your own.
What is 18% of 50?
Answer
To figure this out, we change the percent to a fraction and create a proportion.
18
100

=

x
50
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Now we use cross products and solve.
100x = 900
x=9
18% of 50 is 9.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5509

This James Sousa video is about solving percent problems.
Explore More

Directions: Use fraction multiplication to find each percent of a number.
1. 10% of 25
2. 20% of 30
3. 25% of 80
4. 30% of 90
5. 75% of 200
6. 8% of 10
7. 10% of 100
8. 19% of 20
9. 15% of 30
10. 12% of 30
11. 15% of 45
12. 25% of 85
13. 45% of 60
14. 50% of 200
15. 55% of 300
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6.5 Proportions to Find Percent, P
Here you’ll learn to use a proportions to find percent, p.

Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
Think about the candy in Max’s bag. It makes for some great math problems. If there are 40 pieces of candy, what
percent of Max’s bag is made up of candy canes? What percent of his bag is made up of peanut butter cups?
Use this Concept to learn all about calculating percents.
Guidance

First, let’s review what a percent is.
A percent is a part of a whole out of 100 .
We can write a percent as a fraction with a denominator of 100.
We can use a proportion to figure out a percent.
Look at this proportion,

a
b

=

p
100 .

We can say that “a is the amount to the base, b, and p is the percent out of 100.”
That may sound a little tricky, but if you get used to thinking in this way, you will find that this is very helpful when
solving for one of the missing parts of the proportion. Since percent statements always involve three numbers, given
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any two of these numbers, we can find the third number using the proportion.
What percent of 40 is 6?
First, thing to notice is that we are looking for the percent. So the p over 100 is going to stay the same in the
proportion.
a
b

=

p
100

We need to fill in the a and the b so we can solve for p, the percent. The words “of 40” lets us know that 40 is
the base and 6 is the amount.
Here is our proportion to solve.
6
40

=

p
100

Now we can use cross products and solve.

40p = 600
p = 15
Our answer is 15%.
Jeremy has 25 marbles and 12 of them are cat’s eye marbles. What percent of his marbles are cat’s eye marbles?

We can think of this problem as “What percent of 25 is 12?”
12 is the amount (a) and 25 is the base (b). We need to find the percent (p).
p
a
=
b 100
12
p
=
25 100
25p = 1, 200
25p 1, 200
=
25
25
p = 48
48
Since p = 48, 100
, which is 48%.

The answer is that 48% of Jeremy’s marbles are cat’s eye marbles.
Use a proportion to find each percent.
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Example A

What percent of 20 is 2?
Solution: 10%
Example B

What percent of 30 is 6?
Solution:20%
Example C

What percent of 45 is 15?
Solution:33.3%

Here is the original problem once again. Reread it and use what you have learned about percents to figure out the
questions at the end of the problem.
Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
Think about the candy in Max’s bag. It makes for some great math problems. If there are 40 pieces of candy, what
percent of Max’s bag is made up of candy canes? What percent of his bag is made up of peanut butter cups?
First, let’s figure out the percents.
We start with candy canes. There are 10 out of 40. There is our first ratio, and now we need to find the
percent.
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10
p
=
40 100
p = 25%
25% of the bag is candy canes.
Next, let’s look at the peanut butter cups. 16 out of 40 are peanut butter cups.

16
p
=
40 100
40p = 1600
p = 40%
40% of the bag is peanut butter cups.

Guided Practice

Here is one for you to try on your own.
What percent of 300 is 40?
Answer
To figure this out, we can use the following percent proportion.
a
b

=

p
100

Now we can fill in the given information.
40
300

=

p
100

Now we can cross multiply and divide.
300p = 4000
p = 13.3%
This is the answer.

Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5512

This James Sousa video is about using a proportion to find a percent.
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Explore More

Directions: Find each percent using a proportion.
1. What percent of 18 is 9?
2. What percent of 20 is 4?
3. What percent of 28 is 7?
4. What percent of 30 is 6?
5. What percent of 9 is 3?
6. What percent of 36 is 18?
7. What percent of 40 is 8?
8. What percent of 48 is 12?
9. What percent of 50 is 30?
10. What percent of 80 is 60?
11. What percent of 90 is 12?
12. What percent of 75 is 25?
13. What percent of 60 is 12?
14. What percent of 50 is 40?
15. What percent of 88 is 11?
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6.6 Proportions to Find Part a
Here you’ll learn to use a proportion to find part a.
Remember the candy percents? Well, there were also jelly beans in that bag. Look at it again.

Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
Once you know all of the other percents, you will know what percent of the bag are jelly beans. Given that percent,
how many jelly beans are in the bag?
Let’s look at the percents we discovered in the last Concept.
We start with candy canes. There are 10 out of 40. There is our first ratio, and now we need to find the
percent.

p
10
=
40 100
p = 25%
25% of the bag is candy canes.
Next, let’s look at the peanut butter cups. 16 out of 40 are peanut butter cups.
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p
16
=
40 100
40p = 1600
p = 40%

40% of the bag is peanut butter cups.
Finally, we come to the jelly beans. Now we want to find out how many jelly beans are in the bag out of 40.
What is the percent?
Well, we can find it if we think about the two other percents of candy in the bag. 25% is candy canes + 40% is
peanut butter cups so 65% of the bag is filled leaving 35% for the jelly beans.
We can use this percent to use a proportion to figure out the number of jelly beans in the bag. Use this Concept
to learn how to do this. It is the way we find part a of a proportion.

Guidance

In the last Concept, we were given the amount and the base. The key words “of” let us know that we had a
base and the other number naturally became the amount since we were looking for the percent.
Sometimes, you will be given the base and the percent and you will need to find the amount. You can use the same
proportion to figure this out. You just need to fill in the numbers in the correct places and solve.
What is 25% of 75?
To figure this out, let’s look at what we have been given for information. First, we know the percent so we can
fill in that half of the proportion.
25
100

We have been given the base. “Of 75” lets us know that this is the base. The amount is missing. That is our
unknown.
a
75

Now let’s put it together as a proportion and use cross products to solve for a.

a
25
=
75 100
100a = 25(75)
100a = 1875
a = 18.75

Notice that we moved the decimal point two places to the left when we divided by 100.
Our answer is 18.75 or 18 43 .
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Notice that there isn’t a percent sign here because we were looking for an amount not a percent!! This can trip
up some students so always pay attention to what you are looking for!!!
Mr. Green bought both vegetable and flowering plants for his garden. He bought 40 plants and 35% were flowering
plants. How many flowering plants did he buy?
We can think of this problem as “What is 35% of 40?”
40 is the base (b) and 35 is the percent (p). We need to find the amount (a).

First, let’s set up the proportion.
a
40

=

35
100

Now we can use cross products to solve for the amount.

100a = 35(40)
100a = 1400
a = 14
Mr. Green bought 14 flowering plants.
Now it’s time for you to try a few.
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Example A

What is 20% of 30?
Solution:6
Example B

What is 16% of 50?
Solution: 8
Example C

What is 22% of 80?
Solution: 17.6
Now back to the jelly beans. Here is the original problem once again.

Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
Once you know all of the other percents, you will know what percent of the bag are jelly beans. Given that percent,
how many jelly beans are in the bag?
Let’s look at the percents we discovered in the last Concept.
We start with candy canes. There are 10 out of 40. There is our first ratio, and now we need to find the
percent.
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10
p
=
40 100
p = 25%
25% of the bag is candy canes.
Next, let’s look at the peanut butter cups. 16 out of 40 are peanut butter cups.

p
16
=
40 100
40p = 1600
p = 40%
40% of the bag is peanut butter cups.
Finally, we come to the jelly beans. Now we want to find out how many jelly beans are in the bag out of 40.
What is the percent?
Well, we can find it if we think about the two other percents of candy in the bag. 25% is candy canes + 40% is
peanut butter cups so 65% of the bag is filled leaving 35% for the jelly beans.

a
35
=
40 100
100a = 35(40)
100a = 1400
a = 14
There are 14 jelly beans in the bag.
Guided Practice

Here is one for you to try on your own.
What number is 15% of 60?
Answer
To figure this out, let’s set up a proportion. Remember, the missing part is variable a.
15
100

=

a
60

Now we can cross multiply and solve.
100a = 900
a=9
This is our answer.
Video Review

Here is a video for review.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5510

This James Sousa video is about solving a percent problem by using a proportion.
Explore More

Directions: Find each missing amount.
1. What number is 25% of 18?
2. What number is 10% of 20?
3. What number is 45% of 16?
4. What number is 20% of 44?
5. What number is 30% of 100?
6. What number is 25% of 60?
7. What number is 40% of 80?
8. What number is 40% of 60?
9. What number is 50% of 120?
10. What number is 5% of 12?
11. What number is 5% of 20?
12. What number is 16% of 80?
13. What number is 25% of 23?
14. What number is 50% of 17?
15. What number is 30% of 33?
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6.7 Proportions to Find Base b
Here you’ll learn to use cross products of proportions to find base, b.
Have you ever tried to figure out a part of a whole? There are many different ways to do this, but you can use
proportions. Take a look.
Kelsey bought a box of chocolates from the candy store. There were 6 caramels in the box. This was 25% of the
total chocolates in the box.
How many chocolates were there in the box?
Six is 25% of what number?
This Concept is all about using the cross products of proportions to find a base. You will be able to solve this
problem by the end of the Concept.

Guidance

You have solved problems where you needed to find the percent. You have solved problems where you needed to
find the amount. Now we are going to use cross products to solve for the base.
When you see the words “OF WHAT NUMBER?” you know that you are going to be solving for b, the base.
33 is 15% of what number?
Remember that the number following the word “of” is the base. Since there is no number there, we need to
find the base (b). 33 is the amount (a) and 15 is the percent (p).

p
a
=
b 100
33
15
=
b
100
15b = 3, 300
15b 3, 300
=
15
15
b = 220

Our answer is 220.
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Six students in Miss Lang’s third period math class got A’s on their math test. This was 24% of the class. How many
students are in Miss Lang’s third period math class?
We can think of this problem as “6 is 24% of what number?” First, let’s set up the proportion.
6
b

=

24
100

Next, we use cross products to solve for b.

24b = 600
b = 600 ÷ 24
b = 25
There are 25 students in the third period math class.
Practice finding the base in the following problems.
Example A

6 is 25% of what number?
Solution: 24
Example B

12 is 8% of what number?
Solution: 150
Example C

22 is 11% of what number?
Solution: 200
Here is the original problem once again.
Kelsey bought a box of chocolates from the candy store. There were 6 caramels in the box. This was 25% of the
total chocolates in the box.
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How many chocolates were there in the box?
Six is 25% of what number?
To figure this out, let’s write a proportion.
6
x

=

25
100

Now we can cross multiply and solve.
25x = 600
x = 24
There were 24 chocolates in Kelsey’s box.
Guided Practice

Here is one for you to try on your own.
6 is 17% of what number?
Answer
To figure this out, let’s write a proportion.
6
x

=

17
100

Now we cross multiply and divide.
17x = 600
35.29
In this answer, we can round to the nearest whole number.
Our answer is approximate. It is 35.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5511

This is a James Sousa video about solving proportions to find the base.
Explore More

Directions: Find each missing base.
1. 5 is 10% of what number?
2. 7 is 10% of what number?
3. 10 is 20% of what number?
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4. 16 is 40% of what number?
5. 8 is 25% of what number?
6. 14 is 50% of what number?
7. 25 is 5% of what number?
8. 4 is 80% of what number?
9. 18 is 25% of what number?
10. 9 is 3% of what number?
11. 15 is 20% of what number?
12. 18 is 13% of what number?
13. 15 is 12.5% of what number?
14. 18 is 55% of what number?
15. 22 is 5.5% of what number?
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6.8 Percents as Decimals
Here you’ll learn to write percents as decimals.

Taylor is learning a lot about money from working in the candy store. Her Dad took out a ledger one day to show
Taylor how he keeps track of which candies are selling and which ones aren’t. He also keeps track of the sales of
candy each month to figure out how much to reorder.
Last month, lollipops were the big hit. Taylor’s Dad put out 500 lollipops on the first of the month and they sold all
500 during the course of the month.
“Last month we sold 100% of the lollipops, I put out 750 this month,” he told her.
As the month went on, Taylor noticed that the lollipops were selling just as well as they had the month before. At
the end of the month her Dad wrote down the statistics in his ledger.
“We sold all 750 plus another 25%,” Taylor’s Dad told her.
Taylor thought about this. Wow! That is a lot of lollipops.
Taylor began thinking about the sales in terms of percents.
100% of the lollipops were sold.
Plus they sold an additional 25%
What is the total percentage sold? How can a percent be greater than 100? What would this be as a decimal?
As Taylor grapples with these questions, you can too. You will be able to figure this out at the end of this
Concept.
Guidance

In an earlier Concept, you were able to see the connection between fractions and percents. Well, decimals also
represent a part of a whole just like fractions and percents. Therefore, you can convert a decimal to a percent and a
percent back to a decimal again.
A decimal organizes numbers according to place value. When you write a decimal as a percent, you will also
keep track of the place value.
A percent is a part of a whole out of 100. Well, so is a decimal.
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How?
Let’s see if we can make better sense of the connection between a decimal and a percent.
.52
This decimal states that we have 52 hundredths, Wow! There is the connection right there. The percent sign
means “out of 100” so we have 52 hundredths or we have 52 parts out of 100.
Once you see the connection, then we can write this as a percent.
.52 = 52%
Both mean that we have 52 parts out of 100.

That is a very good question! If you look at the conversion carefully, you can see that we moved the decimal point
two places to the right. Why? We did that because we want to show hundredths. Percent is out of 100, so the % sign
is the same as the two decimal places.
Now that you see the connection, let’s look at how we do this.
How do we write a percent as a decimal?
Here are the steps:
Step 1: Drop the % symbol.
Step 2: Move the decimal point two places to the left. Add zeros to the right of the decimal point as placeholders, if
necessary.
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Take a few minutes to write these steps in your notebook.
Now let’s look at another one.
Write 25% as a decimal.
First, we drop the % sign.
25
Next, we move the decimal point two places to the left. This is the hundredths place remember that two places
is hundredths. We just dropped the percent sign which means out of 100 so we have to put that into our
answer.
.25
Our answer is .25
Write 9% as a decimal.
First, we drop the % sign.
9
Next, we move the decimal point two places to the left. Because nine is only one digit we have add a place
holder zero to show the two decimal places.
.09
Our answer is .09
Now it’s time for you to try a few on your own. Write each percent as a decimal.

Example A

35%
Solution:.35

Example B

2%
Solution:.02

Example C

18.7%
Solution:.187
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Here is the original problem once again.
Taylor is learning a lot about money from working in the candy store. Her Dad took out a ledger one day to show
Taylor how he keeps track of which candies are selling and which ones aren’t. He also keeps track of the sales of
candy each month to figure out how much to reorder.
Last month, lollipops were the big hit. Taylor’s Dad put out 500 lollipops on the first of the month and they sold all
500 during the course of the month.
“Last month we sold 100% of the lollipops, I put out 750 this month,” he told her.
As the month went on, Taylor noticed that the lollipops were selling just as well as they had the month before. At
the end of the month her Dad wrote down the statistics in his ledger.
"We sold all 750 plus another 25%,” Taylor’s Dad told her.
Taylor thought about this. Wow! That is a lot of lollipops.
Taylor began thinking about the sales in terms of percents.
100% of the lollipops were sold.
Plus they sold an additional 25%
What is the total percentage sold? How can a percent be greater than 100? What would this be as a decimal?
First, let’s figure out the total percentage of lollipops sold.
100% + 25% = 125% of the lollipops were sold.
It may seem strange that numbers can be over 100%, but in the case of the lollipops you can understand how
this happens. They sold all that they had put out and then put out even more lollipops. This happens in sales
all the time. Sales are often increased over 100%. This is a very good thing for business.
How is this written as a decimal?
125% = _______
First, drop the percent sign.
125
Next, move the decimal point two places to the left.
1.25
This is the answer.
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Guided Practice

Here is one for you to try on your own.
Write 35.5% as a decimal.
Answer
First, we drop the % sign.
35.5
Next, we move the decimal point two places to the left.
.355
Our answer is .355.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5423

This James Sousa video relates fractions, decimals and percents.
Explore More

Directions: Write the following percents as decimals.
1. 12%
2. 15%
3. 3%
4. 67%
5. 18%
6. 78%
7. 34%
8. 7%
9. 6%
10. 36%
11. 28%
12. 33.5%
13. 18.5%
14. 13.25%
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15. 6.75%
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6.9 Decimals as Percents
Here you’ll learn to write decimals as percents.
Have you ever eaten sour lemon candies? Have you ever counted them?
At the candy store, .125 of the jar of sour lemon candies were purchased by a customer. Jake was working at the
time and was amazed that only a small portion of the lemon candies went home with the customer.
Can you write this decimal as a percent?
What percent of the jar was purchased?
To figure this out, you will need to know how to write decimals as percents. This Concept will teach you what
you need to know.
Guidance

Just like we can write percents as decimals, we can also write decimals as percents. You saw a situation like this in
the last Concept. In a way, you reverse the steps from turning a percent to a decimal to turn a decimal to a percent.
Follow these steps to write a percent as a decimal
Step 1: Move the decimal point two places to the right. Add zeros to the right of the decimal point as
placeholders, if necessary.
Step 2: Write a % symbol after the resulting number

Take a few minutes to write these notes in your notebook. Then continue.
Let’s apply these steps.
Write .78 as a percent.
This decimal is written in hundredths, so all we have to do is move the decimal two places to the right and add
a percent sign.
.78 = 78%
Write .6 as a percent.
This decimal is written in tenths. When we move the decimal two places to the right, we will need to add a
zero place holder.
.6 = 60%
Write .345 as a percent.
582

www.ck12.org

Chapter 6. Using Percents

This decimal is written in thousandths. We only need to move the decimal two places to the right to make it a
percent, so we will move it two places and add a percent sign.
.345 = 34.5%
Notice that sometimes we can have a decimal in a percent. It means that we have 34 and one-half percent in this
case. Don’t let that throw you off-not all percents are whole percents!
Write each decimal as a percent.

Example A

.45
Solution:45%

Example B

2.5
Solution:250%

Example C

.875
Solution:87.5%
Here is the original problem once again.
At the candy store, .125 of the jar of sour lemon candies were purchased by a customer. Jake was working at the
time and was amazed that only a small portion of the lemon candies went home with the customer.
Can you write this decimal as a percent?
What percent of the jar was purchased?
To write this as a percent, we know that we need to move the decimal point two places, representing hundredths, and
add a percent sign.
.125 = 12.5%
The customer purchased 12.5% of the lemon candies.

Guided Practice

Here is one for you to try on your own.
Write 3.5 as a percent.
Answer
This decimal is written with a whole number and five tenths. We still move the decimal to the right two places.
Notice that because we have a whole number that the percent will be greater than 100.
3.5 = 350%
This is our answer.
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Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5424

This James Sousa video relates fractions, decimals and percents.
Explore More

Directions: Write the following decimals as percents.
1. .45
2. .3
3. .675
4. .9
5. .08
6. .785
7. .22
8. .095
9. .54
10. .275
11. .04
12. .045
13. .112
14. 4.6
15. .672
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6.10 Small and Large Percents as Decimals
Here you’ll learn to rewrite percents less than one or greater than 100 as decimals.
Do you have a favorite color of jelly beans? Sasha loves red ones. Take a look.
Sasha loves jelly beans. In fact, she loves red jelly beans. When Sasha went to the candy store, she looked into a
glass jar full of jelly beans and was shocked to discover that there were only a few red ones to be seen.
Because she was curious, Sasha bought a whole bag of the jelly beans.
When she got home, she counted 567 jelly beans.
There were only 2 red jelly beans in the whole bag.
Sasha wrote 2 out of 567 on a piece of paper.
Sasha wrote down .3%.
Can you write this as percent as a decimal?
This Concept is about writing percents less than one as a decimal. You will learn how to do this in this
Concept.
Guidance

Sometimes, we will have a percent that is part of one whole. These percents are a decimal that is a tiny percent.
Let’s look at one.
.5%
This is another way of saying

1
2

of a percent. It is smaller than one.

We can also have a percent that is greater than one hundred. This is a very large percent-so large that it is larger than
one whole.
Here is one of those percents.
300%
This percent is 300% or three times 100 percent. Wow! That is a large percentage!
Let’s look at changing these percents to decimals.
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Think back, remember the steps?
1. Drop the % sign.
2. Move the decimal point two places to the right. Use zero placeholders as needed.
Now let’s apply the steps.
Write .5% as a decimal.
First, drop the percent sign.
.5
Next, move the decimal point two places to the left.
.005
The answer is .005.
Write 350% as a decimal.
First, drop the percent sign.
350
Next, move the decimal point two places to the left.
3.5
The answer is 3.5
Write each percent as a decimal.
Example A

.25%
Solution:.0025
Example B

450%
Solution:4.5
Example C

675%
Solution: 6.75
Here is the original problem once again.
Sasha loves jelly beans. In fact, she loves red jelly beans. When Sasha went to the candy store, she looked into a
glass jar full of jelly beans and was shocked to discover that there were only a few red ones to be seen.
Because she was curious, Sasha bought a whole bag of the jelly beans.
When she got home, she counted 567 jelly beans.
There were only 2 red jelly beans in the whole bag.
Sasha wrote 2 out of 567 on a piece of paper.
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Sasha wrote down .3%.
Can you write this as percent as a decimal?
To write this as a decimal, we can drop the percent sign and move the decimal point two places to the left.
.3% becomes .003
This is the answer.
Guided Practice

Here is one for you to try on your own.
A company which produces light bulbs is very proud of the fact that only 0.02% of each shipment is defective. Write
this percent as a decimal.
Answer
To write this as a decimal we simply follow the steps. First, drop the percent sign.
.02
Next, move the decimal point two places to the left.
.0002
The answer is .0002.
Explore More

Directions: Rewrite each percent as a decimal.
1. .34%
2. .5%
3. 350%
4. 650%
5. .30%
6. .10%
7. .09%
8. .22%
9. 230%
10. 500%
11. 700%
12. .012%
13. .04%
14. .6%
15. .16%
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6.11 Percent Equation to Find Part a
Here you’ll use the percent equation to find part a.
Do you like jelly beans? Take a look at this dilemma.

Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were candy canes, peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
In looking in the bag, Taylor discovered that 15% of Max’s bag was peanut butter cups. If he put 40 pieces of candy
in his bag, how many pieces of candy were peanut butter cups?
We can say this another way using a percent equation.
What is 15% of 40?
This Concept will teach you how to use the percent equation to find part a. Then we will come back to this
dilemma at the end of the Concept.
Guidance

Think about the proportion that you just learned to find the percent of a number.
a
b

=

p
100

When we used this proportion in problem solving, we multiplied b and p and a and 100. Then we divided the product
of b and p by 100.
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Let’s look at a statement that uses this proportion.
What is 35% of 6?
First, we fill in the proportion.
a
6

=

35
100

Next, we multiply and solve for a.

100a = 35(6)
100a = 210
a = 2.1
Notice that by dividing by 100, we moved the decimal place two places.
Hmmmm. This is the same two places that the percent is represented by. This means that if we changed the
percent to a decimal FIRST, that we could skip a step and use an equation to find the missing value.
Take a look at the same problem.
What is 35% of 6?
First, change 35% to a decimal.
35% = .35
Now we multiply it times 6, the base and find a the amount. Look at this equation.

a = p%(b)
a = .35(6)
a = 2.1
Notice that we got the same answer as when we used the proportion. It just simplifies the process.
Let’s look at another one.
What is 25% of 50?
First, change 25% to a decimal.
25% = .25
Now use the equation.

a = p%(b)
a = .25(50)
a = 12.5
The answer is 12.5.
Use the equation to find each amount. Include decimals in your answer.
Example A

What is 20% of 16?
Solution: 3.2
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Example B

What is 5% of 40?
Solution:2
Example C

What is 15% of 65?
Solution:9.75
Here is the original problem once again.

Taylor’s younger brother Max decided to visit her at the candy store. Max is only seven and can be a handful
sometimes, so while Taylor loves to see him, she was a little hesitant to have him in the shop. Plus, what seven year
old doesn’t love candy.
Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a
whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were candy canes, peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
“I hope I don’t get into trouble for this,” Taylor murmured to herself.
In looking in the bag, Taylor discovered that 15% of Max’s bag was peanut butter cups. If he put 40 pieces of candy
in his bag, how many pieces of candy were peanut butter cups?
We can say this another way using a percent equation.
What is 15% of 40?
To figure this out, we can convert 15% into a decimal.
15% = .15
Next, we multiply .15 by 40.
40 × .15 = 6
Six pieces of candy in the bag were peanut butter cups.
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Guided Practice

Here is one for you to try on your own.
What is 32% of 200?
Answer
To figure this out, first we change the percent to a decimal.
32% = .32
Next, we multiply this decimal by 200.
200 × .32 = 64
32% of 200 is 64.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5428

This is a James Sousa video on using the percent equation to find part a of a percent problem.
Explore More

Directions: Use the percent equation to find each amount.
1. What is 20% of 18?
2. What is 10% of 30?
3. What is 5% of 90?
4. What is 12% of 27?
5. What is 18% of 30?
6. What is 50% of 88?
7. What is 75% of 12?
8. What is 75% of 90?
9. What is 22% of 40?
10. What is 25% of 60?
11. What is 8% of 15?
12. What is 99% of 200?
13. What is 90% of 12?
14. What is 18.5% of 230?
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15. What is 20.5% of 160?

592

www.ck12.org

www.ck12.org

Chapter 6. Using Percents

6.12 Percent Equation to Find Percent
Here you’ll use the percent equation to find the percent.

On Saturday, Taylor’s parents decided to have a big sale at the candy store. They advertised in the local newspapers
and on Saturday morning they were ready for a big crowd. Taylor was responsible for counting all of the people who
came into the store between 10 am when they opened and Noon.
Taylor sat on a stool at the front of the store and counted people as they came in. She was pleasant and enjoyed
seeing all of the different shoppers. She only counted adults or teenagers not little kids with their parents since most
parents would be doing the buying instead of the little children. Most people bought something, but a few just came
in to look around.
At lunch, she compared her data with her brother Henry who was helping with the sales at the cash register.
“How many people did you count?” Henry asked.
“I counted 30 adults. How many sales were there?”
“There were 24 sales.”
“That’s not bad. Most people bought something. What percent ended up buying something?” Taylor asked Henry.
Just as Henry was about to answer her, he got called back into the store. Taylor sat there eating her sandwich thinking
about the percentages.
What percent of the people who came into the store made a purchase?
What percent did not purchase anything?
In this Concept, you will learn how to use an equation to solve problems like this one. Pay attention and at
the end you will be able to help Taylor with the problem.
Guidance

We can use the percent equation from the last Concept to find the percent of a number. When you look at this
problem, you will be given the amount and the base, but the percent will be a mystery. Let’s think about how to do
this.
Here is the percent equation once again.
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a = p%b
Now let’s look at how to apply this.
What percent of 70 is 14?
First, we have the a and the b and we are missing the percent. We can fill the given information into the
formula.

a = pb
14 = p70
Now we can figure out what number times seventy is 14. Since the operation is multiplication, we can do the
opposite and divide. This is using the inverse operation.

14
=p
70
.2 = p
Now we change the decimal to a percent.
Our answer is 20%.

Don’t forget to change the decimal to a percent when you are looking for a percent!!
Use the equation to find the missing percent. You may round when necessary.

Example A

What percent of 50 is 15?
Solution: 30%

Example B

What percent of 80 is 25?
Solution: 31%

Example C

What percent of 100 is 12?
Solution: 12%
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Here is the original problem once again. Use what you have learned to solve this problem.
On Saturday, Taylor’s parents decided to have a big sale at the candy store. They advertised in the local newspapers
and on Saturday morning they were ready for a big crowd. Taylor was responsible for counting all of the people who
came into the store between 10 am when they opened and Noon.
Taylor sat on a stool at the front of the store and counted people as they came in. She was pleasant and enjoyed
seeing all of the different shoppers. She only counted adults or teenagers not little kids with their parents since most
parents would be doing the buying instead of the little children. Most people bought something, but a few just came
in to look around.
At lunch, she compared her data with her brother Henry who was helping with the sales at the cash register.
“How many people did you count?” Henry asked.
“I counted 30 adults. How many sales were there?”
“There were 24 sales.”
“That’s not bad. Most people bought something. What percent ended up buying something?” Taylor asked Henry.
Just as Henry was about to answer her, he got called back into the store. Taylor sat there eating her sandwich thinking
about the percentages.
What percent of the people who came into the store made a purchase?
What percent did not purchase anything?
First, notice that we are looking for a percent.
30 is the base and 24 is the amount. Let’s fill in the given information and solve for the percent that did purchase at
the store.

24 = 30p
24
=p
30
.8 = p
80% = p
80% purchased something at the store.
What percent did not purchase something?
100% - 80% = 20%
20% did not purchase anything at the store.
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Guided Practice

Here is one for you to try on your own.
What percent of 250 is 130?
Answer
To figure this out, we can write the following equation.
250p = 130
Now we divide 130 by 250.
130 ÷ 250 = .52
Next, we convert .52 to a percent.
The answer is 52%.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5430

This is a James Sousa video on using the percent equation to find the percent.
Explore More

Directions: Use the percent equation to find each percent. You may round your answer to the nearest whole percent
if necessary.
1. What percent of 18 is 9?
2. What percent of 20 is 10?
3. What percent of 60 is 15?
4. What percent of 80 is 20?
5. What percent of 25 is 10?
6. What percent of 70 is 35?
7. What percent of 36 is 18?
8. What percent of 100 is 25?
9. What percent of 10 is 5?
10. What percent of 98 is 90?
11. What percent of 100 is 14?
12. What percent of 200 is 90?
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13. What percent of 150 is 99?
14. What percent of 125 is 88?
15. What percent of 133 is 13?
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6.13 Percent Equation to Find the Base b
Here you’ll use the percent equation to find the base, b.
Have you ever watched a hockey game? Well, while it was slow at the candy store, Taylor’s Uncle let her watch the
game in the office. Here is what happened.

In the hockey game, the Falcons attempted many shots. 15% of shots were goals making 6 goals total.
How many attempts did the team make?
To figure this out you will need to know how to use the percent equation to find base, b. This Concept will
teach you how to do this.
Guidance

When you know the percent and the amount, you can use the equation to find the base, b.
Let’s look apply the percent equation to this problem.
3 is 50% of what number?
Remember, that the words “of what number” let you know that you are looking for the base.
Let’s fill in the other given information into our equation. First, let’s change the percent to a decimal.
50 = .50
Now let’s work on the equation.
3 = .50b
Next, we can use the inverse operation and solve for b.

3
=b
.50
6=b
The answer is 6.
598

www.ck12.org

Chapter 6. Using Percents

9 is 75% of what number?
First, let’s change 75% to a decimal.
75% = .75
Next, let’s fill the given values into the equation.
9 = .75b
Now we can solve for b using the inverse operation.

9
=b
.75
12 = b
Our answer is 12.
Find the base for each problem.
Example A

8 is 20% of what number?
Solution: 40
Example B

15 is 30% of what number?
Solution: 50
Example C

22 is 40% of what number?
Solution: 55
Here is the original problem once again.

In the hockey game, the Falcons attempted many shots. 15% of shots were goals making 6 goals total.
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How many attempts did the team make?
To figure this out you will need to know how to use the percent equation to find base, b. This Concept will
teach you how to do this.
Think: 15% is the percent. Six goals is the number of goals, or part a. How many shots did the team take?
This is part b.
First, write the percent as a decimal.
15% = .15
Now we can write an equation using this statement.
6 is 15% of what number?
6 = .15x
Now we can use the inverse operation to divide.
6 ÷ .15 = x
40
The Falcons made 40 attempts to score their 6 goals.

Guided Practice

Here is one for you to try on your own.
The Cougars basketball team won 21 games. If that number is 70% of the games that the team played, how many
games did they play?
Answer
Think: 70% is the percent. 21 is the amount of games that they won. You want to find the base.
First, we can take 70% and write it as a decimal.
70% = .70
Next, we can write the given information into an equation and solve it using the inverse operation.

21 = .70b
21
=b
.70
30 = b

The team played 30 games in all.

Video Review

Here is a video for review.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5429

This a James Sousa video on how to find the base, b using the percent equation.
Explore More

Directions: Use the percent equation to find each base.
1. 5 is 10% of what number?
2. 15 is 30% of what number?
3. 18 is 20% of what number?
4. 12 is 50% of what number?
5. 15 is 40% of what number?
6. 14 is 20% of what number?
7. 80 is 25% of what number?
8. 60 is 30% of what number?
9. 45 is 40% of what number?
10. 16 is 25% of what number?
11. 60 is 18% of what number?
12. 25 is 30% of what number?
13. 21 is 15% of what number?
14. 55 is 10% of what number?
15. 67 is 20% of what number?
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6.14 Percent of Increase
Here you’ll learn to find a percent of increase.
Have you ever overheard an adult conversation?
Taylor overheard her Aunt Alicia talking with her Uncle about stocks. Aunt Alicia had 150 shares of XYZ stock.
She just bought more shares of the same stock and now has a total of 225 shares.
What is the percent of increase in the number of shares?
You will learn how to find the percent of increase in this Concept. We will revisit the problem at the end of
the Concept.

Guidance

Sometimes, we have a price that has been increased a specific amount, or we can observe that over time a price has
increased. We think of past pricing in this way.

The cost of a postage stamp has increased over time. In fact, some people think that the cost has increased too
much. When we compare a past price and an increased current price, we can figure out the percent that a price has
increased. We call this the percent of increase.
How do we calculate the percent of increase?
The percent of increase from one amount to another is the ratio of the amount of increase to the original
amount.
To find the percent of increase, follow these steps
Step 1: Find the amount of increase by subtracting the original price from the new price.
Step 2: Write a fraction in which the numerator is the amount of increase and the denominator is the original amount.

Percent of increase =

Step 3: Write the fraction as a percent.
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Take a few minutes to write down these steps for finding the Percent of Increase.
Now let’s apply these steps..
Find the percent of increase from 20 to 35.
Step 1: Subtract 20 from 35. 35 − 20 = 15
of increase
Step 2: Percent of increase = Amount
Original amount =
Step 3:

15
20

TABLE 6.1:
One Way
15
x
20 = 100

Another Way
15
15÷5
3
20 = 20÷5 = 4

20x = 1, 500
x
20

= 1,500
20

20

x = 75
75
100 = 75%

4)3.00 ← Divide to 2 decimal places.

0.75

0.75 = 75%

The percent of increase from 20 to 35 is 75%.
Notice that we could solve for the percent in two different ways. One was to use a proportion and the other was to
simply divide. Either way, you will get the same answer.
Find the percent of increase from 24 to 72.
Step 1: Subtract 24 from 72. 72 − 24 = 48
of increase
Step 2: Percent of increase = Amount
Original amount =
Step 3:

48
24

TABLE 6.2:
One Way
48
x
24 = 100
24x = 4, 800
x
24

= 4,800
24

24

x = 200
200
100 = 200%

Another Way
48
24 = 2
2 = 200%

The percent of increase from 24 to 72 is 200%.
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Yes. Sometimes the percent of increase can be greater than 100%!!
Find the percent of increase. You may round to the nearest whole percent when needed.
Example A

From 45 to 50
Solution: 11%
Example B

From $1.00 to $1.75
Solution: 75%
Example C

From 34 to 60
Solution: 76%
Here is the original problem once again.
Taylor overheard her Aunt Alicia talking with her Uncle about stocks. Aunt Alicia had 150 shares of XYZ stock.
She just bought more shares of the same stock and now has a total of 225 shares.
What is the percent of increase in the number of shares?
First, we figure out the amount of the increase by subtracting.
225 − 150 = 75
Next, we divide this number by the original amount.
75 ÷ 150 = .5
Finally, we can convert the decimal to a percent.
.5 = 50%
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This is the percent of the increase.
Guided Practice

Here is one for you to try on your own.
Marcy went from running 15 miles to running 18 miles. What was the percent of the increase?
Answer
First, we have to figure out the amount of the increase. We do this by subtracting.
18 − 15 = 3
Now we can use this equation.
of increase
percent of increase = amount
original amount
Next, we fill in the missing values.
%=

3
15

% = .2
20%
This is the percent of increase.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5517

This is a James Sousa video on finding a percent of increase.
Explore More

Directions: Find the percent of increase given the original amount. You may round to the nearest whole percent
when necessary.
1. From 25 to 40
2. From 15 to 30
3. From 18 to 50
4. From 22 to 80
5. From 16 to 18
6. From 3 to 10
7. From 85 to 100
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8. From 75 to 90
9. From 26 to 36
10. From 100 to 125
11. From 100 to 150
12. From 125 to 175
13. From 175 to 200
14. From 200 to 225
15. From 225 to 275
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6.15 Percent of Decrease
Here you’ll learn to find a percent of decrease.

Taylor’s Mom is confused about their sales. In one month, the sales have decreased instead of increased in the store.
This decrease has happened despite the fact that they have added many new products to their inventory.
“I just don’t understand it,” her Mom said at breakfast. “Last month, we had a terrific month with $15,000 in sales.
This month it was only $12,500.”
“We can’t keep losing business,” her Dad said drinking his coffee.
“I wonder how much of a loss it actually is,” thought Taylor. “Maybe if we can figure out why the sales decreased,
then we can increase them again.
Taylor began figuring out the percent of the decrease. She started by subtracting, but then got stuck.
Taylor needs some help and this Concept will do the trick. You will learn all about calculating the percent
of increase and the percent of decrease in this Concept. Pay attention and you can help Taylor with her
arithmetic at the end of the Concept.

Guidance

Prices can increase. Costs can increase. Numbers can increase. We can find the percent of increase when dealing
with an increase. All of these things can also decrease. When there has been a decrease from an original amount to
a new amount, we can find the percent of decrease.
How do we find the percent of decrease?
The percent of decrease from one amount to another is the ratio of the amount of decrease to the original
amount.
To find the percent of decrease, follow these steps
Step 1: Find the amount of decrease by subtracting the two numbers.
Step 2: Write a fraction in which the numerator is the amount of decrease and the denominator is the original
amount.
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Percent of decrease =

Amount of decrease
Original amount

Step 3: Write the fraction as a percent.

Take a few minutes to write the steps to finding the percent of decrease in your notebook.
Now let’s look at how to apply these steps.
Find the percent of decrease from 50 to 40.
Step 1: Subtract 40 from 50. 50 − 40 = 10
of decrease
Step 2: Percent of decrease = Amount
Original amount =
Step 3:

10
50

TABLE 6.3:
One Way
10
x
50 = 100

Another Way
10
10÷10
1
50 = 50÷10 = 5

50x = 1, 000
x
50

= 1,000
50

50

x = 20
20
100 = 20%

5)1.00 ← Divide to 2 decimal places.

0.20

0.20 = 20%

The percent of decrease from 50 to 40 is 20%.
Find the percent of decrease from 200 to 170.
Step 1: Subtract 170 from 200. 200 − 170 = 30
of decrease
Step 2: Percent of decrease = Amount
Original amount =
Step 3:

30
200

TABLE 6.4:
One Way
30
x
200 = 100

Another Way
30
30÷10
200 = 200÷10 =

200x = 1, 800
x
200

= 3,000
200
200

x = 15

20)3.00

0.15
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TABLE 6.4: (continued)
One Way
15
100 = 15%

Another Way

The percent of decrease from 200 to 170 is 15%.
Find the percent of each decrease.
Example A

From 10 to 5
Solution: 50%
Example B

From 25 to 15
Solution: 40%
Example C

From 125 to 70
Solution: 44%
Here is the original problem once again.

Taylor’s Mom is confused about their sales. In one month, the sales have decreased instead of increased in the store.
This decrease has happened despite the fact that they have added many new products to their inventory.
“I just don’t understand it,” her Mom said at breakfast. “Last month, we had a terrific month with $15,000 in sales.
This month it was only $12,500.”
“We can’t keep losing business,” her Dad said drinking his coffee.
“I wonder how much of a loss it actually is,” thought Taylor. “Maybe if we can figure out why the sales decreased,
then we can increase them again.
Taylor began figuring out the percent of the decrease. She started by subtracting, but then got stuck.
Let’s use what we have learned to help Taylor. She was right by starting with subtraction.
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15, 000 − 12, 500 = 2500
Next, we divide the difference by the original amount.
2500 ÷ 15, 000 = .1666666
We can round this decimal up to .17 and now convert it to a percent.
.17 = 17%
The amount of the decrease is about 17%.
Guided Practice

Here is one for you to try on your own.
Jessie’s work schedule went from 20 hours to 18 hours. What was the percent of the decrease?
Answer
To figure this out, we subtract to find the difference.
20 − 18 = 2
Next, we divide that number by the original amount.
2 ÷ 20 = .1
Finally, we convert this decimal to a percent.
.1 = 10%
The percent of decrease was 10%.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5516

This is a James Sousa video on percent of decrease.
Explore More

Directions: Find the percent of decrease given the original amount. You may round to the nearest whole percent
when necessary or leave your answer as a decimal.
1. From 25 to 10
2. From 30 to 11
3. From 18 to 8
4. From 30 to 28
610
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5. From 12 to 8
6. From 90 to 85
7. From 200 to 150
8. From 97 to 90
9. From 56 to 45
10. From 15 to 2
11. From 220 to 110
12. From 75 to 66
13. From 180 to 121
14. From 1500 to 1275
15. From 18,000 to 900
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6.16 Percent of Change
Here you’ll learn to use percent of change to find a new amount.
Have you ever had to go to work when it was very cold?
Jenny put on her parka and headed to work at the candy store. At noon the temperature was 40◦ F. At 6:00 P.M. the
temperature dropped to 32◦ F.
What was the percent of change in the temperature?
This Concept is about using a percent of change to find a new amount. Use what you learn to figure out this
Concept.
Guidance

If we are given the percent of increase or the percent of decrease and the original amount, we can find the new
amount by using the following formula.
Amount of change = percent of change × original amount
Let’s apply this to a problem.
Find the new number when 75 is decreased by 40%?
First find the amount of change.

Amount of change = percent of change × original amount
= 40% × 75
= 0.40 × 75
= 30
Since the original number is being decreased, we subtract the amount of change from the original number to
find the new number. 75 − 30 = 45
When 75 is decreased by 40%, the new number is 45.
Find the new number when 28 is increased by 125%.
First find the amount of change.

Amount of change = percent of change × original amount
= 125% × 28
= 1.25 × 28
= 35
Since the original number is being increased, we add the amount of change to the original number to find the
new number. 28 + 35 = 63
When 28 is increased by 125%, the new number is 63.
Now it’s your turn to try a few. Find each new amount.
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Example A

Find the new number when 45 is increased by 10%.
Solution: 49.5
Example B

Find the new number when 80 is decreased by 15%.
Solution:68
Example C

Find the new number when 50 is increased by 25%.
Solution:62.5
Here is the original problem once again.
Jenny put on her parka and headed to work at the candy store. At noon the temperature was 40◦ F. At 6:00 P.M. the
temperature dropped to 32◦ F.
What was the percent of change in the temperature?
First, figure out the amount of the change.
The amount of change is 40 − 32 = 8.
Amount of change
Original amount
8
1
=
= = 0.20 = 20%
40 5

Percent of increase or decrease =

The temperature decreased by 20%.
Guided Practice

Here is one for you to try on your own.
The population of Westville grew from 25,000 to 27,000 in two years. What was the percent of increase for this
period of time?
Answer
First, find the amount of the change by subtracting.
The amount of change is 27, 000 − 25, 000 = 2, 000
Next, find the percent of the increase.
Amount of change
Original amount
2, 000
2
=
=
= 0.08 = 8%
25, 000 25

Percent of increase or decrease =

The population increased 8% over this period of time.
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Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5515

This is a James Sousa video on the percent of change.
Explore More

Directions: Find the percent of change and then use it to find a new amount.
1. 25 decreased by 10%
2. 30 decreased by 15%
3. 18 decreased by 10%
4. 30 decreased by 9%
5. 12 decreased by 12%
6. 90 decreased by 14%
7. 200 decreased by 80%
8. 97 decreased by 11%
9. 56 decreased by 25%
10. 15 decreased by 20%
11. 220 decreased by 5%
12. 75 decreased by 10%
13. 180 decreased by 18%
14. 1500 decreased by 12%
15. 18,000 decreased by 24%
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6.17 Prices Involving Discounts
Here you’ll learn to find prices involving markups and discounts.

One afternoon while Taylor is working in the candy store, a couple decided to purchase some chocolates. They spent
a lot of time looking through all of the boxes, but finally decided on a large assorted box of some very lovely dark
chocolates.
“That is a good choice,” Taylor said. “That box is also on sale for 15% off.”
“Terrific,” said the man.
Taylor took the chocolates and went to the cash register. As she went to put in the pricing, she noticed that there
wasn’t anything happening on the screen. She walked to the kitchen in the back where her Mom was working.
“Mom, the register won’t work,” Taylor said.
“Well I am in the middle of making taffy. You’ll have to do the math in your head,” her Mom responded.
Taylor walked back in and picked up a piece of paper and a pencil.
The original price of the chocolates was $26.50.
There is a 15% discount.
Given the discount, what was the new price for the chocolates?
Use what you will learn in this Concept to help Taylor figure this out.
Guidance

In this Concept, you will learn how to use percents in everyday life.
A store owner buys an item at a wholesale cost and marks it up by adding a percent of the price to the price he paid
for it. If we buy that item when it is on sale, we can find the amount of the discount if we know the rate of discount
that the store is offering. On some items that we buy, we pay a sales tax that is a percent of the price. When we eat
out in a restaurant, we leave a tip that is a percent of the amount of the meal.
Let’s begin by thinking about markups and discounts.
A markup is an increase in the price of an item. A discount is a decrease in the price of an item. Both of these
can be expressed as an amount of money or as a percent of the original price of the item.
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Why would someone use a markup?
A markup is often how a store or a business makes a profit. They buy merchandise at one price and sell it for another
price. The difference in the price they bought it at and the price they sell it at is the profit margin.
Why would someone use a discount?
Stores discount items all the time. Often, they are still making a profit, but they discount and item a specific
percentage to try to sell more of that item.
To figure out a discount or a markup, we need to know the percent of change. What is a percent of change?
The percent of change is the percent that the price is changing by. If the markup is 10%, then that is the percent
of change. If the discount is 10%, then that is the percent of change.
We can use the following formula:
Percent of change × original amount = amount of the change

Write this formula in your notebook and then continue with the lesson.

A camera store buys a camera for $149 and marks up the price by 35%. What price does the camera sell for?
First, find the amount of the markup.
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Amount of change = percent of change × original amount
= 35% × $149
= 0.35 × $149
= $52.15
The markup is $52.15.
Now find the selling price by adding the markup to the wholesale price.
$149 + $52.15 = $201.15
The selling price is $201.15
A camera that normally sells for $189 is on sale at a 20% discount. What is the sale price?

First, find the amount of the discount.

Amount of change = percent of change × original amount
= 20% × $189
= 0.20 × $189
= $37.80
The discount is $37.80.
Now find the sale price by subtracting the discount from the original price.
$189 − $37.80 = $151.20
The sale price is $151.20.
Find the markup or discount of each price.

Example A

A camera store buys a camera for $159.00 and marks it up 10%. What is the new price of the camera?
Solution: $174.90
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Example B

A chair that costs $199.00 is on sale for 15% off. What is the price of the chair?
Solution: $170.05

Example C

A shirt that costs $15.00 is on sale for 30% off. What is the price of the shirt?
Solution:$10.50

Here is the original problem once again.
One afternoon while Taylor is working in the candy store, a couple decided to purchase some chocolates. They spent
a lot of time looking through all of the boxes, but finally decided on a large assorted box of some very lovely dark
chocolates.
“That is a good choice,” Taylor said. “That box is also on sale for 15% off.”
“Terrific,” said the man.
Taylor took the chocolates and went to the cash register. As she went to put in the pricing, she noticed that there
wasn’t anything happening on the screen. She walked to the kitchen in the back where her Mom was working.
“Mom, the register won’t work,” Taylor said.
“Well I am in the middle of making taffy. You’ll have to do the math in your head,” her Mom responded.
Taylor walked back in and picked up a piece of paper and a pencil.
The original price of the chocolates was $26.50.
There is a 15% discount.
First, figure out the discount.
26.50 × .15 = 3.975
Round up to 3.98
Next, subtract this discount from the original price.
26.50 − 3.98 = $22.52
This is the cost of the chocolates.
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Guided Practice

Here is one for you to try on your own.
A pair of shoes with a wholesale price of $40 was marked up 50%. During a sale, the shoes were discounted 33%.
What was the sale price?
Answer
First find the amount of markup.

Amount of change = percent of change × original amount
= 50% × $40
= 0.50 × $40
= $20
The markup is $20.
Now find the selling price by adding the markup to the wholesale price.
The selling price is $40 + $20 = $60.
Now find the amount of discount.

Amount of change = percent of change × original amount
= 33% × $60
= 0.33 × $60
= $19.80
The discount is $19.80.
Now find the sale price by subtracting the discount from the selling price.
$60 − $19.80 = $40.20
The sale price is $40.20.

Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57647

This is a James Sousa video on discounts and markups.
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Explore More

Directions: Here is a list of wholesale prices. Figure out each sale price if the markup is 20%.
1. $19.00
2. $12.00
3. $18.00
4. $25.00
5. $13.50
6. $9.95
7. $45.00
8. $90.00
9. $85.00
10. $17.00
Directions: Each item is discounted 15%. Figure out each new sale price; the original prices are listed below.
11. $55.00
12. $35.50
13. $18.00
14. $8.75
15. $25.00
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6.18 Prices Involving Sales Tax
Here you’ll learn to estimate appropriate tips.
Have you ever had to calculate a tip in a restaurant?
Sasha and Keith went out for lunch. Their total bill was $16.60. Both Sasha and Keith were puzzled when it came
to calculating the tip. They decided to give the waiter a 15% tip.
Do you know how to calculate this?
What range would be an acceptable tip?
This Concept is about estimate appropriate tips. You will learn how to tackle this problem.

Guidance

When you go to a restaurant, it is customary to tip the server. If you have help at the airport, it is customary to tip
the server. If you have someone carry your bags at a hotel, it is customary to tip the bellhop.
What is a tip?
A tip is an amount of money that is given to a worker such as a waiter or waitress who performs a service for you. A
common tip amount is 15% of the cost of the meal or other service. Since you don’t usually calculate a tip exactly,
we can estimate the amount of a tip.
Follow these steps to estimate a 15% tip
Step 1: Round the total bill to the nearest whole dollar amount.
Step 2: Find 10% of this amount by moving the decimal point one place to the left.
Step 3: Find half of the amount you found in Step 2. This will give you 5% of the total cost.
Step 4: Add the 10% amount and the 5% amount together.

Take a few minutes to write these steps in your notebook.
Now let’s apply these steps to a few situations.
Estimate a 15% tip on a meal whose cost is $29.75.
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Step 1: Round $29.75 to $30.
Step 2: 10% of $30 = $3
Step 3: Half of $3 = $1.50
Step 4: $3 + $1.50 = $4.50
A 15% tip on a meal whose cost is $29.75 is about $4.50.
Estimate a 20% tip on a meal whose cost is $54.15.
Since the tip is about 20%, you can find 10% and then double it.
Step 1: Round $54.15 to $54.
Step 2: 10% of $54 = $5.40
Step 3: 20% of $5.40 = 2 × $5.40 = $10.80
A 20% tip on a meal whose cost is $54.15 is about $10.80.
Estimate a 15% tip for each bill. Provide a range in your answer.
Example A

$29.00
Solution: $3.00 − $3.50
Example B

$16.00
Solution:$2.00 − $2.50
Example C

$55.00
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Solution:$8.00 − $8.50
Here is the original problem once again.
Sasha and Keith went out for lunch. Their total bill was $16.60. Both Sasha and Keith were puzzled when it came
to calculating the tip. They decided to give the waiter a 15% tip.
Do you know how to calculate this?
What range would be an acceptable tip?
To figure this out, first let’s round up.
16.60 becomes 17.00
Now take 10% of that figure.
1.70
Half of that is .85.
If we add the two together, we get an estimate of 2.55.
A reasonable tip would be between $2.50 − $3.00.
Guided Practice

Here is one for you to try on your own.
Estimate a 20% tip on a restaurant bill of $38.95.
Answer
You can start by thinking about 10% of this bill. Since that involves simply moving the decimal point, we can say
that the estimate of 10% is $3.85.
Now 20% is double that.
We can say that an estimate of a 20% tip is in a range from $7.50 − $8.00.
This is our answer.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57648

This is a James Sousa video on calculating a tip.
Explore More

Directions: Estimate a tip of 20% for each amount.
1. A tip on $15.00
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2. A tip on $28.00
3. A tip on $25.00
4. A tip on $35.00
5. A tip on $45.00
6. A tip on $50.00
7. A tip on $90.00
8. A tip on $120.00
9. A tip on $125.00
10. A tip on $110.50
11. A tip on $130.75
12. A tip on $135.50
13. A tip on $98.78
14. A tip on $89.67
15. A tip on $100.20
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6.19 Total Bill Including Tip and Tax
Here you’ll learn to find total bills involving tips and taxes.
Have you ever tried to calculate tips and taxes after going out to eat?
Taylor and her Dad went out to a restaurant for dinner. It had been a long day at the candy store, and they were both
hungry. The cost of the meal was $25.75.
Taylor and her Dad began to figure out the total bill given a 7% sales tax and a 15% tip.
Do you know how to do this? Can you figure out the total bill including tax and tip?
This Concept will teach you how to find total bills involving tips and taxes. Then you can finish this problem
at the end of the Concept.
Guidance

You just finished figuring out a tip. When you calculate the tip, then you add this amount back to the total of
the bill for the final cost of the meal. Sometimes, the tip is left in cash on the table. When this happens, you don’t
have to add it to the price of the meal. However, when using a credit card, you have to add the tip to the total to be
sure that the server receives his/her tip.
What about taxes?
Taxes are monies that are collected by the government to help pay for services such as schools, libraries, roads,
and police and fire protection. A sales tax is a tax bought on something in a store. The rate of sales tax is given
as a percent. You can find the amount of sales tax by using the following formula:
Amount of sales tax = price × rate of sales tax
After you calculate the amount of a tax using the percentage and the formula, you have to add it to an original
amount. With sales tax, this is especially important. Let’s look at a few examples.

Emily bought a jacket for $85. If the sales tax is 7.5%, find the total cost of the jacket.
First find the amount of sales tax.
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7.5% of $85 = 0.075 × $85 = $6.375
You need to round $6.375 to the nearest penny, which is $6.38.
Add the price of the jacket and the sales tax.
$85 + $6.38 = $91.38
The total cost of the jacket is $91.38.
Mr. and Mrs. Green and their four children went out to dinner. The cost of the meal was $72. The restaurant added
a tip of 18% to the bill. What was the total cost of the dinner?
First find the amount of the tip.
18% of $72 = 0.18 × $72 = $12.96
Add the cost of the meal and the tip.
$72 + $12.96 = $84.96
The total cost of the dinner was $84.96.
Find the total amount of each bill.
Example A

5% sales tax on a $65.00 item.
Solution: $68.25
Example B

20% tip on a bill of $30.00
Solution:$36.00
Example C

10% sales tax on a $150.00 item.
Solution: $165.00
Here is the original problem once again.
Taylor and her Dad went out to a restaurant for dinner. It had been a long day at the candy store, and they were both
hungry. The cost of the meal was $25.75.
Taylor and her Dad began to figure out the total bill given a 7% sales tax and a 15% tip.
Do you know how to do this? Can you figure out the total bill including tax and tip?
First, let’s figure out the sales tax. To do this, we convert the percent to a decimal and multiply by the total cost of
the meal.
.07 × 25.75 = 1.80
Next, we figure out the tip. Convert the percent to a decimal and multiply by the cost of the meal.
.15 × 25.75 = 3.86
Now we add it all up.
25.75 + 1.80 + 3.86 = 31.41
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Their total bill was $31.41 including the tip.
Guided Practice

Here is one for you to try on your own.
Brandon bought a T-shirt for $8.99 and a pair of shorts for $11.99. If the rate of sales tax is 7%, how much did he
spend?
Answer
First find the total cost of the items purchased.
$8.99 + $11.99 = $20.98
Next find the amount of sales tax. First, convert the percent to a decimal and multiply by the total cost.
20.98 × .07 = 1.47
Notice that we rounded up to 1.47.
Now add this to the cost of the items.
20.98 + 1.47 = $22.45
This is the answer.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57648

This is a James Sousa video on calculating a tip.
Explore More

Directions: Calculate the total amount paid including sales tax if the sales tax is 4% and there is a tip of 20%.
1. Total: $56.75
2. Total: $43.25
3. Total: $65.00
4. Total: $25.50
5. Total: $18.75
6. Total: $59.00
7. Total: $21.50
8. Total: $44.50
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9. Total: $12.50
10. Total: $43.00
11. Total: $89.50
12. Total: $99.35
13. Total: $235.75
14. Total: $300.50
15. Total: $678.25
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6.20 Simple Interest Equation to Find Interest
Rate
Here you’ll learn to use the simple interest equation to find an interest rate.
Have you ever borrowed money? Look at this dilemma.
While shopping at the candy store, a woman began complaining about paying interest on a loan. She said that she
had paid $450.00 over 2 years after borrowing $2500. Taylor listened and thought about this dilemma.
Using the given information, can you figure out the interest rate?
This Concept will teach you how to do this. We’ll revisit this problem at the end of the Concept.

Guidance

This Concept is all about borrowing money, paying money back and the fees associated with borrowing money. This
is where you will learn all about interest.
What is interest?
Interest is a charge for money that is borrowed. When you borrow money, you pay the lender interest for
borrowing the money. When you deposit money into a saving account at a bank, the bank pays you interest since the
bank is borrowing money from you. So interest can be something that you have to pay or that is paid to you.
The amount of money that is invested or borrowed is called the principal. If you borrow $500.00 this is the
principal. It is the initial amount before any interest is added on.
The rate of interest is the percent charged or earned. We also have to consider the time in years that the money
is borrowed or deposited when computing interest.
How do we calculate interest?
We can calculate interest by using an equation. Here is the equation.

Interest = Principal × rate × time
I = Prt

Take a few minutes to write this equation down in your notebook.
If you know the amount of interest, the principal, and the time in years, you can find the interest rate.
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If you deposit $2,000 at USA Savings Bank, at the end of 2 years you will have received $240 in simple interest.
What is the interest rate at USA Savings Bank?

I = Prt
$240 = $2, 000 × r × 2

← Substitute values.

$240 = $4, 000 × r

← Simplify.

0.06 = r

← Solve for r.

Change 0.06 to the percent 6%.
The interest rate is 6%.
If you borrow $3,600 from USA Savings Bank for 18 months, at the end of the 18 months you will repay $4,059 to
the bank. What is the interest rate for this loan?
The amount to be repaid includes the principal plus the interest. Subtract the principal from the amount to
be repaid to find the amount of the interest.
$4, 059 − $3, 600 = $459
Since there are 12 months in a year, 18 months is

18
12

or 1 12 years.

I = Prt
$459 = $3, 600 × r × 1
$459 = $5, 400 × r
0.085 = r
Change 0.085 to the percent 8.5%.
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The interest rate is 8.5%.
Find the interest rate for each problem.
Example A

Jesse borrowed $500.00. At the end of the year he paid back $50.00 in interest. What was the interest rate?
Solution:10%
Example B

Karen earned $200.00 in two years of simple interest on her initial investment of $400.00. What was the interest
rate?
Solution:25%
Example C

principal: $5,600; time: 9 months; simple interest: $357
Solution:8.5%
Here is the original problem once again.
While shopping at the candy store, a woman began complaining about paying interest on a loan. She said that she
had paid $450.00 over 2 years after borrowing $2500. Taylor listened and thought about this dilemma.
Using the given information, can you figure out the interest rate?
To figure this out, let’s use the formula for finding simple interest.
I = PRT
Now fill in the given information.
450 = 2500(2)r
Next, we multiply.
450 = 5000r
450
5000

=r

r = .09 = 9%
The woman has an interest rate of 9%.
Guided Practice

Here is one for you to try on your own.
Wanda borrowed $5,000.00 from the bank. At the end of three years, she had paid $450.00 in interest. What is
Wanda’s interest rate?
Answer
To figure this out, we can use the formula for finding simple interest.
I = PRT
Next, we fill in what we know.
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450 = 5000(3)r
We are trying to figure out the rate, so that is our variable.
450 = 15000r
450
15000

= .03

The interest rate was 3%.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5523

This is a James Sousa video on calculating simple interest.
Explore More

Directions: Find the simple interest on each amount.
1. $500.00 at 4% for 2 years
2. $200.00 at 5% for 3 years
3. $5000.00 at 2% for 2 years
4. $600.00 at 10% for 1 year
5. $1200.00 at 4% for 2 years
6. $1500.00 at 3% for 1 year
7. $2300.00 at 2% for 2 years
8. $500.00 at 4% for 2 years
9. $2500.00 at 5% for 5 years
10. $1500.00 at 11% for 2 years
11. $3500 at 3% for 5 years
12. $3500 at 4% for 15 years
13. $13,000 at 4.5% for 6 years
14. $23,000 at 3.5% for 10 years
15. $50,000 at 2.5% for 20 years
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6.21 Simple Interest
Here you’ll solve real - world problems involving simple interest.

Since Taylor has been working at the candy store, she has had her eye on a new bike. She has saved $56.00, but the
bike is being sold for $156.00.
Taylor wouldn’t mind waiting except for the fact that several of her friends are going to go on a big bike ride on the
weekend and she wants to go with them. She has decided to ask her brother if she can borrow the money.
The one catch is that he wants to charge her interest. Her brother will loan her the $100.00, but he wants to charge
her 15% interest per month.
“I don’t think that is very fair,” Taylor tells him when he presents the deal.
“It isn’t that much more that you have to pay back.”
Taylor disagrees. How much is 15% interest on $100.00?
This Concept will teach you all about simple interest and about how to calculate simple interest. By the end
of the Concept, you will understand how to figure out the interest.
Guidance

Now that you know how to find the interest rate, we can use the equation to calculate the amount of time it takes to
earn a specific amount of interest.
Ben deposited $1,200 in a certificate of deposit (CD) at an interest rate of 5.5%. He earned $198 in simple interest.
How long was the CD for?

I = Prt
$198 = $1, 200 × 5.5% × t

← Substitute values.

$198 = $1, 200 × 0.055 × t

← Write the percent as a decimal.

$198 = 66 × t

← Simplify.

3=t

← Solve for t.

The CD was for 3 years.
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We can also use the equation to figure out the amount of the interest.
Troy deposited $400 into his savings account. How much interest will he receive at the end of one year if the interest
rate is 3%?
First we write the equation. Then we substitute the given values and solve.

I = Prt
= $400 × 3% × 1
= $400 × 0.03 × 1
= $12

← Substitute values.
← Write the percent as a decimal.
← Solve for I.

Troy will receive $12 in interest at the end of one year.
Courtney borrowed $7,500 for 4 years at an annual interest rate of 8%. How much interest will she pay on the loan?

I = Prt
= $7, 500 × 8% × 4
= $7, 500 × 0.08 × 4
= $2, 400

← Substitute values.
← Write the percent as a decimal.
← Solve for I.

Courtney will pay $2,400 interest on the loan.
Once you know the interest, you can go back and add it to the Principal. Let’s go back to Troy.
Troy deposited $400 into his savings account. We know that at the end of the year he received $12.00 in interest.
We can add the amounts together to find the new balance.
400 + 12 = $412.00
The new balance is $412.00.
In the second example, Courtney borrowed $7,500 and will pay $2400 interest on the loan. Here is the total she will
pay to pay back the loan. We add the interest and the Principal.
7500 + 2400 = $9, 900
The new balance is $9,900.
Now it’s time for you to try a few on your own. Figure out the number of years or time.

Example A

John earned $96.00 on a $1200 deposit at 2% interest rate.
Solution: 4 years

Example B

Karen paid $48.00 on $600.00 at a 4% interest rate.
Solution: 2 years
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Example C

Eric earned $130.00 on a $2000 deposit at a 1% interest rate.
Solution: 6.5 years

Here is the original problem once again. Figure out the interest.
Since Taylor has been working at the candy store, she has had her eye on a new bike. She has saved $56.00, but the
bike is being sold for $156.00.
Taylor wouldn’t mind waiting except for the fact that several of her friends are going to go on a big bike ride on the
weekend and she wants to go with them. She has decided to ask her brother if she can borrow the money.
The one catch is that he wants to charge her interest. Her brother will loan her the $100.00, but he wants to charge
her 15% interest per month.
“I don’t think that is very fair,” Taylor tells him when he presents the deal.
“It isn’t that much more that you have to pay back.”
Taylor disagrees. How much is 15% interest on $100.00?
To figure this out we multiply the 15% times $100.00.
.15 × 100 = $15.00 per month.
If it takes her 3 months to pay him back, she will have to pay $45.00 in interest.
“No thanks,” Taylor says to her brother. “That isn’t a very good deal. I am going to ask Dad for a loan. I am sure
that he won’t charge me interest.”
Taylor grinned at her brother and went off to find her Dad.

Guided Practice

Here is one for you to try on your own.
Joanna borrowed $500 at an interest rate of 8%. At the end of the loan period, she had to pay back $530. How long
was the loan for?
Answer
The amount to be repaid includes the principal plus the interest. Subtract the principal from the amount to be repaid
to find the amount of the interest.
$530 − $500 = $30
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I = Prt
$30 = $500 × 8% × t

← Substitute values.

$30 = $500 × 0.08 × t

← Write the percent as a decimal.

$30 = $40 × t
3
=t
4
3
4

of a year is

3
4

← Simplify.
← Solve for t.

of 12 months, or 9 months.

The loan was for 9 months.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5523

This is a James Sousa video on calculating simple interest.
Explore More

Directions: Calculate the simple interest for each amount.
1. $1500.00 at 3% for 1 year
2. $2300.00 at 2% for 2 years
3. $500.00 at 4% for 2 years
4. $2500.00 at 5% for 5 years
5. $1500.00 at 11% for 2 years
6. $3500 at 3% for 5 years
7. $3500 at 4% for 15 years
8. $2300 at 2% for 3 years
9. $5500 at 5% for 6.5 years
10. $12,000 at 4% for 5 years
Directions: Find the length of time for each loan.
11. principal: $1,250; interest rate: 6%; simple interest: $300
12. principal: $4,800; interest rate: 7.5%; simple interest: $900
Directions: Solve each problem.
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13. Juan invested $5,000 in an account that pays 5% interest. If interest is paid 4 times a year, how much is each
interest payment?
14. Sophie put $330 in a savings account at a simple interest rate of 4% per year. Avi put $290 in a savings account
at a simple interest rate of 5% per year. Who will have earned more interest after 2 years? How much more?
15. Madison invested in a certificate of deposit for 4 years at a 6% interest rate. At the end of the 4 years, the value
of the certificate of deposit was $3,100. How much did Madison deposit originally?

637

6.22. Interpretation of Circle Graphs

www.ck12.org

6.22 Interpretation of Circle Graphs
Here you’ll learn to interpret circle graphs using given data.
The chart shows the Patrick family’s monthly budget. Make a circle graph to display their budget. Then find how
much the family budgets for in each category if their monthly income is $2,500.
Rent and utilities - 35%
Food - 25%
Savings - 10%
Transportation - 15%
Clothing - 10%
Other - 5%

What does the family budget look like? Can you interpret where and how they spend their money?
This Concept is all about interpreting circle graphs. Use it to answer these questions at the end of the Concept.

Guidance

In a circle graph, the circle represents the whole. A circle graph can be used to compare the parts with the
whole. It is a useful way to visually display data. Each of the parts is called a sector.
Let’s look at how data is expressed in a circle graph.
The circle graph shows how the students at Grandville Middle School voted for a school mascot. Which mascot got
the least number of votes?
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Since there are no values shown on the circle graph, you need to visually determine which sector is the smallest. The
smallest sector is the one for the Panther.
The Panther got the least number of votes for mascot.
The circle graph shows the method of transportation used by students to get to Grandville Middle School. What
percent of the students use the school bus to get to school?

The sectors of a circle graph must add up to 100%. Find the sum of the three given percents and then subtract from
100%.

15% + 20% + 25% = 60%
100% − 60% = 40%

40% of the students use the school bus to get to school.
This circle graph shows the results of a music survey. What fraction of the people surveyed said country was their
favorite type of music?
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The fractions in the sectors of a circle graph must add up to 1. Find the sum of the three given fractions and then
subtract from 1.

1 1
1
5
10
2
17
+ +
=
+ +
=
4 2 10 20 20 20 20
17 20 17
3
1−
=
−
=
20 20 20 20
3
20

of the people surveyed said country was their favorite type of music.

We can show the same circle graph with its percents or with the measures of its central angles. The sum of
the measures of the central angles in a circle graph is 360◦ .

Notice that you can take the percent, change it to a decimal and multiply it by 360 to find the number of degrees.
Check this out with the following examples.
Use the two graphs above to answer the following questions.
Example A

Which number of degrees is equal to 40%?
Solution:144◦
Example B

True or false. 25% is the same as a 90◦ angle?
Solution: True
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Example C

How many degrees is equal to 15%?
Solution:54◦
Here is the original problem once again.
The chart shows the Patrick family’s monthly budget. Make a circle graph to display their budget. Then find how
much the family budgets for in each category if their monthly income is $2,500.
Rent and utilities - 35%
Food - 25%
Savings - 10%
Transportation - 15%
Clothing - 10%
Other - 5%

What does the family budget look like? Can you interpret where and how they spend their money?
Patrick’s family spends most of their money on rent, utilities and food. They spend the least amount of money on
other things and clothing. These are a couple of statements that we can make about their monthly budget.
Guided Practice

Here is one for you to try on your own.
The table shows the results of the favorite school lunch of students in the seventh grade at Grandville Middle School.
Make a circle graph for the results of the survey.

TABLE 6.5:
Favorite Food
Pizza
Grilled Cheese
Hamburger
Chicken fingers

% of Students Surveyed
30%
35%
10%
25%

Answer
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Step 1: Find the measure of the central angle by multiplying 360◦ by the percent.

TABLE 6.6:
Favorite Food
Pizza
Grilled Cheese
Hamburger
Chicken fingers

% of Students Surveyed
30%
35%
10%
25%

Degrees in Central Angle
30% of 360◦ = 0.30 × 360◦ = 108◦
30% of 360◦ = 0.35 × 360◦ = 126◦
10% of 360◦ = 0.10 × 360◦ = 36◦
25% of 360◦ = 0.25 × 360◦ = 90◦

Step 2: Draw a circle with a compass. Draw one radius. Use that radius as a side of one central angle.
Measure and draw the other central angles using a protractor.

Step 3: Label each sector with a title and percent and give a title to the entire circle graph.

What about if we have actual data?
If we have actual data, we first need to find the percent for each sector of the circle graph. Then we can find the
measures of the central angles of the circle and make the circle graph.
Video Review

Here is a video for review.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5289

This is a Khan Academy video on reading circle graphs.
Explore More

Directions: Use the survey to answer each question.
A survey of 300 people asked them to name their favorite spectator sport. The results are shown in the circle graph
below.

1. What was the most favorite spectator sport of the people surveyed?
2. What was the least favorite spectator sport of the people surveyed?
3. What percent of the people surveyed said that football was their favorite spectator sport?
4. How many people said that basketball was their favorite spectator sport?
5. How many more people said that soccer was their favorite sport than ice hockey?
6. The table shows the how much money the students in the seventh grade have raised so far for a class trip. Make a
circle graph that shows the data.

TABLE 6.7:
Fundraiser
Car wash
Book sale
Bake sale
Plant sale

Amount
$150
$175
$100
$75

7. Make a list of 5 popular ice cream flavors. Then survey your classmates asking them which of the 5 flavors is
their favorite ice cream flavor. Use the data to make a circle graph.
8. Use a newspaper to locate a circle graph of some data. Then write five questions about the data.
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This circle graph shows the results of a survey taken among students about their favorite school lunches. Use the
graph to answer the following questions.
9. What percent of the students enjoy soup as a lunch?
10. What is the favorite choice of students for school lunch?
11. What is the least favorite choice?
12. What percent of the students enjoy salad?
13. What percent of the students did not choose salad as a favorite choice?
14. What percent of the students chose either pizza or tacos as their favorite choice?
15. What percent of the students chose chicken sandwich and pizza as their favorite choice?
16. What percent of the students did not choose chicken or pizza?
17. What is your favorite choice for lunch?
18. If you could add a food choice to this survey, what would it be?
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6.23 Circle Graphs to Display Data
Here you’ll learn to make circle graphs given data.

One day while Taylor was in the candy store, she saw a chart that her Dad had made sitting on the counter.
“What’s this mean?” she asked looking at the chart.
“That is a chart that shows our best sellers. Every other candy sells less than 10%, so I don’t usually include it.
These are the top sellers. I keep track of our inventory each month and determine which candies were the top sellers.
Then I create a graph of the data,” he explained.
“Where is the graph?”
“I haven’t made it yet.”
“I could do that,” Taylor said smiling.
“Terrific! Go right ahead.”
Taylor was so excited. She could finally put all of her math to work. She knew that a circle graph would be the best
way to show the percentages. Here is the chart.
Lollipops - 55%
Licorice - 10%
Chocolates - 20%
Gummy Bears - 15%
Taylor started to work on the circle graph and she thought that she knew what she was doing, but then she got stuck.
She couldn’t remember how to change each percentage into a number of degrees.
This is where you come in. It is your turn to help Taylor. Pay attention to this Concept and you will know how
to create the circle graph in the end.
Guidance

Creating a circle graph may seem tricky, but if you think about circle graphs it can become easier to figure out. First,
notice that in the graphs at the end of the last Concept, that each percentage was converted to a specific number of
degrees.
645

6.23. Circle Graphs to Display Data

www.ck12.org

When you know the number of degrees that a percentage is equal to, you can use a protractor and a circle to
draw it in exactly.
To figure this out, we have to figure out each percentage in terms of degrees. How do we do this?
First, we do this by creating a proportion. A percent is out of 100, so we can make a ratio out of any percent.
25% becomes

25
100

15% becomes

15
100

A circle is out of 360◦ . Since we are trying to figure out the number of degrees, we use a variable over 360 for
the second ratio.
Here is a proportion for converting 25% to degrees.
25
100

=

x
360

Now we cross multiply and solve for the variable x. That will be the number of degrees.

100x = 25(360)
100x = 9000
x = 90
25% = 90◦
Now if you were going to draw this on a circle graph, you could take a circle and your protractor and measure
in a 90◦ angle. That would equal 25% of the graph.
Now let’s apply this.
The table shows the number of students in the seventh grade who are studying each foreign language. Make a circle
graph that shows the data.

TABLE 6.8:
Foreign Language
Spanish
French
Italian
German

Number of Students Studying Language
88
48
16
8

Step 1: Find the total number of seventh grade students studying a foreign language. Then find the percent
of students studying each language.
88 + 48 + 16 + 8 = 160

TABLE 6.9:
Foreign Language
Spanish
French
Italian
German

Number of Students Studying
Language
88
48
16
8

Percent of Students Studying
Language
88
11
160 = 20 = 55%
48
3
160 = 10 = 30%
16
1
160 = 10 = 10%
8
1
160 = 20 = 5%

Step 2: Find the measure of the central angle by multiplying 360◦ by the percent.
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TABLE 6.10:
Foreign Language
Spanish

Number of Students
Studying Language
88

Percent of Students
Studying Language
55%

French

48

30%

Italian

16

10%

German

8

5%

Degrees in Central Angle
55% of 360◦ = 0.55 ×
360◦ = 198◦
30% of 360◦ = 0.30 ×
360◦ = 108◦
10% of 360◦ = 0.10 ×
360◦ = 36◦
5% of 360◦ = 0.05 ×
360◦ = 18◦

Step 3: Draw a circle with a compass. Draw one radius. Use that radius as a side of one central angle.
Measure and draw the other central angles using a protractor.

Step 4: Label each sector with a title and percent and give a title to the entire circle graph.
Here is the final graph.

Convert each percent into degrees.
Example A

20%
Solution: 72◦
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Example B

40%
Solution:144◦

Example C

75%
Solution:270◦
Here is the original problem once again. Use what you have learned to help Taylor make the circle graph.

One day while Taylor was in the candy store, she saw a chart that her Dad had made sitting on the counter.
“What’s this mean?” she asked looking at the chart.
“That is a chart that shows our best sellers. Every other candy sells less than 10%, so I don’t usually include it.
These are the top sellers. I keep track of our inventory each month and determine which candies were the top sellers.
Then I create a graph of the data,” he explained.
“Where is the graph?”
“I haven’t made it yet.”
“I could do that,” Taylor said smiling.
“Terrific! Go right ahead.”
Taylor was so excited. She could finally put all of her math to work. She knew that a circle graph would be the best
way to show the percentages. Here is the chart.
Lollipops - 55%
Licorice - 10%
Chocolates - 20%
Gummy Bears - 15%
Taylor started to work on the circle graph and she thought that she knew what she was doing, but then she got stuck.
She couldn’t remember how to change each percentage into a number of degrees.
First, we need to convert each percentage to a number of degrees. We can do this by multiplying each decimal
by 360.
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Lollipops .55 × 360 = 198◦
Licorice .10 × 360 = 36◦
Chocolates .20 × 360 = 72◦
Gummy Bears .15 × 360 = 54◦
Next, Taylor can use a protractor and a circle to create the circle graph. Here is her final work.

Guided Practice

Here is the original problem once again.
Convert 30% into degrees.
Answer
First, we write a proportion.
30
100

=

x
360

Next, we cross multiply and solve for the variable.

10x = 30(360)
100x = 10800
x = 108
30% = 108◦
This is our answer.
Video Review

Here is a video for review.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5313

This is a James Sousa video on constructing a pie chart.
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Explore More

Directions: Use what you have learned to tackle each problem.
1. The table shows the how much money the students in the seventh grade have raised so far for a class trip. Make a
circle graph that shows the data.

TABLE 6.11:
Fundraiser
Car wash
Book sale
Bake sale
Plant sale

Amount
$150
$175
$100
$75

2. Make a list of 5 popular ice cream flavors. Then survey your classmates asking them which of the 5 flavors is
their favorite ice cream flavor. Use the data to make a circle graph.
3. Use a newspaper to locate a circle graph of some data. Then write five questions about the data.
Directions: Look at each percentage and then use a proportion to find the equivalent number of degrees. You may
round your answer when necessary.
4. 12%
5. 25%
6. 28%
7. 42%
8. 19%
9. 80%
10. 90%
11. 34%
12. 15%
13. 5%
14. 10%
15. 78%

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including recognizing percents, percents
and fractions, percents and proportions, the percent equation, percents as decimals, percent of increase, percent of
decrease, percent of change, tips, taxes, interest and circle graphs.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts on
writing expressions and equations, simplifying expressions, solving one-step equations, solving two-step equations,
solving inequalities, identifying and understanding functions and graphing functions.
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7.1 Addition and Subtraction Phrases as Equations
Here you’ll learn to write addition and subtraction phrases as single variable equations.
Have you ever been to Boston? Have you ever spent the summer with your grandparents?
Kara and her twin brother Marc are going to be spending one month in Boston with their grandparents. They are
very excited! Not only is it summer in Boston and the weather will be terrific, but Boston has a fantastic subway
system called the T and they will be able to ride it to get all around.
Kara is very excited about visiting the museums, but Marc who is a huge baseball fan is hoping for a trip to Fenway
Park before the month is up. Seeing the Red Sox play would be a huge bonus!
Kara has earned $125.00 babysitting and has some birthday money too.
Before the trip, she counted her savings and realized that she has $54.25.
You can write an equation to show the unknown in this dilemma.
This Concept will teach you how to write addition and subtraction phrases as single variable equations.
Guidance

An expression shows how numbers and/or variables are connected by operations, such as addition, subtraction, multiplication, and division. Notice that an expression does not have an equal sign. This is because the value
of the variable in each expression can change, or you could say that we can evaluate an expression using different
given values for the variable.

50 − 2

4−a

4x
3

12z

Three of the expressions above include variables, such as a, z, and x.
An expression that includes one or more variables is called an algebraic expression. Each variable in an algebraic
expression can have a different value. Once again, you will not see an equal sign with an algebraic expression. We
can use algebraic expressions to represent words or phrases.
Often in word problems or in other situations in math, you will be given a set of words or a phrase that you will
need to rewrite as an expression. When you do this, you will be looking for words that mean different operations or
things in math. This way you can write an expression that correctly represents the words or phrase.
We are going to start with addition and subtraction phrases. Take a look at this chart.

TABLE 7.1:
Addition Expressions
1 plus a
2 and b
3 more than c

1+a
2+b
3+c

Subtraction Expressions
4 less d
6 less than g
h fewer than 7

4−d
g−6
7−h

The bolded key words in the phrases above provide clues about whether or not you should write an addition
or a subtraction expression. While key words can be a helpful guide, it is important not to rely on them totally.
It is always most important to think about which operation makes the most sense for a particular situation.
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Write these key words in your notebook and then continue with the Concept.
Abdul has $5 more than Xavier has. Let x stand for the number of dollars Xavier has. Write an algebraic expression
to show the number of dollars Abdul has.
The phrase is “$5 more than Xavier.” Use a number, an operation sign, or a variable to represent each part of that
phrase.

$5 more than Xavier
↓

↓

↓

5

+

x

Notice that in this phrase, the key words “more than” means you should write an addition expression.
So, the expression 5 + x represents the number of dollars Abdul has. We also could have written this as. x + 5
because addition is commutative. That means, the order in which numbers are added does not matter.
Our answer is x + 5.
Here is another one.
6 less than a number
Notice the key words “less than” which means subtraction.
A number means a variable.
Because it says “6 less than a number,” the 6 will follow the variable.
x−6
Our answer is x − 6.
Remember, sometimes writing an expression is not as simple as relying on key words.
Lian is x inches shorter than Hannah. Hannah is 65 inches tall. Write an algebraic expression to show Lian’s height
in inches.
The phrase is “x inches shorter than Hannah.” You also know that Hannah’s height is 65 inches.
There are no key words, so you need to think about what makes sense. If Lian is shorter than Hannah, her
height will be less than 65 inches. So, write a subtraction expression. Use 65 to represent Hannah’s height. Since
Lian’s height is less than Hannah’s height, you will need to subtract x inches from Hannah’s height to represent
Lian’s height.
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x inches shorter than Hannah.
2

↓

2

2

2

↓
↓

2

65

−

x

2

The answer is 65 − x.
If you knew what any of these expressions were equal to, then you could use an equals sign and write an equation.
Take a look at these examples.
Write an equation for each phrase.
Example A

A number plus five is ten
Solution: x + 5 = 10
Example B

Six more than a number is eighteen.
Solution: x + 6 = 18
Example C

Fifteen less than a number is twenty
Solution: x − 15 = 20
Here is the original problem once again.
Kara and her twin brother Marc are going to be spending one month in Boston with their grandparents. They are
very excited! Not only is it summer in Boston and the weather will be terrific, but Boston has a fantastic subway
system called the T and they will be able to ride it to get all around.
Kara is very excited about visiting the museums, but Marc who is a huge baseball fan is hoping for a trip to Fenway
Park before the month is up. Seeing the Red Sox play would be a huge bonus!
Kara has earned $125.00 babysitting and has some birthday money too.
Before the trip, she counted her savings and realized that she has $54.25.
You can write an equation to show the unknown in this dilemma.
To write an equation for this dilemma, we can include what we know and what we don’t know.
We know that Kara earned $125.00 babysitting.
We don’t know how much money she received from her birthday. This is our unknown.
We do know the total amount of money.
Here is our equation.
125 + x = 54.25
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This is our answer.
Guided Practice

Here is one for you to try on your own.
Write an equation to represent: Four less than an unknown number is eighteen.
Answer
To figure this out, we can first identify the operation as subtraction because of the key words less than.
Next, notice that the statement is four less than, so the four is being taken away from the unknown number.
Now we can write the equation.
x − 4 = 18
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5291

This James Sousa video is an introduction to writing variable expressions.
Explore More

Directions: Write an expression for each phrase.
1. 5 more than a number
2. A number plus six
3. 8 and a number
4. Seven less than a number
5. Eight take a way four
6. Nine more than a number
Directions: Write a simple equation for each phrase.
7. Five less than a number is ten.
8. Eight take away four is a number.
9. Five and a number is twelve.
10. Sixteen less than an unknown number is eighty.
11. Twenty and a number is fifty - five.
12. A number and fifteen is forty.
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13. A number and twelve is sixty.
14. Fifteen less than a number is ninety.
15. Sixty less than a number is eighty.
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7.2 Multiplication and Division Phrases as
Equations
Here you’ll learn to write multiplication and division phrases as single variable equations.
Have you ever been to a major league baseball game?

Kara and her twin brother Marc are going to be spending one month in Boston with their grandparents. They are
very excited! Not only is it summer in Boston and the weather will be terrific, but Boston has a fantastic subway
system called the T and they will be able to ride it to get all around.
Kara is very excited about visiting the museums, but Marc who is a huge baseball fan is hoping for a trip to Fenway
Park before the month is up. Seeing the Red Sox play would be a huge bonus!
On the first day, the twins’ Grandpa told them that they were going to spend the day learning how to ride the subway.
Given that the twins are 14 and that they will be traveling together, Grandpa feels comfortable that they will be fine.
After a quick discussion on safety, they were ready to go.
Grandpa said that each ride on the subway would cost .85 for a teenager. They would be riding to the Boston
Common and back, and they may take another ride too.
Kara goes upstairs to get her money and tries to figure out how much they will need in all. She is having a tough
time because she doesn’t know how many train rides they will take in all. She tells Marc what she is trying to figure
out.
“Well until we know the number of rides, you can’t figure out the total,” he says. “But you can write an expression.”
An expression? How can Kara do this? What does an expression mean? Why would you want one?
This Concept is all about expressions and equations. Learning how to write expressions can be very helpful
when you have a variable that can change such as the number of train rides. Pay attention and at the end
of the Concept you will be able to help Kara write an expression to show the amount of money needed for
multiple train rides.
Guidance

Previously we worked on writing expressions. Just as you can write addition and subtraction expressions from words
or phrases, you can also write multiplication and division expressions. Once again, you can use key words to help
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you with this. The more familiar you become with the key words that identify a multiplication or division expression,
the better you will become at writing expressions.
Here are some statements of how words or phrases can be translated into multiplication or division expressions.

TABLE 7.2:
Multiplication
Expressions
9 times k
twice as much as m

Division Expressions
9 × k or 9k
2 × m or 2m

8 divided into n groups
q shared equally by 3
people
half of r
one-third of p

8 ÷ n or
q ÷ 3 or

8
n
q
3

r ÷ 2 or
p ÷ 3 or

r
2
p
3

The bolded key words in the phrases above provide clues about whether or not you should write a multiplication or a division expression. Remember, key words can be a helpful guide, but you should always think
about which operation makes sense for a particular situation.

Write these key words in your notebook and then continue with the Concept.
Write an algebraic expression to represent this phrase: 3 times a number, t.
The phrase is “3 times a number, t.” Use a number, an operation sign, or a variable to represent each part of that
phrase.

3 times a number, t
↓

↓

↓

3

×

t

Notice that in this phrase, the key word “times” means you should write a multiplication expression.
So, the expression 3 × t or 3t represents the phrase. We also could have written this as t × 3 because multiplication
is commutative. That means, the order in which numbers are multiplied does not matter.
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Here is another one.
Mr. Warren separated 30 students into n equal groups. Write an algebraic expression to represent the number of
students in each group.
The phrase is “ separated 30 students into n equal groups.”
Think about what makes sense. Separating 30 students into n equal groups means dividing 30 students into n
equal groups. So, write a division expression.

separated 30 students into n equal groups
↓

↓

30

÷

↓
n

Division is not commutative. The order in which we divide numbers matters. So, while 30 ÷ n represents the number
of students in each group, n ÷ 30 does not.
The answer is 30 ÷ n.
Sometimes an expression becomes an equation when there is a quantity that it equals.
30 ÷ n = 5
This is an equation that we can solve by using the inverse operation. But this Concept is about writing equations not
solving them, so we can stop here.
Write a multiplication or division equation for each phrase.

Example A

Four times a number is eight.
Solution: 4x = 8

Example B

Sixteen divided into a number of groups is two.
Solution:

16
x

=2
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Example C

The product of five and a number is fifteen.
Solution: 5x = 15

Here is the original problem once again.
On the first day visiting their grandparents, the twins were told them that they were going to spend the day learning
how to ride the subway. Given that the Kara and Marc are 14 and that they will be traveling together, Grandpa feels
comfortable that they will be fine. After a quick discussion on safety, they were ready to go.
Grandpa said that each ride on the subway would cost .85 for a teenager. They would be riding to the Boston
Common and back, and they may take another ride too.
Kara goes upstairs to get her money and tries to figure out how much they will need in all. She is having a tough
time because she doesn’t know how many train rides they will take in all. She tells Marc what she is trying to figure
out.
“Well until we know the number of rides, you can’t figure out the total,” he says. “But you can write an expression.”
An expression? How can Kara do this? What does an expression mean? Why would you want one?
Now that you know what an expression is, you can write one to help Kara figure out the amount of money
depending on the number of train rides.
The amount of money per ride does not vary. It costs .85 per ride for a teenager.
The number of train rides does vary. This is where a variable is very useful. It can change according to the
number of train rides. Let’s use x.
The expression is .85x.
If Kara changes the variable x according to the number of train rides that she and Marc take, then she can
figure out the cost per day of riding the train.
If they go on four train rides for example, here is the expression.
.85(4)
Evaluating this expression, the cost would be $3.40.
Expressions are very helpful for figuring out different problems with changeable parts like this one.
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Guided Practice

Here is one for you to try on your own.
Write a single variable equation for the following phrase.
Keith bought tickets to the movies. The tickets were $8.50 each. Keith spent a total of $34.00. Write an equation to
show this dilemma.
Answer
To begin, we can identify our unknown as the number of tickets Keith bought. Let’s use t to represent this unknown
number.
The cost of each ticket was $8.50.
Now we can write an equation.
8.50t = 34.00
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5292

This is a James Sousa video on writing variable expressions. It can be used as an introduction to writing single var
iable equations.
Explore More

Directions: Write an equation for each phrase.
1. The product of four and a number is twelve.
2. Six times a number is thirty.
3. Twelve times a number is forty-eight.
4. Fourteen times by a number is twenty-eight.
5. The product of five and a number is thirty.
6. Eight times a number is sixty-four.
7. Twenty divided by a number is four.
8. Eighty divided by a number is four.
9. Nineteen times an unknown number is ninety-five.
10. Thirteen times an unknown number is thirty-nine.
11. Twelve divided into groups is six.
12. An unknown number divided by two is eight.
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13. An unknown number divided by seven is fourteen.
14. An unknown number times five is thirty- five.
15. An unknown number divided by twelve is twelve.
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7.3 Single Variable Equations from Verbal
Models
Here you’ll learn to write single variable equations from verbal models.
Have you ever known anyone with a stamp collection? Take a look at this dilemma.
Kelvin has twice as many stamps in his collection as Murray has in his. If Kelvin has 60 stamps in his collection,
write an equation to represent m, the number of stamps in Murray’s collection.
To do this, you will need to know how to write single variable equations from verbal models. Pay attention to
this Concept and you will learn all that you need to know.
Guidance

What is the difference between an equation and an expression? Well, an expression is a phrase without an
equal sign. This means that the variable in an expression can be changed and the expression can be evaluated
differently. An equation has an equal sign. Therefore one side of an equation is equal to a value on the other
side.
Now, let’s examine how to write equations.
The same key words that helped you write expressions may also help you write equations. Here are some additional
key words that you may find helpful.

TABLE 7.3:
Key Words for Addition or Multiplication Equations
how many all together
how many in all
how many total

Key Words for Subtraction Equations
how many more
how many fewer
how many left
how much change

Key Words for Division Equations
how many in each

Take a few minutes to write down these key words and phrases in your notebook.
Now let’s apply this information.
Four times a number is twelve.
First, notice that we have the word “times” which means to multiply. We also have the word “is” which is a
key word for equals.
4 times x = 12
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The equation is 4x = 12.
Seven less than a number is fourteen.
First, notice we have the words “less than” which means subtraction. Then we have the word “is” which is a
key word for equals.
x − 7 = 14
The answer is x − 7 = 14.
Write an equation for each verbal phrase.
Example A

Six and a number is twenty.
Solution: 6 + x = 20
Example B

Eighteen divided by a number is three.
Solution: 18 ÷ x = 3
Example C

Five times a number is twenty-five.
Solution: 5y = 25
Here is the original problem once again.
Kelvin has twice as many stamps in his collection as Murray has in his. If Kelvin has 60 stamps in his collection,
write an equation to represent m, the number of stamps in Murray’s collection.
Use a number, an operation sign, a variable, or an equal sign to represent each part of that problem. Since
Kelvin has 60 stamps in his collection, represent the number of stamps in Kelvin’s collection as 60.

Kelvin has twice as many stamps...as Murray.
↓

↓

↓

60

=

2m

This equation 60 = 2m, represents m, the number of stamps in Murray’s collection.
Guided Practice

Here is one for you to try on your own.
Carrie made 3 liters of lemonade for a party. After the party, she had 0.5 liter of lemonade left. Write an equation to
represent n, the number of liters of lemonade that her guests drank.
Answer
Use a number, an operation sign, a variable, or an equal sign to represent each part of that problem. Since the
question tells us how many liters of lemonade were left after the party, write a subtraction equation.
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Since she had 0.5 liter of lemonade left, n is the number of liters that were drunk at the party. For this problem, it
may help to write an equation in words and then translate those words into an algebraic equation.

(number of liters made) − (number of liters guests drank) = (number of liters left)
↓

↓

3

−

↓
n

↓
=

↓
0.5

This equation, 3 − n = 0.5, represents n, the number of liters of lemonade that Carrie’s guests drank during
the party.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57643

This is a Khan Academy video about single variable equation problems. It is a support to this Concept.
Explore More

Directions: Write an equation for each verbal model.
1. Ten times a number is thirty.
2. Five times a number is fifteen.
3. A number and seven is eleven.
4. A number divided by three is twelve.
5. A number and eighteen is thirty.
6. A number divided by twelve is fourteen.
7. Seven times a number is forty-nine.
8. A number divided by thirteen is seven.
9. Eight times a number is equal to sixty-four.
Directions: Write an algebraic expression for each situation below.
10. Arturo has 8 fewer stickers in his collection than Julissa has in hers. Let j represent the number of stickers in
Julissa’s collection. Write an expression to represent the number of stickers in Arturo’s collection.
11. Let c represent the number of cookies on a plate. Three friends share all the cookies on the plate equally. Write
an expression to represent the number of cookies each friend has after they are shared equally.
12. Carly is twice as old as her sister. Let s represent her sister’s age in years. Write an expression to represent
Carly’s age in years.
13. The length of a rectangle is 3 inches longer than its width. Let w stand for the width in inches. Write an
expression to represent the length in inches.
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Directions: Write an algebraic equation for each word problem below.
14. The chorus teacher divides all the students in the chorus into 3 equal groups. Each of the groups has 6 students
in it. Write an equation that could be used to represent n, the total number of students in the chorus.
15. Matt’s dog weighs 30 pounds. His dog weighs 20 pounds more than his cat. Write an equation that could be
used to represent c, the weight, in pounds, of Matt’s cat.
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7.4 Simplify Sums or Differences of Single
Variable Expressions
Here you’ll learn to simplify sums or differences of single variable expressions.
Have you ever had to order ice cream for a group of people?
Well, Marc is doing just that. He has taken orders for himself, his sister, his grandparents and two of their friends.
Here is what he was told.
Two vanilla ice cream cones
Three more vanilla ice cream cones
Then another vanilla ice cream cone
We can write Marc’s order as a variable expression.
2v + 3v + v
This is a way of writing Marc’s ice cream order as a variable expression.
Can you simplify this expression?
This Concept will teach you how to simplify single variable expressions. At the end of it, you will be able to
simplify Marc’s order for him.
Guidance

Previously we worked on writing expressions. An expression shows how numbers and/or variables are connected
by operations, such as addition, subtraction, multiplication, and division.
If an expression has only numbers, you can find its numerical value. However, if an expression includes
variables and you do not know the values of those variables, you can simplify the expression. To simplify
means to make smaller or simpler. Let’s take a look at how to simplify expressions now.
Let’s apply this information.
6a + 3a
When adding expressions with variables, it is important to remember that only like terms can be combined. For
example, 6a and 3a are like terms because both terms include the variable a. So, we can combine them.

6a + 3a
9a
6a + 3
However, 6a and 3 are not like terms because only one term includes the variable a. So, we cannot combine
them. The expression 6a + 3 cannot be simplified any further.
You can use what you know about like terms and what you know about addition and subtraction to help you simplify
expressions with variables.
Here is another one.
Find the difference 15d − 2d.
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Since 15d and 2d both have the same variable, they are like terms. To find the difference, subtract the
numerical parts of the terms the same way you would subtract any whole numbers.
15d − 2d = 13d
The difference is 13d.
We can also see examples that have decimals or even fractions in them. Remember back to your work with rational
numbers.
Find the sum 0.4x + 1.3x.
Since 0.4x and 1.3x both have the same variable, they are like terms. To find the sum, add the numerical parts
of the terms the same way you would add any decimals.
0.4x + 1.3x = 1.7x
The sum is 1.7x.

Don’t forget that the word SUM means addition and the word DIFFERENCE means subtraction.
Simplify each sum or difference when possible.
Example A

3a + 12a
Solution: 15a
Example B

16x − 2x
Solution: 14x
Example C

7y + 2x
Solution: Terms are not alike. It is in simplest form.
Here is the original problem once again.
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Have you ever had to order ice cream for a group of people?
Well, Marc is doing just that. He has taken orders for himself, his sister, his grandparents and two of their friends.
Here is what he was told.
Two vanilla ice cream cones
Three more vanilla ice cream cones
Then another vanilla ice cream cone
We can write Marc’s order as a variable expression.
2v + 3v + v
This is a way of writing Marc’s ice cream order as a variable expression.
Can you simplify this expression?
If you look at this expression you will see that the variables are all the same. This is because everyone ordered
vanilla ice cream cones. Therefore, we can simply add the terms.
2v + 3v + v = 6v
This is the answer.
Guided Practice

Here is one for you to try on your own.
Simplify each expression.
5a + 4a − 2a + 6a
Answer
To simplify this expression, we follow the order of operations and combine like terms in order from left to right.
Here is what the expression looks like after the first two terms have been combined.
9a − 2a + 6a
Now, we can perform the subtraction.
7a + 6a
Finally, we add the last two terms.
13a
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5525

This is a James Sousa video on combining like terms.
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Explore More

Directions: Simplify each sum or difference by combining like terms.
1. 6a + 7a
2. 7x − 2x
3. 6y + 12y
4. 8a + 12a
5. 12y − 7y
6. 8a + 15a
7. 13b − 9b
8. 22x + 19x
9. 45y − 12y
10. 16a + 18a + 9a
11. 14x − 6x + 2x
12. 21a + 14a − 15a
13. 33b + 13b + 8b
14. 45x + 67x − 29x
15. 92y + 6y − 54y
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7.5 Simplify Products or Quotients of Single
Variable Expressions
Here you’ll learn to simplify products or quotients of single variable expressions.
Have you ever had a stamp collection?
Marc has twice as many stamps in his collection as his Grandfather has in his. Write an expression to represent m,
the number of stamps in his Grandfather’s collection.
To solve this problem, you will need to know how to write a single variable expression. Pay attention to this
Concept, and you will know how to do this by the end of the Concept.
Guidance

Previously we learned that when you add and subtract terms in an expression, you can only combine like terms.
However, you can multiply or divide terms whether they are like terms or not.
For example, 6a and 3a are like terms because both terms include the variable a. We can multiply them to simplify
an expression like this.
6a × 3a = 18 × a × a = 18a2 .
However, even though 6a and 3 are not like terms, we can still multiply them, like this.
6a × 3 = 18a.
The Commutative and Associative Properties of Multiplication may help you understand how to multiply expressions
with variables. Remember, the Commutative property states that factors can be multiplied in any order. The
Associative property states that the grouping of factors does not matter.

Let’s apply this information.
6a(3a)
We can take these two terms and multiply them together.
First, we multiply the number parts.
6 × 3 = 18
Next, we multiply the variables.
a · a = a2
Our answer is 18a2 .
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Here is another one.
5x(8y)
Even though these two terms are different, we can still multiply them together.
First, we multiply the number parts.
5 × 8 = 40
Next, we multiply the variables.
x · y = xy
Our answer is 40xy.
Find the product 4z × 21 .
4z and

1
2

are not like terms, however, you can multiply terms even if they are not like terms.

Use the commutative and associative properties to rearrange the factors to make it easier to see how they can be
multiplied.
According to the commutative property, the order of the factors does not matter.
So, 4z × 21 = 21 × 4z.
According to the associative property, the grouping of the factors does not matter. Group the factors so that the
numbers are multiplied first.

So, 21 × 4z = 12 × 4 × z = 21 × 4 × z.
Now, multiply.


1
4
4
1
2 × 4 × z = 2 × 1 × z = 2 × z = 2 × z = 2z.
The product is 2z.

Remember that the word PRODUCT means multiplication and the word QUOTIENT means division.
Here is one that uses division.
Find the quotient 42c ÷ 7.
It may help you to rewrite the problem like this
42c
7

=

42·c
7

=

42
7

·c

Now, divide 42 by 7 to find the quotient.
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· c = 6 · c = 6c

The quotient is 6c.
Now it’s your turn. Find each product or quotient.

Example A

6a(9a)
Solution: 54a2

Example B
15b
5b

Solution: 3

Example C
20c
4

Solution: 5c
Here is the original problem once again.
Marc has twice as many stamps in his collection as his Grandfather has in his. Write an expression to represent m,
the number of stamps in his Grandfather’s collection.
To write this, we simply use the variable and the fact that Marc has twice as many stamps.
2m
This term represents Marc’s stamps.

Guided Practice

Here is one for you to try on your own.
Find the quotient 50g ÷ 10g.
Answer
It may help you to rewrite the problem like this
50g
10g

=

50·g
10·g

=

50
10

50g
10g .

Then separate out the numbers and variables like this.

· gg

Now, divide 50 by 10 and divide g by g to find the quotient. Since any number over itself is equal to 1, you know
that gg = 1.
50
10

· gg = 5 · 1 = 5

The quotient is 5.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5528

This is a James Sousa video on combining like terms by multiplying.
Explore More

Directions: Simplify each product or quotient.
1. 6a(4a)
2. 9x(2)
3. 14y(2y)
4. 16a(a)
5. 22x(2x)
6. 18b(2)
7.

21a
7

8.

22b
2b

9.

25x
x

10.

45a
5a

11.
12.

15x
3x
18y
9

13.

22y
11y

14.

15x
3y

15.

82x
2x
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7.6 Simplify Variable Expressions Involving
Multiple Operations
Here you’ll learn to simplify variable expressions involving multiple operations.
Have you ever calculated train fare? Take a look at this dilemma.

Kara is very excited that she has figured out an expression to calculate the total train fare. She heads downstairs and
shares her findings with her Grandpa.
.85x
“See Grandpa, if I put the number of rides in for x, then we can figure out the total cost,” Kara explains.
“That is great work Kara, but what about me? That will work great when it is just you and Marc, but I am riding
with you today. Seniors ride for .60 per ride.”
Wow! Kara hadn’t even thought of that. Now she has a whole new dilemma.
“I’ve got it,” she said writing some notes on a piece of paper.
Kara began to write an expression and then she thought that she could combine the terms of the expression.
Do you have an idea what Kara is writing? Think about the expression that she wrote for teen fares and train
rides. Now we are going to add to that and simplify. This Concept will teach you all about how this works.
Focus on the information in the Concept and you will see this problem again at the end of it.

Guidance

Sometimes, you may need to simplify algebraic expressions that involve more than one operation. Use what you
know about simplifying sums, differences, products, or quotients of algebraic expressions to help you do this.
When evaluating expressions, it is also important to keep in mind the order of operations. Let’s review this order
below.
•
•
•
•

First, do the computation inside grouping symbols, such as parentheses.
Second, evaluate any exponents.
Third, multiply and divide in order from left to right.
Finally, add and subtract in order from left to right.
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That’s good because the order of operations is always useful in mathematics!! Now let’s look at an example.
Now let’s apply this information.
Simplify this expression 7n + 8n · 3
According to the order of operations, you should multiply before you add.
7n + 8n · 3 = 7n + (8n · 3).
Separate out the factors and use the commutative property to help you multiply.
7n + (8n · 3) = 7n + (8 · n · 3) + 7n + (8 · 3 · n) = 7n + (24 · n) = 7n + 24n
Since 7n and 24n are like terms, add them.
7n + 24n = 31n.
The answer is 31n.
Simplify this expression 10p − 7p + 8p ÷ 2p.
According to the order of operations, you should divide before you subtract or add.
10p − 7p + 8p ÷ 2p = 10p − 7p + (8p ÷ 2p).
It may help you to rewrite the division as 8p
2p and then separate out the numbers and variables like this.
 
 


8·p
8 p
10p − 7p + 8p
=
10p
−
7p
+
=
10p
−
7p
+
·
2p
2·p
2 p = 10p − 7p + (4 · 1) = 10p − 7p + 4
The order of operations says to add and subtract in order from left to right. So, subtract the like terms 10p and 7p
next.
10p − 7p + 4 = 3p + 4.
Since 3p and 4 are not like terms, those terms cannot be combined. So, the expression cannot be simplified further.
The expression, when simplified, is 3p + 4. This is our final answer.
Simplify each expression.
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Example A

4a + 9a − 7
Solution: 13a − 7
Example B
14x
2

+ 9x

Solution: 16x
Example C

6b − 2b + 5b − 8
Solution: 9b − 8

Here is the original problem once again.
Kara is very excited that she has figured out an expression to figure out the total train fare. She heads downstairs and
shares her findings with her Grandpa.
.85x
“See Grandpa, if I put the number of rides in for x, then we can figure out the total cost,” Kara explains.
“That is great work Kara, but what about me? That will work great when it is just you and Marc, but I am riding
with you today. Seniors ride for .60 per ride.”
Wow! Kara hadn’t even thought of that. Now she has a whole new dilemma.
“I’ve got it,” she said writing some notes on a piece of paper.
Kara began to write an expression and then she thought that she could combine the terms of the expression.
To write an expression that includes Grandpa, Kara can begin with the first expression that she wrote.
.85x this accounts for the teen fare and the number of rides which is unknown so we use x.
Next, we have to include Grandpa. Seniors ride for .60 per ride. The number of rides is still unknown, so we
can use x for that too.
.60x
Since they will be riding together, we can add the two terms.
.85x + .60x
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Next, we can simplify the expression.
Since both are riding the train together, the number of rides will stay the same. We can add the money
amounts and keep the x the same in the simplified expression.
.85 + .60 = 1.45
Our answer is 1.45x.
If Kara multiplies the number of train rides that the three of them take times $1.45 then she will have the
total amount of money needed or spent riding the train.
Guided Practice

Here is one for you to try on your own.
Samera has twice as many pets as Amit has. Kyra has 4 times as many pets as Amit has. Let a represent the number
of pets Amit has.
a. Write an expression to represent the number of pets Samera has.
b. Write an expression to represent the number of pets Kyra has.
c. Write an expression to represent the number of pets Samera and Kyra have all together.
Answer
Consider part a first.
The phrase “twice as many pets as Amit” shows how many pets Samera has. Use a number, an operation sign, or a
variable to represent each part of that phrase.

twice as many pets as Amit
↓

↓

2×

a

So, the expression 2 × a or 2a represents the number of pets Samera has.
Consider part b next.
The phrase “4 times as many pets as Amit” shows how many pets Kyra has. Use a number, an operation sign, or a
variable to represent each part of that phrase.

4 times as many pets as Amit
↓

↓

↓

4

×

a

So, the expression 4 × a or 4a represents the number of pets Kyra has.
Finally, consider part c.
To find the number of pets Samera and Kyra have “all together,” write an addition expression.

(number of pets Samera has) + (number of pets Kyra has)
↓
2a
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Simplify the expression.
2a + 4a = 6a
The number of pets Samera and Kyra have all together can be represented by the expression 6a.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5525

This is a James Sousa video about combining like terms to simplify an expression.
Explore More

Directions: Simplify each variable expression involving multiple operations.
1. 6a + 4a − 2b
2. 16b − 4b · 2
3. 22a ÷ 2 + 14a
4. 19x − 5x · 2
5. 16y − 12y ÷ 2
6. 16a − 4a − 12b
7. 26a + 14a + 12b + 2b
8. 36a + 4a − 2b + 5b
9. 18a + 4a + 12y
10. 46a + 34a − 12b + 14b
11. 16y + 4y − 2x
12. 6x + 4x + 2x + 4y − 19z
13. 26y − 12y ÷ 2
14. 36y − 12y ÷ 12
15. 46y + 12y ÷ 2
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7.7 Single Variable Addition Equations
Here you’ll learn to solve single variable addition equations.
Have you ever been to Harvard Square?

Marc went to lunch with his friend Tony. He bought a day pass for the train and met Tony in Harvard Square for
lunch. When he left the house, Marc counted his money and found that he had $15.50 in his pocket. He met Tony
in Harvard Square. They had a terrific time walking around and they both loved looking around in the skateboard
shop. That was the best.
After walking around for a while, they stopped for lunch and each ate a sandwich. On the way back home later Marc
reached into his pocket and found that he only had .35 left from the original $15.50. He began calculating in his
head.
That meant that he had spent $15.15 between the day pass and the sandwich. If the day pass was $9.00, how much
did Marc spend on lunch?
The best way to figure this problem out is with an equation. This Concept will teach you all about solving
addition and subtraction equations so that by the end of the Concept you will understand how to help Marc
figure out the price of his lunch.

Guidance

A variable may be used to represent a particular number. For example, in the algebraic equation below, the variable
x represents only one possible number.
x+3 = 5
What number does x represent? We can find out by asking ourselves a question. “What number, when added to 3,
equals 5?”
We can solve this one using mental math. Mental math is one strategy for figuring out an unknown variable.
2 + 3 = 5, x must be equal to 2.
When we determine the value for a variable in an equation, we are solving that equation. If the equation
involves a simple number fact, such as 2 + 3 = 5, then we can solve the equation as we did above.
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However, to solve a more complex equation, such as x + 34 = 72, we need to use a different strategy besides
mental math. Let’s take a look at one strategy for solving an equation now.
When mental math is not an option, one strategy for solving an equation is to isolate the variable in the equation.
Isolating the variable means getting the variable by itself on one side of the equal (=) sign.
One way to isolate the variable is to use inverse operations. Inverse operations undo one another. For example,
addition is the inverse of subtraction, and vice versa. Multiplication is the inverse of division, and vice versa.
How do we do that?
To solve an equation in which a variable is added to a number, we can use the inverse operation––subtraction. We
can subtract the number that is being added to the variable from both sides of the equation.
We must subtract the number from both sides of the equation because of the Subtraction Property of Equality,
which states:
if a = b, then a − c = b − c.
If you subtract a number, c, from one side of an equation, you must subtract that same number, c, from the
other side, too, to keep the values on both sides equal.
Solve for x. x + 34 = 72.
In the equation, 34 is added to x. So, we can subtract 34 from both sides of the equation to solve for x.

x + 34 = 72
x + 34 − 34 = 72 − 34
x + 0 = 38
x = 38
The value of x is 38.
Solve for b 1.5 + b = 3.5
In the equation, 1.5 is added to b. So, we can subtract 1.5 from both sides of the equation to solve for b.

1.5 + b = 3.5
1.5 − 1.5 + b = 3.5 − 1.5
0 + b = 2.0
b=2
The value of b is 2.
The Subtraction Property of Equality states that as long as you subtract the same quantity to both sides of an
equation, that the equation will remain equal.
Each of these properties makes use of an inverse operation. If the operation in the equation is addition, then you use
the Subtraction Property of Equality.
Solve each addition equation for the missing variable.
Example A

x + 36 = 90
Solution: x = 54
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Example B

x + 27 = 35
Solution: x = 8

Example C

y + 1.7 = 6.5
Solution: y = 4.8

Here is the original problem once again.
Marc went to lunch with his friend Tony. He bought a day pass for the train and met Tony in Harvard Square for
lunch. When he left the house, Marc counted his money and found that he had $15.50 in his pocket. He met Tony
in Harvard Square. They had a terrific time walking around and they both loved looking around in the skateboard
shop. That was the best.
After walking around for a while, they stopped for lunch and each ate a sandwich. On the way back home later Marc
reached into his pocket and found that he only had .35 left from the original $15.50. He began calculating in his
head.
That meant that he had spent $15.15 between the day pass and the sandwich. If the day pass was $9.00, how much
did Marc spend on lunch?
To figure out the price of lunch, we need to write an equation.
Lunch is our unknown quantity. We can use l for the price of lunch.
We know that Marc spent $9.00 on a day pass.
We also know that the total spent was $15.15.
Now we can write an equation to solve for the price of lunch.
l + 9 = 15.15
We can solve this by subtracting 9 from both sides of the equation.
l + 9 − 9 = 15.15 − 9
l = $6.15
The cost of Marc’s lunch is $6.15.
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Guided Practice

Here is the original problem once again.
The number of gray tiles in a bag is 4 more than the number of blue tiles in the bag. There are 11 gray tiles in the
bag.
Answer
Write an equation to represent b, the number of blue tiles in the bag.
Use a number, an operation sign, a variable, or an equal sign to represent each part of the problem. Since there are
11 gray tiles in the bag, represent the number of gray tiles as 11.

T he number o f gray tiles . . . is 4 more than the number o f blue tiles . . .
↓

↓ ↓

↓

↓

11

= 4

+

b

This equation, 11 = 4 + b, represents b, the number of blue tiles in the bag.Solve the equation to find the number of
blue tiles in the bag.

11 = 4 + b
11 − 4 = 4 − 4 + b
7 = 0+b
7=b
There are 7 blue tiles in the bag.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5295

This is a James Sousa video on solving single variable addition equations.
Explore More

Directions: Solve each single-variable addition equation.
1. x + 7 = 14
2. y + 17 = 34
3. a + 27 = 34
4. x + 30 = 47
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5. x + 45 = 53
6. x + 18 = 24
7. a + 38 = 74
8. b + 45 = 80
9. c + 54 = 75
10. y + 197 = 423
11. y + 297 = 523
12. y + 397 = 603
13. y + 97 = 405
14. y + 94 = 102
15. y + 87 = 323
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7.8 Single Variable Subtraction Equations
Here you’ll learn to solve single variable subtraction equations.
Remember Marc and his lunch from the Single Variable Addition Equations Concept?
Previously we figured out that Marc spent $6.15 on lunch. After Marc had paid for his lunch, he bought an ice cream
cone. It cost $3.15. If Marc received $5.85 back as change, how much did he give the cashier?
You can write a single variable subtraction equation to represent this dilemma.
Solving the equation will give you a solution to the problem presented.
Pay attention and you will learn how to do this in this Concept.

Guidance

To solve an equation in which a number is subtracted from a variable, we can use the inverse of subtraction––addition. We can add that number to both sides of the equation to solve it.
You can think about this as working backwards from the operation. If we have a problem with addition, we
subtract. If we have a problem with subtraction, we add.
We must add the number to both sides of the equation because of the Addition Property of Equality, which states:
if a = b, then a + c = b + c.
So, if you add a number, c, to one side of an equation, you must add that same number, c, to the other side, too, to
keep the values on both sides equal.
Let’s apply this information to a problem.
Solve for a. a − 15 = 18.
In the equation, 15 is subtracted from a. So, we can add 15 to both sides of the equation to solve for a.

a − 15 = 18
a − 15 + 15 = 18 + 15
a + (−15 + 15) = 33
a + 0 = 33
a = 33

Notice how we rewrote the subtraction as adding a negative integer.
The value of a is 33.
Here is another one.
Solve for k. k − 13 = 23 .
In the equation,

1
3

is subtracted from k. So, we can add

1
3

to both sides of the equation to solve for k.
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1
=
3
1 1
k− + =
3 
3

1 1
k+ − +
=
3 3

2
3
2 1
+
3 3
3
3
3
k+0 =
3
3
k= =1
3

k−

The value of k is 1.

Again, we are using a property. The Subtraction Property of Equality states that as long as you subtract the
same quantity to both sides of an equation, that the equation will remain equal.
Each of these properties makes use of an inverse operation. If the operation in the equation is addition, then you
use the Subtraction Property of Equality. If the operation in the equation is subtraction, then you use the Addition
Property of Equality.
Solve each equation.
Example A

x − 44 = 22
Solution: 66
Example B

x − 1.3 = 5.6
Solution: 6.9
Example C

y − 14 =

2
4

Solution:

3
4

Here is the original problem once again.
Previously we figured out that Marc spent $6.15 on lunch. After Marc had paid for his lunch, he bought an ice cream
cone. It cost $3.15. If Marc received $5.85 back as change, how much did he give the cashier?
You can write a single variable subtraction equation to represent this dilemma.
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Solving the equation will give you a solution to the problem presented.
First, let’s write the equation.
Our unknown is the amount of money Marc gave the cashier. Let’s call that x.
x
Then we know that the ice cream cone cost $3.15.
x − 3.15
Marc received $5.85 in change.
x − 3.15 = 5.85
Now we can solve this equation.
x = 5.85 + 3.15
x = $9.00
This is our answer.
Guided Practice

Here is one for you to try on your own.
Harry earned $19.50 this week. That is $6.50 less than he earned last week.
a. Write an equation to represent m, the amount of money, in dollars, that he earned last week.
b. Determine how much money Harry earned last week.
Answer
Consider part a first.
Use a number, an operation sign, a variable, or an equal sign to represent each part of the problem.

Harry earned $19.50 this week. That is $6.50 less than . . . last week.
↓

↓

2

↓

↓

↓

↓

↓

2
2

↓

19.50

=

m

↓
−

2
2
2

6.50

This equation, 19.50 = m − 6.50, represents m, the number of dollars earned last week.
Next, consider part b.
Solve the equation to find the number of blue tiles in the bag.

19.50 = m − 6.50
19.50 + 6.50 = m − 6.50 + 6.50
26.00 = m + (−6.50 + 6.50)
26 = m + 0
26 = m
Harry earned $26.00 last week.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5295

This is a James Sousa video on solving single variable subtraction equations.
Explore More

Directions: Solve each single-variable subtraction equation.
1. x − 8 = 9
2. x − 18 = 29
3. a − 9 = 29
4. a − 4 = 30
5. b − 14 = 27
6. b − 13 = 50
7. y − 23 = 57
8. y − 15 = 27
9. x − 9 = 32
10. c − 19 = 32
11. x − 1.9 = 3.2
12. y − 2.9 = 4.5
13. c − 6.7 = 8.9
14. c − 1.23 = 3.54
15. c − 5.67 = 8.97
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7.9 Single Variable Multiplication Equations
Here you’ll learn to solve single variable multiplication equations.

While visiting their grandparents, Kara has been handling the money for their rides on the subway. For the past two
days, Marc has been watching her calculating and handing out money. Then when they were coming back from the
mall, Marc noticed something on a sign about a day pass and a month long pass.
“How much money do we have set aside for the subway?” Marc asked Kara the day after he saw the sign.
“We have $45.00 each allotted for the subway,” she said.
“Well, a day pass is $9.00. But a month long pass is $20.00. I think that is a better deal,” he told her.
“Let’s figure out how many days we can ride for $9.00 per day.”
Kara wrote the following equation on a piece of paper.
9x = 45
Solving equations is essentially for Kara and Marc at this point in time. Then they will know whether day passes or
a month long pass is the way to go.
You can figure this out too. Solving equations is what you will learn in this Concept. Take what you learn and
then apply it back to this problem. At the end of the Concept, you will know which train option makes the
most sense.
Guidance

Previously we worked on solving equations with addition and subtraction in them. We can also have equations with
multiplication and division in them. These single-variable equations can be solved for the value of the variable. We
want to solve the equation and figure out what the variable is equal to.
How does this work?
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In the algebraic equation below, the variable z represents only one possible number.
z×2 = 8
What number does z represent? We can find out by asking ourselves: what number, when multiplied by 2, equals 8?
Since 4 × 2 = 8, z must be equal to 4. We solved this equation using mental math.
When we determine the value for a variable in an equation, we are solving that equation. If the equation
involves a simple number fact, such as 4 × 2 = 8, then we can solve the problem as we did above using mental math.
What happens when we have a more challenging equation to solve?
Some equations are more complex and mental math will not get the job done. To solve a more complex equation,
such as z × 7 = 105, we need to use a different strategy. Let’s take a look at one strategy for solving an equation now.
One strategy for solving an equation is to use inverse operations to isolate the variable. Isolating the variable
means getting the variable by itself on one side of the equal (=) sign.
To solve an equation in which a variable is multiplied by a number, we can use the inverse operation of
multiplication––division. We can divide both sides of the equation by that number to find the value of the variable.
We must divide both sides of the equation by that number because of the Division Property of Equality, which
states:
if a = b and c 6= 0, then

a
c

= bc .

That is very simple. If you divide one side of an equation by a nonzero number, c, you must divide the other
side of the equation by that same number, c, to keep the values on both sides equal.
Let’s apply this information.
z × 7 = 105.
In the equation, z is multiplied by 7. So, we can divide both sides of the equation by 7 to solve for z.
690

www.ck12.org

Chapter 7. Equations, Inequalities and Functions

z × 7 = 105
z × 7 105
=
7
7
7
z × = 15
7
z × 1 = 15
z = 15
It may help to separate out the factors like we did above.
Having divided both sides by 7, we can see that the value of z is 15.
Here is another one.
−8r = 128
In the equation, -8 is multiplied by r. So, we can divide both sides of the equation by -8 to solve for r.

−8r = 128
−8r 128
=
−8
−8
We need to use what we know about dividing integers to help us solve this problem.

−8r 128
=
−8
−8
1r = −16
r = −16
The value of r is -16.
Remember the integer rules for dividing positive and negative numbers? Let’s review.

Remember that a property is a rule for performing operations in mathematics that makes our lives simpler. These
properties are no exception. If you can look at an equation, see that it is a multiplication equation and know that
division is the way to solve it, then the property of the Division Property of Equality is being utilized.
Now you can practice a few of these on your own. Solve each problem for the missing variable.
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Example A

−4x = 12
Solution: x = −3

Example B

8a = 64
Solution: a = 8

Example C

9b = 81
Solution: b = 9

Here is the original problem once again.
While visiting their grandparents, Kara has been handling the money for their rides on the subway. For the past two
days, Marc has been watching her calculating and handing out money. Then when they were coming back from the
mall, Marc noticed something on a sign about a day pass and a month long pass.
“How much money do we have set aside for the subway?” Marc asked Kara the day after he saw the sign.
“We have $45.00 each allotted for the subway,” she said.
“Well, a day pass is $9.00. But a month long pass is $20.00. I think that is a better deal,” he told her.
“Let’s figure out how many days we can ride for $9.00 per day.”
Kara wrote the following equation on a piece of paper.
9x = 45
Solving equations is essentially for Kara and Marc at this point in time. Then they will know whether day passes or
a month long pass is the way to go.
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First, let’s solve the equation and figure out how many days Kara and Marc can purchase day passes given
their budget.

9x = 45
9x 45
=
9
9
x=5
According to this, they can purchase day passes for only five days.
A month long pass is $20.00 each. This is a much better deal for them.
20(2) = $40.00
The total subway fares will cost them $40.00 instead of $45.00.
Kara and Marc purchase month long passes the very next morning.
Guided Practice

Here is one for you to try on your own.
Sarvenaz earns $8 for each hour she works. She earned a total of $168 last week.
a. Write an equation to represent h, the number of hours she worked last week.
b. Determine how many hours Sarvenaz worked last week.
Answer
Consider part a first.
Use a number, an operation sign, a variable, or an equal sign to represent each part of that problem. She earns $8
for each hour she works, so you could multiply the number of hours she worked by $8 to find the total amount she
earned. Write a multiplication equation.

$8 f or each hour . . . She earned a total o f $168 last week.
↓

↓

↓

8h

=

168

So, this equation, 8h = 168, represents h, the number of hours she worked last week.
Next, consider part b.
Solve the equation to find h, the number of hours she worked last week.

8h = 168
8h 168
=
8
8
1h = 21
h = 21
Sarvenaz worked 21 hours last week.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5297

This is a James Sousa video on solving single variable multiplication equations.
Explore More

Directions: Solve each single-variable multiplication equation for the missing value.
1. 4x = 16
2. 6x = 72
3. −6x = 72
4. −3y = 24
5. −3y = −24
6. −5x = −45
7. −1.4x = 2.8
8. 3.5a = 7
9. 7a = −49
10. 14b = −42
11. 24b = −48
12. −24b = −48
13. 34b = −102
14. 84x = 252
15. −84x = −252
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7.10 Single Variable Division Equations
Here you’ll learn to solve single variable division equations.
Have you ever been to a theater with limited seating? Well, Marc and Kara had this happen with their grandparents.
Marc and Kara went to see a play with their grandparents. When they arrived at the theater, the manager divided
their group and several other people into six smaller groups. Each of these groups was lead to a section of the theater
where there were empty seats. Each group had six people in it.
If this was the division, how many people did the manager divide up to start with?
Write a division equation and solve it to complete this dilemma.
This Concept is all about single variable division equations. You will know how to do this by the end of the
Concept.

Guidance

Sometimes, you will see equations that have division in them. We can use a fraction bar to show division.
To solve an equation in which a variable is divided by a number, we can use the inverse of division––multiplication.
We can multiply both sides of the equation by that number to solve it.
We must multiply both sides of the equation by that number because of the Multiplication Property of Equality,
which states:
if a = b and c 6= 0, then a × c = b × c.
So, if you multiply one side of an equation by a nonzero number, c, you must multiply the other side of the equation
by that same number, c, to keep the values on both sides equal.
Now let’s apply this information.
k ÷ (−4) = 12.
In the equation, k is divided by -4. So, we can multiply both sides of the equation by -4 to solve for k. You will need
to use what you know about multiplying integers to help you solve this problem. It may help to rewrite k ÷ (−4) as
k
−4 .

k ÷ (−4) = 12
k
= 12
−4
k
× (−4) = 12 × (−4)
−4
k
−4
×
= −48
−4
1

k
−4

×
= −48

−4
1

k
= −48
1
k = −48
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The –4’s will cancel each other out when they are divided. Then we multiply.
The value of k is –48.
Remember the rules for multiplying integers will apply when working with these equations! Think back and use
them as you work.
n
1.5

= 10

In the equation, n is divided by 1.5. So, we can multiply both sides of the equation by 1.5 to solve for n.

n
= 10
1.5
n
× 1.5 = 10 × 1.5
1.5
n
1.5
×
= 15
1.5
1

1.5
n

×
= 15

1.5
1

n
= 15
1
n = 15
The value of n is 15.
When an equation has division in it, you can use the Multiplication Property of Equality to solve it, and then the
property has been useful. Always remember to think about the inverse operations and associate them with the
different properties. This will help you to keep it all straight and not get mixed up.
Now it is time for you to practice solving a few of these equations.
Solve each equation for the missing variable.
Example A
x
−2

=5

Solution: x = −10
Example B
y
5

=6

Solution: y = 30
Example C
b
−4

= −3

Solution: b = 12
Here is the original problem once again.
Marc and Kara went to see a play with their grandparents. When they arrived at the theater, the manager divided
their group and several other people into six smaller groups. Each of these groups was lead to a section of the theater
where there were empty seats. Each group had six people in it too.
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If this was the division, how many people did the manager divide up to start with?
Write a division equation and solve it to complete this dilemma.
First, we can write an equation.
Some number of people divided by six is six.
x
6

=6

Now we can solve it by multiplying.
6 × 6 = 36
x = 36
This is our answer.
Guided Practice

Here is one for you to try on your own.
Three friends evenly split the total cost of the bill for their lunch. The amount each friend paid for his share was
$4.25.
a. Write an equation to represent c, the total cost, in dollars, of the bill for lunch.
b. Determine the total cost of the bill.
Answer
Consider part a first.
Use a number, an operation sign, a variable, or an equal sign to represent each part of the problem. Because the
friends split the bill evenly, write a division equation to represent the problem.

T hree f riends evenly split the total cost . . . amount each f riend paid was $4.25 . . .
2

↓

2

2

↓

↓

↓

↓

2

↓

↓

=

4.25

2

↓
↓

2

c

÷

3

This equation, c ÷ 3 = 4.25, represents c, the total cost of the lunch bill.
Next, consider part b.
Solve the equation to find the total cost, in dollars, of the lunch bill.

c ÷ 3 = 4.25
c
= 4.25
3
c
× 3 = 4.25 × 3
3
c 3
× = 12.75
3 1
c = 12.75
The total cost of the lunch bill was $12.75.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5297

This is a James Sousa video on solving single variable division equations.
Explore More

Directions: Solve each single-variable division equation for the missing value.
=2

2.

x
5
y
7

3.

b
9

= −4

4.

b
8

= −10

1.

=3

b
8 = 20
x
= −10
6. −3
y
7. 18
= −20
a
8. −9
= −9
x
9. 11
= −12
x
10. 3 = −3
11. 5x = −8
x
12. 1.3
=3
x
13. 2.4
=4
x
14. 6 = 1.2
y
15. 1.5
=3

5.
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7.11 Two-Step Equations from Verbal Models
Here you’ll learn to write two-step equations from verbal models.
Have you ever tried to earn money by babysitting?
Kara worked on earning money for her trip to Boston. For each babysitting job she took on, Kara charged $2 for bus
fare plus an additional $6 for each hour she worked. On Saturday, Kara earned $26 for the one babysitting job.
Write an equation to represent h, the total number of hours that Kara babysat during her $26 job.
Do you know how to do this?
This Concept will teach you how to write two-step equations from verbal models. You will know how to do
this by the end of the Concept.
Guidance

Previously we worked on solving single variable equations. Here is a single variable equation.
3x = 15
Now if you think about this equation, you only had to perform one operation to solve it. We used an inverse or
opposite operation to solve it. Since this is a multiplication equation, we used division to solve for the unknown
variable. We could say that we performed one-step to solve this equation. The one-step was to divide. We call
an equation where one operation is needed to solve for the unknown variable a one-step equation.
What happens when there is more than one operation needed to solve an equation?
When this happens, we have two-step equation. A two-step equation has more than one operation in it. Let’s look
at a few two-step equations.

3x + 5 = 20
x
−2 = 5
3
If you look at both of these equations, you will see that there are two operations present in each. The first equation
has multiplication and addition. The second equation has division and subtraction. You will see other variations
of two-step equations too, but this gives you an idea of a few different situations.
Before we begin solving equations, let’s look at how we can write a two-step equation from a verbal model.
First, let’s think about some of the words that mean addition, subtraction, multiplication and division. Identifying these key words is going to assist us when writing equations from verbal models. Remember that a
verbal model uses words.
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TABLE 7.4:
Addition
Sum
Added
Altogether
In all
Plus
and

Subtraction
Difference
Less than
More than
Take away
subtract

Multiplication
Product
Times
Groups of

Take a few minutes to write down these key words in your notebook.
Now apply this information.
Six times a number plus five is forty-one.
First, identify any key words that identify operations.
Six times a number plus five is forty-one.
Next, begin to translate the words into an equation.
Six = 6
Times = x
A number = variable
Plus = +
Five = 5
Is means =
Forty-one = 41
Next, we put it altogether.
6x + 5 = 41
Here is another one.
Four less than two times a number is equal to eight.
First, identify any key words that identify operations.
Four less than two times a number is equal to eight.
Now we can translate each part.
Four becomes 4
Less than means subtraction
Two becomes 2
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Times = x
A number = variable
Is equal to means =
Eight = 8
Notice that the one tricky part is in the words “less than” because it is less than two times a number, the two times
a number needs to come first in the equation. Then we can subtract.
Put it altogether.
2x − 4 = 8
Now it’s time for you to try a few on your own. Write an equation for each situation.

Example A

The product of five and a number plus three is twenty-three.
Solution: 5x + 3 = 23

Example B

Six times a number minus four is thirty-two.
Solution: 6y − 4 = 32

Example C

A number, y, divided by 3 plus seven is ten.
Solution:

y
3

+ 7 = 10

Here is the original problem once again.
Kara worked on earning money for her trip to Boston. For each babysitting job she took on, Kara charged $2 for bus
fare plus an additional $6 for each hour she worked. On Saturday, Kara earned $26 for the one babysitting job.
Write an equation to represent h, the total number of hours that Kara babysat during her $26 job.
Do you know how to do this?
To begin, Kara worked an unknown amount of hours. This is our variable. We can call this h.
She earns six dollars an hour. We multiply that times the unknown number of hours.
6h
Kara also charges $2.00 for bus fare.
6h + 2
She earned twenty -six dollars.
6h + 2 = 26
This is our equation.
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Here is one for you to try on your own.
Write an equation for this statement.
A number divided by two and six is equal to fourteen.
Answer
First, look for key words that identify operations.
A number divided by two and six is equal to fourteen.
Next, translate each word into an equation.
A number means variable
Divided means ÷
By two means 2 is our divisor
And means addition
Six means 6
Is means =
Fourteen means 14
Put it altogether.
x
2

+ 6 = 14

Explore More

Directions: Write the following two-step equations from verbal models.
1. Two times a number plus seven is nineteen.
2. Three times a number and five is twenty.
3. Six times a number and ten is forty-six.
4. Seven less than two times a number is twenty-one.
5. Eight less than three times a number is sixteen.
6. A number divided by two plus seven is ten.
7. A number divided by three and six is eleven.
8. Two less than a number divided by four is ten.
9. Four times a number and eight is twenty.
10. Five times a number take away three is twelve.
11. Two times a number and seven is twenty-nine.
12. Four times a number and two is twenty-six.
13. Negative three time a number take a way four is equal to negative ten.
14. Negative two times a number and eight is equal to negative twelve.
15. Negative five times a number minus eight is equal to seventeen.
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7.12 Two-Step Equations and Properties of
Equality
Here you’ll learn to solve two-step equations.
Have you ever been to a Red Sox game?

Marc is going to get his wish. After much ado, his Grandpa managed to pull a few strings and get tickets for the Red
Sox game. Marc can hardly wait for Saturday’s game.
“I hope that it is as good as I think it will be,” Marc said.
“Well for $535.00 I hope we don’t get rained out.”
“Five hundred thirty-five dollars!? Wow, that is a lot of money!” Marc exclaimed.
“Yes, but that does include a $15.00 service fee. I was able to secure four tickets and that is all that matters. Don’t
worry Marc having your dream come true is worth the money.”
“Thanks Grandpa,” Marc said smiling.
Afterwards, Marc began to wonder what the price of each ticket really was. He knew that they got field box seats
and that they had to be pretty expensive given the final bill. How could he figure out the ticket price?
This is where a two-step equation will help Marc. This Concept will teach you all about writing and solving
two-step equations. When finished, you will know how to figure out the ticket price with Marc.

Guidance

Previously we worked on writing a two-step single variable equation. Now it is time to learn how to solve them.
When we solve the equation, we will be looking for the value of the variable in the equation.
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Sometimes, you will be able to solve a two-step equation using mental math. When the numbers are small
and are all positive integers, you might be able to solve them in your head. This is the first method that we are
going to look at.
3x + 3 = 9
Here the numbers are small. You can probably look at this one and say to yourself, “What number times
three plus three is nine?” The logical answer is 2.
You can check your work by substituting 2 in for x to see if both sides of the equation are the same. If they are, then
we can say that the equation balances and your work is accurate.

3(2) + 3 = 9
6+3 = 9
9=9
The answer checks out. The value of x is 2.

That is a great question! This is where our second strategy comes in.
When you have a two-step equation that you can’t figure out in your head, you must use the strategy isolate
the variable.
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2 + 3n = 11.
Notice that there are two terms on the left side of the equation, 2 and 3n. Our first step should be to use inverse
operations to get the term that includes a variable, 3n, by itself on one side of the equal (=) sign.
In the equation, 2 is added to 3n. So, we can use the inverse of addition, which is subtraction, and subtract 2
from both sides of the equation. We need to subtract 2 from both sides of the equation because of the Subtraction
Property of Equality. That property states that in order to keep the values on both sides of the equation equal,
whatever we subtract from one side of the equation must also be subtracted from the other side.
Let’s see what happens when we subtract 2 from both sides of the equation.

2 + 3n = 11
2 − 2 + 3n = 11 − 2
0 + 3n = 9
3n = 9
Now, the term that includes a variable, 3n, is by itself on one side of the equation.
We can now use inverse operations to get the n by itself. Since 3n means 3 × n, we can use the inverse of
multiplication––division. We can divide both sides of the equation by 3. We need to divide both sides of the
equation by 3 because of the Division Property of Equality. That property states that if we divide one side of the
equation by a number, we must divide the other side of the equation by the same number in order to keep the values
on both sides of the equation equal.
Let’s see what happens when we divide both sides of the equation by 3.

3n = 9
3n 9
=
3
3
1n = 3
n=3
The value of n is 3.
2x − 5 = 11
First, notice that there are two terms on the left side of the equal sign. To solve this equation, we want to
isolate the variable and get x alone. Let’s start with the term that is not connected to the x. That is the subtract five.
We use the Addition Property of Equality to cancel out the -5. We do this by using the inverse operation and by
adding 5 to both sides of the equation. Remember because of the properties of equality what we do to one side of
the equals must match on the other side.

2x − 5 + 5 = 11 + 5
2x + 0 = 16
2x = 16
Now we have a problem that is a multiplication problem. We can use the Division Property of Equality to
solve for x by dividing both sides of the equation by 2. Think about this and it makes perfect sense. Since we
want to figure out what number times two is sixteen we can divide sixteen by two to figure it out.
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2x 16
=
2
2
x=8
The value of x is 8.
x
5

− 8 = 17.

Notice that there are two terms on the left side of the equation, 5x and 8. Our first step should be to use inverse
operations to get the term that includes a variable, 5x , by itself on one side of the equal (=) sign.
In the equation, 8 is subtracted from 5x . So, we can use the inverse of subtraction, which is addition, and add 8
to both sides of the equation. We need to add 8 to both sides of the equation because of the Addition Property of
Equality. That property states that in order to keep the values on both sides of the equation equal, whatever we add
to one side of the equation must also be added to the other side.
Let’s see what happens when we add 8 to both sides of the equation.
x
− 8 = 17
5
x
− 8 + 8 = 17 + 8
5
x
+ (−8 + 8) = 25
5
x
+ 0 = 25
5
x
= 25
5
Now, the term that includes a variable, 5x , is by itself on one side of the equation.
We can now use inverse operations to get the x by itself. Since 5x means x ÷ 5, we can use the inverse of
division––multiplication. We can multiply both sides of the equation by 5. We need to multiply both sides of the
equation by 5 because of the Multiplication Property of Equality. That property states that if we multiply one side
of the equation by a number, we must multiply the other side of the equation by the same number in order to keep
the values on both sides of the equation equal.
Let’s see what happens when we multiply both sides of the equation by 5.
x
= 25
5
x
× 5 = 25 × 5
5
x 5
× = 125
5 1
x
= 125
1
x = 125
The value of x is 125.
Just like when you solved one-step equations, you use properties to solve two-step equations too.
Let’s review those properties and when you use them.
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Subtraction Property of Equality is used when you have an equation with addition in it. It states that you can
subtract the same quantity from both sides of an equation and it will still balance.
Addition Property of Equality is used when you have an equation with subtraction in it. It states that you can add
the same quantity to both sides of an equation and it will still balance.
Division Property of Equality is used when you have an equation with multiplication in it. It states that you can
divide the quantities on both sides of an equation by the same value and the equation will still balance.
Multiplication Property of Equality is used when you have an equation with division in it. It states that you can
multiply the quantities on both sides of an equation by the same value and the equation will still balance.
As you continue to work on equations be sure to keep these properties in mind. They will be useful to help you
remember which operations solve equations.
Now it’s time for you solve a few on your own.
Example A

5x + 7 = 32
Solution: x = 5
Example B

3a + 9 = 39
Solution: a = 10
Example C
y
4

−8 = 4

Solution: y = 3

Here is the original problem once again.
Marc is going to get his wish. After much ado, his Grandpa managed to pull a few strings and get tickets for the Red
Sox game. Marc can hardly wait for Saturday’s game.
“I hope that it is as good as I think it will be,” Marc said.
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“Well for $535.00 I hope we don’t get rained out.”
“Five hundred thirty-five dollars!! Wow, that is a lot of money!” Marc exclaimed.
“Yes, but that does include a $15.00 service fee. I was able to secure four tickets and that is all that matters. Don’t
worry Marc having your dream come true is worth the money.”
“Thanks Grandpa,” Marc said smiling.
Afterwards, Marc began to wonder what the price of each ticket really was. He knew that they got field box seats
and that they had to be pretty expensive given the final bill. How could he figure out the ticket price?
To figure out the ticket price we need to write and solve a two-step equation. Let’s look at what we know.
4 tickets at x cost
+$15.00 service fee
= $535.00
Now let’s write the equation.
4x + 15 = 535
We start by subtracting 15 from both sides.

4x + 15 − 15 = 535 − 15
4x = 520
4x 520
=
4
4
x = $130.00
Each ticket costs $130.00.
Guided Practice

Here is one for you to try on your own.
A landscaper charges $35 for each landscaping job plus $20 for each hour worked. She charged $95 for one
landscaping job.
a. Write an algebraic equation to represent h, the number of hours that the landscaper worked on that $95 job.
b. How many hours did that job take?
Answer
Consider part a first.
Use a number, an operation sign, a variable, or an equal sign to represent each part of the problem. The landscaper
earned $20 for each hour worked on that job, so you could multiply $20 by h, the number of hours worked, to find
how the landscaper charged for her worktime.

$35 f or each landscaping job plus $20 f or each hour worked . . . charged $95 f or one . . . job.
↓

↓

↓

35

+

20h

↓

↓

=

95

So, this equation, 35 + 20h = 95, represents h, the number of hours the landscaper worked on the $95 job.
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Next, consider part b.
Solve the equation to find the number of hours the landscaper worked on that job.
First, subtract 35 from each side.

35 + 20h = 95
35 − 35 + 20h = 95 − 35
0 + 20h = 60
20h = 60
Next, divide both sides by 20.

20h = 60
20h 60
=
20
20
1h = 3
h=3
The landscaper worked for 3 hours on the $95 job.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5532

This is a James Sousa video on solving two-step equations.
Explore More

Directions: Solve each two-step equation for the unknown variable.
1. 3x + 2 = 14
2. 6y + 5 = 29
3. 7x + 3 = 24
4. 5x + 7 = 42
5. 6y + 1 = 43
6. 9a + 7 = 88
7. 11b + 12 = 56
8. 12x − 3 = 21
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9. 4y − 5 = 19
10. 3a − 9 = 21
11. 5b − 8 = 37
12. 7x − 10 = 39
13. 6x − 12 = 30
Directions: Write an expression and/or solve each problem.
14. Augusta sells t-shirts at the school store. On Tuesday, Augusta sold 7 less than twice the number of t-shirts she
sold on Monday. She sold 3 t-shirts on Tuesday. Write an algebraic equation to represent m, the number of t-shirts
August sold on Monday.
15. There are 19 green marbles in a box. The number of green marbles in the box is 6 more than half the number of
red marbles in the box. Write an algebraic equation to represent r, the number of red marbles in the box.
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7.13 Inequalities on a Number Line
Here you’ll learn to graph inequalities on a number line.
Have you ever wanted to make a certain amount of money babysitting?
Kara has figured out that if she works a certain number of hours that she will make enough money for her vacation.
Kara earns six dollars an hour and she charges an additional two dollars for bus fare when she babysits. Kara wants
to make more than thirty dollars for any babysitting job that she does.
She wants to figure out how many hours she needs to work to earn $30.00 or more for each babysitting job. Here is
an equation to help you figure this out.
6h + 2 ≥ 32
This equation shows six dollars times the number of hours plus the two dollars bus fare is greater than or equal to
thirty-two dollars. Thirty-two includes the two dollars for bus fare.
Do you know how to figure this out?
Can you graph the inequality on a number line?
You will learn how to do this in this Concept.
Guidance

Previously we worked on variables and balancing an equation. Let’s think about equations. An equation is a
number statement with an equal sign. The equal sign tells us that the quantity on one side of the equation is equal
the quantity on the other side of the equation. We can solve an equation by figuring out the quantity that will make
the equation a true statement.
x + 5 = 12
If we think about this equation, we can use mental math and we know that the unknown quantity is equal to 7. If we
substitute 7 in for x, we will have a true statement.

7 + 5 = 12
12 = 12
Our equation is balanced because one side is equal to the other side. Notice that there is one answer for x that
makes this a true statement.
What is an inequality?
An inequality is a mathematical statement that can be equal, but can also be unequal.
We use the following symbols to show that we are working with an inequality.
> means greater than
< means less than
≥ means greater than or equal to
≤ means less than or equal to
How do we apply these symbols?
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Well, if you think about it, we use the symbols to make a true statement. Here is an inequality.
x+3 > 5
There are many possible answers that will make this a true statement. We need the quantity on the left side of
the inequality to create a sum that is greater than five. Notice that the sign does not have a line under it. We want a
quantity that is greater than five not greater than or equal to five on the left side of the inequality.
To make this true, we can choose a set of numbers that has a 3 or greater in it.
x = {3, 4, 5 . . . .}
We don’t need to worry about solving inequalities yet, the key thing to notice is that there are many possible
answers that will make an inequality a true statement.
We can use graphs to help us understand inequalities in a visual way.
Graphing inequalities on a number line can help us understand which numbers are s solutions for the inequality and
which numbers are not solutions.
Here are some tips for graphing inequalities on a number line.
• Use an open circle to show that a value is not a solution for the inequality. You will use open circles to
graph inequalities that include the symbols >or <.
• Use a closed circle to show that a value is a solution for the inequality. You will use closed circles to
graph inequalities that include the symbols ≥ or ≤.

Write these hints in your notebook and then continue with the lesson.
Graph this inequality x > 3.
To complete this task, first draw a number line from –5 to 5.
The inequality x > 3 is read as “x is greater than 3.” So, the solutions of this inequality include all numbers greater
than 3. It does not include 3, so draw an open circle at 3 to show that 3 is not a solution for this inequality. Then
draw an arrow showing all numbers greater than 3. The arrow should face right because the greater numbers are to
the right on a number line.

The graph above shows the solutions for the inequality x > 3.
The graph above can help you see which numbers are solutions for x > 3 and which are not. For example, the arrow
includes the numbers 3.5, 4, and 5. If you continued the number line, the arrow would also include the numbers 10
and 100. So, all those numbers––3.5, 4, 5, 10, and 100––are possible values for x.
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Graph this inequality x < −1.
First, draw a number line from –5 to 5.
The inequality x < −1 is read as “x is less than -1.” So, the solutions of this inequality include all numbers less than
-1. It does not include -1, so draw an open circle at -1 to show that -1 is not a solution for this inequality. Then draw
an arrow showing all numbers less than -1. The arrow should face left because the lesser numbers are to the left on
a number line.

The graph above shows the solutions for the inequality x < −1.
Think about what you have learned about inequalities. Then, answer the following true/false questions.
Example A

True or false. An open circle on a graph means that the number is not included in the solution set.
Solution: True
Example B

True or false. An inequality can never be equal.
Solution: False
Example C

True or false. A closed circle on a graph means that the number is included in the solution set.
Solution: True
Here is the original problem once again.
Kara has figured out that if she works a certain number of hours that she will make enough money for her vacation.
Kara earns six dollars an hour and she charges an additional two dollars for bus fare when she babysits. Kara wants
to make more than thirty dollars for any babysitting job that she does.
She wants to figure out how many hours she needs to work to earn $30.00 or more for each babysitting job. Here is
an equation to help you figure this out.
6h + 2 ≥ 32
This equation shows six dollars times the number of hours plus the two dollars bus fare is greater than or equal to
thirty two dollars.
Do you know how to figure this out?
Can you graph the inequality on a number line?
Now we can solve the inequality first.
6h + 2 ≥ 32
6h ≥ 30
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h≥5
If Kara works at least five hours babysitting, she will earn at least thirty dollars.
Here is a graph of the data.

Notice that we included 5 in the graph.
This is the solution to this dilemma.
Guided Practice

Here is one for you to try on your own.
Graph this inequality x ≥ 0.
Answer
First, draw a number line from –5 to 5.
The inequality x ≥ 0 is read as “x is greater than or equal to 0.” So, the solutions of this inequality include zero and
all numbers that are greater than 0. Draw a closed circle at 0 to show that 0 is a solution for this inequality. Then
draw an arrow showing all numbers greater than 0.

The graph above shows the solutions for the inequality x ≥ 0.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5533

This is a Khan Academy video on graphing inequalities on a number line.
Explore More

Directions: For problems 1-4, graph each inequality on the given number line.
1. x < −3
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2. x > −5

3. n ≤ 2

4. 1 ≤ n

Directions: For problems 5-15, solve each inequality and then graph its solution on the given number line.
5. x + 3 > 9

6. n + 2 < 7

7. n + 4 < 6

8. x − 1 > 4
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9. x − 3 ≤ 5

10. x + 6 > 7

11. 2x ≤ 4

12. 3x > 9

13. 4x + 1 < 9

14. 2x − 1 > 5

15. 3x + 2 ≤ 8
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7.14 One-Step Inequalities
Here you’ll learn to solve inequalities and graph solutions.
Do you like to go to the movies? Take a look at this dilemma.

Marc and Kara have made several friends swimming at the town pool. One rainy day, they decided to invite the
group to go to a movie. Everyone is very excited. Grandma is so pleased that Kara and Marc have been making
friends that she has offered to treat.
“How many of you are going?” she asks Kara when she hears of the plan.
“Well, there are eight of us altogether,” Kara said.
“Alright, let me see,” Grandma says reaching into her wallet. “I have forty-eight dollars to contribute. Here it is.”
“Thank you, Grandma,” the twins add smiling.
Later at the movie theater, Kara takes out the money. They have $48.00 to spend on tickets. Last minute, one of the
friends has brought her brother along. Kara isn’t sure that they have enough money for the brother too. If each ticket
is $6.00, how many tickets can she buy without going over the $48.00?
This problem requires an inequality. The total must be less than or equal to $48.00 without going over. The
movie is going to start soon. Pay attention to the work in this Concept and you will know how to help Kara
purchase the tickets at the end of it.
Guidance

Previously we worked on solving inequalities.
We can solve an inequality in a similar way as we would use to solve an equation. The tricky part is in the answer
not in the process. Once we solve the inequality, we can graph the solution.
Here is a problem with an inequality.
Solve this inequality and graph its solution n − 4 ≤ 3.
Solve the inequality as you would solve an equation, by using inverse operations. Since the 4 is subtracted
from n, add 4 to both sides of the inequality to solve it. You do not need to multiply or divide both sides by a
negative number, so you do not need to reverse the inequality symbol. The symbol should stay the same.
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n−4 ≤ 3
n−4+4 ≤ 3+4
n + (−4 + 4) ≤ 7
n+0 ≤ 7
n≤7
Now, graph the solution. The inequality n ≤ 7 is read as “n is less than or equal to 7.” So, the solutions of this
inequality include 7 and all numbers that are less than 7.
Draw a number line from 0 to 10. Add a closed circle at 7 to show that 7 is a solution for this inequality. Then draw
an arrow showing all numbers less than 7.

The solution for this inequality is n ≤ 7, and its graph is shown above.
Solve this inequality and graph its solution −2n < 14.
Solve this inequality as you would solve an equation, by using inverse operations. Since the is multiplied by
the n, divide both sides of the inequality by to solve it. Since this involves multiplying both sides of the inequality
by a negative number, the sense of the inequality will change and you will need to reverse the inequality symbol.
This means changing the inequality symbol from a “less than” symbol (<) to a “greater than” symbol (>).

−2n < 14
−2n
14
>
−2
−2
1n > −7
n > −7
Now, graph the solution. The inequality n > −7 is read as “n is greater than or equal to 7.” So, the solutions of this
inequality include all numbers that are greater than 7.
Draw a number line from –10 to 0. Add an open circle at -7 to show that -7 is not a solution for this inequality. Then
draw an arrow showing all numbers greater than -7.

The solution for this inequality is n > −7, and its graph is shown above.
Sometimes, you will need to take more than one step to solve an inequality. You can think of these problems in the
same way that you thought about two-step equations.
n
3

+ 9 ≥ −9.
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Solve this inequality as you would solve an equation, by using inverse operations. First, try to get the term
with the variable, 3n , by itself on one side of the inequality. Since the 9 is being added to n3 , subtract 9 from
both sides of the inequality. You do not need to multiply or divide both sides by a negative number, so you do not
need to reverse the inequality symbol during this step.
n
+ 9 ≥ −9
3
n
+ 9 − 9 ≥ −9 − 9
3
n
+ 0 ≥ (−9 + −9)
3
n
≥ −18
3
There is a second step you must take to find the solution. Since n is divided by 3, you must multiply both sides
of the inequality by 3 to find its solution. This involves multiplying by a positive number, 3, so you do not need
to reverse the inequality symbol. Be careful! It is true that you will need to multiply 3 by –18 to find the solution.
However, since you are not multiplying both sides of the inequality by a negative number, you do not reverse the
inequality symbol.
n
≥ −18
3
n
× 3 ≥ −18 × 3
3
n 3
× ≥ −54
3 1
n 3
× ≥ −54
3 1
n
≥ −54
1
n ≥ −54
The solution for this inequality is n ≥ −54.
Solve each inequality.
Example A

x − 4 < 10
Solution: x < 14
Example B

2y + 4 ≥ 12
Solution: y ≥ 4
Example C

−4x ≤ 16
Solution: x ≤ −4
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Here is the original problem once again. Use what you have learned about inequalities and about solving inequalities
to help you with the movie tickets.
Marc and Kara have made several friends swimming at the town pool. One rainy day, they decided to invite the
group to go to a movie. Everyone is very excited. Grandma is so pleased that Kara and Marc have been making
friends that she has offered to treat.
“How many of you are going?” she asks Kara when she hears of the plan.
“Well, there are eight of us altogether,” Kara said.
“Alright, let me see,” Grandma says reaching into her wallet. “I have forty-eight dollars to contribute. Here it is.”
“Thank you Grandma,” the twins add smiling.
Later at the movie theater, Kara takes out the money. They have $48.00 to spend on tickets. Last minute, one of the
friends has brought her brother along. Kara isn’t sure that they have enough money for the brother too. If each ticket
is $6.00, how many tickets can she buy without going over the $48.00?
To figure this out, we need to write an inequality. The original group consisted of 8 kids without the extra
brother. Each ticket is $6.00. We can use this in our inequality. If we have money left over, then we will know
whether or not we can pay for him too.
We need to be less than or equal to $48.00.
Here is the inequality.
6x ≤ 48
Now we can solve the inequality. The x represents the number of tickets that we can purchase if they are $6.00
each.

6x ≤ 48
6x
≤ 48
6
x≤8
This shows that the kids can purchase less than or equal to 8 tickets with the $48.00. They don’t have enough
to pay for the brother too.
Kara tells the group this information and they all chip in with their own money. All of the kids are able to
attend the movie thanks to the generosity of the group.
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Guided Practice

Here is one for you to try on your own.
Antonio is buying milk for a breakfast event. Each container of milk costs $3. At most, he can spend $12 on milk
for the event.
a. Write an inequality to represent, c, the number of containers of milk he can buy.
b. Could Antonio buy 4 containers of milk for the event? Explain.
Answer
Consider part a first.
Use a number, an operation sign, a variable, or an inequality symbol to represent each part of the problem. Since
each container of milk costs $3, you can find the total cost, in dollars, of the milk he buys by multiplying 3 by the
number of containers. The key words “at most” indicate that you should use a ≤ symbol.

Each container . . . costs $3. At most, he can spend $12 . . .
↓

↓

↓

c×3

≤

12

You may also want to consider that the value of c must be an integer greater than or equal to 0. Think about why that
is for a moment.
The reason that the value of c must be an integer greater than or equal to zero is because Antonio cannot buy a
negative number of containers nor can he buy a fraction of a container. Neither of those situations makes sense in
real life. When using inequalities to represent real-life situations, you should always think about which values would
make sense for the variable and which values would not make sense.
Next, consider part b.
Solve the inequality to help you.

c × 3 ≤ 12
c × 3 12
≤
3
3
3
c× ≤ 4
3
c×1 ≤ 4
c≤4

According to the inequality above, the number of containers, c, that he can buy must be less than or equal to 4.
Since 4 is a solution for this inequality, and since 4 is an integer that is greater than 0, he could buy 4 containers
of milk.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57645

This is a Khan Academy video on solving and graphing inequalities. It goes into more advanced content too.
Explore More

Directions: Solve each inequality.
1. x + 4 < 10
2. x − 3 ≥ 7
3. b + 5 ≤ 15
4. a − 7 ≥ 14
5. 4y > 20
6. 6x ≤ 18
7. −4y < −12
8. −5x < −20
9.

x
2

10.

= 10
x
5

≤6

11. 2x + 5 ≥ 7
12. 3y − 2 ≤ 4
13. 3a − 7 > 11
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14. 2b + 9 < 39
15. 2x − 8 < 42
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7.15 Domain and Range of a Function
Here you’ll learn to identify the domain and range of a simple linear function.
Remember Kara and Marc from the One-Step Inequalities Concept? Well, they are still in Boston with their
grandparents.

Kara and Marc decided to spend one morning helping out at a car wash to benefit a club that their grandparents have
participated in for year.
The car wash was a busy place. At the beginning there weren’t any cars, but between 9 a.m. and 10 a.m. the class
washed 5 cars. From 10 to 11 a.m., the class washed 10 cars, from 11 a.m. to 12 p.m. the class washed 15 cars and
from 12 to 1 p.m. the class washed 20 cars.
Marc kept track of the cars washed each hour.
Hour 1 - 5 cars
Hour 2 - 10 cars
Hour 3 - 15 cars
Hour 4 - 20 cars
Can you write this list as ordered pairs? Can you identify the domain and range of the function?
This Concept will teach you how to do this.
Guidance

We use the word “function” all the time in everyday speech. We say things like “It’s a function of time” or “It’s a
function of price.” This is a real life application of a mathematical concept called a function. You will learn how to
apply functions to real-world examples, but first let’s look at what a function is and how we can understand it better.
What is a function?
A function is a set of ordered pairs in which the first element in any pair corresponds to exactly one second
element.
For example, look at this set of ordered pairs. Notice that braces, {}, are used to surround the set of ordered pairs.

{(0, 5), (1, 6), (2, 7), (3, 8)}
↑↑
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In (1, 6), 1 is the first element and
6 is the second element.
Each of the first elements––0, 1, 2, and 3––corresponds to exactly one second element. So, this set of ordered
pairs represents a function.
Let’s take a look at another set of ordered pairs.

{(2, 4), (5, 3), (6, 7), (2, 8)}
2

2

The first element, 2, corresponds
to two different second elements––4 and 8.
Since one of the first elements corresponds to two different second elements, the set of ordered pairs above
does not represent a function.
We can use these criteria to determine whether or not a series of ordered pairs forms a function.
Now that you know how to identify a function, let’s look at some of the key words associated with functions.
1. Domain
2. Range
The domain of a function is the set of all the first elements in a function. The range is the set of all the second
elements in a function.
Let’s look at a set of ordered pairs and identify the domain and range of the series.
The ordered pairs below represent a function
{(0, -10), (2, -8), (4, -6), (6, -4)}
a. Identify the domain of the function.
b. Identify the range of the function.
Consider part a first.
The domain is the set of all the first elements in the function. These first elements are underlined below.
{(0, −10), (2, −8), (4, −6), (6, −4)}
The domain of this function is {0, 2, 4, 6}.
Next, consider part b.
The range is the set of all the second elements in the function. These second elements are underlined below.
{(0, −10), (2, −8), (4, −6), (6, −4)}
The range of this function is {-10, -8, -6, -4}.
Now it’s your turn. Identify the domain and range of each function.
Example A

(1, 3) (2, 4) (5, 7) (9, 11)
Solution: Domain {1, 2, 5, 9}, Range {3, 4, 7, 11}
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Example B

(8, 12) (9, 22) (4, 7) (2, 5)
Solution: Domain {8, 9, 4, 2}, Range {12, 22, 7, 5}
Example C

(8, 9) (3, 5) (7, 6) (10, 12)
Solution: Domain {8, 3, 7, 10}, Range {9, 5, 6, 12}
Here is the original problem once again.

Kara and Marc decided to spend one morning helping out at a car wash to benefit a club that their grandparents have
participated in for year.
The car wash was a busy place. At the beginning there weren’t any cars, but between 9 a.m. and 10 a.m. the class
washed 5 cars. From 10 to 11 a.m., the class washed 10 cars, from 11 a.m. to 12 p.m. the class washed 15 cars and
from 12 to 1 p.m. the class washed 20 cars.
Marc kept track of the cars washed each hour.
Hour 1 - 5 cars
Hour 2 - 10 cars
Hour 3 - 15 cars
Hour 4 - 20 cars
Can you write this list as ordered pairs? Can you identify the domain and range of the function?
First, use the hours as the domain and the number of cars as the range.
(1, 5) (2, 10) (3, 15) (4, 20)
The domain is {1, 2, 3, 4}.
The range is {5, 10, 15, 20}.
This is our answer.
Guided Practice

Here is one for you to try on your own.
Write the domain and range of this set.
(1, 3) (3, 9) (4, 6) (5, 12)
Answer
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The first value of each ordered pair represents the domain.
Domain {1, 3, 4, 5}
The second value of each ordered pair represents the range.
Range {3, 9, 6, 12}
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57646

This is a Khan Academy video on the domain and range of a function.
Explore More

Directions: Identify whether or not each series of ordered pairs forms a function.
1. (1, 3)(2, 6)(2, 5) (3, 7)
2. (2, 5) (3, 6) (4, 7) (5, 8)
3. (6, 1) (7, 2) (8, 3)
4. (5, 2) (5, 3) (5, 4) (5, 5)
5. (81, 19)(75, 18) (76, 18) (77, 19)
Directions: Name the domain in numbers 1 –5.
6.
7.
8.
9.
10.
Directions: Name the range in numbers 1 –5.
11.
12.
13.
14.
15.
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7.16 Input-Output Tables for Function Rules
Here you’ll learn to evaluate a given function rule using an input-output table.
Remember the car wash from the Domain and Range of a Function Concept? Well, here is the problem once again.

Kara and Marc decided to spend one morning helping out at a car wash to benefit a club that their grandparents have
participated in for a year.
The car wash was a busy place. At the beginning there weren’t any cars, but between 9 a.m. and 10 a.m. the class
washed 5 cars. From 10 to 11 a.m., the class washed 10 cars, from 11 a.m. to 12 p.m. the class washed 15 cars and
from 12 to 1 p.m. the class washed 20 cars.
Marc kept track of the cars washed each hour.
Hour 1 - 5 cars
Hour 2 - 10 cars
Hour 3 - 15 cars
Hour 4 - 20 cars
The number of cars washed is connected to the number of hours worked. One is a function of the other.
Look at this list and write a function rule.
Then figure out how many cars would be washed in the fifth hour of the car wash.
This Concept will show you how to accomplish this task.
Guidance

An input-output table, like the one shown below, can also be used to represent a function. Because of that, we can
also call this kind of a table a function table.

TABLE 7.5:
Input number (x)
0
1
2
3

Output number (y)
0
3
6
9

Each pair of numbers in the table is related by the same function rule. That rule is: multiply each input number
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(x−value) by 3 to find each output number (y−value). You can use a rule like this to find other values for this
function, too.

Working with function tables and function rules is a lot like being a detective! You have to use the clue of the
function rule to complete a table! Patterns are definitely involved in this work.
Now let’s look at how we can use a function rule to complete a table.
The rule for the input-output table below is: add 1.5 to each input number to find its corresponding output number.
Use this rule to find the corresponding output numbers for the given input numbers in the table.

TABLE 7.6:
Input number (x)
0
1
2.5
5
10

Output number (y)

To find each missing output number, add 1.5 to each input number. Then write that output number in the table.

TABLE 7.7:
Input number (x)
0
1
2.5
5
10

Output number (y)
1.5
2.5
4
6.5
11.5

← 0 + 1.5 = 1.5
← 1.0 + 1.5 = 2.5
← 2.5 + 1.5 = 4.0
← 5.0 + 1.5 = 6.5
← 10.0 + 1.5 = 11.5

The table above shows five ordered pairs that match the given function rule. Let’s write the answer in ordered pairs.
The answer is (0, 1.5) (1, 2.5) (2.5, 4) (5, 6.5) (10, 11.5).
Now let’s look at how to create a function table given a rule.
The rule for a function is: multiply each x−value by 4 and then subtract 2 to find each y−value. Make a function
table that shows three ordered pairs of values for a function that follows this rule.
First, choose three x−values for the table. You may choose any numbers, but let’s select some small numbers
that will be easy to work with, such as 1, 2, and 3. Then, to find the y−values, multiply each of those values by
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4 and subtract 2 from that product.

TABLE 7.8:
x
1

y
2

2

6

3

10

← 1×4 = 4
4−2 = 2
← 2×4 = 8
8−2 = 6
← 3 × 4 = 12
12 − 2 = 10

The table above shows five ordered pairs that match the given function rule.
The answer is (1, 2) (2, 6) (3, 10).
We can also write a function rule in the form of an equation. Just like an equation shows the relationship
between values, the function table does too. Let’s look at one.
The equation y = 3x + 1 describes a function. Use this rule to find the missing values in the table below.

TABLE 7.9:
x
0
3
9

y
1
2
8

The table requires you to find the value of y when x = 9. To find the missing y−value, substitute the given
x−value, 9, for x into the equation. Then solve for y.

x
+1
3
9
y = +1
3
y = 3+1
y=

y=4

So, when x = 9, y = 4. This means that (9, 4) is an ordered pair for this function.
The table also requires you to find the value of x when y = 8. To find the missing x−value, substitute the given
y−value, 8, into the equation. Then solve for x as you would solve any two-step equation.
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y=
8=
8−1 =
7=
7=

x
+1
3
x
+1
3
x
+1−1
3
x
+0
3
x
3

x
×3
3
x 3
21 = ×
3 1
x
21 = = x
1

7×3 =

So, when y = 8, x = 21. This means that (21, 8) is an ordered pair for this function.
The completed table will look like this.

TABLE 7.10:
x
0
3
9
21

y
1
2
4
8

You could say that an equation is another way of writing a function rule.
Use what you have learned to complete the following examples.
Example A

Complete the table given the rule add 2.

TABLE 7.11:
Input (x)
3
5
6

Output (y)

Solution: The answers are 5, 7 and 8.

Example B

Write the rule for the table.
Solution: y = x + 2
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Example C

Create a function table given the rule y = x ÷ 2 + 3. Use three values.
Solution: Look at the data below.

TABLE 7.12:
Input (x)
2
4
6

Output (y)
4
5
5

Here is the original problem once again.

Kara and Marc decided to spend one morning helping out at a car wash to benefit a club that their grandparents have
participated in for year.
The car wash was a busy place. At the beginning there weren’t any cars, but between 9 a.m. and 10 a.m. the class
washed 5 cars. From 10 to 11 a.m., the class washed 10 cars, from 11 a.m. to 12 p.m. the class washed 15 cars and
from 12 to 1 p.m. the class washed 20 cars.
Marc kept track of the cars washed each hour.
Hour 1 - 5 cars
Hour 2 - 10 cars
Hour 3 - 15 cars
Hour 4 - 20 cars
The number of cars washed is connected to the number of hours worked. One is a function of the other.
Look at this list and write a function rule.
Then figure out how many cars would be washed in the fifth hour of the car wash.
To write the rule, notice that each hour the number of cars increased by 5.
We can use multiplication to show this rule.
y = 5x
This rule works for all of the values.
Then we can evaluate using the fifth hour.
5(5) = 25
Given this rule, 25 cars will be washed in hour five.
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Guided Practice

Here is one for you to try on your own.
At the amusement park, Taylor noticed that there seemed to be a pattern for people who won the dart throwing game.
She was so curious that she watched people play the game for a few hours. When 12 people played, there were only
6 winners. When ten people played, there were five winners.
This is a table to represent the data that Taylor collected.

TABLE 7.13:
Input
12
10
8
6
4

Output
6
5
4
3
2

Can you write a rule for this data?
Answer
We can accomplish this task by looking at what happened to the x value to get the y value.
Notice that the x value was divided by 2.
x
2

=y

This is our rule.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57644

This Khan Academy video is an introduction to functions.
Explore More

Directions: Use the given rule or equation to complete the table.
1. The rule for the input-output below table is: multiply each input number by 7 and then add 2 to find each output
number. Use this rule to find the corresponding output numbers for the given input numbers in the table. Fill in the
table with those numbers.

TABLE 7.14:
Input number (x)
0

Output number (y)
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TABLE 7.14: (continued)
Input number (x)
1
2
3
4

Output number (y)

2. The rule for this function table is: subtract 6 from each x−value to find each y−value. Use this rule to find the
missing numbers in the table. Fill in the table with those numbers.

TABLE 7.15:
x
0
6

y

7
16
3. The equation y = 2x − 1 describes a function. Use this rule to find the missing values in the table below.

TABLE 7.16:
x
2
4
8

y
0
1
6

Directions: Check each function rule with the table. If it works write "yes" if not, write "no".
4. 2x

TABLE 7.17:
Input
1
2
3

Output
3
5
7

5. 3x − 1

TABLE 7.18:
Input
1
2
3
4
6. 2x + 1
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TABLE 7.19:
Input
1
2
3
5

Output
3
4
6
10

7. 4x

TABLE 7.20:
Input
0
1
2
3

Output
0
4
8
12

8. 6x − 3

TABLE 7.21:
Input
1
2
3

Output
3
9
15

9. 2x

TABLE 7.22:
Input
0
1
2
3

Output
0
2
4
6

10. 3x − 3

TABLE 7.23:
Input
1
2
4
5

Output
0
3
9
12

Directions: Create a table for each rule.
11. 7x
12. 3x + 1
13. 5x − 3
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7.17 Function Rules for Input-Output Tables
Here you’ll learn to write a function rule from an input-output table.

The month has flown by and in two days Marc and Kara will head home. They have had a terrific time in Boston and
while they are happy to be heading home they are also sad to leave. For a final trip, Grandma and Grandpa decide to
make a trip to the amusement park. Everyone is excited.
At the amusement park, different rides take a different number of tickets. Kara and Marc figure out that there are 9
rides that they would like to ride. These are their favorites and any others are just a bonus. Most often the teens will
need three tickets for each ride. Each ride is a function of the number of tickets needed. Marc and Kara go up to the
ticket booth and come back with 21 tickets each. If they each have 21 tickets, how many rides can they go on for
those tickets?
Because each ride is a function of the number of tickets, you will need to know about functions to figure
out this problem. Pay attention to this Concept and at the end you will be able to help with the day at the
amusement park.
Guidance

Previously we worked with a given function rule or an equation. Now it is time to use those detective skills and
figure out the rule from a given table.
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Thinking like a detective looking for clues will help you write function rules.
One strategy that might be helpful in this task is to use guess and check to figure out the relationship between
the values in the domain and the values in the range. Remember the x values are the domain and the y values
are the range.
Identify the rule for this input-output table. Describe the rule in words.

TABLE 7.24:
Input number (x)
10
20
30
40

Output number (y)
1
2
3
4

Use guess and check to determine how to each pair of values is related.
First, notice that each output number (y−value) is less than its corresponding input number (x−value). There
are two operations that help numbers become smaller. So, the rule will involve either subtraction or division.
Look for a subtraction rule first.
Consider the ordered pair (10, 1).
10 − 1 = 9, so the rule could be to subtract 9 from each input number to find the corresponding output number.
Check to see if that rule works for the other pairs of values in the table.
Consider the ordered pair (20, 2).
20 − 1 = 19, not 2, so that rule does not work all the pairs of values in the table.
Look for a division rule next.
Consider the ordered pair (10, 1) again.
10 ÷ 10 = 1, so the rule could be to divide each input number by 10 to find the corresponding output number. Check
to see if that rule works for the other pairs of values in the table.
Consider the ordered pair (20, 2).
20 ÷ 10 = 2, so the rule works for that ordered pair.
Consider the ordered pair (30, 3).
30 ÷ 10 = 3, so the rule works for that ordered pair.
Consider the ordered pair (40, 4).
40 ÷ 10 = 4, so the rule works for that ordered pair.
The rule for this function table is to divide each input number (x−value) by 10 to find its corresponding output
number (y−value).
In this example, we wrote the function rule in words. We can also use an equation to express a function rule. Think
about this past example.
The rule was “Divide each x value by 10 and that will give you the y value.”
We could write

x
10

= y.

This would have been the same rule expressed as an equation.
Let’s look at another situation where we will write an equation to represent a function rule.
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Identify the rule for this function table. Describe the rule in words. Then write an equation to represent the
relationship between the pairs of values in the table.

TABLE 7.25:
x
1
2
3
4

y
5
10
15
20

Use guess and check to determine how each pair of values is related.
Notice that each y−value is greater than its corresponding x−value. So, the rule will involve either addition
or multiplication.
Look for an addition rule first.
Consider the ordered pair (1, 5).
1 + 4 = 5, so the rule could be to add 4 to each x−value to find the corresponding y-value. Check to see if that rule
works for the other pairs of values in the table.
Consider the ordered pair (2, 10).
2 + 5 = 7, not 10, so that rule does not work all the pairs of values in the table.
Look for a multiplication rule next. Each y−value in the table is 5 more than the previous y−value, so the rule may
involve multiplying by 5.
Consider the ordered pair (1, 5).
1 × 5 = 5, so the rule could be to multiply each x−value by 5 to find the corresponding y−value. Check to see if that
rule works for the other pairs of values in the table.
Consider the ordered pair (2, 10).
2 × 5 = 10, so the rule works for that ordered pair.
Consider the ordered pair (3, 15).
3 × 5 = 15, so the rule works for that ordered pair.
Consider the ordered pair (4, 20).
4 × 5 = 20, so the rule works for that ordered pair.
The rule for this function table is multiply each x−value by 5 to find its corresponding y−value.
Now that we have a rule in words, let’s write an equation to show the same relationship. Remember, to find
each y−value, you must multiply each x−value by 5. So, the equation would be:
y = x · 5 or y = 5x.
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Yes it is. You will also become better at figuring out the rules over time.
One thing to consider is that sometimes, a function rule will involve more than one step. In other words, it will have
two operations in it, not just one.
Look at each function table and write each rule as an equation.
Example A

TABLE 7.26:
x
5
7
9

y
10
14
18

Solution: 2x
Example B

TABLE 7.27:
x
3
4
6

y
5
7
11

Solution: 2x − 1
Example C

TABLE 7.28:
x
2
4
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TABLE 7.28: (continued)
x
6
Solution:

y
3
x
2

Here is the original problem once again.
The month has flown by and in two days Marc and Kara will head home. They have had a terrific time in Boston and
while they are happy to be heading home they are also sad to leave. For a final trip, Grandma and Grandpa decide to
make a trip to the amusement park. Everyone is excited.
At the amusement park, different rides take a different number of tickets. Kara and Marc figure out that there are 9
rides that they would like to ride. These are their favorites and any others are just a bonus. Most often the teens will
need three tickets for each ride. Each ride is a function of the number of tickets needed. Marc and Kara go up to the
ticket booth and come back with 21 tickets each. If they each have 21 tickets, how many rides can they go on for
those tickets?
The first thing to note is that each ride is a function of the number of tickets needed. We can call the ride x
and the ticket number y.
You know from this lesson that one of the best ways to work with a function is through a function table. Let’s
build one now.

TABLE 7.29:
x Rides

y Tickets

We can say that 1 ride is equal to 3 tickets. Let’s choose some other ride numbers and work our way up to 21
tickets.

TABLE 7.30:
x Rides
1
2
3

y Tickets
3
6
9
21
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Look at the pattern. We can write an equation to show this pattern.
y = 3x
We want to figure out how many rides the teens can go on for 21 tickets. 21 is the y in the equation. We can
use what we have learned about solving equations to solve for x. This will give us the number of rides they can
go on for 21 tickets.

21 = 3x
7=x

TABLE 7.31:
x Rides
1
2
3
7

y Tickets
3
6
9
21

The teens can go on 7 rides each for the 21 tickets. To ride all nine rides, they will need six more tickets each.
Guided Practice

Here is one for you to try on your own.
Identify the rule for this function table. Then write the rule.

TABLE 7.32:
x
1
2
3
4

y
6
11
16
21

Answer
Use guess and check to determine how to each pair of values is related.
Notice that each y−value is greater than its corresponding x−value. So, the rule will involve either addition or
multiplication.
Since each y−value in the table is 5 more than the previous y−value, the rule may involve multiplying by 5.
Look for a two-step rule that involves multiplying by 5.
Consider the ordered pair (1, 6).
1 × 5 = 5 and 5 + 1 = 6, so the rule could be to multiply each input number by 5 and then to add 1 to find each
y−value. Check to see if that rule works for the other pairs of values in the table.
Consider the ordered pair (2, 11).
2 × 5 = 10 and 10 + 1 = 11, so the rule works for that ordered pair.
Consider the ordered pair (3, 16).
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3 × 5 = 15 and 15 + 1 = 16, so the rule works for that ordered pair.
Consider the ordered pair (4, 21).
4 × 5 = 20 and 20 + 1 = 21, so the rule works for that ordered pair.
The rule for this function table is to multiply each x−value by 5 and then add 1 to find its corresponding
y−value.
Now that we have a rule in words, let’s write an equation to show the same relationship. Remember, to find
each y−value, we must multiply each x−value by 5 and then add 1. So, the equation would be
y = 5x + 1
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5542

This James Sousa video is about writing a function rule from an input - output table.
Explore More

Directions: Determine the rule for each table. Use that rule to answer the questions.
Look at this table

TABLE 7.33:
Input number (x)
1
2
3
4

Output number (y)
3
4
5
6

1. Identify the rule.
2. Write an equation for the rule.
Look at this table.

TABLE 7.34:
x
1
2
3
4

y
2
4
6
8

3. Describe the rule in words.
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4. Write an equation to represent the rule.
Look at this table.

TABLE 7.35:
x
1
2
3
4

y
3
5
7
9

5. Describe the rule in words.
6. Write an equation to represent the rule.
Directions: Solve each problem.
7. The total number of cupcakes Shakir can bake, y, is a function of the number of batches of cupcake batter he
makes, x. This table shows the total number of cupcakes Shakir will bake if he makes 1, 2 or 3 batches of cupcake
batter.

TABLE 7.36:
Number of Batches of Batter (x)
1
2
3
4
5

Total Number of Cupcakes Baked (y)
12
24
36
?
?

8. Write a rule in words to describe the relationship between the pairs of values in the table above.
9. Write an equation to describe the relationship between the pairs of values in the table above.
10. What is the total number of cupcakes that Shakir will bake if he makes 5 batches of batter?
For a concert in the auditorium, Ms. Walsh set up 10 chairs on the stage for the performers and 20 chairs in each
row for the audience. This equation shows the relationship between r, the number of rows of chairs Ms. Walsh set
up and t, the total number of chairs set up in the auditorium:
t = 10 + 20r.
11. Create a table to show the total number of chairs that would be set up in the auditorium if Ms. Walsh set up 0, 1,
2, 3, or 4 rows of chairs.
12. Identify the domain for the ordered pairs in the table.
13. Explain why the domain shown in the table is a reasonable domain for this function and why including a number
less than 0 would not be reasonable.
Look at this table.

TABLE 7.37:
Input
1
2
3
4
744

Output
4
5
6
7
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14. What is the rule?
15. Write an equation to represent the rule.

745

7.18. Graphs of Linear Equations

www.ck12.org

7.18 Graphs of Linear Equations
Here you’ll learn to graph linear functions in the coordinate plane.

Marc and Kara have been having a terrific time at the amusement park. For them it has been a wonderful way to end
their month with their Grandparents.
In the Function Rules for Input-Output Tables Concept, we used tables. Well, we can use this data to create a
visual display of the information. This information is not necessary for Marc and Kara to have a great time at the
amusement park, but let’s say that you were someone who worked at the amusement park and you were trying to
figure out how to organize packs of tickets for people to purchase. If you wanted to create a group of tickets to be
purchased then you could figure out how many rides someone could go on for the number of tickets in the booklet.
If the booklet had 6 tickets, then the person could go on two rides. If the booklet had 12 tickets in it, then the person
could go on 4 rides. You can see how the number of rides is a function of the number of tickets. Using this chart can
help the managers and the amusement park design new booklets of tickets.

TABLE 7.38:
x Rides
1
2
3
4
7

y Tickets
3
6
9
12
21

We can create a visual display of this data. How do we do this?
This is where graphing functions is important. A graph of a function can show the relationship between the x
value and the y value. In this Concept, you will learn about graphs. We will come back to this problem at the
end of the Concept.
Guidance

Remember what a function is?
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A function is a set of ordered pairs where one element in the domain is paired with exactly one element in the
range. There is a relationship identified with a function rule between the values in the domain and the values in the
range.
In this Concept, we will begin by focusing on a specific type of function called a linear function. You may notice
that the word “line” is part of the word “linear”. That fact can help you remember that when a linear function is
graphed on a coordinate plane, its graph will be a straight line.
You have already learned how to represent functions through a set of ordered pairs and through a table. We can also
take the information in ordered pairs or in a table and represent a function in a graph.
How do we graph a linear function?
Let’s look at a table of values and see how we can represent the function on a coordinate grid.
On a coordinate plane, graph the linear function that is represented by the ordered pairs in the table below.

TABLE 7.39:
x
-4
-2
0
2
4

y
5
3
1
-1
-3

The ordered pairs shown in the table are (–4, 5), (–2, 3), (0, 1), (2, –1) and (4, –3).
Plot those five points on the coordinate plane. Then connect them as shown below.

Notice that the graph of this function is a straight line. That is because this function is a linear function.
You can also graph a linear function if you are given an equation that represents the function. This will involve a
few more steps. When you have an equation, you can use the equation to create a function table. Then plot several
of the ordered pairs in the table and connect them with a line.
The equation y = 2x − 1 represents a linear function. Graph that function on a coordinate plane.
First, use the equation to create a function table and find several ordered pairs for the function. It is a good
idea to use some negative x−values, some positive x−values and 0. For example, you can create a table to find the
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values of y when x is equal to –2, –1, 0, 1, and 2. You may need to use what you know about computing with integers
to help you find those y−values.

TABLE 7.40:
x
-2

y
-5

-1

-3

0

-1

1
2

1
3

← 2x − 1 = 2(−2) − 1 = −4 − 1 =
−4 + (−1) = −5
← 2x − 1 = 2(−1) − 1 = −2 − 1 =
−2 + (−1) = −3
← 2x − 1 = 2(0) − 1 = 0 − 1 = 0 +
(−1) = −1
← 2x − 1 = 2(1) − 1 = 2 − 1 = 1
← 2x − 1 = 2(2) − 1 = 4 − 1 = 3

The ordered pairs shown in the table are (–2, –5), (–1, –3), (0, –1), (1, 1) and (2, 3). This is the first way to show a
function by using a table.
Plot those five points on the coordinate plane. Then connect them as shown below.

Answer the following questions about functions.

Example A

Is the graph above a positive graph or negative?
Solution: Positive

Example B

In (-3, 4) is the x value positive or negative?
Solution: Negative
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Example C

In (-6, -7), which value is y value?
Solution: −7

Here is the original problem once again. Reread it and look at the graph at the end of it. Notice how the data from
the table is represented in a visual way.
Marc and Kara have been having a terrific time at the amusement park. For them it has been a wonderful way to end
their month with their Grandparents.
Think about the table from the last section. We can use this data to create a visual display of the information. This
information is not necessary for Marc and Kara to have a great time at the amusement park, but let’s say that you
were someone who worked at the amusement park and you were trying to figure out how to organize packs of tickets
for people to purchase. If you wanted to create a group of tickets to be purchased then you could figure out how
many rides someone could go on for the number of tickets in the booklet.
If the booklet had 6 tickets, then the person could go on two rides. If the booklet had 12 tickets in it, then the person
could go on 4 rides. You can see how the number of rides is a function of the number of tickets. Using this chart can
help the managers and the amusement park design new booklets of tickets.

TABLE 7.41:
x Rides
1
2
3
4
7

y Tickets
3
6
9
12
21

We can create a visual display of this data. How do we do this?
Here is a graph representing the data from the table.
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Notice that this is a linear graph showing the relationship between rides and tickets.
Guided Practice

Here is one for you to try on your own.
Identify the ordered pairs in this function.

TABLE 7.42:
x
1
2
3
4

y
5
10
15
20

Is it a linear function? Why or why not?
Answer
This is a linear function because the same rule applies to each input - output.
The rule of the function is y = 5x.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5545

This is a James Sousa video on how to graph a linear function in the coordinate plane.
Explore More

Directions: On your own graph each function in the coordinate plane. Identify each rule. There are two answers for
each problem.
1.

TABLE 7.43:
Input
1
2
3
4

Output
4
5
6
7

2.

TABLE 7.44:
Input
2
3
4
5

Output
4
6
8
10

3.

TABLE 7.45:
Input
1
2
4
5

Output
3
6
12
15

4.

TABLE 7.46:
Input
9
7
5
3

Output
7
5
3
1
751

7.18. Graphs of Linear Equations

www.ck12.org

TABLE 7.46: (continued)
Input

Output

5.

TABLE 7.47:
Input
8
9
11
20

Output
12
13
15
24

6.

TABLE 7.48:
Input
3
4
6
8

Output
21
28
42
56

7.

TABLE 7.49:
Input
2
3
4
5

Output
5
7
9
11

8.

TABLE 7.50:
Input
4
5
6
8

Output
7
9
11
15

9.

TABLE 7.51:
Input
5
6
7
8
752

Output
14
17
20
23
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10.

TABLE 7.52:
Input
4
5
6
8

Output
16
20
24
32
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7.19 Linear and Non-Linear Function Distinction
Here you’ll learn to distinguish between linear and non-linear functions.
Have you ever kept track of the number of books that you have read over a period of time? Look at Kendra.
Kendra and her friends have been reading books regularly.Everyone has a different reading rate, but Kendra is
wondering if there is any connection between the number of books that she has read and the weeks of the contest.
She has decided to include two of her friends.
Kendra kept track of her books and wrote down the following information. She included the information from two
of her friends. Here is the number of books that the three girls read during each of the weeks recorded.
Week 1 = 3 books
Week 2 = 5 books
Week 3 = 4 books
Week 4 = 9 books
Kendra wonders if there is a connection between the values.
Is there?
This Concept is about linear and non - linear functions. You will know how to figure out the answer to this
question by the end of the Concept.

Guidance

Previously we worked with linear functions. Remember that a linear function will form a straight line when the
values of the domain and the range are graphed on a coordinate grid. We can also have non-linear functions. The
values of a non-linear function do not form a straight line when they are graphed on a coordinate grid.
How do we distinguish between a linear and a non-linear function?
One of the easiest ways is to look at the graphs of the functions. Look at the two graphs below and you will see the
difference between the two functions.

754

www.ck12.org

Chapter 7. Equations, Inequalities and Functions

The first graph above shows a linear function because its graph is a straight line. The second graph shows a nonlinear
function. Notice that the graph of this function is not a straight line. It is curved.
A nonlinear function does not have to look exactly like the function graphed above. Any function whose graph is
not a straight line is a nonlinear function.
The equation y = x2 represents a function.
a. Graph that function on a coordinate plane.
b. Is the function linear or nonlinear?
First, consider part a.
Then use the equation to create a function table and find several ordered pairs for the function. Then you will
be able to use the ordered pairs to graph the function.
You will need to use what you know about computing with integers and what you know about evaluating exponents
to create the table.

TABLE 7.53:
x
-2

y
4

-1

1

0
1
2

0
1
4

← y = x2 = (−2)2 = (−2) · (−2) =
4
← y = x2 = (−1)2 = (−1) · (−1) =
1
¬ y = x2 = (0)2 = 0 × 0 = 0
¬ y = x2 = (1)2 = 1 × 1 = 1
¬ y = x2 = (2)2 = 2 × 2 = 4

The ordered pairs shown in the table are (–2, 4), (–1, 1), (0, 0), (1, 1) and (2, 4).
Plot those five points on the coordinate plane. Then connect them. Notice that you cannot connect these points with
a straight line. You will need to draw a curved line to connect them.

Consider part b next.
Look at the function you graphed. The graph is curved. Since the graph is not a straight line, the equation
y = x2 represents a nonlinear function.
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Now it’s your turn. Look at each set of ordered pairs and determine whether or not each forms a linear or non- linear
function.

Example A

(0, 2)(1, 3)(2, 4)(3, 5)
Solution: Linear Function

Example B

(9, 6)(2, 7)(3, 5)(5, 9)
Solution: Non-linear function

Example C

(10, 8)(8, 6)(6, 4)(4, 2)
Solution: Linear Function
Here is the original problem once again.
Kendra and her friends have been reading books regularly. Everyone has a different reading rate, but Kendra is
wondering if there is any connection between the number of books that she has read and the weeks of the contest.
She has decided to include two of her friends.
Kendra kept track of her books and wrote down the following information. She included the information from two
of her friends. Here is the number of books that the three girls read during each of the weeks recorded.
Week 1 = 3 books
Week 2 = 5 books
Week 3 = 4 books
Week 4 = 9 books
Kendra wonders if there is a connection between the values.
Is there?
To figure this out, we can see if this is a linear or non-linear function. For there to be a linear, there will need to be a
pattern between the week and the number of books.
Here is a graph of the function.
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This is a non-linear function. There isn’t a connection between the week and the number of books read by the
girls.

Guided Practice

Here is one for you to try on your own.
Is this a linear or non-linear function? Explain your answer. Then name the ordered pairs represented.

Answer
This is a linear function because the plotted points form a straight line when connected.
The ordered pairs graphed are (0, 2)(1, 4)(2, 6)(3, 8).
This is our answer.
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5545

This is a James Sousa video on how to graph a linear function in the coordinate plane.
Explore More

Directions: State if each graph shows a linear function or a non-linear function.
1.

2.
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3.

The table of ordered pairs below represents a function.
4. Plot those points on the coordinate plane below. Then connect those points to create the graph for this function.

5. Is the function you graphed a linear function or a nonlinear function?
The equation y = 2x + 4 represents a function.
6. Complete the function table below to identify five ordered pairs for this function.

TABLE 7.54:
x
-4
-2
0
2
4

y
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7. Plot those points on the coordinate plane below. Then connect those points to create the graph for this function.

8. Is the function you graphed a linear function or a nonlinear function?
The equation y = x2 + 2 represents a function.
9. Complete the function table below to identify five ordered pairs for this function.

TABLE 7.55:
x
-2
-1
0
1
2

y

10. Plot those points on the coordinate plane below. Then connect those points to create the graph for this function.

11. Is the function you graphed a linear function or a nonlinear function?
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The rule for a linear function is: add 1 to each x−value to find each y−value.
12. Write an equation to represent this linear function.
13. Graph the function on this coordinate plane.

The rule for a linear function is: multiply each x−value by 2 and then subtract 2 to find each y−value.
14. Write an equation to represent this linear function.
15. Graph the function on this coordinate plane.
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7.20 Linear and Non-Linear Patterns of Change
Here you’ll learn to model and solve real-world problems involving patterns of change and linear functions.
Have you ever thought of roller coasters? Marc loves them.
Marc loves roller coasters. He can’t wait to ride some of the roller coasters at an amusement park in New Hampshire.
Marc thinks that the speed of the roller coaster is a function of its height.
After doing some research, here is what Marc discovers.
The Timber Terror Roller Coaster
Height = 85 f t
Speed = 55 mph
Kingda Ka Roller Coaster
Height = 456 f eet
Speed = 128 mph
Top Thrill Dragster Roller Coaster
Height = 420 f t.
Speed = 120 mph
Create a table and figure out if Marc’s information is linear or non-linear.
This Concept will teach you how to solve real-world problems involving patterns of change.
Guidance

Linear functions can allow us to represent real-world situations. Specifically, linear functions can help us understand
situations in which two pairs of values are related by a rule.
We can represent the problem with a function table, an equation, or a graph. Representing a problem in more than
one way can sometimes help us understand how to solve it.

This table shows how the total cost of buying tomatoes at the farmer’s market changes depending on the number of
pounds of tomatoes purchased.
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TABLE 7.56:
Number of Pounds Purchased (x)
1
2
3
4
5

Total Cost in Dollars (y)
2
4
6
?
?

a. Write an equation to describe the relationship between the pairs of values in the table above.
b. Create a graph to represent the relationship between the number of pounds of tomatoes purchased, x, and the total
cost, y.
c. Determine the cost of buying 5 pounds of tomatoes at the farmer’s market.
Consider part a first.
Use guess and check to determine how to each pair of values is related.
For example, notice that each y−value is greater than its corresponding x−value. So, the rule will involve
either addition or multiplication.
Since each y−value in the table is 2 more than its previous y−value, the rule may involve multiplying by 2.
Look for a rule that involves multiplying by 2.
Consider the ordered pair (1, 2).
1 × 2 = 2, so the rule could be to multiply each x−value by 2 to find its corresponding y−value. Check to see if that
rule works for the other pairs of values in the table.
Consider the ordered pair (2, 4).
2 × 2 = 4, so the rule works for that ordered pair.
Consider the ordered pair (3, 6).
3 × 2 = 6, so the rule works for that ordered pair.
So, the rule for this function table is: multiply each x−value by 2 to find its corresponding y−value.
Now that we have a rule in words, let’s write an equation to show the same relationship. Remember, to find
each y−value, you must multiply each x−value by 2. So, the equation would be y = 2x
Next, consider part b.
First, let’s consider how the graph for this function should look. We should use the horizontal axis to show the
number of pounds, x.
We should use the vertical axis to show the total cost, y, in dollars.
Consider how to number the axes. The x−values represent the number of pounds of tomatoes purchased. Since no
one can buy a negative number of pounds of tomatoes, the graph should only show x−values that are greater than
or equal to 0. So, we can number each axis starting from 0. The greatest x−value we must show is 3. The greatest
y−value we must show is 6. So, the numbers on the vertical axis must go up to at least 6. Let’s allow some room for
the graph to be extended and number each axis from 0 to 10.
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Next, we can plot the ordered pairs (1, 2), (2, 4) and (3, 6) and draw a line through them to create our graph.
We can plot these values because they are the known values from the table.

The graph above represents the relationship between the number of pounds of tomatoes purchased, x, and
the total cost, y.
Finally, consider part c.
One strategy for determining the total cost, y, of buying 5 pounds of tomatoes is to use the equation. We can
substitute 5 for x and then solve to find the value of y.

y = 2x
y = 2×5
y = 10
When x = 5, y = 10. So, it would cost 10 dollars to buy 5 pounds of tomatoes.
Now it’s your turn to try a few. Find y use the equation y = 2x.
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Example A

When x = 4
Solution: y = 8
Example B

When x = 4.5
Solution: y = 9
Example C

When x = 5.5
Solution: y = 11
Here is the original problem once again.
Marc loves roller coasters. He can’t wait to ride some of the roller coasters at an amusement park in New Hampshire.
Marc thinks that the speed of the roller coaster is a function of its height.
After doing some research, here is what Marc discovers.
The Timber Terror Roller Coaster
Height = 85 f t
Speed = 55 mph
Kingda Ka Roller Coaster
Height = 456 f eet
Speed = 128 mph
Top Thrill Dragster Roller Coaster
Height = 420 f t.
Speed = 120 mph
Create a table and figure out if Marc’s information is linear or non - linear.
First, let’s create a table and then we can graph the data.
To create a table of Marc’s data we must use the height as one variable and the speed as the other. Here is a
table of our data.

TABLE 7.57:
H
85
420
456

S
55
120
128

You can see that as the height increases so does the speed. Using this information, Marc can conclude that the speed
of a roller coaster is a function of its height.
Let’s create a graph of the function.
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Notice that this graph is a non-linear graph. Even though the speed increases with the height of the roller coaster,
the interval that it increases is not even. Therefore, the graph of this function is non-linear.
Guided Practice

Here is one for you to try on your own.
True or false. For a graph to represent a linear change, each interval in the x and y value must increase or decrease at
the same interval.
Answer
True. This graph will be straight line. Otherwise, it is a non - linear function.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/3

This is a Khan Academy video on patterns and equations.
Explore More

Directions: Look at each table and determine whether each pattern of change is linear or non-linear.
1.

TABLE 7.58:
x
0
1
2
4
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2.

TABLE 7.59:
x
1
2
3
4

y
3
5
7
9

3.

TABLE 7.60:
x
2
3
5
6

y
6
9
15
18

4.

TABLE 7.61:
x
2
3
6
8

y
3
4
7
9

5.

TABLE 7.62:
x
8
6
2
0

y
4
12
8
0

6.

TABLE 7.63:
x
0
1
2
6

y
3
4
5
9

7.
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TABLE 7.64:
x
5
4
3
2

y
11
9
7
5

8.

TABLE 7.65:
x
1
3
2
5

y
7
4
9
8

9.

TABLE 7.66:
x
1
2
4
6

y
3
6
12
18

10.

TABLE 7.67:
x
4
5
6
7

y
2
3
5
1

This table shows how the total cost of buying gasoline at Gary’s Gas Station changes depending on the number of
gallons purchased.

TABLE 7.68:
Number of Gallons Purchased (x)
0
1
2
3

Total Cost in Dollars (y)
0
3
6
?

11. Write an equation to describe the relationship between the pairs of values in the table above.
12. Create a graph to represent the relationship between the number of gallons purchased, x, and the total cost, y.
Use the blank axes below to create your graph.
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13. Determine the cost of buying 3 gallons of gasoline at Gary’s Gas Station.
Franklin has a $10 bus card. Each time he rides the bus, $2 is deducted from his card. This equation shows the
relationship between x, the number of times he uses his card to ride the bus and y, the number of dollars that are left
on his card:
y = 10 − 2x.
14. Create a table to show how many dollars will be left on Franklin’s bus card after he has used it for a total of 0, 1,
2, or 3 bus rides.
15. Create a graph to represent the relationship between the total number of bus rides Franklin uses the card to take,
x, and the number of dollars left on the card, y. Use the blank axes below to create your graph.

16. If Franklin takes a total of 4 bus rides, how many dollars will be left on his bus card?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including writing expressions and
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equations, simplifying expressions, solving one-step equations, solving two-step equations, solving inequalities,
identifying and understanding functions and graphing functions.

770

www.ck12.org

Chapter 8. Geometry

C HAPTER

8

Geometry

Chapter Outline
8.1

A NGLE C LASSIFICATION

8.2

A NGLE PAIRS

8.3

S UPPLEMENTARY AND C OMPLEMENTARY A NGLE PAIRS

8.4

V ERTICAL A NGLES

8.5

PARALLEL AND P ERPENDICULAR L INES

8.6

C ORRESPONDING A NGLES

8.7

T RIANGLE S UM T HEOREM

8.8

T RIANGLE C LASSIFICATION

8.9

Q UADRILATERAL C LASSIFICATION

8.10

P OLYGON C LASSIFICATION

8.11

R EGULAR AND I RREGULAR P OLYGONS

8.12

C ONGRUENT F IGURES

8.13

S IMILARITY

8.14

S CALE FACTOR OF S IMILAR P OLYGONS

8.15

U NKNOWN M EASURES OF S IMILAR F IGURES

8.16

R IGID T RANSFORMATIONS

8.17

L INES OF S YMMETRY

8.18

T RANSFORMATION C LASSIFICATION

8.19

T RANSLATIONS , R OTATIONS , AND R EFLECTIONS

Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through realworld situations, examples, guided practice and independent practice sections. There are also video links provided
to give students an audio/visual way of connecting with the content. In this Chapter, students will engage with
Concepts on classifying angles, identifying angles, angle measures, complementary angles, supplementary angles,
vertical angles, adjacent angles, parallel lines, perpendicular lines, intersecting lines, corresponding angles, triangles,
congruent figures, similar figures, indirect measurement, symmetry and transformations.
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8.1 Angle Classification
Here you’ll learn to classify angles as acute, obtuse, right or straight.
Have you ever been on a field trip to an art museum?
Mrs. Gilson is taking her math class to the art museum on a field trip. Before leaving for the museum, Mrs. Gilson
posed some questions to her class.
“Does anyone know why we are going to an art museum for math class?” She asked.
Matt, who tended to like to make jokes, was the first one to speak up.
“So we can count the paintings?” he joked.
Mrs. Gilson smiled as if she was expecting just such an answer. She looked around and waited for any other
responses. Kyle was the next one to speak.
“I think it has to do with geometry. Isn’t most art based on some kind of geometry?” he asked.
“Very nice, and yes you are correct. We can find geometry in many different paintings forms and figures. Some of
the first painters, sculptures, actually all kinds of artists used geometry to design their work. Here is a slide that we
can look at together,” Mrs. Gilson said putting an image up on the board from the computer.

“This is to help you practice before we go,” Mrs. Gilson explained. “This is a piece of a stained glass window. You
can see the flowers in the painting, but can you see the geometry? Take out your notebooks and make a note of any
place that you see angles. Let’s start with angles after all it is a building block of geometry.”
The students all took out their notebooks and began to work.
While the students make their notes, you make some notes too. What do you already know about angles?
This Concept is all about identifying angles as right, straight, acute and obtuse. After you learn about these
classifications, you will be able to identify each type of angle in the stained glass. Pay attention and at the end
of the Concept you will be able to find the geometry in the stained glass.
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Guidance

The word “ angle” is one of those words that we hear all the time. You might hear someone say “What is the angle
of that corner?” or a photographer could use the term “wide angle lens.” Have you ever tried to angle a sofa through
a doorway? The way that you turn the sofa makes a big difference in whether the sofa fits through the doorway or
not. Notice that the same word “angle” is being used in each of these examples, but each example uses it differently.
In geometry, we use the word angle too. Understanding angles in geometry can help you when you use the
angles in real life.
What is an angle?
An angle is a when two lines, line segments or rays connect at a common point. The angle is created by the
space between the two lines. We can say that this space “forms the angle.”
We measure an angle in degrees. What we are actually measuring is the distance between the two lines. The space
between them near the point where they connect forms the angle. This may sound confusing, but it will make more
sense as we continue.
Why are degrees important?
Degrees are important because we classify angles by their size. Knowing the degrees of an angle can help us to be
sure that we are using the correct words to classify or identify them. The ◦ symbol means “degrees.” The number
of degrees tells how open or closed the angle is. The smaller the number of degrees, the smaller or more closed
the angle is. Angle sizes can range from 0 to 360◦ , a complete circle.
Here is a diagram that shows some angle measurements.

As you can see, an angle of 360◦ makes a complete circle. An angle of 270◦ is three-quarters of a circle, and an
angle of 180◦ is half a circle. A 180◦ angle is a straight line. Most angles that we deal with are between 0 and 180◦ .
We classify angles by their size, or number of degrees.
We classify angles as acute, right, obtuse, or straight.
Let’s find out what these names mean.
An acute angle measures less than 90◦ . If its measure is 1◦ or 89◦ or anywhere in between, we call it an acute
angle.
Obtuse angles measure more than 90◦ . Angles greater than 90◦ and less than 180◦ are obtuse angles.
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Most angles are either acute or obtuse. However, there are two special angles with exact measurements. A right
angle measures exactly 90◦ . Right angles are one of the most important concepts you need to know about geometry.
We find them in squares, rectangles, and triangles. They are everywhere in the real world too.

There are many places in the real world where you can see acute, obtuse and right angles. Here are a few
examples. Can you identify the angles?

Notice that we use a small box to show when an angle is a right angle.
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If you look at each of these pictures, you can see the right angles clearly. Also notice that the wires of the bridge
stretch to create acute angles on each side of the center beam.
The other special angle is called a straight angle. A straight angle measures exactly 180◦ . We have already seen
that a straight angle forms a line.

Now that we know each kind of angle, let’s try classifying some.
Classify each angle below.

For each angle, it may help to ask yourself: “Is it bigger or smaller than a right angle?”
Remember, right angles always measure 90◦ , and we use 90◦ to tell whether an angle is acute or obtuse.
Is Figure 1 larger or smaller than a right angle? A right angle looks like a perfect corner, often with one arm
pointing straight up. This angle is wider than that, so it is an obtuse angle.
The angle in Figure 2 looks like a straight line... you know what that means! It must be a straight angle.
Is Figure 3 larger or smaller than a right angle? It is smaller than 90◦ , so it is an acute angle.
The angle in Figure 4 does resemble a perfect corner, so it could be a right angle. Now take a closer look. The
small box tells you that it definitely is a right angle.
We can also identify an angle by using a symbol. Here is the symbol for angle.
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A
This means “Angle A”. You will see this symbol used when we work with angles.

Identify each type of angle described.

Example A

An angle greater than 90◦
Solution: Obtuse

Example B

An angle that measures 15◦
Solution: Acute

Example C

An angle that measures exactly 90◦
Solution: Right
Now you have learned all about angles. Here is the original problem once again. Reread it and then pay attention to
Mrs. Gilson’s instructions.
Mrs. Gilson is taking her math class to the art museum on a field trip. Before leaving for the museum, Mrs. Gilson
posed some questions to her class.
“Does anyone know why we are going to an art museum for math class?” She asked.
Matt, who tended to like to make jokes, was the first one to speak up.
“So we can count the paintings?” he joked.
Mrs. Gilson smiled as if she was expecting just such an answer. She looked around and waited for any other
responses. Kyle was the next one to speak.
“I think it has to do with geometry. Isn’t most art based on some kind of geometry?” he asked.
“Very nice, and yes you are correct. We can find geometry in many different paintings forms and figures. Some of
the first painters, sculptures, actually all kinds of artists used geometry to design their work. Here is a slide that we
can look at together,” Mrs. Gilson said putting an image up on the board from the computer.
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“This is to help you practice before we go,” Mrs. Gilson explained. “This is a piece of a stained glass window. You
can see the flowers in the painting, but can you see the geometry? Take out your notebooks and make a note of any
place that you see angles. Let’s start with angles after all it is a building block of geometry.”
The students all took out their notebooks and began to work.
Can you find an example of each of the different types of angles in this stained glass? Make a few notes in
your notebook. It may be helpful to draw them too.
While the students worked, Mrs. Gilson walked around the room. When most seemed finished, Mrs. Gilson gave
the students this instruction.
“Now find a partner and share the angles that you found in the painting.”
You do this too. Find a partner and share the angles that you found. This is the best way to check your work
for accuracy. If you and your partner both selected the same angle, then choose a new one together.
Guided Practice

Here is one for you to try on your own.
True or false. An acute angle can also be a right angle.
Answer
False. An acute angle measures 90 degrees while a right angle measures exactly 90 degrees.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1275

This is a James Sousa video on the types of angles.
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Explore More

Directions: Label each angle as acute, obtuse, right, or straight.

9. 55◦
10. 102◦
11. 90◦
12. 180◦
13. 10◦
14. 87◦
15. 134◦
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8.2 Angle Pairs
Here you’ll learn to identify angle pairs as supplementary, complementary or neither.
Remember the trip to the art museum from the Angle Classification Concept? Well, previously we worked on
identifying different types of angles in the stained glass. Now the students are going to need to identify angle pairs.
These angle pairs can also be found in the stained glass. Here is the stained glass once again.

In this Concept, you will learn all about angle pairs. Pay close attention and you will be able to find these pairs at
the end of the Concept.
Guidance

When we have two angles together, we can say that we have angle pairs. Sometimes, the measures of these angles
add up to form a special relationship. Sometimes they don’t. There are two special angle pair relationships for you
to learn about. The first one is called complementary angles and the second one is called supplementary angles.
Complementary angles are two angles whose measurements add up to exactly 90◦ . In other words, when we put
them together they make a right angle. Below are some pairs of complementary angles.

779

8.2. Angle Pairs

www.ck12.org

Supplementary angles are two angles whose measurements add up to exactly 180◦ . When we put them together,
they form a straight angle. Take a look at the pairs of supplementary angles below.

Let’s practice classifying some pairs of angles.
Classify the following pairs of angles as either complementary or supplementary.

The sum of the angles in Figure 1 is 180◦ . Therefore these angles are supplementary angles.
The sum of the angles in Figure 2 is 90◦ . Therefore these angles are complementary angles.
Remember, complementary angles add up to 90◦ and supplementary angles add up to 180◦ . In order to classify the
pairs as complementary or supplementary, we need to add the measures of the angles in each pair together to find
out the total.
Now it’s your turn to try a few. Identify the angle pairs as complementary, supplementary or neither.
Example A

Angle A = 23◦ , Angle B = 45◦
Solution: Neither
Example B

Angle A = 45◦ , Angle B = 45◦
Solution: Complementary
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Example C

Angle A = 103◦ , Angle B = 77◦
Solution: Supplementary
Now that you have learned about angle pairs. Look at the stained glass once again.

Write down or draw a copy of the stained glass in your notebook. Then identify the angle pairs that you can find.
When you have done this, discuss your findings with a friend.
Guided Practice

Here is one for you to try on your own.
Are angles X and Y complementary or supplementary?

Answer
The question asks us to classify angles X and Y as either complementary or supplementary. Look at the figure. This
time we do not know the measures of any of the angles. Can we still answer the question?
We can. We know that complementary angles add up to 90◦ and supplementary angles add up to 180◦ . We
also know that 90◦ is a right angle and that 180◦ is a straight angle. Now take a good look at angles X and
Y . If we put them together as a whole, do they form a right angle or a straight angle? They form a straight
angle, so they must be supplementary.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1275

This is a James Sousa video on the types of angles.

Explore More

Directions: Identify whether the pairs below are complementary or supplementary or neither.
1.

2.

3.
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4. An angle pair whose sum is 180◦
5. Angle A = 90◦ Angle B is 45◦
6. Angle C = 125◦ Angle B = 55◦
7. An angle pair whose sum is 180◦
8. An angle pair whose sum is 245◦
9. An angle pair whose sum is 80◦
10. An angle pair whose sum is 90◦
11. An angle pair whose sum is 55◦
12. An angle pair whose sum is 120◦
13. An angle pair whose sum is 95◦
14. An angle pair whose sum is 201◦
15. An angle pair whose sum is 190◦
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8.3 Supplementary and Complementary Angle
Pairs
Here you’ll use reasoning to find angle measures.
Have you ever tried to figure out an angle measure? Look at what happened at the art museum.
Justin was looking at a painting with two intersecting lines on it. One of the lines formed a straight line and the other
intersected with the first line.
"What do you think the measure is of the smaller angle?" he asked Susan who was standing nearby.
"I think it is about 30◦ ," Susan said.
"That’s exactly what I was thinking," Justin added.
If Susan and Justin are correct, can you figure out the other missing angle?
This Concept will show you how reasoning can help you figure out the measures of missing angles.
Guidance

As we have seen in the Angle Pairs Concept, we identify complementary and supplementary angles by their
sum. This means that we can also find the measure of one angle in a pair if we know the measure of the
other angle. For instance, because we know that complementary angles always add up to 90◦ , we can calculate the
measurement of one angle in a pair of complementary angles. Let’s see how this works.

We can see that together, C and D form a right angle. Therefore they are complementary, and they add up to 90◦ .
We know that C has a measure of 44◦ . How can we find the measure of angle D?
To find the measurement of angle D, we simply subtract the measure of angle C from 90.

6

C + 6 D = 90◦

44◦ + 6 D = 90◦
D = 90 − 44
6
6

D = 46◦

In order for these two angles to be complementary, as the problem states, they must add up to 90◦ . Angle D therefore
measures 46◦ . We can check our calculation by adding angles C and D. Their sum must be equal to 90◦ .
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44◦ + 46◦ = 90◦
We can follow the same process to find the unknown angle in a pair of supplementary angles. As with
complementary angles, if we know the measure of one angle in the pair, we can find the measure of the
other.
Angles P and Q are supplementary angles. If angle P measures 112◦ , what is the measure of angle Q?
We know that supplementary angles have a total of 180◦ Therefore we can subtract the measurement of the
angle we know, angle P, from 180◦ to find the measure of angle Q.

6

P + 6 Q = 180◦

112◦ + 6 Q = 180◦
Q = 180 − 112
6
6

Q = 68◦

Angle Q is 68◦ . We can check our calculation by adding angles P and Q. Remember, in order to be supplementary
angles, their sum must be equal to 180◦ .
68◦ + 112◦ = 180◦
We can call this finding the complement or the supplement.
Armed with our knowledge of complementary and supplementary angles, we can often find the measure of
unknown angles. We can use logical reasoning to interpret the information we have been given in order to
find the unknown measure. Take a look at the diagram below.

Can we find the measure of angle X? We can, if we apply what we have learned about supplementary angles.
We know that supplementary angles add up to 180◦ , and that 180◦ is a straight line. Look at the diagram.
The 80◦ angle and angle X together form a straight line, so we can deduce that they are supplementary angles. That
means we can set up an equation to solve for X.
80 + x = 180
The equation shows what we already know: the sum of supplementary angles is 180◦ . We can find the measure of
the unknown angle by solving for X.

80 + x = 180
x = 180 − 80
x = 100◦
The measure of the unknown angle in this supplementary pair is 100◦ .
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We can check our work by putting this value in for X in the equation.
80 + 100 = 180
Now it’s time for you to apply what you have learned. Find the complement or supplement in each example.

Example A

Angles A and B are complementary. Angle A is 33◦ . Find the measure of angle B.
Solution: 57◦

Example B

Angles C and D are supplementary. Angle C is 59◦ . Find the measure of angle D.
Solution: 121◦

Example C

Angles A and B are supplementary. Angle A is 169◦ . Find the measure of angle B.
Solution: 11◦
Here is the original problem once again.
Justin was looking at a painting with two intersecting lines on it. One of the lines formed a straight line and the other
intersected with the first line.
"What do you think the measure is of the smaller angle?" he asked Susan who was standing nearby.
"I think it is about 30◦ ," Susan said.
"That’s exactly what I was thinking," Justin added.
If Susan and Justin are correct, can you figure out the other missing angle?
To figure this out, we can use reasoning and the dilemma to hunt for clues. First, notice that the painting had one
straight line. We know that the measure of a straight line is 180c irc. Given this, we can write an equation.
x + 30 = 180
The 30 is the measure of the angle that Justin and Susan figure out.
Now we can solve for the unknown variable.
x = 150◦
This is our answer.

Guided Practice

Here is one for you to try on your own.
What is the measure of angle R?
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Answer
How can we use what we have learned to find the measure of angle R? Can we determine whether the two angles
have a relationship with each other? Together, they form a right angle. They must be a pair of complementary angles,
so we know their sum is 90◦ . Again, we can set up an equation to solve for R, the unknown angle.
R + 22 = 90
This equation represents what we know, that the sum of these two complementary angles is 90◦ . Now we solve for
R.

R + 22 = 90
R = 90 − 22
R = 68◦
The measure of the unknown angle is 68◦ . We can check our answer by putting this value in for R in the equation.
68 + 22 = 90◦
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1274

This is a James Sousa video on complementary and supplementary angles.
Explore More

Directions: Find the measure of missing angle for each pair of complementary or supplementary angles.
1. Angles A and B are complementary. Angle A is 63◦ . Find the measure of angle B.
2. Angles A and B are complementary. Angle A is 83◦ . Find the measure of angle B.
3. Angles A and B are complementary. Angle A is 3◦ . Find the measure of angle B.
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4. Angles A and B are complementary. Angle A is 23◦ . Find the measure of angle B.
5. Angles A and B are complementary. Angle A is 70◦ . Find the measure of angle B.
6. Angles A and B are complementary. Angle A is 29◦ . Find the measure of angle B.
7. Angles A and B are complementary. Angle A is 66◦ . Find the measure of angle B.
8. Angles A and B are complementary. Angle A is 87◦ . Find the measure of angle B.
9. Angles A and B are supplementary. Angle A is 33◦ . Find the measure of angle B.
10. Angles A and B are supplementary. Angle A is 103◦ . Find the measure of angle B.
11. Angles A and B are supplementary. Angle A is 73◦ . Find the measure of angle B.
12. Angles A and B are supplementary. Angle A is 78◦ . Find the measure of angle B.
13. Angles A and B are supplementary. Angle A is 99◦ . Find the measure of angle B.
14. Angles A and B are supplementary. Angle A is 110◦ . Find the measure of angle B.
15. Angles A and B are supplementary. Angle A is 127◦ . Find the measure of angle B.
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8.4 Vertical Angles
Here you’ll learn to identify adjacent and vertical angles formed by intersecting lines and then find missing angle
measures.

When the students arrived at the art museum, Mrs. Gilson pointed out some of the art work in the courtyard of the
museum. One of the paintings was considered “street art” and was immediately noticed by Tania and her friend
Yalisha. The two girls walked all around the painting which was about five feet by five feet and stretched across an
entire wall.
“This is really cool,” Tania commented. “I love the way the lines intersect. I think that this is a painting all about
lines.”
“Me too,” Yalisha agreed. “However, there are angles here too. If you look, you can see that when the lines intersect
they form different angles. For example, look at the small dark purple triangle and the light purple quadrilateral. The
angles formed by those lines are exactly the same. Did you know that?”
“How can that be? One shape is so much larger than the other?” Tania asked puzzled.
How can it be? What it is about the relationship between these lines that makes the angles the same or not
the same? This Concept is all about angles and special pairs of angles. Keep Tania’s question in mind as you
work through this Concept. At the end, see if you can figure out why Yalisha says that the angles are the same.

Guidance

In this Concept, we will look at the relationships among angles formed by intersecting lines. Some lines never
intersect. Others do, and when they do, they form angles. Take a look at the intersecting lines below.
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The angles formed by the two intersecting lines are numbered 1 through 4. In this Concept, we will learn how to
find the measure of these angles, given the measure of any one of them.
Let’s look at the relationships formed between the angles created when two lines intersect.
Adjacent angles are angles that share the same vertex and one common side. If they combine to make a straight
line, adjacent angles must add up to 180◦ . Below, angles 1 and 2 are adjacent. Angles 3 and 4 are also adjacent.
Adjacent angles can also be thought of as “next to” each other.

Can you see that angles 1 and 2, whatever their measurements are, will add up to 180◦ ? This is true for angles
3 and 4, because they also form a line. But that’s not all. Angles 1 and 4 also form a line. So do angles 2 and
3. These are also pairs of adjacent angles. Let’s see how this works with angle measurements.

The sum of each angle pair is 180◦ . Using the vocabulary from the last section, you can also see that these
angle pairs are supplementary.
This pattern of adjacent angles forms whenever two lines intersect. Notice that the two angles measuring 110◦ are
diagonal from each other, and the two angles measuring 70◦ are diagonal from each other. This is the other special
relationship among pairs of angles formed by intersecting lines.
What are angles on the diagonal called?
These angle pairs are called vertical angles. Vertical angles are always equal. Angles 1 and 3 above are vertical
angles, and angles 2 and 4 are vertical angles.
These relationships always exist whenever any two lines intersect. Look carefully at the figures below. Understanding the four angles formed by intersecting lines is a very important concept in geometry.
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In each figure, there are pairs of adjacent angles that add up to 180◦ and pairs of vertical angles that are equal and
opposite each other.
Now let’s practice recognizing adjacent and vertical angle pairs.
Identify all of the pairs of adjacent angles and the two pairs of vertical angles in the figure below.

Hey, there aren’t any numbers! How are we supposed to know the measures of the four angles? Well, we actually
don’t need to know them to answer the question. As we have said, adjacent and vertical relationships never change,
no matter what the measures of the angles are. The pairs of adjacent angles will always form a straight line, and the
pairs of vertical angles will always be opposite each other.
With this in mind, let’s look for the adjacent angles. Adjacent angles share a side and, in the case of
intersecting lines, will together form a straight line. Which adjacent angles form line n? Angles Q and R are
next to each other and together make a straight angle along line n. What about T and S? They also sit together along
line n. Both are adjacent pairs. Now let’s look at line m. Which pairs of angles together make a straight angle along
line m? Angles Q and T do, and so do angles S and R. All four of these pairs are adjacent.
Now let’s look for the vertical angles. Remember, vertical angles are equal and opposite each other. Which
angles are across from each other? Angles Q and S are, and we know that these have the same measure, whatever
the measure is. Angles T and R, the small angles, are also opposite each other. Therefore they are the other pair of
vertical angles.
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We can use what we have learned about adjacent and vertical angles to find the measure of an unknown angle formed
by intersecting lines. We know that adjacent angles add up to 180◦ and that vertical angles are equal. Therefore if
we are given the measure of one angle, we can use its relationship to another angle to find the measure of the second
angle.
Find the measure of angle B below.

We know that one angle measures 50, and we want to find the measure of angle B.
First we need to determine how these two angles are related. Is angle B adjacent or vertical to the known angle?
It is opposite, so these two angles are vertical angles. And we already know that vertical angles are always equal,
so angle B must also be 50◦ .

Here is another one.
Find the measure of 6 Q below.
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Again, we need to find how the known angle and the unknown angle are related. This time angle Q is not
opposite the known angle. It is adjacent, because together they form a straight line. What do we know about
adjacent angles? They add up to 180◦ . Therefore we can use the measure of the known angle to solve for angle Q.

138◦ + 6 Q = 180
6

Q = 180 − 138
6

Q = 42◦

Angle Q must be 42◦ .
Now answer these questions about vertical and adjacent angles.

Example A

What does the word "adjacent" mean?
Solution: Next to

Example B

True or false. Adjacent angles have the same measure?
Solution: False

Example C

True or false. Vertical angles have the same measure?
Solution: True
Here is the original problem once again.
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Have you been thinking about Tania’s question? Reread this situation and then write down your answer to her
question. Are these two angles the same or aren’t they? Why or why not?
When the students arrived at the art museum, Mrs. Gilson pointed out some of the art work in the courtyard of the
museum. One of the paintings was considered “street art” and was immediately noticed by Tania and her friend
Yalisha. The two girls walked all around the painting which was about five feet by five feet and stretched across an
entire wall.
“This is really cool,” Tania commented. “I love the way the lines intersect. I think that this is a painting all about
lines.”
“Me too,” Yalisha agreed. “However, there are angles here too. If you look, you can see that when the lines intersect
they form different angles. For example, look at the small dark purple triangle and the light purple quadrilateral. The
angles formed by those lines are exactly the same. Did you know that?”
“How can that be? One shape is so much larger than the other?” Tania asked puzzled.
Let’s think about Tania’s question. The size of the angles isn’t a function of whether or not the shapes are
large or not. It has to do with the intersection of the lines. Remember how Tania commented that she thought
that the painting was all about lines, well, here is where her point is valid.
First, think about what type of angles are formed by the two intersecting lines. We have vertical angles. Any
time two lines intersect, the opposing angles formed by the intersection of those two lines is considered vertical
angles. Vertical angles are congruent. Therefore, Yalisha’s comment is accurate.
Now look at the painting again. Can you find a pair of adjacent angles? Can you find another pair of vertical
angles? Make a few notes in your notebook.
Guided Practice

Here is one for you to try on your own.
Two lines intersect. One vertical angle has a measure of 45◦ What is the measure of the angle adjacent to it?
Answer
To figure this out, we can use what we know about vertical and adjacent angles.
Two lines are intersecting, the number of degrees in a straight line is 180◦ .
The known angle is 45◦ . Therefore, we can subtract this angle from 180 to find the number of degrees in the angle
next to the vertical angles.
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180 − 45 = 145
The adjacent angle has a measure of 145◦ .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57635

This is a James Sousa video on complementary and supplementary angles.
Explore More

Directions: Identify whether the lines below are parallel, perpendicular, or just intersecting.
1.

2.

3.

795

8.4. Vertical Angles
4.

5. Lines that will never intersect.
6. Lines that intersect at a 90◦ angle.
7. Lines that cross at one point.
Directions: Tell whether the pairs of angles are adjacent or vertical.
8.

9.

10.
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11.

12. Two angles with the same measure.
13. An angle next to another angle.
14. An angle that is congruent to another angle.
15. Two angles with different measures whose sum is 180◦ .
Directions: Find the measure of the unknown angle.
16.

17.
797

8.4. Vertical Angles

18.

19.

20.
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8.5 Parallel and Perpendicular Lines
Here you’ll learn to identify intersecting, parallel and perpendicular lines in a plane.
Have you ever explored lines at an art museum? Take a look at what Mrs. Gilson’s class discovered.

While looking at this painting, the students in Mrs. Gilson’s class began to talk about lines.
"I can see a lot of intersecting lines," Jonas commented.
"Not only that, but some are parallel," Corinna added.
"Perpendicular too," Jonas continued.
All three types of lines are present in this painting.
Can you identify them?
This Concept will teach you how to identify parallel, intersecting and perpendicular lines. When finished, you
will know how to answer this question.

Guidance

What about the relationship between different types of lines? We have been working with intersecting lines and with
the angle relationships that are formed by them, but there are other types of line relationships. Let’s look at them
now.
What do we know about lines?
Lines exist in space. Two lines intersect when they cross each other. Because all lines are straight, intersecting
lines can only cross each other once. Look at the examples below. Imagine the lines extend beyond the picture, on
forever. Can you see how they will never cross more than once?
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Two lines that form right angles when they intersect are perpendicular lines. All four angles formed by the
perpendicular lines measure 90◦ . We use a small box to show a right angle. If any of the four angles is marked
with the small box, we know the lines are perpendicular. Take a look at the perpendicular lines below.

Some lines never intersect. We call these parallel lines. Parallel lines never cross, so they do not form any angles.
Parallel lines look like railroad tracks; they are always the same distance apart, running next to each other.

One easy way to remember the difference between parallel and perpendicular lines is to look at the l’s in parallel.
Parallel lines look exactly like the two l’s in their name!
Identify whether the pairs of lines are parallel, perpendicular, or just intersecting.

As you look at each pair, first decide whether they intersect or if they might intersect if the lines were extended. If
they do not or will not intersect, they must be parallel.
The lines in Figure 1 do not intersect. Let’s double check. Do they look like railroad tracks or the l’s in
parallel? They do. The lines are always the same distance apart. No matter how far we extend them, they will
never intersect. Figure 1 therefore shows parallel lines.
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The rest of the pairs show intersecting lines. But which pairs are perpendicular? Remember, perpendicular lines
form right angles when they intersect. If the two lines are too slanted, as in Figure 2, they cannot form right angles.
Also, look for the little box that tells when an angle is a right angle. Let’s look at each of the pairs.
As we’ve said, the lines in Figure 2 are very slanted. They do not form perfect corners, or right angles, when
they cross. They are intersecting lines, but not perpendicular lines.
The lines in Figure 3 do form right angles. The small box tells us that the lines definitely form right angles, so
these are perpendicular lines.
Now let’s look at the lines in Figure 4. They do not intersect! But remember, lines continue in both directions
forever. What would happen if we extend each line? Trace each with your finger. Will they cross if you extend
them? They sure will. Now imagine what they will look like when they intersect, or draw a picture to help you.
Would they meet at a slanted angle, or would they form right angles?

These lines do not form right angles, so they cannot be perpendicular. They are intersecting lines only.
Here are a few to try on your own. Identify each pair of lines are parallel, intersecting or perpendicular.

Example A

Solution: Intersecting Lines
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Example B

Solution: Parallel lines
Example C

Solution: Parallel lines
Here is the original problem once again.

While looking at this painting, the students in Mrs. Gilson’s class began to talk about lines.
"I can see a lot of intersecting lines," Jonas commented.
"Not only that, but some are parallel," Corinna added.
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"Perpendicular too," Jonas continued.
All three types of lines are present in this painting.
Can you identify them?
If you notice the intersecting lines are lines that cross at some point, or will cross if they were to continue.
Parallel lines will never cross.
Perpendicular lines intersect to form right angles.
Make notes of all three lines in this painting. Then work with a partner and compare your answers. Discuss any
differences.
Guided Practice

Here is one for you to try on your own.
What type of lines are best described in this picture?

Answer
The streets of this highway form intersecting lines. We can be even more specific. If you look at the lines that form
the cross shape in the highway, these lines are also perpendicular because right angles are formed.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57639

This Khan Academy video is on parallel and perpendicular lines.
Explore More

Directions: Use what you have learned to answer each question true or false.
1. Adjacent angles are also supplementary angles.
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2. Vertical angles are complementary angles.
3. If one adjacent angle is 100◦ , then its angle pair is also 100◦ .
4. Vertical angles have the same measure.
5. Vertical angles and corresponding angles are located in the same position.
6. You can have corresponding angles when you only have two intersecting lines.
7. Corresponding angles are in the same place given the intersection.
8. Parallel lines will never intersect.
9. Perpendicular lines intersect at a 90 degree angle.
Directions: Tell whether each picture shows parallel or intersecting lines.
10.

11.

Directions: Think about each example described below and determine whether the lines would be intersecting or
parallel.
12. Telephone wires
13. The yellow lines down a highway
14. Stitches on a sweater
15. The sides of a ramp

805

8.6. Corresponding Angles

www.ck12.org

8.6 Corresponding Angles
Here you’ll learn to identify corresponding angles formed when a line intersects two other lines.
Do you know how to identify corresponding angles?
Jonas found a sculpture made of wire. In the sculpture there were two straight pieces of firm wire that formed parallel
lines and one straight piece of wire that intersected the parallel wires.
Jonas counted 7 angles, but he isn’t sure this is correct.
Do you know how many angles are formed when a straight line intersects two parallel lines?
Use this Concept to figure out the solution to Jonas’ dilemma.

Guidance

We have seen how intersecting lines form four angles that share certain relationships with each other. Now let’s
take this idea one step further. When a line intersects with two lines that are parallel, it forms the same angles of
intersection with the first parallel line and the second. Let’s see what this looks like.

Notice that new angle relationships are formed. We can divide the line which is 180◦ into new angles. Notice
the measures of each angle that has been formed.
When line y intersects with line a, it forms 100◦ angles and 80◦ angles. When it intersects with line b, it also
forms 100◦ and 80◦ angles! This is because lines a and b are parallel. Any line will intersect with them the
same way.
In this situation, we have another angle relationship that will help us find the measure of the angles formed at either
point of intersection. Every angle at the first intersection (between lines y and a) corresponds to an angle at the
second intersection (between lines y and b). It occurs in the same place and has the same measure. Take a look at
the figure below.
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Angle E in the first intersection is in the same place as angle Q in the second intersection. We call these angles
corresponding angles. They are in the same place in each intersection, and they have the same measure. Angles
D and P are corresponding angles, angles G and S are corresponding, and angles F and R are corresponding. These
relationships always exist when a line intersects with parallel lines. Let’s practice identifying corresponding angles.
What angle corresponds to angle Z? To angle L?

This time the parallel lines are vertical, but the relationships stay the same. Imagine you could place one
intersection on top of each other. They would be exactly the same, and the corresponding angles would be in
the same place.
We need to find the angle that corresponds to angle Z. Angle Z is the bottom right angle formed at the second
intersection. Its corresponding angle will be the bottom right angle formed at the first intersection. Which angle is
this?
Angle O occurs at the same place in the first intersection, so it is the corresponding angle to angle
Z.
Angle L is the top left angle formed at the first intersection. Its corresponding angle will be the top left angle
formed at the second intersection. This is angle W , so angles L and W are corresponding angles.
Now that we understand corresponding relationships, we can use the angles at one intersection to help us find the
measure of angles in the other intersection.
As we have said, corresponding angles are exactly the same, so they have the same measure.
Therefore if we know the measure of an angle at one intersection, we also know the measure of its corresponding angle at the second intersection.
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In the figure above, the 45◦ angle and angle A are corresponding angles. What must the measure of angle A
be? You guessed it: 45◦ . What about angle F ? It corresponds to the 135◦ angle in the second intersection, so
it too must be 135◦ .

Working in this way is a lot like figuring out a puzzle! You can figure out any missing angles with just a few clues.
Answer the following questions and figure out the missing angle measures.
Example A

If one vertical angle is 45◦ , what is the other vertical angle?
Solution: 45◦
Example B

True or false. Corresponding angles are matching angles.
Solution: True.
Example C

True or false. When a line intersects two parallel lines, then eight angles are formed.
Solution: True.
Here is the original problem once again.
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Jonas found a sculpture made of wire. In the sculpture there were two straight pieces of firm wire that formed parallel
lines and one straight piece of wire that intersected the parallel wires.
Jonas counted 7 angles, but he isn’t sure this is correct.
Do you know how many angles are formed when a straight line intersects two parallel lines?
Jonas isn’t correct. When a straight line intersects two parallel lines, then there are 8 angles formed.

Guided Practice

Here is one for you to try on your own.
Fill in the figure below with the angle measure for all of the angles shown.

Answer
Wow, we only have one angle to go on. Not to worry though! We know how to find the measure of its adjacent
angles, its vertical angle, and its corresponding angle. That’s all we need to know.
Let’s put in its adjacent angles first. If the known angle is 60, then the adjacent angles are 180 − 60 = 120◦ . Angle 1
is adjacent to the 60◦ angle along one line, and angle 3 is adjacent to it along the other line.
Now let’s find the measure of angle 2. It is vertical to the known angle, so we know that these two angles have the
same measure. Therefore angle 2 is also 60◦ . Now we know all of the angles at the first intersection!
Because these lines are parallel, all of the angles at the second intersection correspond to angles at the first intersection. Which angle corresponds to the given 60◦ angle? Angle 5 does, so it is also 60◦ . From here, we can either use
angle 5 to find the remaining angles (which are either adjacent or vertical to it), or we can use the angles in the first
intersection to fill in the corresponding angles. Either way, we can find that angle 4 is 120◦ , angle 6 is 60◦ , and angle
7 is 120◦ . We found all of the angles!
Take a look at your completed drawing. Four angles are 60◦ and four are 120◦ . We can change the angle measure to
two different numbers, and those numbers will appear exactly the same way.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57638

This Khan Academy video is on angles and parallel lines.

Explore More

Directions: Define each term.
1. Adjacent Angles
2. Vertical Angles
3. Parallel lines
4. Perpendicular lines
5. Supplementary angles
6. Complementary angles
7. Corresponding angles.
Directions: Use this diagram to answer the following questions.
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8. Are angles D and F vertical angles or corresponding angles?
9. One angle that corresponds to angle D is ?
10. An angle that corresponds to angle E is?
11. True or false. Angle E and angle Q are corresponding angles?
12. True or false. Angle E and angle S are corresponding angles?
13. True or false. Angle E and angle Q are adjacent angles?
14. How many pairs of vertical angles are there in this diagram?
15. Can you find corresponding angles if the intersected lines are not parallel?
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8.7 Triangle Sum Theorem
Here you’ll recognize the sum of the interior angles of a triangle as 180 degrees.

Corrina looked at the following sculpture and loved the bright blue triangles in the middle. The sculpture was called
"180". Corrina figured out that this is because the three interior angles of a triangle add up to be 180◦ .
There are two angles at the bottom of the triangle. One is 40◦ and the other is 75◦ .
If this is the case, what is the measure of the angle at the top of the triangle?
Can you figure this out?
Use this Concept to learn about triangles and their angles. Then you will know how to solve this dilemma at
the end of the Concept.

Guidance

This Concept is all about triangles. You have been learning about triangles for a long time. It is one of the first
shapes that small children learn to recognize. Mathematically speaking, we know that the prefix “tri” means three
and the rest of the word is “angles.” Therefore, a triangle is a figure with three sides and three angles.
In a triangle there is a relationship between the interior angles of the triangle. What are interior angles?
Interior angles are the angles inside the triangle. There are three of them and we can learn about the relationship
between the interior angles of a triangle by looking at a few examples.
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Notice that triangles a, b, c and d are all different, they have different angle measures and different side lengths. Look
closely, though. If you add up the measures of the three angles, they always equal 180◦ !

Write this down in your notebooks.
Now let’s look at triangles a little differently. In geometry, a triangle can be formed by the intersection of
three lines.

First, notice that the lines create the three interior angles of the triangle. And as we know, those three angles
have a sum of 180◦ .
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Next notice that if we extend any side of the triangle, then it stretches beyond the triangle. Now we have a
pair of angles, an interior angle and an exterior angle.
An exterior angle is the angle formed outside of the edge of the triangle.
Here is a clearer example of an exterior angle.

As you can see, the interior angle and the exterior angle form a line. Therefore their sum must be 180◦ .
The adjacent angle to the interior angle is 120◦ . If the exterior and the interior angle form a straight line, then their
sum is 180◦ . We can set up an equation and solve for the measure of x.

120 + x = 180
x = 180 − 120
x = 60◦
The missing measure of the interior angle is 60◦ .
We could also figure this out another way. Take a look at the other given interior angles of the triangle. They are 50◦
and 70◦ . Their sum is also 120◦ !
In fact, the sum of any two interior angles in a triangle is always equal to the exterior angle of the third angle.
But, we can use this information to figure out the missing third interior angle. If the sum of the two interior angles
is 120, we can use the same equation to solve for the third missing angle.

120 + x = 180
x = 180 − 120
x = 60◦
Notice that both methods will help you to find the correct measure of a missing interior angle.
What is the measure of angle S in the figure below?

814

www.ck12.org

Chapter 8. Geometry

We can see that angle S is an exterior angle. However, we do not know what its adjacent interior angle is. Can we
still find the measure of angle S? We can. As we have just learned, the other two interior angles have a sum
equal to the measure of the third angle’s exterior angle. Therefore angle S must be equal to the sum of the
two angles we have been given.

S = 30 + 35
S = 65◦

Incidentally, we can also find the measure of the third angle in the triangle by using the exterior angle. We know that
the sum of this angle and angle S must be 180◦ . If S is 65◦ , then the angle must be 180 − 65 = 115◦ .
We also know that the sum of the three interior angles of a triangle is 180◦ , so we could also find the missing
angle by adding the two known angles and then subtracting from 180◦ .

6

1 + 6 2 + 6 3 = 180◦
30 + 35 + 6 3 = 180◦
65 + 6 3 = 180◦
6

3 = 180 − 65
6

3 = 115◦

Use what you have learned to answer each question.

Example A

If the sum of two angles of a triangle is 150◦ , then what is the sum of the third angle?
Solution: 30◦

Example B

If the sum of two of the angles is 75◦ , then what is the measure of the third angle’s exterior angle?
Solution: 105◦

Example C

Angle A = 33◦ , Angle B = 65◦ , what is the measure of Angle C?
Solution: 82◦
Here is the original problem once again.
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Corrina looked at the following sculpture and loved the bright blue triangles in the middle. The sculpture was called
"180". Corrina figured out that this is because the three interior angles of a triangle add up to be 180◦ .
There are two angles at the bottom of the triangle. One is 40◦ and the other is 75◦ .
If this is the case, what is the measure of the angle at the top of the triangle?
Can you figure this out?
To figure this out, let’s write an equation to show the three angles. We will use x to represent the unknown angle.
40 + 75 + x = 180
115 + x = 180
Next, we solve it using an inverse operation.
x = 180 − 115
x = 65
The missing angle’s measure is 65◦ .
Guided Practice

Here is one for you to try on your own.

What is the missing angle measure?
Answer
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Now we can tell that this is a right triangle and that one of the angles is equal to 90 degrees. To figure out the measure
of the missing angle, we have used a variable to represent the unknown quantity. Here is our equation.

55 + 90 + x = 180
145 + x = 180
180 − 145 = x
x = 35◦ .
Our answer is 35◦ .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57636

This Khan Academy video is on angles and parallel lines.
Explore More

Directions: Find the measure of the missing angle in each triangle.
1.
20 + 70 + x = 180◦
2.
60 + 60 + x = 180◦
3.
90 + 15 + x = 180◦
4.
100 + 45 + x = 180◦
5.
10 + 105 + x = 180◦
6.
120 + 45 + x = 180◦
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7.
145 + 5 + x = 180◦
8.
150 + 20 + x = 180◦
9.
110 + 45 + x = 180◦
10.
60 + 40 + x = 180◦
11.
70 + 50 + x = 180◦
12.
80 + 45 + x = 180◦
13.
50 + 45 + x = 180◦
14.
30 + 55 + x = 180◦
15.
75 + 55 + x = 180◦
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8.8 Triangle Classification
Here you’ll learn to classify triangles by side lengths and angle measures.

Kevin and Jake began examining a sculpture while the girls were examining the painting with the lines. This
sculpture is full of triangles. The boys remember how Mrs. Gilson explained that a triangle is one of the strongest
figures that there is and that is why we see triangles in construction.
“Think of a bridge,” Kevin said to Jake. “A bridge has many triangles within it. That is how the whole thing stays
together. If we did not have the triangles, the structure could collapse.”
“What about here? Do you think it matters what kind of triangle is used?” Jake asked.
“I don’t know. Let’s look at what they used here.”
The two boys walked around the sculpture and looked at it from all sides. There was a lot to notice. After a little
while, Jake was the first one to speak.
“I don’t think it matters which triangle you use,” he said.
“Oh, I do. The isosceles makes the most sense because it is balanced,” Kevin said smiling.
Jake is confused. He can’t remember why an isosceles triangle “is balanced” in Kevin’s words. Jake stops to think
about this as Kevin looks at the next sculpture.
Do you know what Kevin means? What is an isosceles triangle and how does it “balance?” This Concept will
teach you all about triangles and how to classify them. When you finish with this Concept, you will have a
chance to revisit this problem. Then you may understand a little better what Kevin means by his words.
Guidance

As we have seen, the angles in a triangle can vary a lot in size and shape, but they always total 180◦ .
We can identify kinds of triangles by the sizes of their angles. A triangle can either be acute, obtuse, or right.
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Let’s look more closely.
Acute triangles have three acute angles. In other words, all of their angles measure less than 90◦ . Below are some
examples of acute triangles.

Notice that each angle in the triangles above is less than 90◦ , but the total for each triangle is still 180◦ .
We classify triangles that have an obtuse angle as an obtuse triangle. This means that one angle in the triangle
measures more than 90◦ . Here are some obtuse triangles.

You can see that obtuse triangles have one wide angle that is greater than 90◦ . Still, the three angles in obtuse
triangles always add up to 180◦ . Only one angle must be obtuse to make it an obtuse triangle.
The third kind of triangle is a right triangle. As their name implies, right triangles have one right angle that
measures exactly 90◦ . Often, a small box in the corner tells you when an angle is a right angle. Let’s examine a few
right triangles.
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Once again, even with a right angle, the three angles still total 180◦ !
Now let’s practice identifying each kind of triangle.
Label each triangle as acute, obtuse, or right.

In order to classify the triangles, we must examine the three angles in each. If there is an obtuse angle, it is an
obtuse triangle. If there is a right angle, it is a right triangle. If all three angles are less than 90◦ , it is an acute
triangle.
One short cut we can use is to compare the angles to 90◦ . If an angle is exactly 90◦ , we know the triangle must be a
right triangle. If any angle is more than 90◦ , the triangle must be an obtuse triangle. If there are no right or obtuse
angles, the triangle must be an acute triangle. Check to make sure each angle is less than 90◦ .
There are no right angles in Figure 1. There are no angles measuring more than 90◦ . This is probably an acute
triangle. Let’s check each angle to be sure: 30◦ , 70◦ , and 80◦ are all less than 90◦ , so this is definitely an acute
triangle. Figure 1 is an acute triangle.
Is there any right or obtuse angles in the second triangle? The small box in the corner tells us that the angle is a right
angle. Therefore this is a right triangle. Figure 2 is a right triangle.
What about Figure 3? It does not have any right angles. It does, however, have an extremely wide angle. Wide
angles usually are obtuse. Let’s check the measure to make sure it is more than 90◦ . It is 140◦ , so it is definitely an
obtuse angle. Therefore this is an obtuse triangle. Figure 3 is an obtuse triangle.
Figure 4 doesn’t have any right angles. It doesn’t have any wide angles either. Obtuse angles are not always wide,
however. Check the angle measures to be sure. The angle measuring 95◦ is greater than 90◦ , so it is obtuse. That
makes this an obtuse triangle. Figure 4 is an obtuse triangle.
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Yes. Make a few notes about each type of triangle so that you can remember how to classify them according
to their angles.
You have seen that we can classify triangles by their angles. We can also classify triangles by the lengths of
their sides. As you know, every triangle has three sides. Sometimes all three sides are the same length, or congruent.
In some triangles, only two sides are congruent. And still other triangles have sides that are all different lengths. By
comparing the lengths of the sides, we can determine the kind of triangle it is.
Let’s see how this works.
A triangle with three equal sides is an equilateral triangle. It doesn’t matter how long the sides are, as long as
they are all congruent, or equal. Here are some equilateral triangles.

Just remember, equal sides means it’s an equilateral triangle.
An isosceles triangle has two congruent sides. It doesn’t matter which two sides, any two will do. Let’s look at
some isosceles triangles.
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The third type of triangle is a scalene triangle. In a scalene triangle, none of the sides are congruent.

Now let’s practice identifying each kind of triangle.
Classify each triangle as equilateral, isosceles, or scalene.

We need to examine the lengths of the sides in each triangle to see if any sides are congruent. In the first triangle,
two sides are 7 meters long, but the third side is shorter. Which kind of triangle has two congruent sides? The first
triangle is an isosceles triangle.
Now let’s look at the second triangle. All three sides are the same length, so this must be an equilateral triangle. The
second triangle is an equilateral triangle.
The last triangle has sides of 5 cm, 4 cm, and 8 cm. None of the sides are congruent, so this is a scalene triangle.
The last triangle is a scalene triangle.
Determine the type of triangles described in each example.
Example A

One angle is 103◦ and the other two angles are acute angles.
Solution: Obtuse triangle
Example B

All three angles have the same measure.
Solution: Equiangular triangle
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Example C

Two out of three angles measure 55◦ .
Solution: Acute Triangle

Here is the original problem once again.
Kevin and Jake began examining a sculpture while the girls were examining the painting with the lines. This
sculpture is full of triangles. The boys remember how Mrs. Gilson explained that a triangle is one of the strongest
figures that there is and that is why we see triangles in construction.
“Think of a bridge,” Kevin said to Jake. “A bridge has many triangles within it. That is how the whole thing stays
together. If we did not have the triangles, the structure could collapse.”
“What about here? Do you think it matters what kind of triangle is used?” Jake asked.
“I don’t know. Let’s look at what they used here.”
The two boys walked around the sculpture and looked at it from all sides. There was a lot to notice. After a little
while, Jake was the first one to speak.
“I don’t think it matters which triangle you use,” he said.
“Oh, I do. The isosceles makes the most sense because it is balanced,” Kevin said smiling.
Jake is confused. He can’t remember why an isosceles triangle “is balanced” in Kevin’s words. Jake stops to think
about this as Kevin looks at the next sculpture.
Kevin’s comment is a little tricky. You can think of an isosceles triangle as being balanced because it has two
equal sides. Therefore, if you look at an isosceles triangle, it will be even whereas a scalene triangle would not
be. In Kevin’s thinking, this type of triangle makes sense because it would be firm, solid and “balanced.”
If you think about Kevin’s statement, you can grasp the math by thinking about the properties of an isosceles
triangle. Look at the sculpture again. How are triangles being used in the sculpture? Can you see any other
types of triangles in this sculpture? Make a few notes in your notebook.
Guided Practice

Here is one for you to try on your own.
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Can you identify both the sides and angles of a triangle at the same time?

Answer
As you can see, the first name identifies the triangle by its angles, and the second name groups it by its sides.
Equilateral triangles do not quite fit this pattern. They are always acute. This is because the three angles in an
equilateral triangle always measure 60◦ .
There is one more thing to know about classifying triangles by their angles and sides. We can also tell whether a
triangle is isosceles, scalene, or equilateral by its angles. Every angle is related to the side opposite it. Imagine a
book opening. The wider you open it, the greater the distance between the two flaps. In other words the wider an
angle is, the longer the opposite side.
Therefore we can say that if a triangle has two congruent angles, it must have two congruent sides, and must be
isosceles. If it has three angles of different measures, then its sides are also all of different lengths, so it is scalene.
Finally, an equilateral triangle, as we have seen, always has angles of 60◦ , and these angles are opposite congruent
sides.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1276

James Sousa, Angle Relationships and Types of Triangles
Explore More

Directions: Find the measure of angle H in each figure below.

Directions: Identify each triangle as right, acute, or obtuse.
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Directions: Identify each triangle as equilateral, isosceles, or scalene.

Directions: Use what you have learned to answer each question.
13. True or false. An acute triangle has three sides that are all different lengths.
14. True or false. A scalene triangle can be an acute triangle as well.
15. True or false. An isosceles triangle can also be a right triangle.
16. True or false. An equilateral triangle has three equal sides.
17. True or false. An obtuse triangle can have multiple obtuse angles.
18. True or false. A scalene triangle has three angles less than 90 degrees.
19. True or false. A triangle with a 100◦ angle must be an obtuse triangle.
20. True or false. The angles of an equilateral triangle are also equal in measure.
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8.9 Quadrilateral Classification
Here you’ll learn to recognize and classify quadrilaterals.

“Wow!” Juanita exclaimed looking at a glass structure outside the art museum. “Come look at this,” she called to
her friend Samantha.
Samantha came over to see what Juanita was so excited about.
“What’s going on?” Samantha asked.
“Look at all of the figures in this sculpture,” Juanita commented. “You can see so many different ones. I can see
squares, trapezoids and triangles.”
“Oh, yeah, I can see those too,” Samantha agreed.
Do you? This Concept is about identifying quadrilaterals. At the end of the Concept you will be able to
identify those figures in the glass structure.

Guidance

In this lesson we will examine figures called polygons. Polygons are closed shapes with sides made up of lines.
Any shape with straight edges, such as a triangle or rectangle, is a polygon. We will learn to identify each kind of
polygon. Let’s take a look at some polygons.
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Polygons with four sides, such as rectangles and squares, are called quadrilaterals. Quadrilaterals have special
properties.
What is a quadrilateral?
The prefix of this word “quad” means four. Therefore, a quadrilateral is a polygon that has four sides. They also
have four angles, and these four angles always have a sum of 360◦ . This is true no matter what shape or size
the quadrilateral is. Take a look at the quadrilaterals below.

Each figure has four sides and four angles. Notice how different the angles and the sides of the quadrilaterals are,
though. Now look closely. If you add up the measures of the four angles in any of the quadrilaterals, they always
equal 360◦ !
Another important feature of quadrilaterals is that many have one or even two pairs of parallel sides. Look at
these quadrilaterals again.
Can you find the pairs of parallel sides?
828
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We can also classify quadrilaterals even further. You can see that each of the figures above has four sides and
four angles, but each is different based on the lengths of the sides, the angle measures and the types of sides.
Let’s look at the different types of quadrilaterals in detail.
A parallelogram is a quadrilateral with opposite sides parallel. The first figure above is a parallelogram. There
are a few special features of parallelograms. One is that each pair of parallel sides is congruent. In the first figure
above, the two short sides are the same length and the two long sides are the same length. This special relationship
between the pairs of sides affects the angles of a parallelogram. This gives parallelograms their other distinguishing
feature: the angles opposite each other are also congruent. The 70◦ angles are opposite each other, and the 110◦
angles are opposite each other. This relationship exists in any parallelogram, no matter the length of the sides or the
sizes of the angle pairs.
There are three special kinds of parallelograms: rectangles, squares, and a rhombus.
A rectangle is a quadrilateral because it has four sides, and it is a parallelogram because it has two pairs of parallel,
congruent sides. Now take a look at its angles. All four angles are right angles! Therefore a rectangle is any shape
with two pairs of parallel sides and four right angles (bear in mind that the pairs of angles opposite each other are
still equal!).
A square also has two pairs of parallel sides and four right angles. It is special, though, because all four of its sides
are congruent.
The third special parallelogram is called a rhombus. Like a square, a rhombus has four congruent sides. It does not
have right angles, but it does still have pairs of congruent angles opposite each other. So a rhombus can be a square,
but a square isn’t necessarily a rhombus because of the right angles necessary in a square.

Let’s try recognizing and classifying some parallelograms.
Identify the shapes below as a rectangle, square, rhombus, or parallelogram.
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We know that all parallelograms have two pairs of parallel sides. To distinguish them, we need to analyze the angles
and compare the lengths of each pair of sides.
The first figure does not have right angles, so it cannot be a rectangle or square. Now compare the sides. One pair
is 5 centimeters and the other pair is also 5 centimeters. Four congruent sides without right angles make this a
rhombus.
Figure 2 does have right angles, so it must be either a rectangle or a square. Compare the pairs of sides to find out.
One pair is 2 inches, but the other pair is only 1 inch. This figure does not have four congruent sides, so it is a
rectangle.
Now let’s look at Figure 3. No right angles here. What about the sides? The pairs are not the same length, so it
cannot be a rhombus. This is a parallelogram; it does not have any other special features.
The next figure does. It has four right angles and four congruent sides, so it is a square.
Now let’s look at one other special quadrilateral. A trapezoid is a quadrilateral that has only one pair of
parallel sides.

Keep the characteristics of each type of quadrilateral in mind as you identify different four sided figures!
Here is a chart with all that you need to identify the different quadrilaterals.
830

www.ck12.org

Chapter 8. Geometry

We’ve learned to identify all the special kinds of quadrilaterals. Remember also that no matter how long a quadrilateral’s sides are, or whether or not any sides are parallel, their four angles always add up to 360◦ .
Identify each type of quadrilateral based on its description.

Example A

A four sided figure with opposite sides parallel.
Solution: Parallelogram

Example B

A four sided figure with opposite sides parallel and congruent with four right angles.
Solution: Square

Example C

A four sided figure with two pairs of parallel sides. Opposite sides are congruent.
Solution: Rectangle
Remember the glass structure? Well now that you have learned all about quadrilaterals look at the sculpture again.
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Make a list of all of the quadrilaterals that you can see. Then share your list with a partner and compare answers.
Did you find all the same ones? Add any other quadrilaterals to your own list.
Guided Practice

Here is one for you to try on your own.
Name this figure.

Answer
This is a four sided figure with one pair of parallel sides.
It is a trapezoid.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57640

James Sousa, Angle Relationships and Types of Triangles
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Explore More

Directions: Identify each quadrilateral as a parallelogram, rectangle, square, rhombus, or trapezoid.
1.

2.

3.

4.

Directions: Look at each image and name the quadrilateral pictured.
5.

6.
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7.

8.

9.

Directions: Name the geometric figure described below or answer each question.
10. Has four sides and four angles
11. Has one pair of opposite sides that are parallel
12. Has four right angles and four congruent sides
13. A parallelogram with four right angles.
14. A parallelogram with four congruent sides
15. Has four right angles and opposite sides congruent
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8.10 Polygon Classification
Here you’ll learn to recognize and classify polygons.

“Look," said Samantha as she and Juanita looked at the glass sculpture. "I can also see a hexagon, and it is made up
of 6 equilateral triangles. That means that the sum of all of the angles of the hexagon is 1080◦ .”
“How do you figure that?” Juanita asked shaking her head.
“Just look at it. You see those triangles, well if you add them up you get a sum of 1080◦ . Oh, I can’t explain it,”
Samantha said seeing Juanita’s confused look.
Can you explain it? To explain Samantha’s theory, you have to understand polygons and their angles. This
Concept will teach you everything that you need to know to work through this problem. Take a few notes as
you go through the Concept. At the end of it, you will need what you have learned to solve this problem.
Guidance

In the Quadrilateral Classification Concept, we mentioned the word “polygon.” A polygon is a closed figure made
up of lines and angles. Now we are going to look at polygons in more detail.
We classify polygons by the number of sides and the number of angles in it.
Here is a table with information on some of the different types of polygons.

835

8.10. Polygon Classification

www.ck12.org

TABLE 8.1:
Polygon Name

Sum of Interior Angles

triangle

Number of Angles and
Sides
3

rectangle/square

4

360◦

pentagon

5

540◦

hexagon

6

720◦

heptagon

7

900◦

octagon

8

1, 080◦
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TABLE 8.1: (continued)
Polygon Name

Polygon

Sum of Interior Angles

nonagon

Number of Angles and
Sides
9

decagon

10

1, 440◦

1, 260◦

Write down each polygon in the chart, its number of sides and the sum of its interior angles.
Look at the table.
You can see that polygons have similar names. In the word polygon, "poly" means “many” and "-gon" means “angle.”
So polygon means “having many angles.” Now look at the name for the shape that has eight angles and sides. It is
called an octagon. In octagon, "oct" means “eight.” An octopus, for example, has eight arms. In pentagon, "pent"
means “five,” so this is a shape with five angles and sides.
Now take a look at the column on the right. Each kind of polygon has a different sum of its interior angles. For
instance, the three angles in a triangle always add up to 180◦ , and the four angles in a quadrilateral always add up
to 360◦ . No matter how long or short the sides of a triangle are, the angles must total 180◦ . We can also identify
polygons by the total number of degrees of their interior angles.
Let’s practice classifying some polygons.
Identify each polygon below.
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Count the number of angles or sides. The first figure has six angles and sides. Check the table. Six angles and sides
make it a hexagon.
You may already recognize the next figure. A triangle is a polygon that has three angles and sides.
Figure 3 is more unusual. It has nine angles and sides. This means it is a nonagon. Non-means “nine.”
The next figure has five angles and sides. Look at the table. A polygon having five angles and sides is called a
pentagon.
You may recognize this shape too. It’s a rectangle. All rectangles are four-sided polygons. And, as we have learned,
they are also called quadrilaterals. Quad means “four.”
Count the number of angles or sides in the last figure. It has seven angles and sides. This makes it a heptagon.
Hept-means “seven.”
Use what you have learned to identify each polygon described.

Example A

The sum of the interior angles is 180◦ .
Solution: Triangle

Example B

It has seven sides.
Solution: Heptagon

Example C

It has five sides and five angles.
Solution: Pentagon

Guided Practice

Here is one for you to try on your own.
Morgan stitched a geometric figure into part of a quilt she is sewing. She measured the angles to help her know
where to stitch. The sum of the angle measures was 1, 080◦ . What kind of polygon did she stitch?
Answer
In this dilemma, we have no easy way of knowing how many angles or sides the figure has. What do we know?
We know that the sum of the interior angles, however many there are, is 1, 080◦ . Only one polygon has angles that
always add up to this amount. Check the table above.
Morgan must have stitched an octagon. Now we know that the distinguishing properties of an octagon are not only
that it has eight sides and angles, but that its eight angles must have a sum of 1, 080◦ .

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1282

This is a James Sousa video on classifying polygons.
Explore More

Directions: Identify the polygons in the diagram. Then find the measures of the unknown angles.
1.

Directions: Answer true or false for each of the following questions.
2. A rhombus is always a square.
3. A parallelogram has opposite sides that are parallel.
4. A rectangle is a type of parallelogram.
5. Squares, rectangles and rhombi are parallelograms with four right angles.
6. A trapezoid has four right angles.
7. A trapezoid has one pair of parallel sides.
Directions: Determine whether or not each image is a polygon. If yes, write polygon, if no, write not a polygon.
8.

9.
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10.

11.

12.

13.

14.
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15. A square tile on a floor
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8.11 Regular and Irregular Polygons
Here you’ll learn to recognize regular polygons and their characteristics.
Have you ever examined street signs and their different shapes?
Jonas spent some time in the modern art section of the art museum. There was a fascinating exhibit on street signs.
An artist had taken a bunch of signs and welded them together. The structure was ten feet tall.
Jonas noticed that many of the signs were stop signs.
A stop sign is an octagon. Is it a regular octagon or an irregular octagon?
Use this Concept to figure out the answer to this question.

Guidance

A polygon can have a certain number of sides, but the sides do not necessarily have to be the same length.
Both of the polygons below are pentagons because they both have five angles and sides. Look how different they
are, though!

Count the angles or sides. Each has five, so each is definitely a pentagon.
What makes them look so different?
Look at the lengths of the sides. In the first pentagon, all of the angles are congruent and all of the sides are
congruent. In the second pentagon, the angles have different measures and the sides have different lengths.
We call a polygon whose angles and sides are all congruent a regular polygon. Any polygon can be a regular
polygon.
Look at the regular polygons below.
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As you can see, a regular hexagon has six congruent sides. It also has six congruent angles. Remember that the
sum of a hexagon’s angles is always 720◦ . Because the six angles in a regular hexagon are congruent, they are all
720 ÷ 6 = 120◦ . A regular hexagon, no matter how long its sides, will always have angles that measure 120◦ .
A regular octagon has eight congruent angles and sides. It doesn’t matter how long the sides, are as long as they
are congruent. But every regular octagon does have the same angles. Can you find the measure of a regular octagon’s
eight angles?
Well, we know that the sum of the interior angles in an octagon is 1, 080◦ . Because the angles are congruent, we
divide by 8 to find the measure of each:
1, 080 ÷ 8 = 135◦
Every regular octagon has angles of 135◦ .
We don’t usually say “regular rectangle,” because a rectangle with congruent sides is actually a square. As we know,
the four angles in a square are always 90◦ , and their sum is always 360◦ . We also have a special name for a “regular
triangle.” A triangle with three congruent sides is called an equilateral triangle. Its three angles are always 60◦ , and
their sum is always 180◦ .
Any polygon that does not have all congruent sides is an irregular polygon. Irregular polygons can still be
pentagons, hexagons, and nonagons, but they do not have congruent angles or equal sides. Here are some examples
of irregular polygons.

In these polygons, some sides are clearly longer than others. Some angles are wider than others. They cannot
be regular polygons if their angles are different measures or their sides are different lengths, so they must be
irregular. Notice that irregular polygons tend to look uneven or lopsided, while regular polygons look more orderly
and symmetrical.
Let’s practice identifying irregular and regular polygons.
Identify each polygon below and tell whether it is regular or irregular.

First, count the number of angles or sides to find which kind of polygon it is.
Figure 1 has six angles and sides, so it is a hexagon. Do all the sides appear to be the same length? If you’re not
sure, use a ruler to check. They are all equal, so this is a regular hexagon.
Figure 2 has seven angles and sides, so it is a heptagon. Notice how short the top side is compared to the bottom
side. These sides are definitely not the same length, so this cannot be a regular polygon. Therefore it is an irregular
heptagon.
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The next figure has five angles and sides, so it is a pentagon. The angles are all 108◦ , so this is a regular pentagon
because it has congruent angles.
How many sides does this polygon have? It has eight, which makes it an octagon. It looks a bit lopsided, so it’s
likely that the sides are not all congruent. Let’s take a look at the angles. Some of them are the same measure, but
not all of them. It cannot be a regular polygon because all of its angles are not congruent; it is an irregular octagon.
We can identify a polygon by the number of sides and angles it has, or by the sum of its interior angles. Then
we can tell whether it is regular or irregular depending on whether all the angles or sides are congruent.
Now that you know about polygons, we can use this information to analyze polygons and their relationships.
When lines intersect in the geometric plane, they form polygons. We can apply what we know to these
polygons in order to classify them, find side lengths, or solve for unknown angle measures. Take a look at
the diagram below.

The intersection of these five lines has created several different polygons. First, let’s see if we can find them
all.
The largest is AMDE. Within this figure there are two figures. What are they?
One is figure ABCDE. What can we tell about figure ABCDE? First, we can determine what kind of polygon it is.
It has five angles and five sides, so it is a pentagon. Two of its angles measure 90◦ , and one measures 120◦ . Can we
find the measures of the two remaining angles? We can, but to do so, we need to take a look at the third figure.
The third figure is triangle MBC. It has two 60◦ angles. We can use these angles to help us find the measures of
the unknown angles in the pentagon ABCDE. Angles ABC and MBC are supplementary. In other words, together
they form a straight line. A straight line measures 180◦ . Therefore the sum of these two angles is 180◦ . We simply
subtract to find the measure of ABC.
180 − 60 = 120◦
Angle ABC is 120◦ . Draw a copy of the diagram and fill this information in. Now let’s see if we can find the measure
of angle BCD. We now know four of the five angles in figure ABCDE. Because this is a pentagon, we also know that
its interior angles must have a sum of 540◦ . We can set up an equation to find the measure of the unknown angle.

90 + 90 + 120 + 120 + 6 BCD = 540◦
420 + 6 BCD = 540◦
6

BCD = 540 − 420
6

BCD = 120◦

The fifth and final angle must measure 120◦ . Let’s add up all of the angles in the pentagon to be sure they
total 540◦ .
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90 + 90 + 120 + 120 + 120 = 540◦
We still have one unknown angle, angle AMD. Can we find its measure? In fact, we have two different ways! It is
the third angle in triangle BMD, and we know that the three angles in a triangle have a sum of 180◦ . It is also the
fourth angle in quadrilateral AMDE, and we know that the four angles in a quadrilateral have a sum of 360◦ . We can
set up an equation to find AMD.

60 + 60 + 6 AMD = 180◦
120 + 6 AMD = 180◦
6

AMD = 180 − 120
6

AMD = 60◦

We have used the properties of polygons to find all of the unknown angles in the diagram. Now that we know all of
the angles, let’s classify each polygon as regular or irregular.

Example A

Solution: Regular Polygon

Example B

Solution: Irregular Polygon
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Example C

Solution: Regular Polygon
Here is the original problem once again.
Jonas spent some time in the modern art section of the art museum. There was a fascinating exhibit on street signs.
An artist had taken a bunch of signs and welded them together. The structure was ten feet tall.
Jonas noticed that many of the signs were stop signs.
A stop sign is an octagon. Is it a regular octagon or an irregular octagon?
A stop sign is an octagon, and all of the sides are the same lengths. This means that the octagon is a regular octagon
because all of the side lengths are the same.
Guided Practice

Here is one for you to try on your own.
Name this figure.

Answer
This is an irregular pentagon. This is a five-sided figure, but a few of the sides are different lengths.
Explore More

Directions: Identify each quadrilateral by its description.
1. A quadrilateral with one pair of parallel sides.
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2. A quadrilateral with opposites sides congruent and parallel, with four right angles.
3. A quadrilateral with four congruent parallel sides and four right angles.
4. A rectangle with four congruent parallel sides.
Directions: Identify the polygons in the diagram. Then find the measures of the unknown angles.
5.

Directions: Answer true or false for each of the following questions.
6. A rhombus is always a square.
7. A parallelogram has opposite sides that are parallel.
8. A rectangle is a type of parallelogram.
9. Squares, rectangles and rhombi are parallelograms with four right angles.
10. A trapezoid has four right angles.
11. A trapezoid has one pair of parallel sides.
12. A regular polygon has congruent sides and angles.
13. A pentagon can not be an irregular polygon.
Directions: Identify each polygon below.

14. a
15. b
16. c
17. d
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8.12 Congruent Figures
Here you’ll recognize congruence and find unknown measures.

Mrs. Gilman brought a small group of students over to look at this tile floor in the hallway of the art museum.
“You see, there is even math in the floor,” she said smiling. Mrs. Gilman is one of those teachers who loves to point
out every place where math can be found.
“Okay, I get it,” Jesse started. “I see the squares.”
“There is a lot more math than just squares,” Mrs. Gilman said walking away with a huge smile on her face.
“She frustrates me sometimes,” Kara whispered staring at the floor. “Where is the math besides the squares?”
“I think she is talking about the size of the squares,” Hannah chimed in. “See there are two different sizes.”
“Actually there are three different sizes and there could be more that I haven’t found yet,” Jesse said.
“Remember when we learned about comparing shapes that are alike and aren’t alike, it has to do with proportions or
something like that,” Hannah chimed in again.
All three students stopped talking and began looking at the floor again.
“Oh yeah, congruent and similar figures, but which are which?”Kara asked.
"Let’s start with the congruent ones," Hannah said.
What are congruent figures? This Concept will teach you all about congruent figures. When you are all
finished with this Concept, you will have a chance to study the floor again and see if you can find the congruent
figures.

Guidance

The word congruent means exactly the same. Sometimes, you will see this symbol ∼
=.
In this Concept, we are going to use the word congruent to compare figures.
Congruent figures have exactly the same size and shape. They have congruent sides and congruent angles. Here
are some pairs of congruent figures.
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Compare the figures in each pair. They are exactly the same! If you’re not sure, imagine that you could cut out one
figure and place it on top of the other. If they match exactly, they are congruent.
How can we recognize congruence?
We test for congruency by comparing each side and angle of two figures to see if all aspects of both are the
same. If the sides are the same length and the angles are equal, the figures are congruent. Each side and angle
of one figure corresponds to a side or angle in the other. We call these corresponding parts. For instance, the top
point of one triangle corresponds to the top point of the other triangle in a congruent pair.
It is not always easy to see the corresponding parts of two figures. One figure may be rotated differently so that the
corresponding parts appear to be in different places. If you’re not sure, trace one figure and place it on top of the
other to see if you can make them match. Let’s see if we can recognize some congruent figures.
Which pair of figures below is congruent?

Let’s analyze one pair at a time to see if we can find any corresponding angles and sides that are congruent.
The figures in the first pair appear to be the same shape, if we rotate one 180◦ so they both point up. Now we can
see all of the corresponding parts, such as the angle at the top and the two long sides on the left and right. This is
not enough to go on, however. We need to compare the measures of the angles and the lengths of the sides. If any
one set of corresponding parts doesn’t match, the figures cannot be congruent.
We only know the measure of one angle in the first two figures. We can compare these angles if they are corresponding parts. They are, because if we rotate one figure these angles are in the same place at the top of each figure. Now
compare their measures. The angle in the first figure is 45◦ . The corresponding angle in the second figure is 55◦ .
Because the angles are different, these two figures are not congruent. Let’s look at the next pair.
The two triangles in the second pair seem to have corresponding parts: a long base and a wide angle at the top.
We need to know whether any of these corresponding parts are congruent, however. We know the measure of the
top angle in each figure: it is 110◦ in both. These figures might be congruent, but we need to see if the sides are
congruent to be sure (as we said, similar figures also have congruent angles, but their sides are different lengths). We
know the measure of each triangle’s base: one is 2 inches and the other is 4 inches. These sides are not congruent,
so the triangles are not congruent. Remember, every side and every angle must be the same in order for
figures to be congruent.
That leaves the last pair. Can you find the corresponding parts? If we rotate the second figure 180◦ , we have two
shapes that look like the letter L. Now compare the corresponding sides. The bottom side of each is 8 cm, the long
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left side of each is 8 cm, two sides are 6 cm, and two sides are 2 cm. All of the angles in both figures are 90◦ .
Because every side and angle in one figure corresponds to a congruent side and angle in the second, these two
figures are congruent.
What about angle measures of congruent figures?
We know that congruent figures have exactly the same angles and sides. That means we can use the information we
have about one figure in a pair of congruent figures to find the measure of a corresponding angle or side in the other
figure. Let’s see how this works. Take a look at the congruent figures below.

We have been told these two parallelograms are congruent.
Can you find the corresponding parts?
If not, trace one parallelogram and place it on top of the other. Rotate it until the parts correspond.
Which sides and angles correspond?
We can see that side AB corresponds to side PQ. Because they are congruent, we write.
AB ∼
= PQ.
What other sides are congruent? Let’s write them out.

AB ∼
= PQ
BC ∼
= QR
AD ∼
= PS
∼
DC = SR
We can also write down the corresponding angles, which we know must be congruent because the figures are
congruent.

6
6

A∼
=6 P
B∼
=6 Q
6

6

D∼
=6 S
C∼
=6 R

Now that we understand all of the corresponding relationships in the two figures, we can use what we know
about one figure to find the measure of a side or angle in the second figure.
Can we find the length of side AB?
We do not know the length of AB. However, we do know that it is congruent to PQ, so if we can find the length of
PQ then it will be the same for AB.PQ is 7 centimeters. Therefore AB must also be 7 centimeters long.
Now let’s look at the angles. Can we find the measure of 6 C?
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It corresponds to 6 R, but we do not know the measure of 6 R either. Well, we do know the measures of two of the
angles in the first parallelogram: 70◦ and 110◦ . If we had three, we could subtract from 360◦ to find the fourth,
because all quadrilaterals have angles that add up to 360◦ . We do not know the measure of 6 B, but this time we
do know the measure of its corresponding angle, 6 Q. These two angles are congruent, so we know that 6 B must
measure 70◦ . Now we know three of the angles in the first figure, so we can subtract to find the measure of 6 C.

360 − (70 + 110 + 70) = 6 C
360 − 250 = 6 C
110◦ = 6 C
We were able to combine the given information from both figures because we knew that they were congruent.

Yes and the more you work on puzzles like this one the easier they will become.
Now it’s time for you to try a few on your own.
Example A

True or false. Congruent figures have the same number of sides and angles.
Solution: True
Example B

True or false. Congruent figures can have one pair of angles with the same measure, but not all angles have the same
measure.
Solution: False
Example C

True or false. Congruent figures can be different sizes as long as the angle measures are the same.
Solution: False
Now back to the congruent figures at the art museum.
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Mrs. Gilman brought a small group of students over to look at this tile floor in the hallway of the art museum.
“You see, there is even math in the floor,” she said smiling. Mrs. Gilman is one of those teachers who loves to point
out every place where math can be found.
“Okay, I get it,” Jesse started. “I see the squares.”
“There is a lot more math than just squares,” Mrs. Gilman said walking away with a huge smile on her face.
“She frustrates me sometimes,” Kara whispered staring at the floor. “Where is the math besides the squares?”
“I think she is talking about the size of the squares,” Hannah chimed in. “See there are two different sizes.”
“Actually there are three different sizes and there could be more that I haven’t found yet,” Jesse said.
“Remember when we learned about comparing shapes that are alike and aren’t alike, it has to do with proportions or
something like that,” Hannah chimed in again.
All three students stopped talking and began looking at the floor again.
“Oh yeah, congruent and similar figures, but which are which?”Kara asked.
"Let’s start with the congruent ones," Hannah said.
The congruent figures are exactly the same. We can say that the small dark brown squares are congruent
because they are just like each other. They have the same side lengths. What is one other pair of congruent
squares?
Make a note of the congruent figures that you can find and then share your findings with a friend. Compare answers
and continue with the Concept.

Guided Practice

Here is one for you to try on your own.
What is the measure of 6 M?
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Answer
We can use reasoning to figure out this problem. First, we know that the two triangles are congruent. We also know
two of the three angle measures of the triangles.
Let’s write an equation.
95 + 35 + x = 180
Now we can solve for the missing angle measure.
130 + x = 180
x = 50
The measure of the missing angle is 50◦ .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1302

This is a James Sousa video on similar and congruent triangles.
Explore More

Directions: Name the corresponding parts to those given below.

1. 6 R
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2. MN
3. 6 O
Directions: Use the relationships between congruent figures to find the measure of g. Show your work.
4.

Directions: Use the relationships between congruent figures to find the measure of 6 T . Show your work.
5.

Directions: Answer each of the following questions.
6. Triangles ABC and DEF are congruent. If the measure of angle A is 58◦ , what is the measure of angle D if it
corresponds to angle A?
7. True or false. Congruent figures are exactly the same in every way.
Directions: Identify the given triangles as visually congruent or not.
8.

9.
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10.

11.

12.

Directions: Answer each of the following questions.
13. Triangles ABC and DEF are congruent. Does this mean that their angle measures are the same? Why?
14. Define Congruent.
15. True or false. If two figures are congruent, then they have the same length sides but not the same angle measures.
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8.13 Similarity
Here you’ll learn to recognize similarity.
Remember the girls who were looking at the congruent figures in the Congruent Figures Concept? Well, now they
are also going to look at similar figures. Here is the problem.

Mrs. Gilman brought a small group of students over to look at this tile floor in the hallway of the art museum.
“You see, there is even math in the floor,” she said smiling. Mrs. Gilman is one of those teachers who loves to point
out every place where math can be found.
“Okay, I get it,” Jesse started. “I see the squares.”
“There is a lot more math than just squares,” Mrs. Gilman said walking away with a huge smile on her face.
“She frustrates me sometimes,” Kara whispered staring at the floor. “Where is the math besides the squares?”
“I think she is talking about the size of the squares,” Hannah chimed in. “See there are two different sizes.”
“Actually there are three different sizes and there could be more that I haven’t found yet,” Jesse said.
“Remember when we learned about comparing shapes that are alike and aren’t alike, it has to do with proportions or
something like that,” Hannah chimed in again.
All three students stopped talking and began looking at the floor again.
“Oh yeah, congruent and similar figures, but which are which?” Kara asked.
What is the difference between congruent and similar figures? In the last Concept you learned about congruent figures, now you will take what you just learned and learn about similar figures too. At the end of the
Concept, you will have a good understanding of both similar and congruent figures.
Guidance

Some figures look identical except they are different sizes. The angles even look the same. When we have figures
that are proportional to each other, we call these figures similar figures. Similar figures have the same angle
measures but different side lengths.
What is an example of similar figures?
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Squares are similar shapes because they always have four 90◦ angles and four equal sides, even if the lengths of their
sides differ. Other shapes can be similar too, if their angles are equal.
Let’s look at some pairs of similar shapes.

Notice that in each pair the figures look the same, but one is smaller than the other. Since they are not the
same size, they are not congruent. However, they have the same angles, so they are similar.
Unlike congruent figures, similar figures are not exactly the same. They do have corresponding features, but only
their corresponding angles are congruent; the corresponding sides are not. Thus when we are dealing with pairs of
similar figures, we should look at the angles rather than the sides. In similar figures, the angles are congruent,
even if the sides are not.

Notice that one angle in each pair of figures corresponds to an angle in the other figure. They have the same
shape but not the same size. Therefore they are similar.
Let’s find the corresponding angles in similar figures.
List the corresponding angles in the figures below.

Angles G and W are both right angles, so they correspond to each other. Imagine you can turn the figures to line up
the right angles. You might even trace the small figure so that you can place it on top of the larger one.
How do the angles line up?
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Angles H and X correspond to each other. So do angles I and Y and angles J and Z. Now we can name these two
quadrilaterals: GHIJ is similar to W XY Z.
As we’ve said, the sides in similar figures are not congruent. They are proportional, however. Proportions have the
same ratio. Look at GHIJ and W XY Z again. We can write each pair of sides as a proportion.
GH HI IJ GJ
W X , XY , Y Z , W Z

The sides from one figure are on the top, and the proportional sides of the other figure are on the bottom.
List all of the pairs of corresponding sides in the figures below as proportions.

Try lining up the figures by their angles. It may help to trace one figure and rotate it until it matches the other.
Which sides are proportional?
OP and RS are the shortest sides in each figure. They are proportional, so we write
OP
RS

Now that we’ve got one pair, let’s do the same for the rest.
NO MP MN
QR , T S , T Q

Now let’s use what we have learned to check for similarity between figures.
Which pair of figures below is similar?

For figures to be similar, we know that the angles must be congruent and the sides must exist in proportional
relationships to each other. Let’s check each pair one at a time.
We only know some of the angles in each triangle in the first pair. They both have a 50◦ angle, so that’s a good start.
All three angles must be congruent, however, so let’s solve for the missing angle in each angle. Remember, the sum
of the three angles is always 180◦ for a triangle.
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Triangle 1

Triangle 2

50 + 60 + angle 3 = 180

50 + 80 + angle 3 = 180

110 + angle 3 = 180

130 + angle 3 = 180

angle 3 = 180 − 110

angle 3 = 180 − 130

◦

angle 3 = 50◦

angle 3 = 70

The angles in the first triangle are 50◦ , 60◦ , and 70◦ . The angles in the second triangle are 50◦ , 50◦ , and 80◦ .
These triangles are not similar because their angle measures are different.
Let’s move on to the next pair.
This time we know side lengths, not angles. We need to check whether each set of corresponding sides is proportional. First, let’s write out the pairs of proportional corresponding sides
6 6 4
3, 3, 1

The proportions show side lengths from the large triangle on the top and its corresponding side in the small triangle
on the bottom. The pairs of sides must have the same proportion in order for the triangles to be similar. We can test
whether the three proportions above are the same by dividing each. If the quotient is the same, the pairs of sides
must exist in the same proportion to each other.
6
=2
3
6
=2
3
4
=4
1
When we divide, only two pairs of sides have the same proportion (2). The third pair of sides does not exist in
the same proportion as the other two, so these triangles cannot be similar.
That leaves the last pair. We have been given the measures of some of the angles. If all of the corresponding angles
are congruent, then these two figures are similar. We know the measure of three angles in each figure. In fact, they
are all corresponding angles. Therefore the one unknown angle in the first figure corresponds to the unknown angle
in the second figure.
As we know, the four angles in a quadrilateral must have a sum of 360◦ . Therefore the unknown angle in each figure
must combine with the other three to have this sum. Because the three known angles are the same for both figures,
we don’t even need to solve for the fourth to know that it will be the same in both figures. These two figures are
similar because their angle measures are all congruent.
Now it’s your turn to try a few on your own.
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Example A

How many right angles are in the first two figures?
Solution: 4 right angles

Example B

What makes the two squares similar if they both have four right angles?
Solution: The side lengths are different.

Example C

In the triangle pair, are the two triangles similar or congruent? why?
Solution: The triangles are similar because the side lengths are different. The angle measures are the same.

Here is the original problem once again. Reread it and then answer the questions at the end of this passage.
Mrs. Gilman brought a small group of students over to look at this tile floor in the hallway of the art museum.
“You see, there is even math in the floor,” she said smiling. Mrs. Gilman is one of those teachers who loves to point
out every place where math can be found.
“Okay, I get it,” Jesse started. “I see the squares.”
“There is a lot more math than just squares,” Mrs. Gilman said walking away with a huge smile on her face.
“She frustrates me sometimes,” Kara whispered staring at the floor. “Where is the math besides the squares?”
“I think she is talking about the size of the squares,” Hannah chimed in. “See there are two different sizes.”
“Actually there are three different sizes and there could be more that I haven’t found yet,” Jesse said.
“Remember when we learned about comparing shapes that are alike and aren’t alike, it has to do with proportions or
something like that,” Hannah chimed in again.
All three students stopped talking and began looking at the floor again.
“Oh yeah, congruent and similar figures, but which are which?” Kara asked.
The students are working on which figures in the floor pattern are congruent and which ones are similar.
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The congruent figures are exactly the same. We can say that the small dark brown squares are congruent
because they are just like each other. They have the same side lengths. What is one other pair of congruent
squares?
The similar figures compare squares of different sizes. You can see that the figures are squares, so they all
have 90 degree angles. The side lengths are different, but because the angles are congruent, we can say that
they have the same shape, but not the same size. This makes them similar figures.
The small dark brown square is similar to the large dark brown square. The small dark brown square is also
similar to the square created by the ivory colored tile. There is a relationship between the different squares.
Are there any more comparisons? Make a few notes in your notebook.

Guided Practice

Here is one for you to try on your own.

Are these figures similar, congruent or neither?
These are similar figures. They are the same shape, but not the same size.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57637

This is a Khan Academy video on similar triangles

Explore More

Directions: Tell whether the pairs of figures below are congruent, similar, or neither.
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7. True or false. If triangles DEF and GHI are similar, then the side lengths are different but the angle measures are
the same.
8. True or false. Similar figures have exactly the same size and shape.
9. Triangles LMN and HIJ are similar. If this is true, then the side lengths are the same, true or false.
10. What is a proportion?
11. True or false. To figure out if two figures are similar, then their side lengths form a proportion.
12. Define similar figures

13. Are the two figures similar or congruent?
14. Define congruent figures.
15. True or false. A proportion is formed by a pair of equal ratios.
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8.14 Scale Factor of Similar Polygons
Here you’ll learn to recognize the ratio of corresponding side lengths of similar figures as scale factor.
Have you ever wondered about the relationship between side lengths of a figure?

Jessie looked at a drawing with two quadrilaterals in it. The side lengths of the quadrilaterals were listed as follows:
MN = 3 inches QT = 6 inches
NO = 2 inches QR = 4 inches
MP = 4 inches TS = 8 inches
OP = 2 inches RS = 4 inches
Given the relationship between these sides, can you figure out the scale factor?
This Concept will teach you how to do exactly that. We’ll revisit this problem at the end of the Concept.
Guidance

Similar figures are shapes that exist in proportion to each other. They have congruent angles, but their sides
are different lengths. Squares, for example, are similar to each other because they always have four 90◦ angles and
four equal sides, even if the lengths of their sides differ. Other figures can be similar too, if their angles are equal.
Let’s look at some pairs of similar figures.

Notice that in each pair the figures look the same, but one is smaller than the other. As you can see, similar figures
have congruent angles but sides of different lengths.
Even though similar figures have sides of different lengths, corresponding sides still have a relationship with
each other. Each pair of corresponding sides has the same relationship as every other pair of corresponding
sides, so that, altogether, the pairs of sides exist in proportion to each other. For instance, if a side in one figure
is twice as long as its corresponding side in a similar figure, all of the other sides will be twice as long too.
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In this Concept, we are going to use these relationships to find the measures of unknown sides. This method is called
indirect measurement.
Let’s take a step back to similar figures to understand how indirect measurement works.
First, let’s make sure we can recognize corresponding parts of similar figures. Similar figures have exactly the
same angles. Therefore each angle in one figure corresponds to an angle in the other.

These triangles are similar because their angles have the same measures. Which corresponds to which? Angle
B is 100◦ . Its corresponding angle will also measure 100◦ : that makes angle Q its corresponding angle. Angles
A and P correspond, and angles C and R correspond.
Similar figures also have corresponding sides, even though the sides are not congruent. Corresponding sides
are not always easy to spot. We can think of corresponding sides as those which are in the same place in relation
to corresponding angles. For instance, side AB, between angles A and B, must correspond to side PQ, because A
corresponds to P and B corresponds to Q.
Corresponding sides also have lengths that are related, even though they are not congruent. Specifically, the
side lengths are proportional. In other words, each pair of corresponding sides has the same ratio as every
other pair of corresponding sides. Take a look at the rectangles below.
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These rectangles are similar because the sides of one are proportional to the other. We can see this if we set
up proportions for each pair of corresponding sides. Let’s put the sides of the large rectangle on the top and
the corresponding sides of the small rectangle on the bottom.
LM
WX
MN
XY
ON
ZY
LO
WZ

8
4
6
=
3
8
=
4
6
=
3
=

Now you can clearly see each relationship. To figure out if the pairs do indeed form a proportion, we have
to divide the numerator by the denominator. If the quotient is the same, then the ratios each form the same
proportion and the figures are similar.
LM
WX
MN
XY
ON
ZY
LO
WZ

8
4
6
=
3
8
=
4
6
=
3
=

=2
=2
=2
=2

Each quotient is the same so these ratios are proportional. The side lengths are proportional and the figures
are similar.
We call this the scale factor. The scale factor is the ratio that determines the proportional relationship between
the sides of similar figures. For the pairs of sides to be proportional to each other, they must have the same
scale factor. In other words, similar figures have congruent angles and sides with the same scale factor. A scale
factor of 2 means that each side of the larger figure is twice as long as its corresponding side is in the smaller
figure.
Now it’s time for you to try a few on your own. Determine each scale factor.
Example A
18
6

and

24
8

Solution:3
Example B
12
6

and

8
4

Solution:2
Example C
25 45 15
5, 9, 3
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Solution:5
Here is the original problem once again.

Jessie looked at a drawing with two quadrilaterals in it. The side lengths of the quadrilaterals were listed as follows:
MN = 3 inches QT = 6 inches
NO = 2 inches QR = 4 inches
MP = 4 inches TS = 8 inches
OP = 2 inches RS = 4 inches
Given the relationship between these sides, can you figure out the scale factor?
To figure out the scale factor, we can write each corresponding side as a ratio comparing side lengths.
3
6
2
4
4
8
2
4

The scale factor of these figures is 12 .
Guided Practice

Here is one for you to try on your own.
What is the scale factor of the figures below?

Answer
We need to find the scale factor, so let’s set up the proportions of the sides. Let’s put all the sides from the large
figure on top and the sides from the small figure on the bottom. It doesn’t matter which we put on top, as long as we
keep all the sides from one figure in the same place.
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QR
HI
TS
KJ
RS
IJ
QT
HK

15
5
21
=
7
6
=
3
15
=
5
=

Now all we have to do is divide to find the scale factor.

QR
HI
TS
KJ
RS
IJ
QT
HK

15
=3
5
21
=
=3
7
6
= =3
3
15
=
=3
5
=

The scale factor for these similar figures is 3. This means that the first quadrilateral is exactly three times
bigger than the second.
What happens if we had written the numbers the other way around?
If we had put the measurements of the smaller figure on top and the larger figure on the bottom, we would have
found a scale factor of 13 . You can write them the other way too as long as you understand how to read the scale
factor. This is another way of saying the scale factor is three. When we say that the larger figure is three times
bigger than the small one, it’s the same as saying that the small figure is one-third the size of the larger one.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1347

Here is a video by James Sousa on scale factor.

Explore More

Directions: Find the scale factor of the pairs of similar figures below.
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Directions: Use each ratio to determine scale factor.
3
1
6. 82
7. 28
8. 10
5
12
9. 4
10. 16
2
15
11. 3
12. 24
4
4
13. 2
14. 62
15. 39

5.
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8.15 Unknown Measures of Similar Figures
Here you’ll learn to use proportions to find unknown measures in similar figures, then apply this to indirect measurement.

In the field behind the museum, Mrs. Gilson showed the students a replica of a sculpture known as the “Angel of the
North.” The students went outside to have a better look at the huge structure.
“It is huge,” Carmen said to Henry.
“Yup, I wonder how tall it is?” he whispered.
“You can figure that out quite easily with math,” Mrs. Gilson said overhearing the conversation.
“How can I do that?” Henry smirked.
“How tall are you?”
“Five feet,” Henry answered.
“Good and it looks like your shadow is about half as long as your height. Can you figure it out now?”
Henry looked at Carmen and then back at Mrs. Gilson.
“I have an idea,” he said smiling.
Do you have an idea what Henry is thinking about? If you pay attention to this Concept, you will know how
to figure out how tall the statue is. We will come back to Henry, Carmen and the sculpture at the end of the
Concept.
Guidance

We can use a scale factor to help us to determine unknown measures. We don’t use the scale factor alone we apply
it to the proportion. If we know the length of a side in one figure, we can use the scale factor to find the measure of
the corresponding side in a similar figure. Let’s see how this works.
Side a in triangle ABC corresponds to side x in the smaller triangle XY Z. Side x is 4 meters long and the scale factor
is 6. What is the measure of side a?
We have been told that two sides, a and x, correspond in a small triangle and a large one. If we know the length of
one and the scale factor, we can find the length of the other. Side x is 4 meters long, and the scale factor tells us that
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side a will be six times longer. Let’s write this out and solve.

side x × scale factor = side a
4 × 6 = side a
24 m = side a
Side a must have a length of 24 meters.
We can check by setting up the ratio that compares the lengths of the two sides. If the scale factor is 6, then our work
is accurate.
a
x

=

24
4

=6

Now we know that our work is accurate.
Use the scale factor of the similar figures below to find the measure of KJ.

Now the first thing that we can do is to set up a proportion to solve for the missing side. Remember that a
proportion is two equal ratios. We can set up and compare the corresponding sides.
Here is our proportion.
KJ
5

=

6
4

Our proportion is written so that the corresponding sides form the two ratios of the proportion. We can say
that KJ is our unknown in this proportion.
Do you remember how to solve proportions?
We can see a clear relationship between five and four, so we need to use cross products.

KJ × 4 = 4KJ
5 × 6 = 30
4KJ = 30
Now we can solve the equation for KJ by dividing both sides of the equation by 4.

30 ÷ 4 = 7.5
KJ = 7.5
The side length of KJ is 7.5.
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Sometimes, you can figure out missing side lengths just by looking at the given measures. In the last example it was
too tricky because we couldn’t see the relationship between 5 and 4. However this isn’t always the case. Always
look at the diagram of the figures and see if you can determine the missing length without measuring.

Look at these two rectangles. First, look and see if we can figure out the relationship between the two figures. To do
this, we compare the side lengths of each part of the two figures.
We need to figure out the measurement of side GH in the second rectangle.
You can see that the measurements in the second rectangle are half as big as the measurements in the first. Also, you
know that the opposite sides of a rectangle are congruent. Therefore, the missing side length is 4.
Working in this way can often save you some time!
You may be surprised how often we use similar figures that are related by a scale factor. Maps, architectural
blueprints, and diagrams are just some examples. In most of these cases, the scale factor is given so that we know
how to enlarge the items in the drawing to their real sizes. Take a look at the floor plan below. It shows where the
furniture is located in a living room.

The size of everything in the drawing has been made smaller from a real size by the scale factor. What is the scale
factor for the floor plan?
It tells us that one inch in the drawing is equal to two feet in actual size. Therefore, if we know the size in inches
of any object in the floor plan, we can find its actual size in feet. Let’s give it a try.
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How many feet long is the sofa?
Let’s find the sofa on the floor plan. Then we can use a ruler to find its length in inches. How many inches long is
the drawing of the sofa? The sofa in the floor plan is 2 inches long. Imagine this is like knowing the length of one
side in a similar figure. Now we need to use the scale factor as we would to find the length of the corresponding side
in a similar figure (in this case the “corresponding side” is the actual sofa). We simply multiply the length we know
by the scale factor:

sofa drawing × scale factor = actual sofa size
2 inches × 2 = 4 f eet

The sofa is four feet long.
How long is the fireplace?
Use a ruler to measure the fireplace in the drawing. It is 2.5 inches long. We multiply this by the scale factor to find
the length in feet.

fireplace drawing × scale factor = actual fireplace length
2.5 inches × 2 = 5 f eet

The real length of the fireplace is 5 feet.
We can also reverse the process to take an actual size and reduce it.
Now it’s time for you to practice by solving proportions.

Example A
3
4

=

x
12

Solution: x = 9

Example B
3
6

=

1
x

Solution: x = 2

Example C
5
8

=

1
x

Solution: 1.6
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Here is the original problem once again.
In the field behind the museum, Mrs. Gilson showed the students a replica of a sculpture known as the “Angel of the
North.” The students went outside to have a better look at the huge structure.
“It is huge,” Carmen said to Henry.
“Yup, I wonder how tall it is?” he whispered.
“You can figure that out quite easily with math,” Mrs. Gilson said overhearing the conversation.
“How can I do that?” Henry smirked.
“How tall are you?”
“Five feet,” Henry answered.
“Good and it looks like your shadow is about half as long as your height. Can you figure it out now?”
Henry looked at Carmen and then back at Mrs. Gilson.
“I have an idea,” he said smiling.
Let’s think about how Henry and Carmen could figure out the height of the statue. We know that Henry is
five feet tall and that his shadow is half as long as he is tall. Now we can write a ratio to compare Henry’s
height to his shadow’s length.
Henry0 s height
Shadow0 s length

=

5 f eet
2.5 f eet

Next, we figure out the height of the statue. Henry and Carmen figure out very quickly that they need to figure
out the length of the shadow of the statue to figure out the height of the statue. Once they know the length of
the shadow, they can use proportional reasoning and indirect measurement to figure out the statue’s height.
Approximating 1 foot using a length a little longer than Henry’s sneaker, they measure 32 21 feet. It is not an
exact measure, but they feel that it is very close.
Now they wrote the following proportion.
5 ft
2.5 f t

=

x
32.5 f t

Taking out a notebook, Carmen cross multiplies to solve the proportion.

5(32.5) = 2.5x
162.5 = 2.5x
x = 65
The sculpture is approximately 65 feet tall.
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After completing their work, Henry and Carmen check out their answer with the curator of the museum.
The statue is actually 65.6 feet tall. Their work was very close to accurate! Indirect measurement was very
useful!!
Guided Practice

Here is one for you to try on your own.
Chris is making a drawing of his school and the grounds around it. The basketball court is 75 feet long and 40 feet
wide. If Chris uses a scale factor in which 1 inch equals 10 feet, what should the dimensions of the basketball court
be in his drawing?

Answer
First of all, what do we need to find?
We need to know the dimensions (length and width) that the small version of the basketball court should be.
What information have we been given?
We know the actual size of the basketball court, and we know the scale factor Chris is using for his drawing. We can
set up an equation to find the drawn dimensions. We’ll have to find the length first and then the width.

drawing length × scale factor = actual basketball court length
drawing length × 10 = 75 f eet
drawing length = 75 ÷ 10
drawing length = 7.5 inches
The length of the basketball court in Chris’s drawing should be 7.5 inches.
Now let’s use the same process to find the width Chris should draw.

drawing width × scale factor = actual basketball court width
drawing width × 10 = 40 f eet
drawing width = 40 ÷ 10
drawing width = 4 inches
Great! Now we know that Chris should represent the basketball court as a 4 by 7.5 inch rectangle on his
drawing.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5415

This Khan Academy video is about finding an unknown in a proportion. It is a supporting video for this Concept.
Explore More

Directions: Solve each problem.
1. Side m in triangle LMN corresponds to side c in the smaller triangle BCD. Side m is 12 cm long and the scale
factor is 4. What is the measure of side c?
2. Side q in triangle PQR corresponds to side y in the smaller triangle XY Z. Side y is 8 inches long and the scale
factor is 7. What is the measure of side q?
Directions: Solve each proportion for the missing side length.
3.

7
10

=

x
30

4.

1.5
3

=

x
6

Directions: Now use the scale factor to create a new ratio.
5. 13 , scale factor 4
6. 85 , scale factor 5
7. 93 , scale factor 3
8. Find the scale factor of the similar figures below and then use it to find the measure of LO.

9. Use the scale factor of the similar figures below to find the measure of JK.
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Directions: Use the map below and a ruler to answer the questions that follow.

10. How far does Delia live from her school?
11. How far is it from the library to the park?
12. How far does Delia live from City Hall?
13. Delia drew another point to show the police station on her map. She drew it 1.5 inches away from the City Hall.
What is the actual distance between the police station and City Hall?
14. How far does Delia live from the park?
15. How far does she live from the library?
16. What is the farthest that Delia will travel to any one item on her map?
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8.16 Rigid Transformations
Here you’ll learn to recognize transformations as the movement of a figure in a plane.

In one of the rooms of the museum, this tile completely covered two of the walls. The students walked inside and
began moving automatically because of the pattern on the wall.
“This tile makes me dizzy,” Greg stated sitting on a nearby bench.
“Yes, it seems to move,” Lane commented.
“I think it’s cool. Look at all of the transformations are everywhere,” Emma said smiling.
“Are you sure? You are beginning to sound like Mrs. Gilman,” Lane said jokingly.
“I am sure, and thank you for the compliment,” Emma said nudging her best friend.
Do you think Emma can see the transformations? Well, they are there. While sometimes a pattern like this
one can make you dizzy, there are many different transformations in pattern. Your task is to find them. Use
what you learn in this lesson to revisit the problem and find the examples of transformations in the tile pattern.

Guidance

In this Concept, we will examine different kinds of transformations.
A transformation is the movement of a geometric figure.
There are three different kinds of transformations.
In a translation, also called a slide, the figure moves left, right, up, or down.
In a reflection, the figure flips. A reflection is like a mirror image of the original figure.
Finally, in a rotation, the figure turns.
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The key thing to remember is that in any transformation, the size and shape of the figure stay exactly the
same, only its location changes or shifts.
Now let’s look at each type of translation in more detail.
The first type of transformation is called a translation. It is also known as a slide because the figure in question does
exactly that. It moves up, down, to the left or to the right. Nothing about the figure changes except its location.
Here are some translations.

Notice when you look at each picture that all that changed for each figure was its location. There are different
colors used to show you the actual translation, but other than the location, each looks exactly the same.
This is how you always know that you are working with a translation or a slide.
How do we perform a translation?
To perform a translation, we measure a distance and then redraw the figure. For example, let’s move this triangle 6
inches.
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We measure 6 inches from each point of the triangle and make a new point. This way, every part of the triangle
moves 6 inches.
In this way, we can translate any figure in any direction for any distance.

Write down the definition for a translation in your notebook as well as how to perform a translation.
You have heard the word “reflection” all the time. From the reflection in a mirror to the reflection in a pond,
reflections are all around us.
How do we apply the term reflection to geometry?
A reflection is a different kind of transformation. In a reflection, the figure flips to make a mirror image of
itself. Take a look at the reflection below.

The line in the middle acts like a mirror. We call this the line of symmetry. This is a vertical line of symmetry.
Imagine standing in front of a mirror and holding up your left hand. Where is your hand in the mirror’s reflection?
A reflected figure works the same way: when we flip it over the line, all of its points are reversed. When reflected,
the figure above looks like a backwards L. Notice that, on both sides of the line, the dot is closest to the line.
We can also reflect figures across a horizontal line of symmetry. Then our reflection would look like this.
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In this case, the “top” of the figure becomes the “bottom” in the reflection! Notice, however, that in both cases
the figures are symmetrical.

Write down the definition of a reflection and line of symmetry in your notebook.
Now let’s learn about the third kind of transformation. A rotation is a transformation that turns the figure in
either a clockwise or counterclockwise direction.
How does the figure below change as it is rotated?
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Imagine you could spin the figure around in a circle. It would not change, but might turn upside down.
Figures can rotate as much as 360◦ , a full circle. Let’s see how that might look.

When we rotate the figure a full 360◦ , it ends up in the same place it began, unchanged!
Let’s identify some transformations.

Example A

Solution: Reflection

Example B

A transformation with a line of symmetry must be _______________?
Solution: Reflection

Example C

Solution: Reflection
Here is the original problem once again.
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In one of the rooms of the museum, this tile completely covered two of the walls. The students walked inside and
began moving automatically because of the pattern on the wall.
“This tile makes me dizzy,” Greg stated sitting on a nearby bench.
“Yes, it seems to move,” Lane commented.
“I think it’s cool. Look at all of the transformations are everywhere,” Emma said smiling.
“Are you sure? You are beginning to sound like Mrs. Gilman,” Lane said jokingly.
“I am sure, and thank you for the compliment,” Emma said nudging her best friend.
In this tile pattern, make a note of a reflection. Make a note of a translation. Make a note of a figure that
rotates or has rotational symmetry. Make a note of the line of symmetry.
When finished, compare your answers with a partner.
While you won’t find the exact answer here, there are many ways to explore transformations and symmetry by
using this pattern. Work with a partner or with your whole class to figure out the math in this tile pattern.
Guided Practice

Here is one for you to try on your own.
Could this figure be a rotation? Why or why not?

Answer
This figure is congruent in each and every way. This figure could be a rotation.
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Explore More

Directions: Identify the transformations shown below as translations, reflections, or rotations.

Directions: Tell whether the figures below have line symmetry, rotational symmetry, both, or neither.

Directions: Draw the second half of each figure.
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8.17 Lines of Symmetry
Here you’ll learn to distinguish between line symmetry and rotational symmetry.
Have you ever seen an art exhibit made of nuts?

Kasey saw an exhibit made up of walnuts. Here is a picture of a walnut. Looking at this picture, can you tell if this
walnut has line symmetry or rotational symmetry?
Do you know the difference?
This Concept will teach you all about the different types of symmetry. You will know how to answer these
questions by the end of the Concept.

Guidance

We have mentioned that reflected figures are symmetrical, and that the line that acts as a mirror is called the line of
symmetry.
Symmetry means that when we divide a figure in half, the halves are congruent. In other words, a figure is
symmetric if its outlines mirror each other.
Look at the figure below. Imagine you can fold it in half. When you fold it, do the outlines of each half match? They
do, so this figure has symmetry.

When we “unfold” the figure, we have two congruent halves. The “fold” line is the line of symmetry. It divides the
figure into halves that the two haves are mirror images of each other! Every part on one half “mirrors” or corresponds
to a part on the other half.
Now let’s try another figure. Can we fold it perfectly in half?
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We can try to fold this figure a bunch of different ways, but it does not have a line of symmetry.
Rotational symmetry is a different kind of symmetry. It means that when we rotate a figure, the figure appears
to stay the same. The outlines do not change even as the figure turns. Look at the figure below.

We can tell the figure has been rotated because the dot moves clockwise. However, the outlines of the figure have
not changed. This figure has rotational symmetry because every time we turn it, one of the arms of the star always
faces up.
The figure below, on the other hand, does not have rotational symmetry. Can you see why?

No matter how we work with this figure it will look different each time it is rotated. Therefore, we know that it does
not have rotational symmetry.
Does each of the following figures have line symmetry, rotational symmetry, both, or neither?

Example A

Cross
Solution: Both
Example B

Arrow
Solution: Line Symmetry
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Example C

Quadrilateral
Solution: Both
Here is the original problem once again.

Kasey saw an exhibit made up of walnuts. Here is a picture of a walnut. Looking at this picture, can you tell if this
walnut has line symmetry or rotational symmetry?
Do you know the difference?
Line symmetry involves dividing a figure in halves. You can split a figure horizontally, vertically or on the diagonals
and one half is a mirror image of the other half.
This walnut does have one vertical line of symmetry. You can only divide it in half vertically and have it create a
mirror image.
The walnut does not have rotational symmetry. If you turn the walnut, then the view and image of the walnut is
different.
The answer is line symmetry.

Guided Practice

Here is one for you to try on your own.
Does this figure have line symmetry, rotational symmetry, both or neither.

Answer
This figure has line symmetry. Take a look.
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When we can divide a figure or an object into two even matching halves, we say that the figure has line symmetry.
This figure can be divided in one way, vertically. If we tried to divide it horizontally, the two sides would not match.

Divided this way, the top half does not match the bottom half.
This figure does not rotate, but it does have line symmetry.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57634

This is a video on rotational symmetry.
Explore More

Directions: Answer each of the following questions true or false.
1. A reflection has rotational symmetry.
2. A square has line symmetry and rotational symmetry.
3. If a figure is a transformation than it always rotates clockwise.
4. A slide is also called a translation.
5. A flip has a line of symmetry because it is a reflection.
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6. A rotation or turn always moves clockwise and never counterclockwise.
7. A star has rotational and line symmetry.
8. An regular octagon has rotational and line symmetry.
Directions: Tell whether the figures below have line symmetry, rotational symmetry, both, or neither.

Directions: Draw the second half of each figure, and then rotate the figure.
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8.18 Transformation Classification
Here you’ll identify and describe transformations in the coordinate plane.

In one room of the museum was a King’s bedroom. The furniture in the room was large and wooden and old with
great golden cloths. On the walls was a beautiful red, blue and gold pattern.
Jessica thought that the pattern was the most beautiful one that she had ever heard.
“I love this,” she said to Mrs. Gilman. “I want to draw it, but I’m not sure how.”
“Well, you could break it up into a coordinate grid since the pattern repeats itself and use what we have learned
about transformations to draw it in.”
“How could I get started?” Jessica asked.
“Well, start by drawing the coordinate grid, then use these coordinates for one of the diamonds. See if you can figure
it out from there.”
In Jessica’s notebook, Mrs. Gilman wrote down the following coordinates.

(4, 1)
(5, 2)
(5, 0)
(6, 1)
Jessica began to draw it in. Then she got stuck.
This is where you come in. This Concept will teach you all about drawing transformations. Follow along
closely and you can help Jessica draw in the diamonds at the end of the Concept in each quadrant.
Guidance

Previously we worked on how to identify and perform different transformations. Remember that a transformation
is when we move a figure in some way, even though we don’t change the figure at all. This Concept will teach
you how to identify and perform transformations in the coordinate plane.
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The coordinate plane is a representation of two-dimensional space. It has a horizontal axis, called the x− axis
, and a vertical axis, called the y− axis . We can graph and move geometric figures on the coordinate plane.
Do you remember the three types of transformations?
The first is a translation or slide. A translation moves a figure up, down, to the right, to the left or diagonal
without altering the figure.
The second is a reflection or flip. A reflection makes a mirror image of the figure over a line of symmetry. The
line of symmetry can be vertical or horizontal.
The third is a rotation or turn. A rotation moves a figure in a circle either clockwise or counterclockwise.
Now let’s look at performing each type of transformation in the coordinate plane.
As we have said, when we perform translations, we slide a figure left or right, up or down. This means that
on the coordinate plane, the coordinates for the vertices of the figure will change. Take a look at the example
below.

Now let’s look at performing a translation or slide of this figure.
We can choose the number places that we want to move the triangle and the direction that we wish to move it in.
If we slide this triangle 3 places down, all of its vertices will shift 3 places down the y−axis. That means that the
ordered pairs for the new vertices will change. Specifically, the y−coordinate in each pair will decrease by 3.
Let’s see why this happens.
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We can see the change in all of the y−coordinates. Compare the top points. The y−coordinate on the left is 2.
The y−coordinate for the corresponding point in the triangle after it moves is -1. The y−coordinate decreased by 3.
Now compare the left-hand point of each triangle. The y−coordinate originally is -2, and the y−coordinate after the
translation is -5. Again, the difference shows a change of -3 in the y−coordinate. For the last point, the y−coordinate
starts out as -6, and shifts to -9 after the downward slide. For each point, then, the y−coordinate decreases by 3 while
the x−coordinates stay the same. This means that we slid the triangle down 3 places.
We can translate figures in other ways, too. As you might guess, we move figures right or left on the
coordinate grid by their x−coordinates. We can also move figures diagonally by changing both their x−
and y−coordinates. One way to recognize translations, then, is to compare their points. The x−coordinates will all
change the same way, and the y−coordinates will all change the same way.
To graph a translation, we perform the same change for each point. Let’s try graphing a translation.
Slide the following figure 5 places to the right.

In this translation, we will move the figure to the right. That means the x−coordinates for each point will
change but the y−coordinates will not. We simply count 5 places to the right from each point and make a new
point.
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Once we relocate each point 5 places to the right, we can connect them to make the new figure that shows the
translation.
We can check to see if we performed the translation correctly by adding 5 to each x−coordinate (because we moved
to the right) and then checking these against the ordered pairs of the figure you drew. This is called coordinate
notation. Notice that each point is represented by coordinates.

(−4, 3)
+5
(1, 3)

(−6, −2)

(−1, −6)

+5
(−1, −2)

+5
(4, −6)

(2, −1)
+5
(7, −1)

These are the points we graphed, so we have performed the translation correctly.
Use coordinate notation to write the coordinates of each translated triangle. The vertices of the original figure have
been given to you.

Example A

Triangle ABC (0, 1)(1, 3)(4, 0) translate this figure up 4.
Solution: (0, 5)(1, 7)(4, 4)

Example B

Triangle DEF (-3, 2)(1, 6)(2, 1) translate this figure down 2.
Solution: (-3,0)(1, 4) (2, -1)

Example C

Triangle DEF (-3, 2)(1, 6)(2, 1) translate this figure to the right 3.
Solution: (0, 2)(4, 6)(5, 1)
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Here is the original problem once again. Reread it before working on the drawing.
In one room of the museum was a King’s bedroom. The furniture in the room was large and wooden and old with
great golden cloths. On the walls was a beautiful red, blue and gold pattern.
Jessica thought that the pattern was the most beautiful one that she had ever heard.
“I love this,” she said to Mrs. Gilman. “I want to draw it, but I’m not sure how.”
“Well, you could break it up into a coordinate grid since the pattern repeats itself and use what we have learned
about transformations to draw it in.”
“How could I get started?” Jessica asked.
“Well, start by drawing the coordinate grid, then use these coordinates for one of the diamonds. See if you can figure
it out from there.”
In Jessica’s notebook, Mrs. Gilman wrote down the following coordinates.

(4, 1)
(5, 2)
(5, 0)
(6, 1)
Jessica began to draw it in. Then she got stuck.
Now we can draw this diamond in on a coordinate grid. It belongs in Quadrant one. Now we want to draw a
diamond into each of the other three quadrants. We can draw this, but we can also use mathematics to figure
out the coordinates for each of the other diamonds first.
The diamond in the second quadrant is reflected over the y−axis. Therefore, the x−coordinate is going to
change and become negative in each of the four vertices of the diamond. Here are the coordinates.

(−4, 1)
(−5, 0)
(−5, 2)
(−6, 1)
Next, we can reflect the original diamond in the first quadrant over the x−axis into the fourth quadrant. Here
the y−coordinates will be negative.
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(4, −1)
(5, 0)
(5, −2)
(6, −1)
Finally we can reflect this diamond over the y−axis into the third quadrant. Notice that here the x and
y-coordinates will both be negative.

(−4, −1)
(−5, 0)
(−5, −2)
(−6, −1)
Did you notice any patterns? Take a minute and create this pattern of diamonds in a coordinate grid. Then
you will have an even deeper understanding of how a pattern like this one is created.
If you wanted to add in the gold X that crosses through the original pattern could you do it? Explain your
thinking with a friend and then add in the X to the coordinate grid with the diamonds.
Guided Practice

Here is one for you to try on your own.
Slide the following figure 4 places to the left and 2 places up.

Answer
This time we need to perform two movements, both left and up. That means we will change both the x− and
y−coordinates of the ordered pairs. We graph each point by counting 4 places to the left first, and from there 2
places up (2 places up from where you started, not 2 places up from the y−axis!). Make a mark and repeat this
process for each point. Then connect the new points.
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Again, we can check that we performed the translation correctly by changing the x− and y−coordinates in the
ordered pairs and then comparing these to the points we graphed. This time we subtract 4 from each x−coordinate
(because we moved left; imagine a number line) and add 2 to each y−coordinate. Let’s see what happens.

(4, −2)

(3, 2)
−4+2

−4+2

(−1, 4)

(0, 0)

(1, −4)
−4+2
(−3, −2)

These are the points we graphed, so we performed the translation correctly.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5495

This is a James Sousa video that reviews the coordinate plane.

Explore More

Directions: Identify the transformations shown below as a translation, reflection, or rotation.
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9. True or false. This figure has been translated 5 places to the right.

Directions: Translate each figure to the right 6 places and up 1.Then write the new coordinates for the figure.
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10. Triangle DEF (-1, 2)(1, 6)(2, 1)
11. Triangle DEF (-3, 2)(1, 6)(2, 1)
12. Triangle DEF (0, 2)(1, 6)(2, 1)
13. Triangle DEF (4, -2)(1, 6)(2, 1)
14. Triangle DEF (5, 3)(1, 6)(2, 1)
15. Triangle DEF (4, 4)(1, 6)(2, 1)
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8.19 Translations, Rotations, and Reflections
Here you’ll learn to translate, rotate and reflect figures using coordinate notation and graphing.
Have you ever tried to create a piece of art? Look at what Tanya discovered at the art museum.
While at the art museum, Tanya found an area where you could create pieces of art using a computer. These graphics
could be created and manipulated using a program. She used a computer to create this image.

Tanya has created an image that started in the blue position and moved to the red position.
Do you know what these two figures are called?
In the coordinate plane, you can change figures in many different ways. This Concept will teach you all about
this.

Guidance

When we perform translations, we slide a figure left or right, up or down. This means that on the coordinate
plane, the coordinates for the vertices of the figure will change. Take a look at the image below.
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Now let’s look at performing a translation or slide of this figure.
We can choose the number places that we want to move the triangle and the direction that we wish to move it in.
If we slide this triangle 3 places down, all of its vertices will shift 3 places down the y−axis. That means that the
ordered pairs for the new vertices will change. Specifically, the y−coordinate in each pair will decrease by 3.
Let’s see why this happens.

We can see the change in all of the y−coordinates. Compare the top points. The y−coordinate on the left is 2.
The y−coordinate for the corresponding point in the triangle after it moves is -1. The y−coordinate decreased by 3.
Now compare the left-hand point of each triangle. The y−coordinate originally is -2, and the y−coordinate after the
translation is -5. Again, the difference shows a change of -3 in the y−coordinate. For the last point, the y−coordinate
starts out as -6, and shifts to -9 after the downward slide. For each point, then, the y−coordinate decreases by 3 while
the x−coordinates stay the same. This means that we slid the triangle down 3 places.
We can translate figures in other ways, too. As you might guess, we move figures right or left on the
coordinate grid by their x−coordinates. We can also move figures diagonally by changing both their x−
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and y−coordinates. One way to recognize translations, then, is to compare their points. The x−coordinates will all
change the same way, and the y−coordinates will all change the same way.
To graph a translation, we perform the same change for each point.
We can also identify a reflection by the changes in its coordinates. Recall that in a reflection, the figure flips
across a line to make a mirror image of itself. Take a look at the reflection below.

We usually reflect a figure across either the x− or the y−axis. In this case, we reflected the figure across the
y−axis. If we compare the figures in the first example vertex by vertex, we see that the x−coordinates change but
the y−coordinates stay the same. This is because the reflection happens from left to right across the y−axis. When
we reflect across the x−axis, the y−coordinates change and the x−coordinates stay the same. Take a look at this
example.

Now let’s compare some of the vertices. In the figure above the coordinates for the upper-left vertex of the original
figure are (-5, 5). After we reflect it across the x−axis, the coordinates for the corresponding vertex are (-5, -5).
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How about the lower-right vertex? It starts out at (-1, 1), and after the flip it is at (-1, -1). As you can see, the
x−coordinates stay the same while the y−coordinates change. In fact, the y−coordinates all become the opposite
integers of the original y−coordinates. This indicates that this is a vertical (up/down) reflection or we could say
a reflection over the x−axis.
In a horizontal (left/right) reflection or a reflection over the y−axis, the x−coordinates would become integer
opposites. Let’s see how.

This is a reflection across the y−axis. Compare the points. Notice that the y−coordinates stay the same. The
x−coordinates become the integer opposites of the original x−coordinates. Look at the top point of the triangle,
for example. The coordinates of the original point are (-4, 6), and the coordinates of the new point are (4, 6). The
x−coordinate has switched from -4 to 4.
We can recognize reflections by these changes to the x− and y−coordinates. If we reflect across the x−axis, the
y−coordinates will become opposite. If we reflect across the y−axis, the x−coordinates will become opposite.
We can also use this information to graph reflections. To graph a reflection, we need to decide whether the reflection
will be across the x−axis or the y−axis, and then change either the x− or y−coordinates.
Now let’s look at the third kind of transformation: rotations. A rotation is a transformation that turns the figure in
either a clockwise or counterclockwise direction. The figure below has been rotated. What are its new coordinates?
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The new coordinates of the rectangle’s vertices are (1, -3), (1, 2), (3, 2), and (3, -3). As you can see, both the x−
and y−coordinates changed. Unlike a translation or reflection, a rotation can change both of the coordinates
in an ordered pair. Now look closely. One of the points remained exactly the same! We say that we rotated
the figure about this point. Imagine you put your finger on this corner of the rectangle and spun it. That’s what
happened in the rotation. The rectangle has been rotated 90◦ clockwise.
How do we graph a rotation?
When we graph a rotation, we first need to know how much the figure will be rotated. Rotating the rectangle
above 90◦ stands it up on end. Rotating it 180◦ would make it flat again. We also need to know which point
we will rotate it around. This is the point that stays the same.
Next, we need to count how many units long and wide the figure is. The figure above stretches from 1 on the x−axis
to -4 on the x−axis. This is a total of 5 units along the x−axis. When we rotate a figure 90◦ , the distance on the
x−axis becomes the distance on the y−axis. Look at the rectangle. The long sides are horizontal at first, but after
we rotate it, they become the vertical sides. This means that the x−distance of 5 will become a y−distance of 5.
Now, remember the point (1, -3) stays the same, so it is one corner of the rotated figure. We add 5 to the
y−coordinate to find the next vertex of the rectangle. −3 + 5 = 2. This puts a vertex at (1, 2).
To find the other points of the rotated rectangle, we need to think about its width. Find the width, or short side, of
the original rectangle by counting the units between vertices along the y−axis. The rectangle covers 2 units on the
y−axis. As you might guess, this becomes the x−distance in the rotated figure. In other words, we add 2 to the
x−coordinate of the point that stays the same. 1 + 2 = 3, so another vertex of the rectangle will be (3, -3). To find
the fourth and final vertex, add 2 to the x−coordinate of the other ordered pair we know, (1, 2). This puts the
last vertex at (3, 2).
Write each set of coordinates to show a reflection in the y−axis.

Example A

(-3, 1) (0, 3) (1, 2)
Solution: (3, -1)(0, -3)(-1, -2)
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Example B

(-3, 6) (-2, 3) (2, 3) (3, 6)
Solution: (3, 6)(2, -3)(-2, -3)(-3,-6)

Example C

True or false. When there is a reflection in the y−axis, both coordinates change to opposites.
Solution: False
Here is the original problem once again.
While at the art museum, Tanya found an area where you could create pieces of art using a computer. These graphics
could be created and manipulated using a program. She used a computer to create this image.

Tanya has created an image that started in the blue position and moved to the red position.
Do you know what these two figures are called?
When looking at these figures you can see that they are not reflected. A reflection would involve a complete flip over
the x or y axis.
This is not a rotation because the position of the figure does not shift in circular degrees.
This is a translation or a slide. You can see that the figure simply "slides" into its new position.

Guided Practice

Here is one for you to try on your own.
Draw a reflection of the figure below across the x−axis.
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Answer
We need to reflect the rectangle across the x−axis, so the “flip” will move the rectangle down. Because the reflection
is across the x−axis, we’ll need to change the coordinates (which determine where points are up and down).
Specifically, we need to change them to their integer opposites. An integer is the same number with the opposite
sign. This gives us the new points.

Now we graph the new points.

Here is the completed reflection.
904
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Explore More

Directions: Use this figure to answer each question. Be sure to write everything in coordinate notation when possible.

1. Translate this figure three units up.
2. Translate this figure four units to the right.
3. Translate this figure five units down.
4. Translate this figure six units to the left.
5. Translate this figure one unit down and two units to the right.
6. Translate this figure two units up and one unit to the left.
7. Translate this figure three units up and one unit to the right.
8. Rotate this figure 180 degrees.
9. Rotate this figure 90 degrees.
10. Reflect this figure over the x axis.
11. Reflect this figure over the y axis.
12. Translate this figure five units up and three units to the right.
13. Translate this figure six units down and four units to the left.
14. True or false. The figure below is an image of a reflection.
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15. True or false. This figure has been rotated 180◦ .

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including classifying angles, identifying
angles, angle measures, complementary angles, supplementary angles, vertical angles, adjacent angles, parallel lines,
perpendicular lines, intersecting lines, corresponding angles, triangles, congruent figures, similar figures, indirect
measurement, symmetry and transformations.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts on
square roots, the Pythagorean Theorem, area of parallelograms, trapezoids, triangles and circles, circumference of
circles, irrational numbers and rational numbers.
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9.1 Evaluation of Square Roots
Here you’ll learn to evaluate square roots.
Have you ever loved a sport?

Miguel loves baseball. He is such a fan that he is volunteering all summer for the University. The University team,
The “Wildcats” is an excellent team and Miguel is very excited to be helping out. He doesn’t even mind not being
paid because he will get to see all of the games for free while he has the opportunity to learn more about baseball.
On the day of the first game, Miguel notices some big dark clouds as he rides his bike to the ball park. Sure enough
as soon as the game is about to start, the rain begins. Like magic, a bunch of different people drag a huge tarp over
the entire baseball infield. Miguel has never seen a tarp so big in his whole life.
He wonders how big the tarp actually is if it covers the entire infield. Miguel, being the fan that he is knows that the
distance from one base to another, say 1st to 2nd is 90 feet. If the infield is in the shape of a square, then how many
square feet is the infield? How can he be sure that his answer is correct?
Miguel begins to figure this out in his head.
Can you figure this out? Squaring numbers and finding their square roots is just one way to solve this problem.
This Concept will teach you all about square roots and squaring. Pay close attention and at the end of the
Concept you will be able to figure out the size of the tarp.

Guidance

Think about a square for a minute. We can look at a square in a couple of different ways. First, we can look at just
the outline of the square.
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When you look at this square, you can see only the outside, but we all know that the side of a square can be measured
and for a square to be a square it has to have four congruent sides.
Do you remember what congruent means?
It means exactly the same. So if a square has congruent sides, then they are the same length.
Now let’s say the side of a square is 3 units long. That means that each side of the square is 3 units long. Look at
this picture of a square.

We call a number like this one a square number because it makes up a square. 32 is represented in this square.
How many units make up the entire square?
If we count, we can see that this square is made up of 9 units. It is the same answer as 32 , because 32 is equal
to 9.
Do you see a connection?
Think back to exponents, when we square a number, we multiply the number by itself. All squares have
congruent side lengths, so the side length of a square multiplied by itself will tell you the number of units in
the square.
We square the side length to find the number of units in the square.
This Concept is all about square roots. A square root is the number that we multiply by itself, or square, to
get a certain result. In fact, if you square a number, when you take the square root of that number you will be
back to the original number again.
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Let’s think about the square that we just looked at. The dimensions of the square is 3 × 3. We square the three to
find the units in the square. The square root of the 3 × 3 square is 3. This is the value that we would multiply
by itself.
We can find the square root of a number. How do we do this?
Finding the square root is the inverse operation of squaring a number. Inverse operations are simply the opposite
of each other. Subtraction and addition are inverse operations, because one “undoes” the other. Similarly, squaring
and finding the square root are inverse operations. When we find the square root, we look for the number that,
times itself, will produce a given number.
We also use a symbol to show that we are looking for the square root of a number. Here is the symbol for
square root.
√
9
If this were the problem, we would be looking for the square root of 9.
You could think of this visually as a square that has nine units in it. What would be the length of the side? It
would be three.
You could also think of it using mental math to solve it. What number times itself is equal to nine. The answer
is three.
When we find the square root of a number, we evaluate that square root.
√
25
This problem is asking us for the square root of 25. What number times itself is equal to 25? If you don’t know
right away, you can think about this with smaller numbers.

3×3 = 9
4 × 4 = 16
5 × 5 = 25
That’s it! The square root of 25 is 5.
We can also evaluate numbers where the square root is not a whole number.
√
7
To find the square root of seven, we can think about which two squares it is closest to.

2×2 = 4
3×3 = 9
Seven is between four and nine, so we can say that the square root of seven is between 2 and 3.
√
Our answer would be that the 7 is between 2 and 3.
We can get a more exact number, but we aren’t going to worry about that for right now. Here is another one.
√
10
The square root of ten is between which two numbers?

3×3 = 9
4 × 4 = 16
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√
10 is between 3 and 4.

Now its time for you to try a few on your own. Evaluate each square root.
Example A

√
36
Solution: 6
Example B

√
49
Solution: 7
Example C

√
12
Solution: Between 3 and 4.

Here is the original problem once again.
Miguel loves baseball. He is such a fan that he is volunteering all summer for the University. The University team,
The “Wildcats” is an excellent team and Miguel is very excited to be helping out. He doesn’t even mind not being
paid because he will get to see all of the games for free while he has the opportunity to learn more about baseball.
On the day of the first game, Miguel notices some big dark clouds as he rides his bike to the ball park. Sure enough
as soon as the game is about to start, the rain begins. Like magic, a bunch of different people drag a huge tarp over
the entire baseball infield. Miguel has never seen a tarp so big in his whole life.
He wonders how big the tarp actually is if it covers the entire infield. Miguel, being the fan that he is knows that the
distance from one base to another, say 1st to 2nd is 90 feet. If the infield is in the shape of a square, then how many
square feet is the infield? How can he be sure that his answer is correct?
Miguel begins to figure this out in his head.
We can use what we know about squares to help us with this problem. We know that a square has four equal
sides. This makes sense with baseball too. You want the distance from 1st to 2nd base to be the same as from
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3rd to Home. Therefore, if you know the distance from one base to another is 90 feet, then you know each
distance from base to base.
However, Miguel wants to figure out the size of the tarp. He can do this by squaring the distance from 1st to
2nd base. This will give him the area of the square.
902 = 90 × 90 = 8100 square f eet
This is the size of the tarp.
How can Miguel check the accuracy of his answer? He can do this by finding the square root of the area of
the tarp. Remember that finding a square root is the inverse operation for squaring a number.
√
8100
To complete this, worry about the 81 and not the 8100. 81 is a perfect square. 9 × 9 = 81 so 90 × 90 = 8100
√
8100 = 90 f t
Miguel’s answer checks out.
Guided Practice

Here is one for you to try on your own.
√
64
Answer
What is the square root of 64? What number times itself is 49? Let’s start where we left off with five.

6 × 6 = 36
7 × 7 = 49
8 × 8 = 64
That’s it! The square root of 64 is 8.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57614

This is a Khan Academy video on understanding square roots.
Explore More

Directions: Evaluate each square root.
√
1. 16
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√
25
√
3. 1
√
4. 49
√
5. 144
√
6. 81
√
7. 169
√
8. 121
√
9. 100
√
10. 256

2.

Directions: Name the two values each square root is in between.
√
11. 12
√
12. 14
√
13. 30
√
14. 40
√
15. 50
√
16. 62
√
17. 70
√
18. 101
√
19. 5
√
20. 15
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9.2 Evaluation of Perfect Square Roots
Here you’ll learn to recognize perfect square roots.
Have you ever examined a baseball diamond carefully? Look at this diagram.

This diagram shows that the distance from one base to another is 90 feet. Each base has this same measurement.
The fact that the distance is equal from one base to another helps to define it as a square. When two sides of a square
are equal, they have an area that forms a special kind of square root.
Take a look.
A = s2
A = 902 = 8100 sq. f t.
Here is a square with a side length of 90 feet. When we multiply this measurement by itself, we have an area of
8100 square feet.
Hmmm. Can you figure out the square root of that? This is an example of a perfect square root. Do you know what
that means?
Use this Concept to learn about perfect square roots. Then we will return to this problem at the end of the
Concept.

Guidance

A square root is the number that, times itself, produces a given number. Perfect squares are numbers whose square
roots are whole numbers. The numbers below are perfect squares. Take a good look at them. Can you guess why?
4, 9, 16, 25, 36
Look at them as images.
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These numbers are perfect squares because their square roots are whole numbers.
Let’s examine each one. What is the square root of 4? In other words, what number, when multiplied by itself,
equals 4? 2 × 2 equals 4, so 2 is the square root of 4. Because 2 is a whole number, we say that 4 is a perfect square.
What is the square root of 9? We have already finished that one, it is 3.
What is the square root of 16? 4 × 4 = 16.
What is the square root of 25? 5 × 5 = 25.
What is the square root of 36? 6 × 6 = 36.
When we look at the square root of each of these perfect squares, we end up with a whole number. Perfect
squares are the easiest square roots to find because they are whole numbers.
Most numbers are not perfect squares.
The square root of 5 is roughly 2.236067978! But let’s not worry about that right now.
Evaluate each perfect square by finding its square root.

Example A

64
Solution: 8

Example B

16
Solution: 4

Example C

100
Solution: 10
Here is the original problem once again.
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This diagram shows that the distance from one base to another is 90 feet. Each base has this same measurement.
The fact that the distance is equal from one base to another helps to define it as a square. When two sides of a square
are equal, they have an area that forms a special kind of square root.
Take a look.
A = s2
A = 902 = 8100 sq. f t.
Here is a square with a side length of 90 feet. When we multiply this measurement by itself, we have an area of
8100 square feet.
Hmmm. Can you figure out the square root of that? This is an example of a perfect square root. Do you know what
that means?
81 is a perfect square root because 9 x 9 = 81.
We can think about 8100 in the same way.
90 x 90 = 8100
A baseball diamond is an example of a perfect square.

Guided Practice

Here is one for you to try on your own.
Evaluate square root of 169.
Answer
To figure this out, we have to think of what number times itself could be equal to 169?
We know that 12 x 12 = 144.
Let’s try 13.
13 x 13 = 169.
Our answer is 13. It is a perfect square root.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/63

This is a Khan Academy video on understanding square roots.
Explore More

Directions: Evaluate each square root.
√
1. 36
√
2. 49
√
3. 64
√
4. 81
√
5. 100
√
6. 121
√
7. 144
√
8. 196
√
9. 400
√
10. 900
√
11. 10000
√
12. 225
√
13. 256
√
14. 324
15. What do all of these square roots have in common?
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9.3 Simplification of Radical Expressions
Here you’ll learn to evaluate radical expressions.
Have you ever watched a baseball game? Have you ever seen a runner run so fast that he passed the intended base?
Take a look at what Miguel saw.
Miguel was watching a game on Saturday night. During the fourth inning, the runner ran from second base to third
base. He was running to fast that he ran past third base and had to come back to reach the base.
√
The runner ran 90 + 16.
How far did the runner run?
This situation has been described using a radical expression. You will learn how to evaluate radical expressions in this Concept.
Guidance

Sometimes, we can have an expression with a radical in it.
What is a radical?
A radical is the name of the sign that tells us that we are looking for a square root. We can call this “a radical.”
Here is a radical symbol.
√
y
Here we would be looking for the square root of y.
What is a radical expression?
Remember than an expressions is a number sentence that contains numbers, operations and now radicals. Just as we
can have expressions without radicals, we can have expressions with them too.
Let’s look at one.
√
2· 4+7
Here we have two times the square root of four plus seven.

That’s a great question! We can evaluate this expression by using the order of operations.
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P parentheses
E exponents (square roots too)
MD multiplication/division in order from left to right
AS addition/subtraction in order from left to right
According to the order of operations, we evaluate the square root of 4 first.
√
4=2
Next, we substitute that value into the expression.
2·2+7
Next, we complete multiplication/division in order from left to right.
2×2 = 4
Substitute that given value.
4 + 7 = 11
The answer is 11.
Let’s look at another one.
√ √
4 · 16 − 3
Here we have two radicals in the expression. We can work the same way, by using the order of operations.
Evaluate the radicals first.
√
4=2
√
16 = 4
Substitute these values into the expression.
2·4−3
Next, we complete multiplication/division in order from left to right.
2×4 = 8
Finally, we complete the addition/subtraction in order from left to right.
8−3 = 5
The answer is 5.
Evaluate each radical expression.
Example A

6+

√
√
9 − 49 + 5

Solution: 7
Example B

√
√
64 ÷ 4 + 13
Solution: 17
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Example C

6(7) +

√
121 − 3

Solution: 50
Here is the original problem once again.
Miguel was watching a game on Saturday night. During the fourth inning, the runner ran from second base to third
base. He was running to fast that he ran past third base and had to come back to reach the base.
√
The runner ran 90 + 16.
How far did the runner run?
To figure this out, we have to evaluate the radical expression.
The distance from one base to another is 90 feet.
√
The extra distance is the 16. Let’s evaluate that part first.
√
16 = 4
Now let’s add that into the original expression.
90 + 4 = 94
The runner ran 94 feet.

Guided Practice

Here is one for you to try on your own.
Evaluate this radical expression.
√
8(7) + 144 − 9
Answer
First, let’s evaluate the square root.
√
144 = 12
Now we can substitute 12 back into the original expression and solve using the order of operations.
8(7) + 12 − 9
56 + 12 − 9
68 − 9 = 59
Our answer is 59.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57613
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This is a Khan Academy video on radical expressions.
Explore More

Directions: Evaluate each radical expression.
√
1. 2 + 9 + 15 − 2
√
2. 3 · 4 + 169
√
√
√
3. 16 · 25 + 36
√
4. 81 · 12 + 12
√
√
√
5. 36 + 49 − 16
√
6. 6 + 36 + 25 − 2
√
7. 4(5) + 9 − 2
√
8. 15 + 16 + 5
√
9. 3(2) + 25 + 10
√
10. 4(7) + 49 − 12
√
11. 2(4) + 9 − 8
√
12. 3(7) + 25 + 21
√
13. 8(3) − 36 + 15 − 2
√
14. 19 + 144 − 22
√
√
15. 3(4) + 64 + 25
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9.4 Equations with Square Roots
Here you’ll learn to solve equations using square roots.
Have you ever thought about the square footage of the infield in baseball?
The infield is the area of the baseball field that has the base lines as boundaries. It is the area contained within the
base lines. The area outside of the base lines is called the outfield. We know that the distance from one base to
another is 90 f t. The shape of the infield is a square. It makes sense to say that the distance from first base to second
base times the distance from second base to third base will provide us with the measurement for the area of the
infield. We can write the following equation.
y = x2
What is x?
What is y?
Solving this equation requires that you understand how to solve equations by using square roots. Pay attention
and we will return to this equation at the end of the Concept.
Guidance

If we know that the square of a number is equal to a product, then we can write this equation.
y = x2
This is an equation that expresses that if we multiply the value of x by itself, we will end up with the value of y.
We can say that x is the square root of y.
We can use this information to solve equations involving square roots.
x2 = 81
To solve this equation, we want to figure out the value of x. To do this, we can take the square root of both
sides of the equation.
Why would we do this?
Think about it. The x is being squared. We want to get the variable alone. To do this, we need to perform the inverse
operation. The opposite of squaring a number is finding the square root of the number. Therefore, if we take the
square root of both sides of the equation, then we will get x alone.
√
√
x2 = 81
Next, we can cancel the square and the square root. They are inverses of each other and they cancel each other out.
√
H
2=x
H
xH
Now we find the square root of 81. 81 is a perfect square, so the square root of 81 is 9.
x=9
This is our answer.
Sometimes, you will have a problem that is a little more complicated. Take a look.
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x2 + 3 = 12
We want to find the value of x. First, notice that we have a two step equation. One of the operations is multiplication
with the square and the other is addition.
Let’s start by subtracting three from both sides.

x2 + 3 − 3 = 12 − 3
x2 = 9
Now we want to get x alone. To do this, we take the square root of both sides of the equation.
√
√
H
2=
H
xH
9
x=3
This is our answer.
Sometimes, the equation with have a square root in it and we have to work with that.
√
x−1 = 8
Wow! Here we have a variable and a number in a radical. Let’s get rid of the radical first.
To get cancel out the square root of a number, we use the inverse operation. We square both sides of the equation.
√
2
x − 1 = 82
The square and the square root cancel each other out.
√
X
2
2
X1)
( X
x−
X
X= 8
x − 1 = 64
Now we can solve for x quite easily. Begin by adding 1 to both sides of the equation.

x − 1 + 1 = 64 + 1
x = 65
This is our answer.
Now it’s time for you to try a few on your own.
Example A

x2 = 49
Solution: x = 7
Example B

x2 = 64
Solution: x = 8
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Example C

x2 + 2 = 38
Solution: x = 6
Here is the original problem once again.
The infield is the area of the baseball field that has the base lines as boundaries. It is the area contained within the
base lines. The area outside of the base lines is called the outfield. We know that the distance from one base to
another is 90 f t. The shape of the infield is a square. It makes sense to say that the distance from first base to second
base times the distance from second base to third base will provide us with the measurement for the area of the
infield. We can write the following equation.
y = x2
What is x?
What is y?
Let’s begin by looking at the given information. In the original problem, it is presented that the distance from first
base to second base times the distance from second base to third base would give the area of the infield. The distance
from first to second base is the same as the distance from second to third. This is our x measurement.
x = 90 f t
Now we can substitute this value for x.
y = 902
y = 8100 sq. f t.
This is our answer.

Guided Practice

Here is one for you to try on your own.
Evaluate.
x2 + 5 = 174
Answer
To start, let’s subtract five from both sides.
x2 + 5 − 5 = 174 − 5
x2 = 169
Now we take the square root of both sides.
√
√
x2 = 169
x = 13
This is our answer.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57615

This is a James Sousa video on solving equations with one radical.
Explore More

Directions: Solve each equation.
1. x2 = 9
2. x2 = 49
3. x2 = 100
4. x2 = 64
5. x2 = 225
6. x2 = 256
7. x2 + 3 = 12
8. x2 − 5 = 20
9. x2 + 3 = 39
10. x2 − 4 = 60
11. x2 + 11 = 92
√
12. x + 1 = 10
13. x2 + 5 = 41
14. x3 = 8
15. x3 + 4 = 31
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9.5 Estimation of Square Roots
Here you’ll learn to approximate square roots to the nearest given decimal place.
Have you ever done community service?

Miguel is enjoying his time with the Wildcats. The players have all been very friendly to him and Miguel loves
helping out. He gets to hand out towels and water and sometimes collects and organizes equipment.
The Wildcats do a lot of community service. One thing that they do is help out Little League teams. There is one
new ball field being created and the Wildcats are going to help design the infield so that it has the correct dimensions.
Miguel has been invited to go along.
When they arrive at the field, Miguel and one of the players Harris take a measure to measure the distance from
home plate to first base. It measures 58 feet.
“That isn’t correct,” Harris tells Miguel. “The area of the infield for little league is 3600 square feet. This
measurement is inaccurate. We’ll have to help them fix it.”
Miguel is puzzled. What is inaccurate about the 58 feet? Does it need to be a longer distance or a shorter one?
To figure this problem out, Miguel will need to use his knowledge of squares and square roots. Pay attention
and you can help Miguel figure this problem out at the end of the lesson.
Guidance

In the Equations with Square Roots Concept, we were introduced to square roots. Remember that the square root
of a number is the number that you multiply by itself to get a product, in essence it is a number that you square.
Squaring and square roots are inverse operations. You can square a number to get a product, then take the square
root of the product to get back to the original number.

62 = 36
√
36 = 6
Here you can see the inverse operation between squaring a number and finding the square root of a product.
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A number like 36 is a perfect square meaning that the square root is a whole number. Here are some other
perfect squares.
16, 25, 36, 49, 64, 81, 100, 121, 144, 169
Notice that if you find the square root of any of these numbers, you will end up with a whole number as the
answer.
What if a square root is not a whole number?
This can also happen. When it does, we can approximate the square root of the number. There are a couple of
different ways to do this. Let’s take a look.
First, we can approximate the square root using perfect squares.
To do this, we look for the perfect squares that generate a number close to the square root that we are looking for.
√
30
If we are looking for the square root of 30, we first need to find two perfect squares near 30. One should be less than
30 and one should be more than 30.

5 × 5 = 25
6 × 6 = 36
25 is the perfect square less than 30.
36 is the perfect square greater than 30.
Because 30 is between 25 and 30, we can say that the approximate square root of 30 is between 5 and 6. It is
probably close to 5.5.
This is how we can approximate a square root using perfect squares.
The second way of approximating a square root is to use a calculator. Calculators all have a radical sign on
them.
√
2

To find the square root of a number, we enter the radical sign, then the value and press enter.

This will give us a decimal approximation of the square root. Many times you will need to round these answers.
Let’s look at an example.
We can use 30 again.
√
30
Press the radical button.
Now enter the value, 30.
Next, press enter.
Here is our answer on the calculator. 5.477225575.
To find a final answer, we can round to the nearest tenth. To do this, we round the 4 it is in the tenths place. The
number after the 4 is 7, so we round up to five.
Our answer is 5.5.
WOW! Notice that this value is the same as the answer that we found when estimating using perfect squares.
The third way of approximating a square root is to use something called “tabular interpolation.” Tabular
interpolation is using a table. To use this table, we find the approximate value of the square root according to
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research that has been completed by a mathematician.
√
17
To find the square root of 17, let’s use a table. Keep in mind that these values have been rounded to the nearest
thousandth.

Looking at the table you can see that the square root of 17 is 4.123.
This is our answer.
You can find tables that include numbers all the way up to 100. By finding these tables, you can use them to
locate the square root of numbers 1 to 100.
Choose a method to find an approximate square root of each number. Round your answer to the nearest tenth.
Example A

√
11
Solution: 3.3
Example B

√
33
Solution: 5.7
Example C

√
41
Solution: 6.4
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Here is the original problem once again.
Miguel is enjoying his time with the Wildcats. The players have all been very friendly to him and Miguel loves
helping out. He gets to hand out towels and water and sometimes collects and organizes equipment.
The Wildcats do a lot of community service. One thing that they do is help out Little League teams. There is one
new ball field being created and the Wildcats are going to help design the infield so that it has the correct dimensions.
Miguel has been invited to go along.
When they arrive at the field, Miguel and one of the players Harris take a measure to measure the distance from
home plate to first base. It measures 58 feet.
“That isn’t correct,” Harris tells Miguel. “The area of the infield for little league is 3600 square feet. This
measurement is inaccurate. We’ll have to help them fix it.”
Miguel is puzzled. What is inaccurate about the 58 feet? Does it need to be a longer distance or a shorter one?
Harris told Miguel that the area of the infield needs to be 3600 square feet for Little League. To figure out
what is inaccurate about the current measure of 58 feet, Miguel will need to find the square root of 3600
square feet.
Finding the square root will give you the measurement of the distance between the bases. This is the distance
that is squared to find the overall area of the infield.
√
3600
To find this square root, don’t worry about 3600, drop the zeros and find the square root of 36.
6 × 6 = 36
Now add back one zero.
√
3600 = 60 f eet
The distance between each of the bases should be 60 feet. With a current distance of 58 feet, the distance is
short two feet between each base.
Miguel is ready to help Harris correct the problem thanks to squares and square roots!
Guided Practice

Here is one for you to try on your own.
Approximate this square root to the nearest hundredth.
√
65
Answer
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To figure this out, we can use the table or the calculator.
Using our calculator, we evaluate this square root as:
8.0622577
Now we round to the nearest hundredth.
8.06
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5551

This is a James Sousa video on approximating square roots. It has a technology integration in it.
Explore More

Directions: Find each an approximate answer for each square root. You may round your decimal answer to the
nearest tenth.
1. )8
2. )11
3. )24
4. )31
5. )37
6. )43
7. )59
8. )67
9. )73
10. )80
11. )95
12. )99
13. )101
14. )150
15. )136
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9.6 Properties of Rational Numbers versus Irrational Numbers
Here you’ll learn to recognize irrational numbers and the set of real numbers.
Have you ever tiled a room? Miguel’s sister Kelly is working on that very project. Take a look.
Kelly wants to use this tile to finish the floor in her room. The room is a square room and the area of the floor is 324
square feet. She wants to put 8” tiles along the edge of the floor.
What is the length of one side of the room? How many tiles can she fit along one side?
This Concept will teach you how to solve a problem just like this one.
Guidance

Previously we worked on finding square roots. When you were finding square roots using a calculator, you probably
noticed that each time you found the square root of a number that was not a perfect square that there were many
decimal places following the decimal point.
This means that the square root of that number was not a whole number. It was a whole number and some
fraction of parts.
The key thing to notice about each of the numbers that we worked with in the last section is that they each had
many decimal places. When we find the square root of a number that is not a perfect square it brings another type of
number into our work.
√
16 = 4
Sixteen is a perfect square. So the square root is a whole number.
√
50
We use a calculator and here is our answer: 7.071067812...
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Yes. There are a lot of digits after the decimal point, and you can see that the dots after the last digit tell us that
the numbers go on and on and on. We can round to the nearest tenth to see that 7.1 is a likely approximation
for this square root.
This square root is a decimal that does not end. Numbers like this one are called irrational numbers . Anytime
that you have a decimal that does not repeat and does not end; it is a member of the group of numbers called irrational
numbers.
Often the little dots at the end of the decimal will let you know that you are working with an irrational number.
Not all numbers are irrational numbers, some are rational numbers. You have learned about rational numbers in
another section of this book. Let’s review what defines a rational number for just a minute.
Rational Numbers are numbers that can be written in the form of ab . They can be whole numbers, fractions,
negative numbers, decimals and repeating decimals.
Here are some rational numbers.
.56

1
2

.66̄

33 31

9

− 23

Irrational numbers complete the group of numbers that are not rational numbers. This means that any decimal
that does not end is irrational. The square root of any number that is not a perfect square is irrational.
There is one famous irrational number. Do you know what it is?
The most famous irrational number is a number called pi or π. We use the number 3.14 to represent pi, but
it is really an irrational number without an end point. It just goes on and on and on. Pi is a special ratio that
you will learn about when we work with circles very soon.
Rational and Irrational Numbers make up the set of Real Numbers. All numbers are considered real numbers
whether they are rational or irrational. So, you can look at a number, know that it is a real number and then
classify it further as rational or irrational.
Identify each of the following numbers are rational or irrational.
Example A

4.567....
Solution: Irrational number
Example B

√
25
Solution: Rational number
Example C

√
144
Solution: Rational Number
Here is the original problem once again.
Kelly wants to use this tile to finish the floor in her room. The room is a square room and the area of the floor is 324
square feet. She wants to put 8” tiles along the edge of the floor. What is the length of one side of the room? How
many tiles can she fit along one side?
We have to look at what information we have been given.
932

www.ck12.org

Chapter 9. Distance and Area

We know that the area of the room is a square and that it is 324 square feet.
We know that she is using 8” tiles along the border of the room and that she wants to figure out how many she will
need.
First, we need to figure out the length of one side of the room.
This room is a square, so we can find the square root of the area of the room and that will tell us the side length.
√
324 = 18 f eet
Each side of the room is 18 feet.

Now we can figure out the tiles.
The tiles are measured in inches. The length of the room is in feet, so we have to first convert feet back to inches.
There are 12 inches in 1 foot, so we multiply 18 × 12.
18 × 12 = 21600
Now each tile is 8” so we divide 216 by 8
216 ÷ 8 = 27 tiles
She will need 27 tiles for each side of the room.

Guided Practice

Here is one for you to try on your own.
Is this value a rational or irrational number? Why?

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57616

This is a James Sousa video on the set of real numbers.
Explore More

Directions: Identify each of the following numbers as rational or irrational.
1. .345....
2. 2
3. -9
4. -122
5. 3.456....
√
6. 25
√
7. 16
√
8. 12
√
9. 38
10. -4.56
11. π
12. − 54
13. 9.8712....
14. -19
15. 2,345
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9.7 Pythagorean Theorem and its Converse
Here you’ll learn to recognize and use the Pythagorean Theorem.

“You should have seen it!” Miguel exclaimed at breakfast one morning. “The bottom of the ninth, two outs and a
man on second, then the man on second runs for home and the second baseman catches the ball and throws it home!”
“Then what happened?” Carmen, Miguel’s sister asked her mouth wide open in anticipation.
“We got the guy out and ended up winning the game!” Miguel grinned from ear to ear.
The whole family continued eating for a few minutes.
“That must have been quite a moment son,” Miguel’s Dad added drinking his coffee.
“And a long way to throw the ball,” Carmen commented.
Miguel started to think about this last statement. It was a long way to throw the ball. Baseball players did it all the
time, but that throw was so accurate. It went right to the catcher! Miguel began wondering about that distance. How
far had the second baseman thrown the ball?
While Miguel thinks about this, you can learn how to figure it out. Triangles, squares and the Pythagorean
Theorem are all part of this solution. Pay attention because you will see this problem again at the end of the
Concept.

Guidance

Previously we have been working with square roots. Notice that the key word in the word square root is “square”.
This lesson introduced you to a theorem called “The Pythagorean Theorem.” This is a very useful theorem about
right triangles. But first let’s see how the Pythagorean Theorem connects to our work with squares.
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Here is a square. Notice that this square has been divided in half by a diagonal. When we divide a square in half, we
can see that it forms two right triangles.
Think about the work that we have just finished with square roots. We know that we can take the area of a square
and find the square root of it and that will give us the length of one of the sides.
Well, we can use this information to figure out the length of the diagonal. The length of the diagonal has a relationship
with the length of the sides of a right triangle.
Before we get into all of that, let’s look at the parts of right triangle.

You can see that the sides of the right triangle are labeled a, b and c. Sides a and b are called the legs of the
triangle.
Side c is called the hypotenuse of a right triangle and it is the longest side of the triangle.
Now let’s look at how the Pythagorean Theorem connects all of these pieces together.
What is the Pythagorean Theorem?
The Pythagorean Theorem is a theorem or rule for working with a mathematical principle. It states that if we
take the square of one of the legs of a right triangle and add it to the square of one of the other legs of a right
triangle that we will end up with the square of the length of the hypotenuse.
a2 + b2 = c2
If you think a little broader, you can see that if we square the sides lengths of square, that we will have the
total units or area of that square. In the same instance, if we square the sides of a right triangle and add those
products together, then we end up with the length of the hypotenuse squared.
When we have right triangle, we are going to be using the Pythagorean Theorem to help us to figure out the
side lengths of the triangle.
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The Pythagorean Theorem makes the most sense when it is used in practice.

Here we have a right triangle. The legs have been labeled with 3 and 4. The hypotenuse is labeled c.
We want to figure out the length of the hypotenuse. We can do this by using the formula for the Pythagorean
Theorem.
a2 + b2 = c2
Let’s substitute the values that we know into the formula.
32 + 42 = c2
Now we can find the products of the sides and add them together.

9 + 16 = c2
25 = c2
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You can solve for c by using what you have learned about solving equations. We need to get c alone to solve for
its value. Right now, c is squared. The inverse of squaring is to find the square root. Therefore, if we take the square
root of both sides of the equation we will find the value of c.
√
√
H
2
25 = H
cH
5=c
The length of side c is 5.
This triangle is called a 3, 4, 5 triangle and is one of the building blocks of the Pythagorean Theorem.
We can check our work by substituting these values back into the formula to see if both sides of the equation
balance.

32 + 42 = 52
9 + 16 = 25
25 = 25
Our work checks out.
Anytime you know the lengths of the legs of a right triangle, you can use the Pythagorean Theorem to find the
length of the hypotenuse.
Find the length of the hypotenuse in this triangle.

We can use the Pythagorean Theorem to find the length of c.

62 + 82 = c2
36 + 64 = c2
100 = c2
√
√
H
2
100 = H
cH
10 = c
The value of the hypotenuse is 10.
Do you notice anything interesting about the square roots of the last two hypotenuses?
If you notice, they were perfect squares. Sometimes, we will have a perfect square as the hypotenuse, but other times
we won’t. When this happens, you will need to find a decimal approximation for the square root.
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Let’s see how this works.
What is the length of the hypotenuse of this triangle?

Begin by entering the known values into the formula for the Pythagorean Theorem.

72 + 102 = c2
49 + 100 = c2
149 = c2
√
√
H
2
149 = H
cH
Up until this point, everything has been perfect. But now we need to find the square root of 149. It is not a
perfect square. You can use your calculator to find the square root of this number.
√
149 = 12.20655...
We can round it to 12.2 as our approximate answer for c.
Approximate answers are a bit tricky!! Be sure to select the one that makes the most sense. Since the number
after the two is a zero in this answer, it made sense to leave it as 12.2. Sometimes, it will make more sense to
round. You have to think it through!!
Find the length of the hypotenuse given each triangle.
Example A

A right triangle with legs of 9 and 12.
Solution: c = 15
Example B

A right triangle with legs of 12 and 16.
Solution: c = 20
Example C

A right triangle with legs of 3 and 6.
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Solution: c = 6.7
Here is the original problem once again.

“You should have seen it!” Miguel exclaimed at breakfast one morning. “The bottom of the ninth, two outs and a
man on second, then the man on second runs for home and the second baseman catches the ball and throws it home!”
“Then what happened?” Carmen, Miguel’s sister asked her mouth wide open in anticipation.
“We got the guy out and ended up winning the game!” Miguel grinned from ear to ear.
The whole family continued eating for a few minutes.
“That must have been quite a moment son,” Miguel’s Dad added drinking his coffee.
“And a long way to throw the ball,” Carmen commented.
Miguel started to think about this last statement. It was a long way to throw the ball. Baseball players did it all the
time, but that throw was so accurate. It went right to the catcher! Miguel began wondering about that distance. How
far had the second baseman thrown the ball?
To solve this problem, we need to think about the distance from second base to home plate. Look at this
diagram.

Now you can see that the distance from second base to home plate divides this square infield into two triangles.
The legs of the triangles are the distance from home to 1st and from 1st to second.
940
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We know that the distance for each leg is 90 feet. We can use this information and the Pythagorean Theorem
to figure out the distance from 2nd base to home plate. This is the hypotenuse of the triangle.

a2 + b2 = c2
902 + 902 = c2
8100 + 8100 = c2
16, 200 = c2
√
√
H
2
16200 = H
cH
127.279 f eet = c
We can say that the distance is approximately 127.28 or a little more that 127 14 feet. That is how far the 2nd
baseman threw the ball.

Guided Practice

Here is one for you to try on your own.
Claire wants to hang a banner from the sill of a second-story window in her house. She needs to find a ladder that,
when rested against the outside wall of her house, will be long enough to reach the second-story window. If the
window is 16 feet above the ground and Claire places the foot of the ladder 12 feet from the wall, how long will the
ladder need to be?
Answer
First things first: we need to draw a picture so that we understand this situation better. Claire will rest a ladder
against the wall of her house to reach the second-story window. This forms a triangle, so we might draw something
like this.

The wall side is 16 feet and the ground side is 12 feet.
We need to solve for the length of the ladder side. Is this a leg or the hypotenuse? It is the hypotenuse, so we
will use the Pythagorean Theorem to solve for c. Let’s fill in the information and solve.
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a2 + b2 = c2
122 + 162 = c2
144 + 256 = c2
400 = c2
√
√
400 = c2
20 = c
The square root of 400 is 20 because 20 × 20 equals 400.
Claire needs a ladder 20 feet long in order to reach the window.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1372

This is a James Sousa video on the Pythagorean Theorem.
Explore More

Directions: Use the Pythagorean Theorem to find the length of side c, the hypotenuse. You may round to the nearest
hundredth when necessary.
1. a = 6, b = 8, c =?
2. a = 9, b = 12, c =?
3. a = 12, b = 16, c =?
4. a = 15, b = 20, c =?
5. a = 18, b = 24, c =?
6. a = 24, b = 32, c =?
7. a = 5, b = 7, c =?
8. a = 9, b = 11, c =?
9. a = 10, b = 12, c =?
10. a = 12, b = 8, c =?
11. a = 11, b = 8, c =?
12. a = 9, b = 8, c =?
13. a = 15, b = 7, c =?
14. a = 14, b = 3, c =?
15. a = 12, b = 8, c =?
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9.8 Solving Equations Using the Pythagorean
Theorem
Here you’ll learn to use the Pythagorean Theorem to find the length of a leg.
Have you ever visited different ball parks? Look at this dilemma.
Miguel visited a ball park in a different town. At this baseball diamond, the distance from the pitcher’s mound to
home plate measured 60 feet. The distance from first to home is 90 feet. What is the distance from the pitcher’s
mound to first plate?
These distances form a right triangle in a baseball diamond. You are missing the dimensions of one of the legs of
the triangle.
Do you know how to find the missing distance?
This Concept will show you how to use the Pythagorean Theorem to figure this out.
Guidance

Previously we worked on how to find the length of the hypotenuse using the Pythagorean Theorem. What about if
you have been given the length of one of the legs and the hypotenuse?
Can we use the Pythagorean Theorem to find the length of the missing leg?
Sure we can. Let’s look at how this can be done.

You have already worked on this triangle in the last section, and you may even remember the lengths of the sides.
However, let’s use it as an example to see how the Pythagorean Theorem can help us solve this one.
First, fill the given values into the formula.
32 + b2 = 52
Here we know the values of a and c so we can fill those in. B is a mystery so it remains an unknown variable.
9 + b2 = 25
Now we want to solve this equation by getting the variable alone. To do this, we subtract 9 from both sides of
the equation.

9 − 9 + b2 = 25 − 9
b2 = 16
Next we take the square root of both sides.
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√
√
H
2=
H
bH
16
b=4
Our answer is 4.
Sometimes you won’t be working with perfect squares. When this happens, you will need to approximate the
length of a leg just as we approximated the length of the hypotenuse in the last Concept.

First, take the given side lengths and substitute them into the formula.

42 + b2 = 122
16 + b2 = 144
Next, we subtract 16 from both sides of the equation.

16 − 16 + b2 = 144 − 16
b2 = 128
Now we take the square root of both sides of the equation.
√
√
H
2=
H
bH
128
b = 11.3
This is our answer.
Use the Pythagorean Theorem to find each missing side length. You may round to the nearest tenth as necessary.

Example A

A right triangle with a, b = 6 and c = 13
Solution: a = 11.5
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Example B

A right triangle with a = 8, b, and c = 12
Solution: 8.9

Example C

A right triangle with a = 6, b, and c = 10
Solution: b = 8
Here is the original problem once again.
Miguel visited a ball park in a different town. At this baseball diamond, the distance from the pitcher’s mound to
home plate measured 60 feet. The distance from first to home is 90 feet. What is the distance from the pitcher’s
mound to first plate?
These distances form a right triangle in a baseball diamond. You are missing the dimensions of one of the legs of
the triangle.
Do you know how to find the missing distance?
First, let’s write an equation using the Pythagorean Theorem. We’ll call the missing leg, b.
602 + b2 = 902
Now we can solve.
3600 + b2 = 8100
b2 = 8100 − 3600
b2 = 4500
√
√
b2 = 4500
b = 67.08 = 67.1
The distance is 67.1 feet.

Guided Practice

Here is one for you to try on your own.
Find the length of leg b.
a = 12, b =? , c = 13
Answer
First use the formula for the Pythagorean Theorem to solve for b.
a2 + b2 = c2
122 + b2 = 132
144 + b2 = 169
b2 = 25
b=5
This is our answer.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1372

This is a James Sousa video on the Pythagorean Theorem.
Explore More

Directions: Use the Pythagorean Theorem to find the length of each missing leg. You may round to the nearest tenth
when necessary.
1. a = 6, b =? , c = 12
2. a = 9, b =? , c = 15
3. a = 4, b =? , c = 5
4. a = 9, b =? , c = 18
5. a = 15, b =? , c = 25
6. a =? , b = 10, c = 12
7. a =? , b = 11, c = 14
8. a =? , b = 13, c = 15
Directions: Use problem solving to write an equation using the Pythagorean Theorem and solve each problem.
Joanna laid a plank of wood down to make a ramp so that she could roll a wheelbarrow over a low wall in her
garden. The wall is 1.5 meters tall, and the plank of wood touches the ground 2 meters from the wall. How long is
the wooden plank?
9. Write the equation.
10. Solve for the answer.
Chris rode his bike 4 miles west and then 3 miles south. What is the shortest distance he can ride back to the point
where he started?
11. Write the equation.
12. Solve the problem.
Naomi is cutting triangular patches to make a quilt. Each has a diagonal side of 14.5 inches and a short side of 5.5
inches. What is the length of the third side of each triangular patch?
13. Write the equation.
14. Solve the problem.
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9.9 Area of a Parallelogram
Here you’ll learn to find the areas of parallelograms given base and height.
Have you ever tried to figure out the area of a figure?
Miguel is working on a problem in his math book. He has been given the following drawing.

Miguel needs to figure out the area of this parallelogram.
Do you know how to do this?
This Concept will teach you how to figure out the area of a parallelogram. By the end of the Concept, you will
know how to help Miguel with this task.

Guidance

Previously we worked on quadrilaterals. Here is one of the quadrilaterals that we learned about earlier, the parallelogram. A parallelogram is a four sided figure with opposite sides parallel. It doesn’t matter what the angles are
in a parallelogram as long as the opposite sides are parallel.

If we wanted to figure out the distance around the edge of a parallelogram, then we would find the perimeter of
the figure.
If we wanted to find the measure of the space inside the parallelogram, we would be finding the area of the
parallelogram. This lesson is all about finding the area of parallelograms.
Let’s start off by looking at how we find the area of a common parallelogram, the rectangle. A rectangle is a
parallelogram with four right angles. The opposite sides are parallel too.
To find the area of a rectangle, we multiply the length times the width.
A = lw
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To find the area of this rectangle, we use the formula and the given measurements.

A = lw
A = (6 in)(2 in)
A = 12 square inches or in2
Notice that the measurement is in square inches because inches x inches is inches squared.

Write down the formula for finding the area of a rectangle in your notebook. Also be sure to include the statement
in the box above.
Not all parallelograms have right angles. That is why some are called squares or rectangles and some are called
parallelograms. The only necessary quality of a parallelogram is that the opposite sides need to be parallel.
How can we find the area of a parallelogram?
Because a parallelogram does not have right angles, multiplying the length and the width is not possible. Notice that
the side of a parallelogram is at an angle. Because of this, we need to use a different measure to find the area of a
parallelogram. We need to use the base and the height.
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Notice that the base is the bottom measurement and the height is the measurement inside the figure.
When we multiply these two measurements, we can find the area of the parallelogram. Here is the formula.
A = bh
Now it’s time for you to figure out the area of the following parallelograms given the base and height.

Example A

Base = 9 ft., Height = 4 ft.
Solution: 36 sq. ft.

Example B

Base = 7 meters, Height = 3.5 meters
Solution: 24.5 sq. m.

Example C

Base = 10 yards, Height = 7 yards
Solution: 70 sq. yds
Here is the original problem once again.
Miguel is working on a problem in his math book. He has been given the following drawing.

Miguel needs to figure out the area of this parallelogram.
Do you know how to do this?
To figure this out, Miguel needs to use the formula for finding the area of a parallelogram.
A = bh
Now we substitute the given values into the formula.
A = (6)(2)
A = 12 cm2
This is our answer.

Guided Practice

Here is one for you to try on your own.
Find the area of the parallelogram below.
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Answer
We can see that the base is 7 inches and the height is 3 inches. We simply put these numbers into the appropriate
places in the formula and solve for A.

A = bh
A = 7(3)
A = 21 in.2
This is our answer
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57617

This is a James Sousa video on the area of parallelograms.
Explore More

Directions: Find the area of each parallelogram given the base and the height.
1. Base = 9 inches, height = 5 inches
2. Base = 4 inches, height = 3 inches
3. Base = 12 feet, height = 6 feet
4. Base = 11 meters, height = 8 meters
5. Base = 13 yards, height = 10 yards
6. Base = 4 feet, height = 2.5 feet
7. Base = 5.5 inches, height = 3.5 inches
8. Base = 9 feet, height = 6.5 feet
9. Base = 22 miles, height = 18 miles
10. Base = 29 meters, height = 12 meters
11. Base = 22 meters, height = 11 meters
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12. Base = 39 meters, height = 15 meters
13. Base = 40 meters, height = 25 meters
14. Base = 88 meters, height = 50 meters
15. Base = 79 meters, height = 14 meters
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9.10 Unknown Dimensions of Parallelograms
Here you’ll find unknown dimensions of parallelograms given area and one other dimension.
Have you ever measured banners in a stadium? Have you ever seen one up close?

One afternoon, Miguel’s assignment is to hang a banner in the stadium. The banner say’s “Go Wildcats” and is the
shape of a parallelogram with a yellow background and dark blue border. He has two different places that he can put
it. One spot is only 11 feet wide and one spot is 13 feet wide.
Miguel isn’t sure which spot is the best spot for the “Go Wildcats” banner. Wherever he chooses to hang the banner
it needs to fit with a little space on each side so that people don’t bump it as they go past.
The banner is rolled up in a tube. Miguel looks at the label to see that the square footage of the banner is 42 square
feet. The height of the banner is 3.5 feet. The length of the banner is missing. It seems to have been covered up with
a shipping label.
Miguel is a bit frustrated. He isn’t sure that he has enough information to figure out the length of the banner. He
knows that he needs to figure out the length of the banner in order to choose the correct spot to hang it. Miguel takes
out a piece of paper to try to figure things out.
Does Miguel have enough information? Can he figure out the length of the banner using the given information? How long is the banner? Which spot is the best spot?
All of these questions can be answered by using parallelograms and this Concept will teach you all that you
need to know to figure this one out.

Guidance

Sometimes, you will be given the area of the parallelogram and one other dimension such as the base or the height.
Then you will have to use the formula and your problem solving skills to figure out the missing dimensions.
A parallelogram has an area of 105 m2 . The height of the parallelogram is 7 m. What is its base?
In this problem, we know the area and the height of the parallelogram. We put these numbers into the formula
and solve for the base, b.
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A = bh
105 = b(7)
105 ÷ 7 = b
15 m = b
By solving for b, we have found that the base of the parallelogram is 15 meters. Let’s check our calculation to
be sure. We can check by putting the base and height into the formula and solving for area

A = bh
A = 15(7)
A = 105 m2
We know the area is 105 m2 , so our calculation is correct.
Let’s look at another one.
The area of a parallelogram is 184 square yards and its base is 23 yards. Find its height.
This time we know the area of the parallelogram and its base. We can put these into the formula and solve
for the height, h.

A = bh
184 = 23h
184 ÷ 23 = h
8 yd = h
We have found that the parallelogram has a height of 8 yards. Again, let’s use the formula to check our work.

A = bh
A = 23(8)
A = 184 yd 2
Our calculation is correct! Whenever we are given two pieces of information about a parallelogram, we can
use the formula for area to find the third measurement.
Find the missing dimension in each parallelogram.
Example A

Base = 8 inches, Area = 32 sq. inches. What is the height?
Solution: 4 inches
Example B

Base = 9.5 inches, Area = 57 sq. inches. What is the height?
Solution: 6 inches
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Example C

Height is 2.5 ft, Area = 20 sq. feet. What is the base?
Solution: 8 feet

Here is the original problem once again.
One afternoon, Miguel’s assignment is to hang a banner in the stadium. The banner say’s “Go Wildcats” and is the
shape of a parallelogram with a yellow background and dark blue border. He has two different places that he can put
it. One spot is only 11 feet wide and one spot is 13 feet wide.
Miguel isn’t sure which spot is the best spot for the “Go Wildcats” banner. Wherever he chooses to hang the banner
it needs to fit with a little space on each side so that people don’t bump it as they go past.
The banner is rolled up in a tube. Miguel looks at the label to see that the square footage of the banner is 42 square
feet. The height of the banner is 3.5 feet. The length of the banner is missing. It seems to have been covered up with
a shipping label.
Miguel is a bit frustrated. He isn’t sure that he has enough information to figure out the length of the banner. He
knows that he needs to figure out the length of the banner in order to choose the correct spot to hang it. Miguel takes
out a piece of paper to try to figure things out.
To start working on this problem, we can use the formula for finding the area of a parallelogram.
A = bh
Next, we can fill in the area and the height. The base is the length of the parallelogram and that is unknown.
42 = b(3.5)
Now to solve for b, we divide both sides by 3.5.

42 ÷ 3.5 = 12
b = 12 f eet
The length of the banner is 12 feet. Given this length, Miguel should put it in the spot that is 13 feet wide.
Guided Practice

Here is one for you to try on your own.
Christie is making a banner for the school talent show in the shape of a parallelogram. She used 59.5 square yards
of paper. If the base of the banner is 17 yards, what is its height?
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Answer
First, let’s make sure we understand the question in the problem. We need to find the height of the parallelogram.
This time we are given the area and the base. As we’ve seen, we simply put these numbers into the formula and
solve for the height, h.

A = bh
59.5 = 17h
59.5 ÷ 17 = h
3.5 yd = h
The height of the banner is 3.5 feet.
As long as we have any two pieces of the area formula, we can solve for the third.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57617

This is a James Sousa video on the area of parallelograms.
Explore More

Directions: Given the area and one dimension, find the missing dimension.
1. Base = 9 feet, area = 45 sq. ft.
2. Base = 8 in, area = 20 sq. in.
3. Base = 11 feet, area = 99 sq. feet
4. Base = 12 inches, area = 120 sq. inches
5. Base = 4.5 feet, area = 11.25 sq. ft.
6. Height = 3 inches, area = 36 sq. inches
7. Height = 4 feet, area = 72 sq. feet
8. Height = 5 meters, area = 80 sq. meters
9. Area = 22 sq. inches
Base = 11 inches
10. Area = 50 sq. miles
Base = 10 miles
11. Area = 48 sq. inches
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Base = 8 inches
12. Area = 30 sq. meters
Base = 15 meters
13. Area = 45 sq. feet
Height = 3 feet
14. Area = 88 sq. feet
Height = 8 feet
15. Area = 121 sq. feet
Height = 11 feet
16. Area = 160 sq. miles
Height = 20 miles
17. Area = 90 sq. meters
Height = 30 meters
18. Area = 100 sq. feet
Base = 25 feet
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9.11 Estimation of Parallelogram Area in Scale
Drawings
Here you’ll learn to estimate actual areas of parallelograms in scale drawings.
Mrs. Vasquez, Miguel’s Mother, is buying new carpet to redecorate her parallelogram-shaped store. To determine
how much carpet she needs, she measured the length of the room and found it was 36 meters. Then she measured
across the room with a line perpendicular to the first and found it was 16 meters across.
How many square meters of carpet does Mrs. Vasquez need to buy?
Use what you have learned to solve this problem. We will return to it at the end of the Concept.
Guidance

Sometimes, you will see a scale drawing. A scale drawing is a drawing that uses a small measurement to represent a real-world measurement. We can work with a scale drawing and estimate actual areas of a parallelogram
given the scale.

Estimate the area of this garden.
To work on solving this problem, we need to look at what information is given to us in the drawing.
We know that the scale says that 1” is equal to 3 feet.
The base of the garden in the drawing is 8” and the height is 3”.
We want to estimate the area.
Let’s start by estimating the base. 8 × 3. We know that 8 × 3 is 24. This gives us a total of 24 feet for the base of the
garden.
Let’s estimate the height. 3 × 3. We know that 3 × 3 = 9. The height of the garden is about 9 feet.
Next, we estimate the area of the garden.
24 rounds down to 20 and 9 rounds up to 10
20 × 10 = 200 square f eet
How close it our estimate?
Let’s do the actual multiplying to figure this out.
24 × 9 = 216 square f eet
We have an estimate that is reasonable.
Now it’s time for you to try a few on your own. Use a scale of 1" = 2 feet.
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Example A

Base of 6 inches and a height of 4 inches
Solution: 48 square feet
Example B

Base of 9 inches and height of 5 inches
Solution: 90 square feet
Example C

Base of 12 inches and height of 9 inches
Solution: 216 square feet
Here is the original problem once again.
Mrs. Vasquez, Miguel’s Mother is buying new carpet to redecorate her parallelogram-shaped store. To determine
how much carpet she needs, she measured the length of the room and found it was 36 meters. Then she measured
across the room with a line perpendicular to the first and found it was 16 meters across.
How many square meters of carpet does Mrs. Vasquez need to buy?
Let’s begin by figuring out what the problem is asking us to find. We need to find how much carpet Mrs. Vasquez
needs to cover the floor of her store, so we have to find the area of the store. That means we will use the area formula
to solve for A. In order to use the formula, we need to know the base and height of the store.
We know that one side of the store will be 36 meters. Let’s call this the base. We also know that Mrs. Vasquez made
a perpendicular line in order to measure the height, or the distance across the room. The height given in the problem
is 16 meters. Let’s put this information into the formula and solve for area.

A = bh
A = 36(16)
A = 576 m2
Mrs. Vasquez will need to buy 576 square meters of carpet.
Guided Practice

Here is one for you to try on your own.
If you use the scale 1" = 3 feet, what is the area of a parallelogram with a height of 3 inches and a base of 6 inches?
Answer
To figure this out, we can use the formula for finding the area of a parallelogram. We will work in inches first and
then convert that into square feet.
A = bh
A = (3)(6)
A = 18 sq.in
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Now if 1" = 3 feet, then we need to take the area of the room in inches and multiply it by three.
A = 18 × 3 = 54 sq. f eet
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57617

This is a James Sousa video on the area of parallelograms.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57617

This is a James Sousa video on scale factor. It is a supporting video to this Concept.
Explore More

Directions: For each parallelogram, find each new area using the scale 1" = 2 feet.
1. Base of 6 inches, height of 4 inches
2. Base of 8 inches, height of 6 inches
3. Base of 4 inches, height of 4 inches
4. Base of 5 inches, height of 4 inches
5. Base of 6 inches, height of 6 inches
6. Base of 10 inches, height of 8 inches
7. Base of 11 inches, height of 12 inches
8. Base of 15 inches, height of 9 inches
9. Base of 15 inches, height of 12 inches
Directions: Solve each problem.
10. A parallelogram has an area of 390 square centimeters. If its height is 15 cm, what is its base?
11. What is the height of a parallelogram whose base is 28 inches and area is 1,176 square inches?
12. Donna wants to cover her parallelogram-shaped crafts box in fabric. The base of the lid is 32.7 cm and the height
is 12.2 cm. What is the area of the lid?
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13. John is planting grass in a patch of lawn that is shaped like a parallelogram. The height of the parallelogram is
34 feet. The other border is 65 feet. How many square feet of grass will John plant?
14. Kara and Sharice are in a quilting competition. Both are stitching parallelogram-shaped quilts. So far Kara’s has
an area of 2,278 square inches and a height of 44 inches. Sharice’s quilt has an area of 2,276 square inches and a
height of 47 inches. Whose quilt is longer? By how many inches is it longer?
15. Denise bought a picture frame in the shape of a parallelogram. The area of the picture frame is 36,795 square
centimeters. If its height is 165 centimeters, what is its base?
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9.12 Triangle Area
Here you’ll find areas of triangles given base and height.
Have you ever seen gardening designs in the median of a street?

Miguel saw gardening designs on Center Street. As he was walking, he noticed a series of triangles that line the
median. The triangles are overlapping.
Let’s say that that the first triangle has a base of 6 feet and a height of 5 feet. What is the area of the triangle?
This Concept will teach you how to find the area of any triangle given the base and the height.
Guidance

In the Estimation of Parallelogram Area in Scale Drawings Concept, we looked at how to find the area of a
parallelogram. Here is that formula once again.
A = bh
This Concept focuses on the area of a triangle. Previously we learned that triangle is a three sided figure made
up of line segments with three sides and three angles. Area is the amount of space inside a two-dimensional
figure. We can find the area of a triangle just like we found the area of a parallelogram. The really interesting
thing is that the area of a triangle is related to the area of a parallelogram. Take a look at this figure.

Notice that the parallelogram has been divided into two triangles.
We know that the formula for finding the area of a parallelogram requires us to multiply the base times the
height. Well, if a triangle is one-half of a parallelogram, can you figure out the formula for finding the area of
a triangle?
Here it is.
A = 21 bh
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It certainly does. With this formula, the area of a triangle will be snap to figure out!

Take a minute to write this formula down in your notebook.
Now that you can identify formula for finding the area of a triangle, let’s look at using it in problem solving.
Find the area of the triangle below.
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We can see that the base is 11 centimeters and the height is 16 centimeters. We simply put these numbers into
the appropriate places in the formula.

1
A = bh
2
1
A = 11(16)
2
1
A = (176)
2
A = 88 cm2

Remember that we always measure area in square units because we are combining two dimensions. The area of this
triangle is 88 square centimeters. Let’s try another.
What is the area of the triangle below?

Notice that the height is shown by the dashed line. It is perpendicular to the base. We put it and the base into
the formula and solve.
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1
A = bh
2
1
A = 5(17)
2
1
A = (85)
2
A = 42.5 cm2
The area of this triangle is 42.5 sq. cm. Now it’s time for you to try a few on your own.
Find the area of each triangle.

Example A

Base = 12 in, height = 6 inches
Solution: 36 in2

Example B

Base = 9 inches, height = 4 inches
Solution: 18 in2

Example C

Base = 11 inches, height = 7 inches
Solution: 38.5 in2
Here is the original problem once again.

Miguel saw gardening designs on Center Street. As he was walking, he noticed a series of triangles that line the
median. The triangles are overlapping.
Let’s say that that the first triangle has a base of 6 feet and a height of 5 feet.
What is the area of the triangle?
To figure this out, we can start with the formula for finding the area of a triangle.
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1
A = bh
2
1
A = (6)(5)
2
1
A = (30)
2
A = 15 square f eet
Let’s say that there are eight triangles in this strip of median. We can take the area of one of the triangles and multiply
it by 8.
15(8) = 120 square feet
This is the area of the median. We were able to use the area of each triangle to find the total area of the
median.
Guided Practice

Here is one for you to try on your own.
What is the area of a triangle with a base of 4.5 f t and a height of 7 f t?
Answer
To figure this out, we can use the formula for finding the area of a triangle.
A = 12 bh
Now we substitute in the given values.
A = 12 (4.5)(7)
A = 12 (31.5)
A = 15.75 f t 2
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5265

This is a James Sousa video on finding the area of a triangle.
Explore More

Directions: Find the area of each triangle given the base and height.
1. Base = 9 in, height = 4 in
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2. Base = 6 in, height = 3 in
3. Base = 7 in, height = 4 in
4. Base = 9 m, height = 7 m
5. Base = 12 ft, height = 10 feet
6. Base = 14 feet, height = 5 feet
7. Base = 14 feet, height = 13 feet
8. Base = 11 meters, height = 8 meters
9. Base = 13 feet, height = 8.5 feet
10. Base = 11.5 meters, height = 9 meters
11. Base = 18 meters, height = 15 meters
12. Base = 21 feet, height = 15.5 feet
13. Base = 18 feet, height = 11 feet
14. Base = 20.5 meters, height = 15.5 meters
15. Base = 40 feet, height = 22 feet
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9.13 Unknown Dimensions of Triangles
Here you’ll learn to find unknown dimensions of triangles given area and one other dimension.
Remember the triangles in the median of the Triangle Area Concept? Take a look.

If one of these triangles has an area of 11.25 f t 2 and a base length of 4.5 f t, what is the height of the triangle?
To figure this out, you will need to know how to use a formula and find the missing dimension of a triangle.
This Concept will teach you how to do that.

Guidance

Sometimes a problem will give us the area and ask us to find one of the dimensions of the triangle—either its base
or its height. We simply put the information we know in for the appropriate variable in the formula and solve for the
unknown measurement.
A triangle has an area of 44 m2 . The base of the triangle is 8 m. What is its height?
In this problem, we know the area and the base of the triangle. We put these numbers into the formula and
solve for the height, h.

1
A = bh
2
1
44 = 8h
2
1
44 ÷ = 8h
2
44(2) = 8h
88 = 8h
11 m = h
Remember, when you divide both sides by a fraction, you need to multiply by its reciprocal. To divide by one-half
then, we multiply by 2. Keep this in mind when you use the area formula.
By solving for h, we have found that the height of the triangle is 11 meters. Let’s check our calculation to be sure.
We can check by putting the base and height into the formula and solving for area.
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1
A = bh
2
1
A = 8(11)
2
1
A = (88)
2
A = 44 m2
We know from the problem that the area is 44 m2 , so our calculation is correct.
Now try a few of these on your own.
Given the area and one other dimension, find the missing dimension of each triangle.
Example A

Base = 4 inches, Area = 6 sq. inches, what is the height?
Solution: h = 3inches
Example B

Base = 5 feet, Area = 7.5 sq. feet, what is the height?
Solution: h = 3 f eet
Example C

Base = 7 meters, Area = 17.5 sq. meters, what is the height?
Solution: h = 5meters
Here is the original problem once again.

If one of these triangles has an area of 11.25 f t 2 and a base length of 4.5 f t, what is the height of the triangle?
To figure this out, we can use the formula for finding the area of a triangle.
A = 21 bh
Now substitute in the given values.
11.25 = 12 4.5h
11.25 = 2.25h
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11.25 div2.25 = h
h = 5 ft
This is our answer.
Guided Practice

Here is one for you to try on your own.
Find the missing base of the triangle.
A triangle has an area of 10.5 sq.in and a height of 6 in. What is the measure of the base?
Answer
To figure this out, we can solve for the base by using the formula for area of a triangle.
A = 21 bh
Now we fill in the given information.
10.5 = 12 (6)b
10.5 = 3b
b = 3.5
The measure of the base of the triangle is 3.5 in.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5265

This is a James Sousa video on finding the area of a triangle.
Explore More

Directions: Find the missing base or height given the area and one other dimension.
1. Area = 13.5 sq. meters, Base = 9 meters
2. Area = 21 sq. meters, Base = 7 meters
3. Area = 12 sq. meters, Base = 8 meters
4. Area = 33 sq. ft, Base = 11 feet
5. Area = 37.5 sq. ft. Base = 15 feet
6. Area = 60 sq. ft., height = 10 ft.
7. Area = 20.25 sq. in, height = 4.5 in
8. Area = 72 sq. in, height = 8 in
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9. Area = 22.5 sq. feet, height = 5 feet
10. Area = 12 sq. in, height = 4 in
11. Area = 45 sq. in, height = 9 in
12. Area = 84 sq. ft, height = 12 ft
13. Area = 144 sq. in, height = 16 in
14. Area = 144.5 sq. ft, height = 17 ft.
15. Area = 123.5 sq. in, height = 19 in
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9.14 Area of Composite Shapes Involving Triangles
Here you’ll learn to find areas of combined figures involving triangles.
Have you ever had a favorite team?

Miguel loves watching the games when the Wildcats play. He loves when they win, but he is such a fan of baseball
that he doesn’t even mind when they lose. Miguel cheers when the players run towards home plate.
He watched them slide in and run across it.
“Home plate is such an interesting shape,” he thinks to himself one day.
He decides to do a little research on the design of home plate. Here is what he finds out.
Home plate is a pentagon which can be divided up. The base of home plate is 17 inches wide. The sides of home
plate are each 8.5 inches. The distance from the tip of home plate to the base is also 17 inches.
Miguel thinks that this is very interesting information. He wonders if he can figure out the area of the figure. It is
made up of a rectangle and a triangle.
As Miguel works on this, you work on it too. You know how to find the area of a rectangle already, but what
about a triangle?
This Concept will teach you how to find the area of a triangle and add that to the rectangle. When finished,
you can work on figuring out home.
Guidance

Previously we worked on how to find the area of a triangle. You can use that information to figure out the area of
figures that are made up of more than one shape. Remember that we could divide a parallelogram into two triangles?
If we know the area of the triangles, we can add their areas together to find the area of the parallelogram. We can do
this for all kinds of figures. If we can divide the figure into triangles, we can find the area of each triangle and add
the areas together.
Also, we have seen that we can apply the formula for finding the area of triangles to different kinds of situations.
Sometimes we need to solve for the area, but other times we may need to find the height or the base. We can use
information given about a larger figure whenever that information corresponds to the height, base, or area of one of
the triangles contained within it. Let’s try one to get a better idea of how this works.
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Find the area of the figure below.

We need to find the area of the whole figure. To do so, we can divide it into shapes whose area formulas we
know. We can see that one triangle has been drawn already. Can we draw another to divide the figure again?

Now we have divided the figure into a rectangle and two triangles. If we can find the area of each of these, we
can add them together to find the area of the whole figure.
Let’s give it a try.
First, let’s calculate the area of the rectangle in the center. We know the formula for the area of rectangles is A = lw.
Do we know the length and width of the rectangle? The width is represented by the dashed line. It is 5 inches. The
length of the rectangle is the same as the top edge of the figure: 9 inches. Let’s put these numbers into the formula
and solve for area.

A = lw
A = 9(5)
A = 45 in.2
Now let’s find the area of one of the triangles. We know that the height is 5 inches. What is the base? Look
carefully at the figure. We know that its top edge is 22 inches. We also know that the length of the rectangle
in the middle is 9 inches. We need to subtract that so we don’t include it as part of the bases of the triangles.
That means there are 22 − 9 = 13 inches left of the bottom edge. If we divide this equally, we find that each triangle
has a base of 6.5 inches.
Now we have the height and base of each triangle (they have the same height and base), so we can calculate the area.

1
A = bh
2
1
A = 6.5(5)
2
1
A = (32.5)
2
A = 16.25 in.2
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Great! Now we have the area of each shape within the figure. All we have to do is add these together to find
the area of the whole figure.

triangle 1
2

16.25 in.

rectangle
+

2

45 in.

triangle 2
+

2

16.25 in.

whole figure
=

77.5 in.2

The area of the whole figure is 77.5 square inches.
Now it’s time for you to try a few on your own.
Example A

A figure is made up of three triangles. Each triangle has a base of 6 inches and a height of 4 inches. What is the
combined area of all three triangles?
Solution: 36 in2
Example B

A figure is made up of two triangles and one rectangle. Each triangle has a base of 5 inches and a height of 3 inches.
The rectangle has a length of 4 inches and a width of 3 inches. What is the total area of the figure?
Solution: 27 in2
Example C

A figure is made up of one triangle and one square. The square and the triangle have the same base length of 8 feet.
The height of the triangle is 7 feet. What is the total area of the figure?
Solution: 92 f t 2
Here is the original problem once again.

Miguel loves watching the games when the Wildcats play. He loves when they win, but he is such a fan of baseball
that he doesn’t even mind when they lose. Miguel cheers when the players run towards home plate.
He watched them slide in and run across it.
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“Home plate is such an interesting shape,” he thinks to himself one day.
He decides to do a little research on the design of home plate. Here is what he finds out.
Home plate is a pentagon which can be divided up. The base of home plate is 17 inches wide. The sides of home
plate are each 8.5 inches. The distance from the tip of home plate to the base is 17 inches.
Miguel thinks that this is very interesting information. He wonders if he can figure out the area of the figure. It is
made up of a rectangle and a triangle.
Here is a drawing of home plate with its dimensions.

Now, we can begin by figuring out the area of the rectangle.
The length of the rectangle is 17 inches, the width is 8.5

A = 17(8.5)
A = 144.5
The area of the rectangle is 144.5 square inches.
Now let’s look at the triangle. We know that the base of the triangle is 17”. The height of the whole plate is 17
inches, but that includes the rectangle width too. We need to subtract that from the total.
17 –8.5 = 8.5 inches
Let’s use our formula to find the area of the triangle.

1
A = bh
2
1
A = (17)(8.5)
2
1
A = (144.5)
2
A = 72.25
Now we add up the two areas.
144.5 + 72.25 = 216.75 square inches
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This is the approximate measure of home plate.
You can read more about home plate at http://wiki.answers.com/Q/What_are_the_dimensions_of_home_plate
Guided Practice

Here is one for you to try on your own.
What is the area of the figure below?

Answer
This time we need to divide the figure into smaller shapes ourselves. Can you draw any lines to make triangles inside
the figure?

Now we have two triangles and a square. Let’s see if we have all the measurements we need to use the area formulas
for these two shapes.
We know that all of the sides of a square are congruent, so we can fill in the measurements for the other two sides,
which must also be 2 inches. This gives us the base of each triangle. Do we know their height? Each is 5 inches.
We have all the information we need to solve for the areas of the triangles and the square. Let’s calculate the area of
each smaller shape.

Square

Triangle 1
1
A = bh
2
1
A = 2(5)
2
1
A = (10)
2
A = 5 in.2

A = s2
A = 22
A = 4 in.2

Triangle 2
1
A = bh
2
1
A = 2(5)
2
1
A = (10)
2
A = 5 in.2

Great! We have found the area of each smaller shape. Let’s add them together to find the area of the whole
figure.

square
2

4 in.

triangle 1
+

2

5 in.

triangle 2
+

2

5 in.

whole figure
=

14 in.2

The area of the whole figure is 14 square inches.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5265

This is a James Sousa video on finding the area of a triangle. It is a supporting video for this Concept.
Explore More

Directions: Find the area of each combined figure.
1. A figure is made up of a triangle and a square. The square and the triangle have the same base of 7 inches. The
triangle has a height of 5 inches, what is the total area of the figure?
2. A figure is made up of a triangle and a rectangle. The triangle has a height of 8 inches and a base of 9 inches. The
rectangle has dimensions of 7 inches x 9 inches. What is the area of the figure?
3. A figure is made up of four triangles. Each triangle has a base of 7 inches and a height of 9 inches. What is the
total area of the figure?
4. A figure is made up of three triangles. Each triangle has a base of 5 feet and a height of 4.5 feet. What is the total
area of the figure?
5. A figure is made up of two triangles and a square. The triangles and the square have the same base length of 5
feet. The triangles have a height of 4 feet. What is the total area of the figure?
6. A figure is made up of two triangles and a square. The triangles and the square have the same base length of 8
feet. The triangles have a height of 7 feet. What is the total area of the figure?
7. A figure is made up of one square and one triangle. The square has a side length of 9 feet. The triangle has a base
of 7 feet and a height of 6 feet. What is the total area of the figure?
8. A figure is made up of two triangles. The triangles have the same base of 15 inches. One triangle has a height of
9 inches and one has a height of 11 inches. What is the total area of the figure?
9. A figure is made up of a triangle and a rectangle. The triangle has a height of 8.5 inches and a base of 10 inches.
The rectangle has dimensions of 9 inches x 10 inches. What is the area of the figure?
10. A figure is made up of a triangle and a rectangle. The triangle has a height of 11 inches and a base of 9.5 inches.
The rectangle has dimensions of 12 inches x 14 inches. What is the area of the figure?
Directions: Solve each problem.
11. Julius drew a triangle that had a base of 15 inches and a height of 11 inches. What is the area of the triangle
Julius drew?
12. A triangle has an area of 108 square centimeters. If its height is 9 cm, what is its base?
13. What is the height of a triangle whose base is 36 inches and area is 234 square inches?
14. Tina is painting a triangular sign.. The height of the sign is 32 feet. The base is 27 feet. How many square feet
will Tracy paint?
15. Tina drew a picture of a triangle with a base of 6 inches and a height of 5.5 inches. What is the area of the
triangle?
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9.15 Circle Circumference
Here you’ll learn to find the circumference of a circle given the radius or diameter.
Remember Miguel from the Area of Composite Shapes Involving Triangles Concept? Well, now he is going to find
the circumference of the circle. Take a look.

Miguel’s latest task is to measure some different “on deck” pads for the pitchers to practice with. An on deck pad
is a circular pad that is made up of a sponge and some fake grass. Pitcher’s practice their warm-ups by standing on
them. They work on stretching and get ready to “pitch” the ball prior to their turn on the mound.
Miguel has three different on deck pads that he is working with. The coach has asked him to measure each one and
find the circumference and the area of each.
Miguel knows that the circumference is the distance around the edge of the circle. He decides to start with figuring
out the circumference of each circle.
He measures the distance across each one.
The first one measures 4 ft. across.
The second measures 5 ft. across.
The third one measures 6 ft across.
Miguel begins working on his calculations.
Pay attention to how we can use the formula for finding circumference. Then you will be able to help Miguel
at the end of the Concept.
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Guidance

Circumference is a word associated with circles. A circle is a figure whose edge is made of points that are all the
same distance from the center. This lesson is all about the circumference of circles. Let’s begin by taking a look at
what we mean when we use that word. The circumference of a circle is the distance around the outside edge of
a circle.
With other figures, we could find the perimeter of the circle. The perimeter is the distance around a polygon.
Circles are not polygons because they are not made up of line segments. When we were finding the perimeter of a
polygon, we found the sum of the outer edges.
Circles are quite different. We can’t add up the measurement of the edges, because there aren’t any. To
understand circumference, we have to begin by looking at the parts of a circle.
What are the parts of a circle?

You can see here that this is one part of a circle. It is the distance from the center of the circle to the outside edge
of the circle. This measurement is called the radius .

You can see that the distance across the center of the circle is called the diameter . The diameter divides the
circle into two equal halves. It is twice as long as the radius.
Now we know the basics of circles: the radius, the diameter, and the circumference. Let’s see how we can use
these elements in a formula to find the circumference of a circle.
Let’s think about the relationship between the diameter and the circumference.
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Think about circles that are drawn on a playground. There are many different sizes and shapes of them. If we were to
draw one circle with chalk, that circle would have a diameter and a circumference. If we were to draw a circle around
the outside of this other circle, it would have a longer diameter and therefore it would have a larger circumference.
There is a relationship between the size of the diameter and the size of the circumference.
What is this relationship?
It is a proportional relationship that is expressed as a ratio. A ratio simply means that two numbers are related
to each other. Circles are special in geometry because this ratio of the circumference and the diameter always
stays the same.
We can see this when we divide the circumference of a circle by its diameter. No matter how big or small the circle
is, we will always get the same number.

We can see this when we divide the circumference of a circle by its diameter. No matter how big or small the circle
is we will always get the same number. Let’s try it out on the circles above.
circumference
diameter

=

6.28
2

=

3.14

circumference
diameter

=

12.56
4

=

3.14

Even though we have two different circles, the result is the same! Therefore the circumference and the diameter
always exist in equal proportion, or a ratio, with each other. This relationship is always the same. Whenever
we divide the circumference by the diameter, we will always get 3.14. We call this number pi , and we represent
it with the symbol π. Pi is actually a decimal that is infinitely long—it has no end. We usually round it to 3.14 to
make calculations easier.
Using the equations above, we can write a general formula that shows the relationship between pi , circumference, and diameter.
C
d

=π

If we rearrange this formula, we can also use it to find the circumference of a circle when we are given the
diameter.
C = πd
We can use this formula to find the circumference of any circle. Remember, the number for π is always the
same: 3.14. We simply multiply it by the diameter to get the circumference.
C = πd
We can use this formula to find the circumference of any circle. Remember, the number for π is always the
same: 3.14. We simply multiply it by the diameter to get the circumference.
Now that you understand the parts of a circle and how the formula for finding the circumference is developed, it is
time to put this formula into practice. Let’s look at using it to figure out the circumference of a circle.
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Find the circumference of the circle below.

We can see that the diameter of the circle is 8 inches. Let’s put this number into the formula.

C = πd
C = π(8)
C = 25.12 in.
The circumference of a circle that has a diameter of 8 inches is 25.12 inches. In other words, if we could unroll
the circle into a flat line, it would be 25.12 inches long.
Let’s try another.
What is the circumference of the circle below?

Again, we know the diameter, so we put it into the formula and solve.

C = πd
C = π(12.7)
C = 39.88 m
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We can round this number up to the nearest hundredth and say that a circle with a diameter of 12.7 meters
has a circumference of approximately 39.88 meters.
What if we had been given the radius and not the diameter?
Well, the radius is one-half as long as the diameter. So we can multiply the radius by 2 and end up with the same
measure as the diameter. Here is how we can alter the formula when given a radius.
C = 2πr
Let’s try this out.
Find the circumference of the following circle.

Now let’s substitute the known information into the formula.

C = 2π(3)
C = 2(3.14)(3)
C = 3.14(6)
C = 18.84 inches
This is our answer.
Now it’s time for you to try a few on your own. Find the circumference of each circle given the radius or diameter.

Example A

d = 5 in
Solution: 15.7 in

Example B

r = 3.5 in
Solution: 10.99 in
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Example C

d = 10 f t
Solution: 31.4 inches
Here is the original problem once again.

Miguel’s latest task is to measure some different “on deck” pads for the pitchers to practice with. An on deck pad
is a circular pad that is made up of a sponge and some fake grass. Pitcher’s practice their warm-ups by standing on
them. They work on stretching and get ready to “pitch” the ball prior to their turn on the mound.
Miguel has three different on deck pads that he is working with. The coach has asked him to measure each one and
find the circumference and the area of each.
Miguel knows that the circumference is the distance around the edge of the circle. He decides to start with figuring
out the circumference of each circle.
He measures the distance across each one.
The first one measures 4 ft. across.
The second measures 5 ft. across.
The third one measures 6 ft across.
Miguel begins working on his calculations.
Let’s start with the first on deck pad. It measures 4 feet across. That is our diameter. We multiply that times
3.14 to find the circumference.

C = πd
C = 3.14(4)
C = 12.56 f t
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Next, we work on the deck pad with a diameter of five feet.

C = πd
C = 3.14(5)
C = 15.7 f t
Finally we work on the deck pad with a diameter of 6 feet.

C = πd
C = 3.14(6)
C = 18.84 f t
Miguel jots down these dimensions. Now he is ready to figure out the area of each on deck pad.

Guided Practice

Here is one for you to try on your own.
Samuel baked a pie in a 9-inch pie pan. What is the circumference of the pie?
Answer
Let’s begin by figuring out what the problem is asking us to find. We need to find the circumference of the pie, so
we will use the formula to solve for C. In order to use the formula, we need to know either the diameter or the radius
of the pie. The problem tells us that the diameter of the pie is 9 inches. Let’s put this information into the formula
and solve for the circumference.

C = πd
C = π(9)
C = 28.26 in.
The circumference of the pie is 28.26 inches.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5267

This is a James Sousa video on determining the circumference of a circle.
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Directions: Find the circumference of each circle given the radius or the diameter.
1. radius = 2 in
2. diameter = 4 ft
3. radius = 4.5 in
4. diameter = 8 meters
5. radius = 12 inches
6. diameter = 12 mm
7. radius = 14 mm
8. diameter = 13 feet
9. radius = 10 inches
10. diameter = 7.5 feet
11. radius = 2.5 inches
12. radius = 5.6 feet
13. diameter = 3.75 feet
14. diameter = 4.5 feet
15. diameter = 10.75 meters
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9.16 Diameter or Radius of a Circle Given Circumference
Here you’ll learn to find the diameter or radius given the circumference.
Have you ever been swimming? Do you know anyone whose favorite sport is swimming?
Miguel loves baseball, but Terrence loves swimming. Terrence swam around the edge of a circular pool and found
that it took him 176 strokes to swim one complete time around the pool.
About how many strokes will it take him to swim across the pool?
You can use what you have already learned about circumference to figure this out, but you will need to think of it in
a different way.
Do you know how to do this?
This Concept will teach you exactly how to figure out this problem.

Guidance

Sometimes a problem will give us the circumference of a circle and ask us to find either its diameter or its
radius. We can still use the formula for circumference. All we have to do is put the information we have into
the appropriate place in the formula and solve for the unknown quantity.
A circle has a circumference of 20.72 m. What is its diameter?
In this problem, we are given the circumference and we need to find the diameter. We put these numbers into
the formula and solve for d.

C = πd
20.72 = πd
20.72 ÷ π = d
6.6 = d
By solving for d, we have found that the diameter of the circle is 6.6 meters.
Let’s check our calculation to be sure. We can check by putting the diameter into the formula and solving for the
circumference:

C = πd
C = π(6.6)
C = 20.72 m
We know the circumference is 20.72 meters, so our calculation is correct.
The circumference of a circle is 147.58 yards. Find its radius.
Again, we have been given the circumference. Read carefully! This time we need to find the radius, not the
diameter. We can use the formula for radii and solve for r.
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C = 2πr
147.58 = 2πr
147.58 = 6.28r
147.58 ÷ 6.28 = r
23.5 yd = r
We have found that the circle has a radius of 23.5 yards.
This time let’s try checking our work by using the other formula to find the diameter. Remember the diameter is
twice the length of the radius.

C = πd
147.58 = πd
147.58 ÷ π = d
47 yd = d
We have found that the diameter of the circle is 47 yards. The radius must be half this length, or 47 ÷ 2 = 23.5
yards.
Our calculation is correct!
Whenever we are given the circumference, we can use the formula to solve for the diameter or the radius. The
number for pi always stays the same, so we only need one piece of information about a circle to find the other
measurement.
Find the missing dimension.
Example A

The circumference is 28.26 inches. What is the diameter?
Solution: 9 inches
Example B

The circumference is 21.98 feet. What is the radius?
Solution: 3.5 feet
Example C

The circumference is 34.54 meters. What is the diameter?
Solution: 11 meters
Here is the original problem once again.
Miguel loves baseball, but Terrence loves swimming. Terrence swam around the edge of a circular pool and found
that it took him 176 strokes to swim one complete time around the pool.
About how many strokes will it take him to swim across the pool?
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You can use what you have already learned about circumference to figure this out, but you will need to think of it in
a different way.
Do you know how to do this?
To figure this out, first let’s write down the formula for finding the circumference of a circle.
C = (3.14)d
We have been given the number of strokes that it took Terrence to get around the pool. This is the circumference.
176 = (3.14)d
Now we want to figure out the number of strokes it will take him to get across the pool. This is the diameter.
Let’s solve the problem by dividing.
176 ÷ 3.14 = d
d = 56
It will take Terrence 56 strokes to cross the pool.

Guided Practice

Here is one for you to try on your own.
Maria wants to paste some ribbon around a circular mirror to make a border. The mirror is 40 inches across. If the
ribbon is sold by the inch and costs $0.15 per inch, how much will Maria need to spend to buy enough ribbon?
Answer
What is this problem asking us to find? We need to find how much money Maria will spend on the ribbon.
In order to determine this, we first need to know how much ribbon is necessary to go around the mirror. Therefore we
need to find the circumference of the mirror. We know that it is 40 inches across. Is this the radius or the diameter?
It is the diameter, so we can put this information into the formula and solve for the circumference.

C = πd
C = π(40)
C = 125.6 in.

The circumference of the mirror is 125.6 inches, so Maria will need 125.6 inches of ribbon to put around it.
We’re not done yet, however. Remember, we need to find how much money she will spend to buy the ribbon.
Because the ribbon is sold by the inch, Maria will need to buy 126 inches. We know that it is sold at $0.15 an inch,
so we simply multiply the number of inches by the cost per inch.
126 inches × $0.15 per inch = $18.90
Maria will need to spend $18.90 in order to buy enough ribbon to go around her mirror.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5267

This is a James Sousa video on determining the circumference of a circle.
Explore More

Directions: Given the circumference, find the diameter.
1. Circumference = 15.7 ft.
2. Circumference = 20.41 in
3. Circumference = 21.98 m
4. Circumference = 4.71 cm
5. Circumference = 47.1 ft
Directions: Given the circumference, find the radius.
6. Circumference = 43.96 in
7. Circumference = 15.7 m
8. Circumference = 14.13 in
9. Circumference = 20.41 cm
10. Circumference = 12.56 ft.
Directions: Solve each problem.
11. What is the circumference of a circle whose diameter is 32.5 meters?
12. A circle has a radius of 67 centimeters. What is its circumference?
13. What is the circumference of a circle whose radius is 7.23 feet?
14. What is the diameter of a circle whose circumference is 172.7 inches?
15. A circle has a circumference of 628 centimeters. What is the radius of the circle?
16. The circumference of a circular table is 40.82 feet. What is the radius of the rug?
17. Workers at the zoo are building five circular pens for the elephants. Each pen has a diameter of 226 meters. How
much fence will the workers need in order to surround all three pens?
18. Mrs. Golding has a circular mirror with a frame around it. The frame is 4 inches wide. If the diameter of the
mirror and the frame together is 48 inches, what is the circumference of just the mirror?
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9.17 Area of a Circle
Here you’ll find the area of a circle given the radius or diameter.

Do you remember Miguel from the Diameter or Radius of a Circle Given Circumference Concept? He had just
finished working on figuring out the circumference of three different on deck pads for the pitchers to use while they
warm up. Let’s look at his dilemma again before we look at the area of the pads.
Miguel’s latest task is to measure some different “on deck” pads for the pitchers to practice with. An on deck pad
is a circular pad that is made up of a sponge and some fake grass. Pitcher’s practice their warm-ups by standing on
them. They work on stretching and get ready to “pitch” the ball prior to their turn on the mound.
Miguel has three different on deck pads that he is working with. The coach has asked him to measure each one and
find the circumference and the area of each.
Miguel knows that the circumference is the distance around the edge of the circle. He decides to start with figuring
out the circumference of each circle.
He measures the distance across each one.
The first one measures 4 ft. across.
The second measures 5 ft. across.
The third one measures 6 ft across.
Miguel has completed the first part of this assignment. He knows the circumference of each pad. Now he has to
figure out the area of each. Miguel isn’t sure how to do this. He can’t remember how to find the area of a circle.
Miguel needs some help.
This is where you come in use this Concept to help you learn how to find the area of a circle. When finished,
we’ll come back to this problem and you can help Miguel figure out the area of each on deck pad.
Guidance

You have learned how to calculate the circumference of a circle. Let’s take a few minutes to review the terms
associated with circles.
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A circle is a set of connected points equidistant from a center point. The diameter is the distance across the
center of the circle and the radius is the distance from the center of the circle to the edge.
We also know that the number pi, π, is the ratio of the diameter to the circumference. We use 3.14 to represent
pi in operations.
What does all of this have to do with area?
Well, to find the area of a figure, we need to figure out the measurement of the space contained inside a twodimensional figure. This is the measurement area. This is also the measurement inside a circle. You learned how to
find the circumference of a circle, now let’s look at using these parts to find the area of the circle.
How do we find the area of a circle?
The area of a circle is found by taking the measurement of the radius, squaring it and multiplying it by pi.
Here is the formula.
A = πr2

Write this formula down in your notebook.
We already know that the symbol π represents the number 3.14, so all we need to know to find the area of a circle is
its radius. We simply put this number into the formula in place of r and solve for the area, A.
Let’s try it out.
What is the area of the circle below?

We know that the radius of the circle is 12 centimeters. We put this number into the formula and solve for A.
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A = πr2
A = π(12)2
A = 144 π
A = 452.16 cm2
Remember that squaring a number is the same as multiplying it by itself.
The area of a circle with a radius of 12 centimeters is 452.16 square centimeters.

Some students have formed a circle to play dodge ball. The radius of the circle is 21 feet. What is the area of their
dodge ball circle?

The dodge ball court forms a circle, so we can use the formula to find its area. We know that the radius of the
circle is 21 feet, so let’s put this into the formula and solve for area, A.

A = πr2
A = π(21)2
A = 441 π
A = 1, 384.74 f t 2
Notice that a circle with a larger radius of 21 feet has a much larger area: 1,384.74 square feet.
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Sometimes, you will be given a problem with the diameter and not the radius. When this happens, you can
divide the measurement of the diameter by two and then use the formula.
Find the area of each circle.
Example A

Radius = 9 inches
Solution: 254.34 sq. in.
Example B

Radius = 11 inches
Solution: 379.94 sq. in
Example C

Diameter = 8 ft.
Solution: 50.24 sq. feet

Here is the original problem once again.
Do you remember Miguel? He had just finished working on figuring out the circumference of three different on deck
pads for the pitchers to use while they warm up. Let’s look at his dilemma again before we look at the area of the
pads.
Miguel’s latest task is to measure some different “on deck” pads for the pitchers to practice with. An on deck pad
is a circular pad that is made up of a sponge and some fake grass. Pitcher’s practice their warm-ups by standing on
them. They work on stretching and get ready to “pitch” the ball prior to their turn on the mound.
Miguel has three different on deck pads that he is working with. The coach has asked him to measure each one and
find the circumference and the area of each.
Miguel knows that the circumference is the distance around the edge of the circle. He decides to start with figuring
out the circumference of each circle.
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He measures the distance across each one.
The first one measures 4 ft. across.
The second measures 5 ft. across.
The third one measures 6 ft across.
Miguel has completed the first part of this assignment. He knows the circumference of each pad. Now he has to
figure out the area of each. Miguel isn’t sure how to do this. He can’t remember how to find the area of a circle.
Miguel needs some help.
Now it’s time to help Miguel figure out each area.
The first one has a diameter of 4 feet, so it has a radius of 2 ft. Here is the area of the first pad.
A = πr2
A = 3.14(22 )
A = 12.56 sq. f eet
The second pad has a diameter of 5 feet, so it has a radius of 2.5 feet.
A = πr2
A = 3.14(2.52 )
A = 19.63 sq. f eet
The third pad has a diameter of 6 feet, so it has a radius of 3 feet.
A = πr2
A = 3.14(32 )
A = 28.26 sq. f eet
Miguel is very pleased with his work. He is sure that his coach will be pleased with his efforts as well!
Guided Practice

Here is one for you to try on your own.
Find the area of a circle with a diameter of 10 in.
Answer
First, we divide the measurement in half to find the radius.
10 ÷ 2 = 5 in
Now we use the formula.
A = πr2
A = 3.14(52 )
A = 3.14(25)
A = 78.5 square inches
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This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5269

This is a James Sousa video on finding the area of a circle.
Explore More

Directions: Find the area of each circle given the radius or diameter. Round to the nearest hundredth when necessary.
1. r = 3 in
2. r = 5 in
3. r = 4 f t
4. r = 7 m
5. r = 6 cm
6. r = 3.5 in
7. d = 16 in
8. d = 14 cm
9. d = 20 in
10. d = 15 m
11. d = 22 cm
12. d = 24 mm
13. d = 48 in
14. r = 16.5 in
15. r = 25.75 in
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9.18 Radius or Diameter of a Circle Given Area
Here you’ll learn to find the radius or diameter of a circle given the area.
Remember Terrence and his swimming in the Area of a Circle Concept? Take a look at this problem.
Terrence swam in a pool with an area of 452.16 sq. feet. What is the diameter of this pool?
To figure this out, you will need to know how to problem solve to find the radius or diameter of a circle. This
Concept will teach you how to do this.
Guidance

We have seen that when we are given the radius or the diameter of a circle, we can find its area. We can also use the
formula to find the radius or diameter if we know the area. Let’s see how this works.
The area of a circle is 113.04 square inches. What is its radius?
This time we know the area and we need to find the radius. We can put the number for area into the formula
and use it to solve for the radius, r.

A = πr2
113.04 = πr2
113.04 ÷ π = r2
36 = r2
√
36 = r
6 in. = r
Let’s look at what we did to solve this. To solve this problem we needed to isolate the variable r. First, we divided
both sides by π, or 3.14. Then, to remove the exponent, we took the square root of both sides. A square root is a
number that, when multiplied by itself, gives the number shown. We know that 6 is the square root of 36 because
6 × 6 = 36.
The radius of a circle with an area of 113.04 square inches is 6 inches.
What is the diameter of a circle whose area is 379.94 cm2 ?
What is this problem asking us to find? We need to find the diameter (not the radius!). What information is
given in the problem? We know the area. Therefore we can use the formula to solve for the radius, r. Once
we know the radius, we can find the diameter. Let’s give it a try.

A = πr2
379.94 = πr2
379.94 ÷ π = r2
121 = r2
√
121 = r
11 cm = r
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The radius of a circle with an area of 379.94 square centimeters is 11 centimeters.
Remember, this problem asked us to find the diameter, so we’re not done yet. How can we find the diameter?
The diameter is always twice the length of the radius, so the diameter of this circle is 11 × 2 = 22 centimeters.
As we have seen, we can use the area formula whenever we are given information about a circle. If we know the
diameter or radius, we can solve for the area, A. If we are given the area, we can solve for the radius, r. If we know
the radius, we can also find the diameter.
Find the radius of each circle.
Example A

Area = 153.86 sq. in.
Solution: 7 inches
Example B

Area = 379.94 sq. ft.
Solution: 11 ft.
Example C

452.16 sq. m
Solution: 12 meters
Here is the original problem once again.
Terrence swam in a pool with an area of 452.16 sq. feet. What is the diameter of this pool?
To figure this out, we need to use the formula for area and then solve using the given information.

A = πr2
452.16 = πr2
452.16 ÷ π = r2
144 = r2
√
169 = r
12 f t. = r
We need to find the diameter of the pool. We can figure this out by doubling the radius.
The diameter of the pool is 24 feet.
Guided Practice

Here is one for you to try on your own.
What is the radius of a circle with an area of 530.66 sq. inches?
Answer
996
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To figure this out, we use the formula for finding the area of circle, then we solve using our given information.

A = πr2
530.66 = πr2
530.66 ÷ π = r2
169 = r2
√
169 = r
13 in. = r
The radius of this circle is 13 inches.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5269

This is a James Sousa video on finding the radius or diameter given an area.
Explore More

Directions: Find each radius given the area of the circle.
1. 12.56 sq. in.
2. 78.5 sq. m
3. 200.96 sq. cm
4. 254.34 sq. in
5. 7.07 sq. ft.
6. 28.26 sq. m
Directions: Find each diameter given the area of the circle.
7. 12.56 sq. in.
8. 78.5 sq. m
9. 200.96 sq. cm
10. 254.34 sq. in
11. 7.07 sq. ft.
12. 28.26 sq. m
13. 615.44 sq. feet
14. 176.625 sq. m
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15. 113.04 sq. ft.
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9.19 Areas of Combined Figures Involving Circles
Here you’ll learn to find areas of combined figures involving circles.
Have you ever tried to figure out the area of a figure that was made up of two figures and not just one?
Marcy has a picture of a figure that is made up of a square and half of a circle or a semi - circle. The square has a
side length of 8 inches. The circle’s diameter is the same as the side length of the square.
What is the area of the figure?
This Concept will show you how to figure out the area of combined figures involving circles. Pay attention and
we will revisit this dilemma at the end of the Concept.
Guidance

Sometimes we may be asked to find the area of a combined figure. Combined figures often include portions of
circles, such as a quarter or semicircle (which is a half circle). We can find the area of combined figures by breaking
them down into smaller shapes and finding the area of each piece.
Previously we worked on calculating the area of a portion of a circle. As long as we know the radius of the circle,
we can find its area. Then we can divide that area into smaller pieces or subtract a portion to find the area of part of
the circle. Let’s try this out.
What is the area of the figure below?

This figure is a semicircle, or half of a circle. Remember that a diameter always divides a circle in half. Therefore
the edge measuring 17 inches is the circle’s diameter. Can we use it to find the area of the whole circle?
We sure can! The radius of the circle must be 17 ÷ 2 = 8.5 inches. Now let’s use the formula to solve for area.

A = πr2
A = π(8.5)2
A = 72.25 π
A = 226.87 in.2
We know that a whole circle with a radius of 8.5 inches (and a diameter of 17 inches) is 226.87 square inches.
Therefore the semicircle figure has an area of 226.87 ÷ 2 = 113.44 square inches. As long as we can find the
area of a whole circle, we can divide or subtract to find the area of a portion of a circle.
Now let’s look at a combined figure.
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Find the area of the figure below.

First, we have to find the area of the rectangle. We can do this by multiplying the length times the width. Then we
can find the area of the circle. If you notice, the width of the rectangle is also the diameter of the circle. This will
help us when we want to find the area of the circle.
Let’s start with the rectangle.

A = lw
A = 6(8)
A = 48
The area is 48 square inches for the rectangle.
Now let’s look at the semi-circle. If the diameter is the width which is 6 inches, then the radius is 3 inches. We can
find the area of a circle now.

A = πr2
A = 3.14(32 )
A = 3.14(9)
A = 28.26 sq.inches
Now this is the area of a whole circle. We only need the area of a semi-circle. Let’s divide this value in half.
The area of the semi-circle is 14.13 square inches.
Now we add the two areas together.
48 +14.13 = 62.13 square inches
The area of the entire figure is 62.13 square inches.
Now it’s your turn to try a few. Figure out each area.
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Example A

Two semi - circles with a square in the middle. The square has a side length of 6 inches. The semi - circles have the
same diameter as the side length.
Solution: 149.04 in2
Example B

A rectangle with a length of 5 feet and a width of 3 feet connected to a semi - circle with the same diameter as the
width.
Solution: 29.13 f t 2
Example C

A square with a side length of 4 mm and a semi - circle with a diameter of the same side length as the square.
Solution: 41.12 mm2
Here is the original problem once again.
Marcy has a picture of a figure that is made up of a square and half of a circle or a semi - circle. The square has a
side length of 8 inches. The circle’s diameter is the same as the side length of the square.
What is the area of the figure?
To figure this out, we can first figure out the area of the square.
A = s2
A = 82
A = 64 in2
This is the area of the square.
Next, we have to figure out the area of half of a circle. Let’s figure out the area of the whole circle first.
A = πr2
A = π82
A = 200.96 in2
This is the area of the whole circle. We only need half of this area, so we divide this number by 2.
200.96 ÷ 2 = 100.48
Now, we add the two areas together.
100.48 + 64 = 164.48 in2
This is our answer.
Guided Practice

Here is one for you to try on your own.
Johann drew a design for a new sign for the cafe at school. The sign is made up of a square and a semi - circle. The
square has a side length of 9 inches. The semi - circle has the same diameter as the square.
What is the area of the sign?
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Answer
First, we have to figure out two different measurements for area and add them together. Let’s start with the square.
A = s2
A = 92
A = 81 in2
Next, we figure out the area of the half circle. Look at how the formula for the area of a circle can be adjusted.
A = 21 [πr2 ]
A = 12 [3.14(92 )]
A = 21 (254.34)
A = 127.17 in2
This is the area of half of the circle.
Now we add these areas together.
127.17 + 81 = 208.17 in2
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57612

This is a James Sousa video about finding the area of a combined figure.
Explore More

Directions: Find the area of each combined figure.
1. A square and a semi-circle. The square has a side length of 11 mm. The diameter of the circle matches the
square’s side.
2. A square and a semi-circle. The square has a side length of 8.5 inches. The diameter of the circle matches the
square’s side.
3. A square and a semi-circle. The square has a side length of 7.25 inches. The diameter of the circle matches the
square’s side.
4. A square and a semi-circle. The square has a side length of 13 feet. The diameter of the circle matches the
square’s side.
5. A square and a semi-circle. The square has a side length of 15.5 feet. The diameter of the circle matches the
square’s side.
6. A rectangle and a semi-circle. The rectangle has a length of 8 feet and a width of 5 feet. The diameter of the
circle matches the width.
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7. A rectangle and a semi-circle. The rectangle has a length of 8.5 feet and a width of 6 feet. The diameter of the
circle matches the width.
8. A rectangle and a semi-circle. The rectangle has a length of 9 inches and a width of 4.5 inches. The diameter of
the circle matches the length.
9. A rectangle and a semi-circle. The rectangle has a length of 7 feet and a width of 4 feet. The diameter of the
circle matches the length.
10. A rectangle and a semi-circle. The rectangle has a length of 5.5 feet and a width of 3.5 feet. The diameter of the
circle matches the width.
11. A triangle and a semi-circle. The triangle has a base of 5 inches and a height of 4 inches. The diameter of the
circle matches the base of the triangle.
12. A triangle and a semi - circle. The triangle has a base of 7 inches and a height of 6 inches. The diameter of the
circle matches the base of the triangle.
13. A triangle and a semi - circle. The triangle has a base of 5.5 inches and a height of 4 inches. The diameter of the
circle matches the base of the triangle.
Directions: Solve each problem.
14. Rob is painting large polka dots on a sheet for the backdrop of the school musical. He painted 16 polka dots,
each with a radius of 3 feet. What is the total area that the polka dots cover?
15. The librarian is having the library at her school carpeted. The library is a circular room with a diameter of 420
feet. How many square feet of carpet will she need to order?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including square roots, the Pythagorean
Theorem, area of parallelograms, trapezoids, triangles and circles, circumference of circles, irrational numbers and
rational numbers.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts on
classifying solid figures, representing solid figures, surface area and volume with prisms, cylinders, pyramids and
cones.
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10.1 Classification of Solid Figures
Here you’ll learn to classify solid figures as prisms, cylinders, pyramids, cones or spheres.

Candice and Trevor have gotten a job working at the mall for the holiday season. They are both going to be working
in the wrapping station. During the holidays, the mall offers free gift wrapping. People can come through and have
their gifts wrapped. If they want to make a donation they can and that money is used to help needy families.
Candice and Trevor both show up on their first day for training. Mrs. Scott, the manager of the wrapping station
shows them both where they will be working.
“First, we need to show you some great techniques for wrapping presents,” Mrs. Scott explains. “There are some
ways that are more effective and useful than others.”
Candice and Trevor both take a seat in front of a bunch of different items.
There is a round bottle of perfume, a shoe box, a soccer ball and a magician’s hat with a round bottom and a point at
the top.
“What kinds of shapes to do you see here?” Mrs. Scott asked the two.
Before seeing Candice and Trevor’s answers, think about this question yourself. Based on the descriptions,
how would you classify these objects? Make a few notes in your notebook.
In this Concept, you will learn how to classify three-dimensional solids. By the end of this Concept, you will
know how Candice and Trevor can classify each item.

Guidance

Previously we worked on plane figures which are two-dimensional figures. This means that they have only length
and width. Even a circle which has a circumference and a diameter is still a plane figure. It does not have depth.
This lesson will focus on solid figures and solid figures are three-dimensional figures.
How is a solid figure different from a plane figure?
A solid figure has length, width and height, whereas a plane figure only has length and width.
Let’s look at some plane figures.
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Now let’s look at some solid figures.

We see solid figures around us every day. Take a look around you. What solids do you see? How many faces or
edges do they have? Recognizing and understanding these figures is an important key to doing geometry.
How can we identify different solid figures?
We can identify them according to the features that are unique to each type of solid.
A sphere is a solid figure that has no faces, edges, or vertices. This is because it is completely round; it has no
flat sides or corners.

A cone has one face but no edges or vertices. Its face is in the shape of a circle. Because a circle is a flat, plane
shape, it is a face. But because it is round around the outside, it does not form any edges or vertices. You will learn
more about those in a minute.
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A cylinder has two circular faces but also no edges or vertices.

Pyramids have one base and at least three triangular sides. A triangular pyramid has a triangular base and three
other triangular faces, or four in all. A rectangular pyramid has a rectangular base and four other triangular faces, or
five in all. It has edges and vertices where all of its faces meet, and always has a vertex at the top.

A prism is a solid figure that has two congruent parallel bases and any number of sides. In other words, it can
have any number of faces, but at least two of them must be parallel. The shape of the two parallel bases can be a
triangle, square, rectangle, pentagon, hexagon, or any other kind of polygon. The number of sides the bases have
determines the number of faces the figure has. The number of edges and vertices also depends on the shape of the
base. Here are some different prisms.

As you can see, there are many types of prisms. The shape of the bases tells us which kind of prism it is.
Identify each solid figure. Be as specific as you can.
1007
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Example A

Solution: Pentagonal Prism

Example B

Solution: Triangular Pyramid

Example C

Solution: Cone
Here is the original problem once again.
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Candice and Trevor have gotten a job working at the mall for the holiday season. They are both going to be working
in the wrapping station. During the holidays, the mall offers free gift wrapping. People can come through and have
their gifts wrapped. If they want to make a donation they can and that money is used to help needy families.
Candice and Trevor both show up on their first day for training. Mrs. Scott, the manager of the wrapping station
shows them both where they will be working.
“First, we need to show you some great techniques for wrapping presents,” Mrs. Scott explains. “There are some
ways that are more effective and useful than others.”
Candice and Trevor both take a seat in front of a bunch of different items.
There is a round bottle of perfume, a shoe box, a soccer ball and a magician’s hat with a round bottom and a point at
the top.
“What kinds of shapes to do you see here?” Mrs. Scott asked the two.
As Trevor and Candice tell Mrs. Scott what types of figures are present on the table, let’s do our own inventory.
The round bottle of perfume is a cylinder.
The shoe box is a rectangular prism.
The soccer ball is a sphere.
The magician’s hat is in the shape of a cone.
How did you do? Go back and check the answers that you wrote at the beginning of the lesson. If you got
them all correct, good work. If not, then make a note of which ones you mixed up to help yourself next time.
Guided Practice

Here is one for you to try on your own.
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What is the name of this figure? Be as specific as you can.
Answer
This figure is a rectangular prism.
Video Review

Watch this video on the properties of solid figures.
Explore More

Directions: Identify each figure. Be as specific as possible.
1.

2.

3.
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4.

5.

6.

7.

8.
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9.

10.

Directions: Look at each figure or picture and determine whether each is a prism, pyramid, cylinder, cone or sphere.
11.

12.
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13.

14.

15.
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10.2 Faces, Edges, and Vertices of Solids
Here you’ll learn to identify and describe faces, edges and vertices of solid figures.
Have you ever thought about the parts of a solid figure?
Solid figures have their own characteristics, just like plane figures do.
Candice and Trevor are working at the wrapping paper station at the mall. A customer came in with a figure that has
10 faces. It was a unique kind of jewelry box.
Do you know what shape the base of the figure is?
In this Concept, you will learn how to identify a figure according to faces, edges and vertices. By the end of
this Concept, you will know how to figure out the shape of the base of the jewelry box.

Guidance

Previously we worked on identifying solids. Well, now we need to look at how to classify them more specifically.
To do this, let’s look at the features of solid figures. The number of faces , edges , and vertices a solid figure
has tells us what kind of solid figure it is. We can use this information to classify solids.
We classify, or identify, them by the number of each that they have. Let’s begin by looking at faces.
A face is a flat side of a solid figure. Faces are in the form of plane shapes, such as triangles, rectangles, and
squares. Take a look at the faces highlighted below.

Every solid figure has several faces. We can count the number of faces the figure has. How many faces does each
figure above have?
It has a face on the bottom and on the top. It has four faces around the sides. Therefore it has six faces in all.
What shape are the faces?
They are rectangles. We call this figure a rectangular prism.
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Yes. With prisms, you can use the figure that you see to help you name the type of prism that it is.
Now let’s look at another solid.

This figure has five faces. The face on the bottom (also called a base) is a square, and the sides are triangles
that meet at a specific vertex. This is called a pyramid . Notice that the base of the pyramid of the pyramid is
a square. This is called a square pyramid. The base names the figure.
Now that you understand faces, let’s look at edges. We can also identify a solid figure by counting the edges.
An edge is the place where two faces meet. Edges are straight; they cannot be curved. How many edges does
this figure have?
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Count all of the straight edges where two faces meet. This figure has 8 edges.
Some figures do not have any edges because they do not have flat sides. Think about cones, spheres and cylinders.
They don’t have any edges.
The place where two or more edges meet is called a vertex . A vertex is like a corner. We can also count the
number of vertices in order to identify solid figures.
This chart can give you an idea of some of the faces, edges of vertices of common solid figures.

TABLE 10.1:
Figure Name
sphere
cone
cylinder
pyramid
prism

Number of Faces
0
1
2
5
at least 5

Number of Edges
0
0
0
8
at least 9

Number of Vertices
0
0
0
5
at least 6

Sometimes, you will just have to count the faces, edges and vertices to figure out the number that are in each
solid figure.
When we looked at the rectangular prism, one of the first things that you can see is that the figure names the type of
prism. This is especially true or prisms. When we look at a solid figure such as a prism or a pyramid, we have
to use our thinking about polygons to figure out which type of prism or pyramid the figure is.
In earlier math classes, you might have just called the solid a prism or a pyramid, but now you need to be
more specific.

First, you can see that each side is a polygon. That means that we are working on identifying a type of prism. Let’s
use the base to help identify this prism. The base is a five sided figure. We know that a five sided figure is called a
pentagon.
This is a pentagonal prism.
When you think about the number of faces, vertices and edges in solid figures, you may start to see some patterns
emerge.
We can see one pattern in spheres, cones, and cylinders. Can you guess what it is? To understand the pattern, we
need to think about the number of faces, edges, and vertices each figure has. All of these figures are curved in some
way, so they have no edges or vertices. What about their faces? A sphere has no faces, a cone has one circular face,
and a cylinder has two circular faces. Therefore the number of faces increases by one from one figure to the next.
This is a pattern.
What about prisms? Is there a pattern there?
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There is definitely a pattern with regard to prisms. As the number of sides in the base and top parallel faces
increases, the number of side faces increases the same amount.
A triangular prism therefore has 3 sides plus the base and top, or 5 in all. A hexagonal prism has 6 sides faces plus
the base and top, or 8 faces in all.
A prism has a base with n number of sides. How many faces does the prism have?
A prism with n number of sides?
This means that we can put in any number for n. If we put in 3 and make this a triangular prism, how many faces
will the prism have? As we said, it will have 3 side faces, a top, and a base, or 5 faces.
What if we put 6 in for n and make it a hexagonal prism? The figure will have 6 side faces plus the base and top, or
8 faces in all. If we put 9 in for n, the figure would have 9 side faces, a top, and a base, or 11 faces in all. Do you see
the pattern?
In a prism, we always have a number of side faces determined by the number of sides in the polygon that is
the base. Then we add two, because there is always a base and top. In other words, to find the total number
of faces we add 2 to the number of the base’s sides. We can write a formula to help us to understand this.
If the base has n number of sides, then the prism will have n + 2 number of faces.
Here is another one.
A base has seven sides. How many faces does it have?
If the base has 7 sides, then we can use the formula to find the number of faces.

n + 2 = number o f f aces
7+2 = 9
This figure has nine faces.
Now it’s time for you to practice. How many faces does each figure have given the provided information about the
shape of the base? Assume that the figures are prisms.
Example A

A base of a pentagon
Solution: 7 faces
Example B

A base of a nonagon
Solution: 11 faces
Example C

A base of a hexagon
Solution: 8 faces
Here is the original problem once again.
Solid figures have their own characteristics, just like plane figures do.
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Candice and Trevor are working at the wrapping paper station at the mall. A customer came in with a figure that has
10 faces. It was a unique kind of jewelry box.
Do you know what shape the base of the figure is?
To work on this one, we have to work backwards. If the number of faces is n + 2, then the number of sides in the
base would be x − 2.
10 is the number of faces-that is our x.
10 − 2 = 8
The base is an 8 sided figure. An eight sided figure is an octagon.
Guided Practice

Here is one for you to try on your own.
Name the figure and the number of faces.

Answer
Here we have a pyramid. You can tell that it is a pyramid because the faces all connect at one vertex. The base
names this pyramid. You can see that it has six sides to it. A six sided polygon is a hexagon.
This is a hexagonal pyramid.
There is one face on the bottom, the hexagonal base.
There are six triangular sides that meet at a vertex.
1+6 = 7
This figure has seven faces.
Note that we do not use the equation n + 2 = number o f f aces, which is used for prisms.
Video Review

Watch a video on vertices and diagonals of solid figures at this link.
Explore More

Directions: Count the number of faces, edges, and vertices in each figure.
1.
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2.

3.

4.

5.
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6.

7.

8.

9.
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10.

11.

12.

Directions: Answer each question.
1021
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13. A figure has one circular face, no edges, and no vertices. What kind of figure is it?
14. A figure has one pair of parallel sides that are circular. What kind of figure is it?
15. Decagons are polygons that have ten sides. How many faces does a decagonal prism have?
16. A hexagon has six sides. How many faces does a hexagonal prism have?
17. A heptagon has seven sides. How many faces does a heptagonal prism have?
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10.3 Cross-Sections and Nets
Here you’ll learn to draw two-dimensional representations of solid figures.

On their second day at the mall, Candice and Trevor were taken to the back store room where there were tons of
boxes. Only these boxes weren’t put together, they were all flat.
“This is where we keep boxes for wrapping,” Mrs. Scott told them.
“That is a lot of boxes,” Trevor said looking at all of the piles of boxes.
“Yes and they all have gotten mixed up. We need you to sort them. Put all of the square boxes in one pile and all
of the rectangular boxes in another pile. Then we will be able to get to the box that we need when the time comes,”
Mrs. Scott instructed.
“We can do that,” Candice said.
Trevor did not look as certain.
“Alright. I’ll come back and check on you in a little while,” Mrs. Scott said walking away.
“What do you mean, we can do that?” Trevor asked Candice after Mrs. Scott had left.
“It’s easy. The square ones look like the nets of cubes-you know from math class. The other boxes look like
rectangular prisms.”
Trevor is puzzled. He can’t remember what a net for a cube looks like.
Do you know? What is the difference between a net for a cube and a net for a rectangular prism?
This Concept is all about nets and two-dimensional representations of three-dimensional figures. By the end
of the Concept, you will know how to identify the net of cube from the net of a rectangular prism.

Guidance

Think about the solid figures that you learned about in the Faces, Edges, and Vertices of Solids Concept. Solid
figures are three-dimensional figures that have height, width and length. Here are some of the solid figures that
you learned about in the last Concept.
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If you look at these figures, you can see that there are some parts that you can see and some parts that you can’t see.
We can assume that the other parts are there, but because this is a solid figure we can only see parts of each figure.
What if we wanted to see the whole figure?
If we want to see the entire figure, then we need to draw a representation of the figure that is two-dimensional.
You can think of this as unfolding or taking apart the solid so that you can see all of the parts of the solid.
Look back at the three figures that we just looked at. The first one is a rectangular prism. If we wanted to draw this
as a two-dimensional figure, then we would have to think about all of the parts of the rectangular prism.
There are four sides to the base of a rectangle, so we know that there are six faces. But how do the faces look? Let’s
look at this drawing of a rectangular prism.

Look at how this box has been unfolded. You can see the pattern that it makes and if you picture it in your mind,
you can see how we could fold up the box again. The edges form the lines and we could fold it along those lines to
create a rectangular prism once again.
Let’s look at the second figure. It is a square pyramid. If we were to draw a square pyramid, let’s think about its
parts and how it might look if we unfolded it.
The base is a square and there are four triangles on the sides. We can unfold it from the vertex down. Here is what
it looks like.

You can see that the sides could be rejoined at the vertex and we would have the square pyramid once again.
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What about the last figure? It is a cylinder. We know that the two bases of a cylinder are circles. What about the
middle? Think about that middle space as a rectangle that is wound up around the edges of the circle. If you think
about it this way, you can see what it would look like taken apart.

Two-dimensional representations of solids like this one is called a net . A net is a visual way of drawing a solid
figure so that all of the parts of the figure can be seen and measured.
Nets, as we know, allow us to see the top, bottom, and sides of a solid figure all at once. We can also get a sense
of a solid just by drawing its side, front, and top views. These are like pieces of a net, without having to draw
the whole net.
As with nets, we’ll need to use our imagination to draw the side, top, and front view. Imagine you can hold the figure
and can look down on it from above, or look at it from the side. This may be hard to imagine at first. If so, find some
real solid objects, such as a soup can and cereal box.

What is the top view of this cylinder?
If you think about what you would see if you look down on this can, you would see the circle that is the base.
What about if we looked at it from the side or front?
Then you would see a rectangle of sorts. It would be long and represent the length of the can.
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Look at this figure. It is a cereal box, but we can also think of it given its geometric properties. It is a rectangular
prism. We know that a rectangular prism is made up of rectangles, but would we see a rectangle from each view?
Yes. We would, but the position of the rectangle would change depending on the view.
Here is a top view.

Here is a side view.
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Here is a front view and a back view.

You can imagine that because of the dimensions of the rectangle, that you would be able to see any of the different
parts of the figure and draw them too.
What about a cone?
Cones can be tricky because of what you would see. If you look at the side, you would see a triangle. If you look
from the bottom up, you would see a circle.
What about from the top down?

If you think about this, you would see a circle with a point in the middle.
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The point would represent the top of the cone. The circle represents the bottom part.
We can draw a view of any three-dimensional figure as long as you take the time to visual it in your mind first.
If you have trouble with this, try to use a real object to help you with the visualization and the drawing.
As we have seen, we can classify solid figures by drawing nets of them. The nets let us see what shape the base is,
how many sides the figure has, and whether or not it has any parallel faces. In the last section, we practiced drawing
different views of three-dimensional figures. Now we can use those views as we work to identify different solids.
This is how we can identify and/or classify solid figures by using their side and top views.
For instance, we know from drawing pyramids that their sides are triangles. If we look at it from the side, then,
all we can see is one triangular face. Pyramids always have triangular sides, so we would know just from this one
side view that the figure must be a pyramid. What about this figure?

The square is a tricky one to work with. Any prism could have a square as one of its views. We could also have a
square pyramid with a bottom up view, although this would not be as common.
Depending on the view, we can either be general or specific in our identification of the solid. You can see that
the square is a more general view to work with.
What solid figure is represented below?
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We have been given a side view and a top view.
What shape are the side faces of this solid figure? They are rectangles. What shape is the top face of the figure? It
is a circle. Now let’s think about what we solid figures we know. Many solid figures can have rectangular sides (any
prism), but not very many have a circular top face. Cylinders, as we know, have a circular top face and a circular
base. This could be a cylinder.
But what about the side? The side of a cylinder is actually curved. Remember, when we “unroll” it to make a net,
the side looks like a rectangle. Imagine you could hold up a can of soup. It would look like a rectangle from the
side!
These two views must be showing a cylinder.
When given different views, you will need to think about each part of the different solids. Keep in mind that knowing
that there are prisms, cylinders, cones and pyramids can help you in this task.
We can use cubes called “unit cubes” to help us draw different views of a solid figure. This is a way to “build” a
solid figure. This is where we are going to begin to see some of the dimensions of different solid figures come into
practice.

This is the building block that we are going to use for our drawings. Here is how this is going to work.
Draw the top view of rectangular prism. The dimensions are 2 × 3 units.
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To draw this figure, we are going to use cubes. We know that the top view is 2 × 3 units. We take the cubes and build
the view of the rectangular prism.

This is what the top view of the rectangular prism would look like.
What if we were to know all of the dimensions of a rectangular prism? Could we build it then?
Yes, we could. To know all of the dimensions, we would have the length, the width and the height. Then we would
use cubes to “build the different views” of the figure.
Whew! We have really looked at solids inside and out! Now we can take them apart and put them together again, all
by understanding the shapes of their faces and how the faces fit together. In the next few lessons you will see how
useful it is to understand solids.
Now it’s time for you to try a few on your own.
Example A

Draw a net of a pentagonal prism.
Solution: Check your answers with the drawings in this Concept.
Example B

Draw a net of a cube.
Solution: Check your answers with the drawings in this Concept.
Example C

Draw a net of a cylinder.
Solution: Check your answers with the drawings in this Concept.
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Here is the original problem once again. Reread it and then see how Candice explains the difference between the net
of a cube and the net of a rectangular prism.
On their second day at the mall, Candice and Trevor were taken to the back store room where there were tons of
boxes. Only these boxes weren’t put together, they were all flat.
“This is where we keep boxes for wrapping,” Mrs. Scott told them.
“That is a lot of boxes,” Trevor said looking at all of the piles of boxes.
“Yes and they all have gotten mixed up. We need you to sort them. Put all of the square boxes in one pile and all
of the rectangular boxes in another pile. Then we will be able to get to the box that we need when the time comes,”
Mrs. Scott instructed.
“We can do that,” Candice said.
Trevor did not look as certain.
“Alright. I’ll come back and check on you in a little while,” Mrs. Scott said walking away.
“What do you mean, we can do that?” Trevor asked Candice after Mrs. Scott had left.
“It’s easy. The square ones look like the nets of cubes-you know from math class. The other boxes look like
rectangular prisms.”
Trevor is puzzled. He can’t remember what a net for a cube looks like.
Candice looks at Trevor. She picks up one of the boxes.
“Okay, see this one, it is a square box or you could think of it as the net of a cube. Look at the center of the
box. All four sides are the same length. When we fold up the sides around this bottom, you can see that all of
the sides match. They are the same length and so they will form a cube.”
Trevor smiles.
“Okay, now I get it. The rectangular box has a rectangle at the center. The sides will fold up around it.”
“Yes,” Candice adds. “We can see that there is a length and a width for the rectangular bottom and top. Also,
notice that the sides match these lengths. Therefore, when we fold up the sides, we will have a box that is a
rectangular prism.”
With this explanation complete, the students got right to work sorting all of the boxes.

Guided Practice

Here is one for you to try on your own.
Name this figure.

Answer
This is the net of a rectangular prism.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/10340

This is a video on nets of solid figures.
Explore More

Directions: Identify each solid by its net.
1.

2.

3.
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4.

5.

6.

7.
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8.

9.

10.

11. Draw an example of a new net for each of the figures in numbers 1–10.
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10.4 Surface Area of Rectangular Prisms
Here you’ll learn to find the surface area of rectangular prisms using formulas.

On her first day wrapping boxes, Candice had a customer come up to the counter with a huge box in her arms.
“This is a doll house for my niece,” the woman said. “Can you please wrap it?”
“Certainly,” Candice said looking at the box.
The box was 4000 L × 2300 W × 3200 H. Candice looked at the different rolls of wrapping paper. She was sure that she
was going to need the largest roll of wrapping paper that she could find, and even then she was sure that it was going
to take two pieces of paper. The wrapping station has a huge roll of paper on a big roller. This one was brand new.
“How big is this roll?” Candice asked Mrs. Scott.
“It is 2400 W × 900 f eet,00 Mrs. Scott said.
“That should be big enough,” Candice thought.
Candice isn’t sure that the roll of paper will be enough for the doll house. This is a problem that can be solved
by surface area. If Candice can figure out the surface area of the box, then she will know how much of the
wrapping paper she will need to wrap the doll house.
This Concept will teach you all about surface area. Pay attention and at the end of the Concept you will know
how to figure out the wrapping paper dilemma.
Guidance

In this Concept, we will look at prisms with more detail. Remember that a prism is a three-dimensional object
with two congruent parallel bases. The shape of the base names the prism and there are rectangles for the
sides of the prism.
When we worked with two-dimensional figures, we measured the area of those figures. The area is the space that
is contained in a two-dimensional figure. Now we are going to look at the area of three-dimensional figures. Only
this isn’t called simply area anymore, it is called surface area.
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What is surface area?
The surface area is the covering of a three-dimensional figure. Imagine you could wrap one of the figures above
in wrapping paper, like a present. The amount of wrapping paper needed to cover the figure represents its surface
area.
To find the surface area, we must be able to calculate the area of each face and then add these areas together.
One way to do this is to use a net. Remember that a net is a two-dimensional representation of a threedimensional solid. A net is a stretched out picture or an unfolded picture of a solid.
If we look at a net and find the sum of each surface of the net and then add up each measurement, then we will know
the measurement of the “cover” of the figure.
We can do this with prisms of all different kinds. Let’s look at a net for a rectangular prism.

Now we can find the area of each part of the rectangular prism. Notice that the rectangular prism is made up of
rectangles. To find the area of a rectangle, we use this formula.
A = lw
Next we can find the area of each part of the prism. Remember that there are six faces that we need to
measure!

Bottom face

top face

long side

long side

short side

short side

A = lw

A = lw

A = lh

A = lh

A = wh

A = wh

12 × 7 +

12 × 7

+

12 × 3

+

12 × 3 +

7×3 +

7×3

84

+

36

+

36

84

+

+

21

+

21

=

282 in.2

The answer is 282 sq. inches.

We found the area of each rectangular face and then added all of these areas together. The total surface area
of the rectangular prism is 282 square inches. Using a net helped us to locate all of the faces and find the
measurements of each side.
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Nets let us see each face so that we can calculate their area. However, we can also use a formula to represent the
faces as we find their area. Let’s look again at our calculations for the rectangular prism we dealt with.

Bottom face

Top face

long side

long side

short side

short side

A = lw

A = lw

A = lh

A = lh

A = wh

A = wh

12 × 7 +

12 × 7

+

12 × 3

+

12 × 3 +

7×3 +

7×3

84

+

36

+

36

84

+

+

21

+

21

=

282 in.2

Notice that our calculations repeat in pairs. This is because every face in a rectangular prism is opposite a
face that is congruent. In other words, the top and bottom faces have the same measurements, the two long side
faces have the same measurements, and the two short side faces have the same measurements. Therefore we can
create a formula for surface area that gives us a short cut. We simply double each calculation to represent a pair of
faces.
The formula looks like this.
SA = 2lw + 2lh + 2hw
In this rectangular prism, l = 12 inches, w = 7 inches, and h = 3 inches. We simply put these numbers into the
formula and solve for surface area. Let’s try it.

SA = 2lw + 2lh + 2hw
SA = 2(12 × 7) + 2(12 × 3) + 2(3 × 7)
SA = 2(84) + 2(36) + 2(21)
SA = 168 + 72 + 42
SA = 282 in.2

As we have already seen, the surface area of this prism is 282 square inches. This formula just saves us a little time
by allowing us to calculate the area of pairs of faces at a time.
Here is another one.
What is the surface area of the figure below?

All of the faces of this prism are rectangles, so we can use our formula for finding the surface area of
rectangular prisms. We simply put the measurements into the formula and solve for SA, surface area.
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SA = 2lw + 2lh + 2hw
SA = 2(21 × 14) + 2(21 × 5) + 2(5 × 14)
SA = 2(294) + 2(105) + 2(70)
SA = 588 + 210 + 140
SA = 938 cm2
This rectangular prism has a surface area of 938 square centimeters. If you’re not sure which measurements go
with which side of the prism, try drawing a net.
Let’s practice using this formula. Try a few problems on your own.
Example A

Length of 8 in, width of 4 inches, height of 6 inches
Solution: 208 in2
Example B

Length of 5 ft, width of 4 ft, height of 2 ft
Solution: 108 f t 2
Example C

Length of 11 m, width of 8 m, height of 7 m
Solution: 442 m2

Here is the original problem once again.
On her first day wrapping boxes, Candice had a customer come up to the counter with a huge box in her arms.
“This is a doll house for my niece,” the woman said. “Can you please wrap it?”
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“Certainly,” Candice said looking at the box.
The box was 4000 L × 2300W × 3200 H. Candice looked at the different rolls of wrapping paper. She was sure that she
was going to need the largest roll of wrapping paper that she could find, and even then she was sure that it was going
to take two pieces of paper. The wrapping station has a huge roll of paper on a big roller. This one was brand new.
“How big is this roll?” Candice asked Mrs. Scott.
“It is 2400W × 900 f eet,00 Mrs. Scott said.
“That should be big enough,” Candice thought.
To figure out if the wrapping paper on the roll will be enough to wrap the doll house, Candice has to figure
out the surface area of the box. She knows the dimensions, so she can use these dimensions to help solve the
problem.
The box is 4000 L × 2300W × 3200 H.
Since a box is a rectangular prism, especially given the length and width, we can use this formula for the
surface area of the box.
SA = 2(lw + lh + wh)
Next, we can substitute the given measurements into the formula.

SA = 2 · [40(23) + 40(32) + 23(32)]
SA = 2(920 + 1280 + 736)
SA = 2(2936)
SA = 5872 sq.inches

Let’s change that into square feet by dividing by 12.
5872 ÷ 12 = 489.33 sq. f eet
We can round up to 490 square feet just to be sure.
Now the measurement of the wrapping paper was in inches and feet.
2400 × 900 f t, so let’s change it to feet
2 f t × 900 f t = 1800 sq. f eet
The wrapping paper will be enough to cover the box of the doll house.

Guided Practice

Here is one for you to try on your own.
Crystal is wrapping the box below in wrapping paper for her brother’s birthday. How much wrapping paper will she
need?
1039

10.4. Surface Area of Rectangular Prisms

www.ck12.org

Answer
First of all, is this a rectangular or triangular prism? All of the faces are rectangles, so it is a rectangular prism. The
picture clearly shows us what its length, width, and height are, so let’s use the formula for finding the surface area
of rectangular prisms. Simply put the measurements in for the appropriate variables in the formula.

SA = 2lw + 2lh + 2hw
SA = 2(12 × 9) + 2(12 × 6) + 2(6 × 9)
SA = 2(108) + 2(72) + 2(54)
SA = 216 + 144 + 108
SA = 468 in.2
Crystal will need 468 square inches of wrapping paper in order to cover the present.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54801

This is a video on surface area of rectangular prisms.
Explore More

Directions: Use the formula for surface area to find the surface area of each rectangular prism.
1. A rectangular prism with a length of 10 in, width of 8 in and height of 5 inches.
2. A rectangular prism with a length of 8 in, width of 8 in and height of 7 inches.
3. A rectangular prism with a length of 12 m, width of 4 m and height of 6 meters.
4. A rectangular prism with a length of 10 in, a width of 6 in and a height of 7 inches.
5. A rectangular prism with a length of 12 m, a width of 8 m and a height of 5 meters.
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6. A rectangular prism with a length of 9 ft, a width of 7 feet and a height of 6 feet.
7. A rectangular prism with a length of 10 m, a width of 8 m and a height of 2 m.
8. A rectangular prism with a length of 6 ft, a width of 5 feet and a height of 3 feet.
9. A rectangular prism with a length of 3 feet, a width of 6 feet and a height of 2 feet.
10. A rectangular prism with a length of 4 feet, a width of 4 feet and a height of 4 feet.
11. A rectangular prism with a length of 12 feet, a width of 9 feet and a height of 7 feet.
12. A rectangular prism with a length of 14 feet, a width of 11 feet and a height of 10 feet.
13. A rectangular prism with a length of 18 feet, a width of 16 feet and a height of 12 feet.
14. A rectangular prism with a length of 22 meters, a width of 18 meters and a height of 10 meters.
15. A rectangular prism with a length of 21 meters, a width of 18 meters and a height of 17 meters.
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10.5 Surface Area of Triangular Prisms
Here you’ll learn to find the surface area of triangular prisms using formulas.
Have you ever seen a triangular prism?
Jesse bought a kaleidoscope for his sister for her birthday. Here is a picture of its shape.

To wrap this figure, Jesse will need to cover it with wrapping paper.
What is the surface area of this triangular prism?
This Concept is about figuring out the surface area of triangular prisms. By the end of the Concept you will
know how to figure this out.

Guidance

Remember the prisms in the Surface Area of Rectangular Prisms Concept? A prism is a three-dimensional object
with two congruent parallel bases. The shape of the base names the prism and there are rectangles for the
sides of the prism.
When we worked with two-dimensional figures, we measured the area of those figures. The area is the space that
is contained in a two-dimensional figure. Now we are going to look at the area of three-dimensional figures. Only
this isn’t called simply area anymore, it is called surface area.
What is surface area?
The surface area is the covering of a three-dimensional figure. Imagine you could wrap one of the figures above
in wrapping paper, like a present. The amount of wrapping paper needed to cover the figure represents its surface
area.
To find the surface area, we must be able to calculate the area of each face and then add these areas together.
One way to do this is to use a net. Remember that a net is a two-dimensional representation of a threedimensional solid. A net is a stretched out picture or an unfolded picture of a solid.
If we look at a net and find the sum of each surface of the net and then add up each measurement, then we will know
the measurement of the “cover” of the figure.
What is the surface area of the figure below?
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The first thing we need to do is draw a net. Get ready to exercise your imagination! It may help to color the top
and bottom faces to keep you on track. Begin by drawing the bottom face. It is a triangle. Each side of the face is
connected to a side face. What shape is each side face? They are rectangles, so we draw rectangles along each side
of the triangular base. Lastly, we draw the top face, which can be connected to any of the side faces.

Next let’s fill in the measurements for the sides of each face so that we can calculate their area. Be careful! This
time two of the faces are triangles. Remember, we calculate the area of triangles with the formula A = 12 bh. We need
to know the height of the triangles, look at the diagram to find it. We are going to find the areas of two triangles
and three rectangles.
Now that we have the measurements of all the faces, let’s calculate the area of each. Remember to use the correct
area formula.

Bottom face
1
A = bh
2
1
(8)(6) +
2
24
+

Top face
1
A = bh
2
1
(8)(6) +
2
24
+

side

side

side

A = lw

A = lw

A = lw

17 × 10 +

17 × 10 +

17 × 8

170

+

170

+

136

=

524 cm2

We used the formula A = 21 bh to find the area of the top and bottom faces. We used the formula A = lw to find
the area of the three side faces.
When we add these together, we get a surface area of 524 square centimeters for this triangular prism.
Triangular prisms have a different formula for finding surface area because they have two triangular faces
opposite each other. Remember, the formula for the area of triangles is not the same as the area formula for
rectangles, so we’ll have to proceed differently here to find a formula for surface area.
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First, we know that we need to find the area of the two triangular faces. Each face will have an area of 12 bh.
Remember, we can use a formula to calculate the area of a pair of faces. Therefore we can double this formula to
find the area of both triangular faces at once. This gives us 2( 21 bh). The numbers cancel each other out, and we’re
left with bh. That part was easy!
Next, we need to calculate the area of each side face. The length of each rectangle is the same as the height of
the prism, so we’ll call this H. The width of each rectangle is actually the same as each side of the triangular base.
Instead of multiplying the length and width for each rectangle, we can combine this information. We can multiply
the perimeter of the triangular base, since it is the sum of each “width” of a rectangular side, by the height of the
prism, H.
If we put these pieces together—the area of the bases and the area of the side faces—we get this formula.

SA = bh + (s1 + s2 + s3)H
To use this formula, we fill in the base and height of the prism’s triangular base, the lengths of the base’s sides,
and the height of the prism.
Don’t confuse the height of the triangular base with the height of the prism!
Now try a few of these on your own.
Example A

A triangular prism has a triangular end with a base of 5 inches and a height of 4 inches. The length of each side is 8
inches and the width of each side is 6 inches. What is the surface area of the prism?
Solution: 164 in2
Example B

A triangular prism has a triangular end with a base of 8 feet and a height of 6 feet. The length of each side is 10 feet
and the width of each side is 6 feet. What is the surface area of the prism?
Solution: 228 f t 2
Example C

A triangular prism has a triangular end with a base of 12 inches and a height of 9 inches. The length of each side is
14 inches and the width of each side is 9 inches. What is the surface area of the prism?
Solution: 486 in2
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Here is the original problem once again.
Jesse bought a kaleidoscope for his sister for her birthday. Here is a picture of its shape.

To wrap this figure, Jesse will need to cover it with wrapping paper.
What is the surface area of this triangular prism?
To figure this out, we have all of the measurements we need. Let’s put them into the formula and solve for surface
area, SA.

SA = bh + (s1 + s2 + s3)H
SA = 4(3) + (5 + 5 + 4)(15)
SA = 12 + 14(15)
SA = 12 + 210
SA = 222 cm2
This triangular prism has a surface area of 222 square centimeters.
Guided Practice

Here is one for you to try on your own.
Find the surface area of this triangular prism.

Answer
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SA = Area o f three rectangles + Area o f two triangles


1
SA = 2(8 + 9 + 7) + 2
(8)7
2
SA = 2(24) + 2(28)
SA = 48 + 56
SA = 104 sq. in.
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57633

This is a video on surface area of triangular prisms.
Explore More

Directions: Use the following figure to answer each question.

1. What unit are the measurements of this figure?
2. What is the length of the base?
3. What is the width of the base?
4. What is the shape of the sides?
5. What is the measure of the triangular side?
6. What is the formula for finding the surface area of a triangular prism?
7. What is the surface area of this figure?
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Directions: Find the surface area of each triangular prism.
8. A triangular prism has a triangular end with a base of 4 inches and a height of 3 inches. The length of each side
is 5 inches and the width of each side is 3 inches. What is the surface area of the prism?
9. A triangular prism has a triangular end with a base of 4 feet and a height of 5 feet. The length of each side is 6
feet and the width of each side is 5 feet. What is the surface area of the prism?
10. A triangular prism has a triangular end with a base of 3 inches and a height of 3 inches. The length of each side
is 4 inches and the width of each side is 3 inches. What is the surface area of the prism?
11. A triangular prism has a triangular end with a base of 6 meters and a height of 5 meters. The length of each side
is 8 meters and the width of each side is 5 meters. What is the surface area of the prism?
12. A triangular prism has a triangular end with a base of 15 feet and a height of 10 feet. The length of each side is
12 feet and the width of each side is 10 feet. What is the surface area of the prism?
13. A triangular prism has a triangular end with a base of 9 inches and a height of 7 inches. The length of each side
is 9 inches and the width of each side is 7 inches. What is the surface area of the prism?
14. A triangular prism has a triangular end with a base of 8 inches and a height of 6 inches. The length of each side
is 15 inches and the width of each side is 6 inches. What is the surface area of the prism?
15. A triangular prism has a triangular end with a base of 5.5 feet and a height of 4 feet. The length of each side is 9
feet and the width of each side is 5 feet. What is the surface area of the prism?
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10.6 Surface Area of Cylinders
Here you’ll learn to find the surface area of cylinders using formulas.
Did you have tinker toys when you were little?

Trevor is working on wrapping a container of tinker toys. It is a bit complicated because it is a cylinder. Trevor is
on his third attempt, and the woman who bought the tinker toys is getting a bit impatient.
“I’m sorry maam,” Trevor said smiling.
Twice, Trevor did not cut his wrapping paper long enough. The third time, he decides to figure out the surface area
of the cylinder first and then cut the wrapping paper.
“I should have done that to begin with,” Trevor thought to himself as he looked at the ruler on the table. Measuring
the paper would have been easy had he known the dimensions.
The height of the canister is 18" and the diameter of the cylinder is 6 inches.
Trevor isn’t sure that he has enough information to find the surface area of the cylinder. He stops to think about this
for a moment.
Does Trevor have what he needs? How can he find the surface area of the cylinder?
This Concept will teach you how to find the surface area of a cylinder. Make some notes and pay attention,
you will see this problem again at the end of the Concept.
Guidance

In this Concept, we will learn to find the surface area of cylinders.
A cylinder is a solid figure that exists in three-dimensional space. A cylinder has two faces that are circles.
We do not call the side of a cylinder a face because it is curved. We still have to include its area in the total surface
area of the cylinder, however.
The surface area of a cylinder is the total of the area of each circular face and the side of the cylinder. Imagine
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a can of soup. The top, bottom, and label around the can would make up the surface area of the can. To find the
surface area, we must be able to calculate the area of each face and the side and then add these areas together.
We will look at two different ways to calculate the surface area of cylinders. One way is to use a net.
As we’ve said, surface area is the total area for the faces and the side of a cylinder. That means we need to find the
area of each face of the cylinder, and then the area of the side. One way to do this is to use a net. A net is a twodimensional diagram of a three-dimensional solid. Imagine you could unroll the soup can so that it is completely
flat. You would have something that looks like this.

The shaded circles show the top and bottom faces of the cylinder, and the unshaded rectangle shows the side, as if it
were unrolled.
Can you see how to fold the net back up to make the cylinder?
With the net, we can see each face of the cylinder more clearly. To find the surface area, we need to calculate the
area for each circle in the net.
We use the formula A = πr2 to find the area of a circle. If we know the radius or diameter of each circle, we can
calculate its area. Look closely again at the cylinder above. The two circular faces are congruent, so they must have
the same radius and diameter. Let’s calculate the area for each face.
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bottom face

top face

A = πr2

A = πr2

A = π(4)2

A = π(4)2

A = 16π

A = 16π

A = 50.24 cm2

A = 50.24 cm2

The area of each circular face is 50.24 square centimeters.
Now we need to find the area of the side. The net shows us that, when we “unroll” the cylinder, the side is actually
a rectangle. Recall that the formula we use to find the area of a rectangle is A = lw. For cylinders, the width of the
rectangle is the same as the height of the cylinder. In this case, the height of the cylinder is 8 centimeters.
What about the length? The length is actually the same as the perimeter of the circle, which we call its
circumference. When we “roll” up the side, it fits exactly once around the circle. To find the area of the cylinder’s
side, then, we multiply the circumference of the circle by the height of the cylinder. We find the circumference of
a circle with the formula C = 2πr, and then we multiply it by the height. Let’s try it.

C = 2πr
C = 2π4
C = 8π
C = 25.12 × 6 = 150.72 cm2
Now we know the area of both circular faces and the side. Let’s add them together to find the surface area of
the cylinder.

bottom face
50.24 cm2

top face

side

surface area

+ 50.24 cm2 + 150.72 cm2 = 251.2 cm2

The total surface area of the cylinder is 251.72 square centimeters.
What is the surface area of the figure below?

The first thing we need to do is draw a net. Get ready to exercise your imagination! It may help to color the
top and bottom faces to keep you on track. Begin by drawing the bottom face. It is a circle with a radius of 7
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inches. What shape is the side when we “unroll” the cylinder? It is a rectangle, so we draw a rectangle above the
circular base. Lastly, we draw the top face, which is also a circle with a radius of 7 inches.
Here is the net.

Next let’s fill in the measurements for the side and radius of each face so that we can calculate the area of each
component. Now we can calculate their areas. Remember to use the correct area and circumference formulas for
circles.

bottom face
A = πr

top face

2

A = πr
2

side

2

C = 2πr
2

A = π(7)

A = π(7)
A = 49π

C = 2π(7)

A = 49π
2

C = 14π
2

A = 153.86 in.

A = 153.86 in.

C = 43.96 in.2 × 14 = 615.44 in.2

Now we add these areas together to find the surface area of the cylinder.
153.86

+

153.86

+

615.44

=

923.16 in.2

Let’s look at what we actually did to find the surface area.
We used the formula A = πr2 to find the area of the top and bottom faces. We used the formula C = 2πr to find the
circumference of the circular base and multiplied this by the height to find the area of the side. When we add these
together, we get a surface area of 923.16 square inches for this cylinder. Nice work!
We can always draw a net to help us organize information in order to find the surface area of a cylinder. A
net helps us see and understand each face of the cylinder.
Nets let us see each face so that we can calculate its area. However, we can also use formulas to represent the
faces and the side as we find their area.
You may have noticed in the previous section that the two circular faces always had the same area. This is because
they have the same radius. We can therefore calculate the area of the pair of circular faces at once. We simply
double the area formula, which gives us 2πr2 .
We can also combine the measurements for the side into a simpler equation. We need to find the circumference by
using the formula 2πr, and then we multiply this by the height of the cylinder. Therefore we can just write 2πrh.
When we combine the formula for the faces and for the side we get this formula.
SA = 2πr2 + 2πrh
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This formula may look long and intimidating, but all we need to do is put in the values for the radius of the circular
faces and the height of the cylinder and solve.

Write this formula down in your notebook.
Now let’s apply this formula to the example from the previous section.

In this cylinder, r = 7 inches and h = 14 inches. We simply put these numbers into the formula and solve for surface
area. Let’s try it.

SA = 2πr2 + 2πrh
SA = 2π(7)2 + 2π(7)(14)
SA = 2π(49) + 2π(98)
SA = 98π + 196π
SA = 294π
SA = 923.16 in.2
As we have already seen, the surface area of this cylinder is 923.16 square inches.
This formula just saves us a little time. Let’s try another.
What is the surface area of the figure below?
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We have all of the measurements we need. Let’s put them into the formula and solve for surface area, SA.

SA = 2πr2 + 2πrh
SA = 2π(3.5)2 + 2π(3.5)(28)
SA = 2π(12.25) + 2π(98)
SA = 24.5π + 196π
SA = 220.5π
SA = 692.37 cm2
This cylinder has a surface area of 692.37 square centimeters.
Try a few of these on your own. Find the surface area of each cylinder.
Example A

A cylinder with a radius of 5 ft and a height of 10 ft
Solution: 471 sq. ft.
Example B

A cylinder with a radius of 7 in and a height of 12 in
Solution: 835.24 sq. in
Example C

A cylinder with a diameter of 4 m and a height of 5 m
Solution: 87.92 sq. m

Here is the original problem again. Then find the surface area of the cylinder.
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Trevor is working on wrapping a container of tinker toys. It is a bit complicated because it is a cylinder. Trevor is
on his third attempt, and the woman who bought the tinker toys is getting a bit impatient.
“I’m sorry maam,” Trevor said smiling.
Twice, Trevor did not cut his wrapping paper long enough. The third time, he decides to figure out the surface area
of the cylinder first and then cut the wrapping paper.
“I should have done that to begin with,” Trevor thought to himself as he looked at the ruler on the table. Measuring
the paper would have been easy had he known the dimensions.
The height of the canister is 18" and the diameter of the cylinder is 6 inches.
Trevor isn’t sure that he has enough information to find the surface area of the cylinder. He stops to think about this
for a moment.
We can use the formula for finding the surface area of a cylinder to help us to find the surface area of this
cylinder.
SA = 2πrh + 2πr2
Now we can take the dimensions and then substitute them into the formula. The first thing to notice is that
the diameter of the canister has been given and we need the radius of the cylinder. The radius is one-half of
the diameter.
6 ÷ 2 = 3 inches
Now we can substitute them into the formula.

SA = 2(3.14)(3)(18) + 2(3.14)(32 )
SA = 339.12 + 56.52
SA = 395.64 sq.inches
We can divide this measurement by 12 and we will know how many square feet of wrapping paper will be
needed.
395.64 ÷ 12 = 32.97 or 33 sq. f eet
Guided Practice

Here is one for you to try on your own.
Mrs. Johnson is wrapping a cylindrical package in brown paper so that she can mail it to her son. The package is 22
centimeters tall and 11 centimeters across. How much paper will she need to cover the package?
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Answer
The picture clearly shows us the height and diameter of the cylinder, so let’s use the formula for finding the surface
area. But be careful—we have been given the diameter, not the radius. We need to divide it by 2 to find the radius:
11 ÷ 2 = 5.5. Now we have the radius and height, so we can put these in for the appropriate variables in the formula.

SA = 2πr2 + 2πrh
SA = 2π(5.52 ) + 2π(5.5)(22)
SA = 2π(30.25) + 2π(121)
SA = 60.5π + 242π
SA = 302.5π
SA = 949.85 cm2
Mrs. Johnson will need 949.85 square centimeters of brown paper in order to wrap the entire package.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5270

This is a video on surface area of cylinders.
Explore More

Directions: Find the surface area of each cylinder given its height and radius.
1. r = 1 m, h = 3 m
2. r = 2 cm, h = 4 cm
3. r = 6 in, h = 10 in
4. r = 4 in, h = 6 in
5. r = 5 in, h = 10 in
6. r = 8 f t, h = 6 f t
7. r = 10 m, h = 15 m
8. r = 9 cm, h = 12 cm
9. r = 6 m, h = 8 m
10. r = 2 cm, h = 3 cm
Directions: Find the surface area of each cylinder given its height and diameter.
11. d = 8 m, h = 11 m
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12. d = 10 in, h = 14 in
13. d = 8 cm, h = 10 cm
14. d = 12 m, h = 15 m
15. d = 15 in, h = 20 in
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10.7 Heights of Cylinders Given Surface Area
Here you’ll learn to find the heights of cylinders given surface area and one other dimension.
What if you know the surface area of a cylinder, but don’t know the height? Look at this dilemma.
Candice is going to use modge podge to decorate the outside of a cylindrical canister. She wants to make it into a
decorative pencil holder as a gift for her Mom. Modge podge is a glue - like substance that helps to adhere tissue
paper or other decorative pieces of paper to an object.
Candice’s canister has a radius of 3 inches and has a surface area of 207.3 in2 .
What is the height of the canister?
Use this Concept to learn about how to figure out the height of a cylinder given the radius and surface area.

Guidance

Sometimes we may be given the surface area of a cylinder and need to find its height. We simply fill the
information we know into the surface area formula. This time, instead of solving for SA, we solve for h, the
height of the cylinder.
Let’s look at how we can apply this information.
The surface area of a cylinder with a radius of 3 inches is 78π square inches. What is the height of the cylinder?
We know that the radius of the cylinder is 3 inches. We also know that the surface area of the cylinder is 78π
square inches. Sometimes a problem will include pi in the amount because it is more precise. We’ll see that
this also makes our calculations easier. All we have to do is put 78π into the formula in place of SA. Then we
can use the formula to solve for the height, h.

SA = 2πr2 + 2πrh
78π = 2π(32 ) + 2π(3)h
78π = 2π(9) + 6πh
78π = 18π + 6πh
78π − 18π = 6πh

Subtract 18π from both sides.

60π = 6πh
60π ÷ 6π = h

Divide both sides by 6π.

10 in. = h

We used the formula to find that a cylinder with a radius of 3 inches and a surface area of 78π has a height of
10 inches.
We can check our work by putting the height into the formula and solving for surface area.
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SA = 2π(32 ) + 2π(3)(10)
SA = 2π(9) + 2π(30)
SA = 18π + 60π
SA = 78π
This is the surface area given in the problem, so our answer is correct. Let’s look at another example.
Now try a few of these on your own.
Find the height in each problem.
Example A

SA = 48π, r = 3 in
Solution: 2 in
Example B

SA = 60π, r = 2 in
Solution: 5 in
Example C

SA = 80π, r = 4 m
Solution: 2 m
Here is the original problem once again.
Candice is going to use modge podge to decorate the outside of a cylindrical canister. She wants to make it into a
decorative pencil holder as a gift for her Mom. Modge podge is a glue - like substance that helps to adhere tissue
paper or other decorative pieces of paper to an object.
Candice’s canister has a radius of 3 inches and has a surface area of 207.24 in2 .
What is the height of the canister?
To figure this out, let’s use the formula.

SA = 2πr2 + 2πrh
66π = 2π(32 ) + 2π(3)h
66π = 2π(9) + 6πh
66π = 18π + 6πh
66π − 18π = 6πh

Subtract 18π from both sides.

66π = 6πh
66π ÷ 6π = h
8 in. = h
The height of the cylinder is 8 in.
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Guided Practice

Here is one for you to try on your own.
Mrs. Javitz bought a container of oatmeal in the shape of the cylinder. If the container has a radius of 5 cm and a
surface area of 170π, what is its height?

Answer
Once again, we have been given the surface area as a function of pi. That’s no problem we simply put the whole
number, 170π, in for SA in the formula. We also know that the container has a radius of 5 centimeters, so we can use
the formula to solve for h, the height of the container.

SA = 2πr2 + 2πrh
170π = 2π(52 ) + 2π(5)h
170π = 2π(25) + 10πh
170π = 50π + 10πh
170π − 50π = 10πh

Subtract 50π from both sides.

120π = 10πh
120π ÷ 10π = h

Divide both sides by 10π.

12 cm = h
The oatmeal container must have a height of 12 centimeters.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5270

Khan Academy, Cylinder Volume and Surface Area
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Explore More

Directions: Find the height of each cylinder given the surface area and one other dimension.
1. r = 5 in
SA = 376.8 in2
2. r = 6 in
SA = 527.52 in2
3. r = 5.5 in
SA = 336.765 in2
4. r = 4 cm
SA = 251.2 cm2
5. r = 5 m
SA = 471 m2
6. r = 2 cm
SA = 87.92 cm2
7. r = 2 cm
SA = 113.04 cm2
8. d = 4 m
SA = 125.6 m2
9. d = 8 cm
SA = 904.32 cm2
10. d = 6 cm
SA = 395.64 cm2
11. r = 3 cm
SA = 226.08 cm2
12. r = 14 cm
SA = 2637.6 cm2
13. r = 18 cm
SA = 4295.52 cm2
14. r = 12 cm
SA = 1959.36 cm2
15. r = 13 cm
SA = 3428.88 cm2
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10.8 Surface Area of Pyramids
Here you’ll learn to find the surface area of pyramids using formulas.

After about a week of working at the wrapping station, both Candice and Trevor were beginning to feel at ease.
Neither one of them didn’t think that there was a package that was too difficult to wrap. They had wrapped lots of
regular shaped boxes and also some odd shaped things too.
But after a week of wrapping, they felt like experts. Then one Saturday morning, an interesting dilemma came their
way. A girl came up to the booth with a box in one hand.
“I wonder if you can help me,” she said. “I bought my brother a model pyramid and it needs paint. But the paint
isn’t included. I need to know how much paint I’ll need.”
“Well, to figure that out, you need the dimensions of the pyramid to the amount of surface area that the paint will
need to cover. Let me see the box and I’ll see if I can help you,” Candice said taking the box from the girl.
The box said that once the pyramid is built, that it will have a base of 7.7 cm, a height of 6.2 cm and a slant height
of 7.3 cm.
“Okay, I know what to do,” Candice said smiling as she took out a piece of a paper and a calculator.
Do you know what to do? How can you use these measurements to find the surface area of the pyramid?
In this Concept you will learn how to find the surface area of a pyramid. Learn as you go through this Concept
and at the end you can check out how Candice finds the surface area of the pyramid model.
Guidance

A pyramid has sides that are triangular faces and a base. The base can be any shape. Let’s look at some pyramids.

Like pyramids, cones have a base and a point at the top. However, cones always have a circular base.
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Surface area is the sum of all of the areas of the faces in a solid figure. Imagine you could wrap a pyramid or cone
in wrapping paper, like a present. The amount of wrapping paper needed to cover the figure represents its surface
area. To find the surface area, we must be able to calculate the area of each face and then add these areas
together.
One way to find the surface area of a three-dimensional figure is using a net. A net is a two-dimensional diagram
of a three-dimensional figure. Imagine you could unfold a pyramid so that it is completely flat. It might look
something like this net.

With a net, we can see each face of the pyramid more clearly. To find the surface area, we need to calculate the area
for each face in the net, the sides and the base.
The side faces of a pyramid are always triangles, so we use the area formula for triangles to calculate their area:
A = 21 bh.
The area of the base depends on what shape it is. Remember, pyramids can have bases in the shape of a triangle,
square, rectangle, or any other polygon. We use whichever area formula is appropriate for the shape. Here are some
common formulas to find area.

rectangle :

A = lw

square :

A = s2
1
A = bh
2

triangle :

Take a look at the pyramid below. Which formula should we use to find the area of the base?
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The base of the pyramid is a square with sides of 6 centimeters, so we should use the area formula for a square:
A = s2 . Now we can find the area of the base.
A = 62
A = 36 sq.cm
Next, we need to find the area of one of the triangles. There are four triangles, but we can work by finding the area
of one of the triangles. We use the formula A = 12 bh. The base width is 6 cm and the slant height, the height of the
side is 4 cm.
1
A = (6)(4)
2
1
A = (24)
2
A = 12 sq.cm
There are four triangles, so we can take this number and multiply it by four and then add it to the area of the square.

SA = 4(12) + 36
SA = 48 + 36
SA = 84 sq.cm
Nets let us see each face of a pyramid so that we can calculate its area. However, we can also use a formula to
represent the faces as we find their area. The formula is like a short cut, because we can put the measurements in
for the appropriate variable in the formula and solve for SA, surface area.
Here is the formula for finding the surface area of a pyramid.
SA =

1
2

perimeter × slant height + B

The first part of the formula, 12 perimeter × slant height, is a quick way of finding the area of all of the
triangular sides of the pyramid at once. Remember, the area formula for a triangle is A = 21 bh. In the formula,
b stands for base. The perimeter of the pyramid’s bottom face represents all of the bases of the triangular faces at
once, because it’s their sum. The height of each triangle is always the same, so we can just call this the slant height
of the pyramid.
Therefore “ 12 perimeter × slant height” is really the same as 12 bh.
The B in the formula represents the base’s area. Remember, pyramids can have bases of different shapes, so
the area formula we use to find B varies. We find the base’s area first and then put it into the formula in place of
B. Let’s give it a try.
What is the surface area of the pyramid below?
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This is a square pyramid. The four sides of the base are all 8 inches, so the perimeter of the base is 8 × 4 =
32 inches. We also know we will need to use the area formula for squares to find B, the base’s area.

B = s2
B = (8)2
B = 64 in.2
Now we have all the information that we need. We can put it into the formula and solve for SA, surface area.

1
perimeter × slant height + B
2

1
SA = (32) × 3 + 64
2
SA = (16 × 3) + 64
SA =

SA = 48 + 64
SA = 112 in.2
The surface area of the pyramid is 112 square inches.
Here is another one.
Find the surface area of the figure below.

First of all, what kind of pyramid is this? It is a triangular pyramid because its base is a triangle. That means
we need to use the area formula for triangles to find B. The base’s sides are all the same length, so we can
calculate the perimeter by multiplying 16 × 3 = 48. Now let’s find B.
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1
B = bh
2
1
B = (16)(13.86)
2
B = 8(13.86)
B = 110.88 cm2
Now we’re ready to put all of the information into the formula. Let’s see what happens.

1
perimeter × slant height + B
2

1
SA = (48) × 6 + 110.88
2
SA = (24 × 6) + 110.88

SA =

SA = 144 + 110.88
SA = 254.88 cm2
The surface area of this triangular pyramid is 254.88 square centimeters.

Write this formula down in your notebook.
Try a few of these on your own.
Find the surface area of each pyramid.

Example A

A square pyramid with side of 6 cm, slant height of 5 cm
Solution: 96 cm2

Example B

A rectangular pyramid with a length of 6 in, a width of 4 in and a slant height of 3 in
Solution: 54 in2
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Example C

A square pyramid with side of 8 in, slant height of 9 in
Solution: 208 in2

Here is the original problem once again.
After about a week of working at the wrapping station, both Candice and Trevor were beginning to feel at ease.
Neither one of them didn’t think that there was a package that was too difficult to wrap. They had wrapped lots of
regular shaped boxes and also some odd shaped things too.
But after a week of wrapping, they felt like experts. Then one Saturday morning, an interesting dilemma came their
way. A girl came up to the booth with a box in one hand.
“I wonder if you can help me,” she said. “I bought my brother a model pyramid and it needs paint. But the paint
isn’t included. I need to know how much paint I’ll need.”
“Well, to figure that out, you need the dimensions of the pyramid to the amount of surface area that the paint will
need to cover. Let me see the box and I’ll see if I can help you,” Candice said taking the box from the girl.
The box said that once the pyramid is built, that it will have a base of 7.7 cm, a height of 6.2 cm and a slant height
of 7.3 cm.
“Okay, I know what to do,” Candice said smiling as she took out a piece of a paper and a calculator.
First, Candice needs to find the surface area of the base. She can use this formula.
A = 21 bh
A = 12 (7.7)(6.2)
A = 23.87 sq.cm
Now she can use the formula for surface area.
SA = 12 P × sh + B
SA = 12 (23.1) × 7.3 + 23.87
SA = 84.315 + 23.87
SA = 108.19 cm2
The surface area of the pyramid is 108.19 sq. cm.
“You need to find paint that stretches across 108.19 sq. cm. That will give him just enough. Try the hobby
shop. They will help you,” Candice said writing the figure on a piece of paper as she handed it to the girl.
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The girl smiled and thanked her. Candice felt good about her ability to use math to figure out the problem.
Guided Practice

Here is one for you to try on your own.
Find the surface area of the following triangular pyramid.
Base of 8 cm, height of 7 cm, and a slant height of 6 cm.
Answer
First, we need to find the surface area of each of the four lateral faces. She can use this formula.

1
A = bh
2

1
A = 4 (8)(7)
2
A = 112 sq.cm
Now she can find the area of the base.

A = s2
A = 8(8)
A = 64 sq.cm
The surface area of the pyramid is 176 sq. cm.
Video Review

Watch this video about the surface area of pyramids.
Explore More

Directions: Find the surface area of each square pyramid. Remember that b means base and sh means slant height.
1. b = 4 in, sh = 5 in
2. b = 4 in, sh = 6 in
3. b = 6 in, sh = 8 in
4. b = 5 in, sh = 7 in
5. b = 7 m, sh = 9 m
6. b = 8 m, sh = 10 m
7. b = 9 cm, sh = 11 cm
8. b = 11 m, sh = 13 m
9. b = 6 in, sh = 9 in
10. b = 10 cm, sh = 12 cm
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Directions: Find the surface area of each rectangular pyramid.
11. l = 10 in, w = 8 in, sh = 6 in
12. l = 12 f t, w = 8 f t, sh = 10 f t
13. l = 4 in, w = 2 in, sh = 3 in
14. l = 16 m, w = 12 m, sh = 11 m
15. l = 15 in, w = 10 in, sh = 12 in
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10.9 Surface Area of Cones
Here you’ll learn to find the surface area of cones using formulas.
Have you ever tried to figure out the covering of a cone? Take a look at this dilemma.

Jessica came to buy paper at the card store. She is decorating conical party hats for her party by wrapping them in
colored tissue paper. Each hat has a radius of 4 centimeters and a slant height of 8 centimeters.
If she wants to wrap 6 party hats, how much paper will she need?
This Concept will teach you how to find the surface area of cones. Then you will know how to figure out this
dilemma.
Guidance

Previously we worked on pyramids and surface area. Let’s look at cones.
Cones have different nets. Imagine you could unroll a cone.

The shaded circle is the base. Remember, cones always have circular bases. The unshaded portion of the cone
represents its side. Technically we don’t call this a face because it has a round edge.
To find the surface area of a cone, we need to calculate the area of the circular base and the side and add them
together.
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The formula for finding the area of a circle is A = πr2 , where r is the radius of the circle. We use this formula to find
the area of the circular base.
The side of the cone is actually a piece of a circle, called a sector. The size of the sector is determined by the ratio
of the cone’s radius to its slant height, or rs .
To find the area of the sector, we take the area of the portion of the circle.
A = πr2 · rs
This simplifies to πrs.
To find the area of the cone’s side, then, we multiply the radius, the slant height, and pi.
This may seem a little tricky, but as you work through a few examples you will see that this becomes easier as
you go along.
What is the surface area of the figure below?

Now that we have the measurements of the sides of the cone, let’s calculate the area of each. Remember to use
the correct area formula.

bottom face

side

A = πr2

A = πrs

2

π(5)

π(5)(11)

25π

π(55)

78.5

55π
172.7

We know the area of each side of the cone when we approximate pi as 3.14. Now we can add these together to
find the surface area of the entire cone.

bottom face
78.5

side
+

surface area

172.7 = 251.2 in.2

Now we can look at what we did to solve this problem. We used the formula A = πr2 to find the area of the
circular base. Then we found the area of the side by multiplying πrs. When we add these together, we get a surface
area of 251.2 square inches for this cone.
Cones have a different formula because they have a circular base. But the general idea is the same. The
formula is a short cut to help us combine the area of the circular base and the area of the cone’s side. Here’s
what the formula looks like.
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SA = πr2 + πrs
The first part of the formula, πr2 , is simply the area formula for circles. This represents the base area. The
second part, as we have seen, represents the area of the cone’s side. We simply put the pieces together and
solve for the area of both parts at once. Let’s try it out.
What is the surface area of the cone?

We know that the radius of this cone is 3 inches and the slant height is 9 inches. We simply put these values in
for r and s in the formula and solve for SA, surface area.

SA = πr2 + πrs
SA = π(32 ) + π(3)(9)
SA = 9π + 27π
SA = 36π
SA = 113.04 in.2

This cone has a surface area of 113.04 square inches.
A cone has a radius of 2.5 meters and a slant height of 7.5 meters. What is its surface area?
This time we have not been given a picture of the cone, so we’ll need to read the problem carefully. It tells us the
radius and the slant height of the cone, though, so we can put these numbers in for r and s and solve.

SA = πr2 + πrs
SA = π(2.52 ) + π(2.5)(7.5)
SA = 6.25π + 18.75π
SA = 25π
SA = 78.5 in.2

This cone has a surface area of 78.5 square inches.
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Take a few minutes to write this formula down in your notebooks.
Now try a few of these on your own.
Find the surface area of each cone.

Example A

Radius = 4 in, slant height = 6 in
Solution: 125.6 in2

Example B

Radius = 3.5 in, slant height = 5 in
Solution: 93.42 in2

Example C

Radius = 5 m, slant height = 7 m
Solution: 188.4 m2

You’re right! Just be sure to put the numbers in the correct place in the formula!
Now back to Jessica and the hats.
1072

www.ck12.org

www.ck12.org

Chapter 10. Surface Area and Volume

Jessica is decorating conical party hats for her party by wrapping them in colored tissue paper. Each hat has a radius
of 4 centimeters and a slant height of 8 centimeters. If she wants to wrap 6 party hats, how much paper will she
need?
This problem involves a cone. It does not include a picture, so it may help to draw a net. In your drawing, label the
radius and the slant height of the cone. We can also use the formula. We simply put the radius and slant height in
for the appropriate variables in the formula and solve for SA.

SA = πr2 + πrs
SA = π(4)2 + π(4)(8)
SA = 16π + 32π
SA = 48π
SA = 150.72 cm2
Jessica will need 150.72 square centimeters of tissue paper to cover one hat.
But we’re not done yet! Remember, she wants to cover 6 party hats. We need to multiply the surface area of
one hat by 6 to find the total amount of paper she needs: 150.72 × 6 = 904.32.
Jessica will need 904.32 square centimeters of paper to cover all 6 hats.
Guided Practice

Here is one for you to try on your own.
Figure out the surface area of a cone with a radius of 4.5 inches and a slant height of 8 inches.
Answer
To figure this out, we can use the formula for finding the surface area of a cone.
SA = πr2 + πrs
SA = π(4.5)2 + π(4.5)(8)
SA = 63.585 + 113.04
SA = 176.625
SA = 176.63 in2
This is our answer.
1073

10.9. Surface Area of Cones

www.ck12.org

Video Review

Watch this video about the surface area of cones.
Explore More

Directions: Find the surface area of each cone. Remember that sh means slant height and r means radius.
1. r = 4 in, sh = 5 in
2. r = 5 m, sh = 7 m
3. r = 3 cm, sh = 6 cm
4. r = 5 mm, sh = 8 mm
5. r = 8 in, sh = 10 in
6. r = 11 cm, sh = 14 cm
7. r = 12 in, sh = 16 in
8. r = 3.5 cm, sh = 6 cm
9. r = 4.5 mm, sh = 7 mm
10. r = 6 cm, sh = 8 cm
11. r = 7.5 cm, sh = 9 cm
12. r = 10 cm, sh = 12 cm
13. r = 16 cm, sh = 18 cm
14. r = 13 cm, sh = 20 cm
15. r = 15.5 cm, sh = 18.5 cm
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10.10 Volume of Rectangular Prisms
Here you’ll learn to find volumes of rectangular prisms using formulas.
Have you ever had a job with many tasks?
One of the tasks that Candice and Trevor have is to fill boxes with packing peanuts when wrapping something that is
fragile. The boxes can hold a good amount of packing peanuts. Each day, one of the students goes to the storeroom
to get a big bag of packing peanuts. Then they work on filling 5 –10 boxes half-way full of packing peanuts so that
they are ready to go when the time comes.
“I wonder how much one box holds,” Candice asked Trevor one morning.
“I think that would depend on the box. I think that a tall skinny box would hold less than a wide flat box,” Trevor
said challenging her.
“I don’t. Think about it. Tall may seem like it would hold more, but you can spread out the peanuts in the wide flat
box. I think the wide flat one will hold more.”
“Let’s test it out,” Candice said. “We can fill them and then go back and count all of the peanuts.”
“There is an easier way than that. We can use the dimensions and figure out the volume of each box.”
Candice is a bit puzzled by that. She thinks that counting all of the peanuts would be a quicker way to work. The
two begin a short argument and decide to try out both methods. Candice begins filling boxes and Trevor begins to
work it through mathematically.
Here are the dimensions of the two boxes:
The tall box has a length of 5 inches, a width of 4 inches and a height of 18 inches.
The wide flat box has a length of 12 inches, a width of 6 inches, and a height of 5 inches.
Do you have a prediction which one has the greater volume? This Concept is all about figuring out the volume
of prisms. Pay close attention and you will learn how to figure this out by the end of the Concept.

Guidance

You have heard the world “volume” before in everyday life. We can talk about the volume of water in a pool or in a
glass or in a pitcher. This Concept will focus on how we can find the volume of a prism.
A prism is a three-dimensional figure with two congruent parallel bases and rectangular faces for sides. The
prism is named by the polygon which makes up its base.
Volume is the measure of how much three-dimensional space it takes up or holds.
1075

10.10. Volume of Rectangular Prisms

www.ck12.org

Imagine a fish aquarium. Its length, width, and height determine how much water the tank will hold. If we fill it
with water, the amount of water tells the volume of the tank.
We measure volume in cubic units, because we are multiplying three dimensions: length, width, and height.
We will look at several ways to calculate volume. One way is to use unit cubes.
Volume, as we have said, is the amount of space a three-dimensional solid takes up. One way to find the volume
of a prism is to consider how many unit cubes it can contain. A unit cube is simply a cube measuring one
inch, one centimeter, one foot, or whatever units of measurement we are using, on all sides. Here are some unit
cubes.

We use unit cubes as a way to measure the space inside a solid figure, or its volume. We simply count the number of
unit cubes that “fit” into the prism. We begin by counting the number of cubes that cover the bottom of the prism,
and then count each layer. Let’s see how this works.

How many cubes do you see here? If we count all of the cubes, you will see that we have 24 cubes in this prism.
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The volume of this prism is 24 units3 or cubic units.
Let’s look at one.
Find the volume of the following figure using unit cubes.

How many cubes are in this figure? We can see that if we count all the cubes, that we have 48 cubes.
The volume of this prism is 48 cubic units or units3 .
Did you notice a pattern here?
If you look carefully, you will see that the volume of the rectangular prism is a function of multiplying the length ×
the width × the height.
Here is our formula!!
We just discovered the formula for finding the volume of a rectangular prism. Now let’s refine that formula a little
further. Here is the formula.
V = Bh
The volume is equal to the B, base area of the prism times the height of the prism.
Let’s look at one.
Find the volume of the prism below.

We simply put the values for the length, width, and height in for the appropriate variables in the formula. Then we
solve for V , volume.
First we find the area of the base. This is the rectangular side on the bottom. Remember, to find the area of a
rectangle we multiply the length times the width.

B = lw
B = 16 × 9
B = 144 cm2
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The base area is 144 square centimeters. Now we simply multiply this by the height, which represents the
number of layers in the prism.

V = Bh
V = 144 × 4
V = 576 cm3
The volume of this rectangular prism is 576 cubic centimeters.
We can work with the same rectangular prism but fill it with unit cubes too.

You can see that we could count the unit cubes here to find the volume of the rectangular prism. The other option is
to multiply the measurements that we see. This would work as well. Let’s try it and see.

V = lwh
V = (16)(9)(4)
V = 576 cm3
Wow! We got the same answer!
Find the volume of each rectangular prism given the following dimensions.
Example A

Length of 10 in, width of 8 in, height of 6 inches
Solution: 480in3
Example B

Length of 8 m, width of 7 m, height of 3 meters
Solution: 168m3
Example C

Length of 15 ft, width of 12 ft, height of 11 feet
Solution: 1980 f t 3
Here is the original problem once again. Reread it and then use math with Trevor to find the volume of both boxes.
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One of the tasks that Candice and Trevor have is to fill boxes with packing peanuts when wrapping something that is
fragile. The boxes can hold a good amount of packing peanuts. Each day, one of the students goes to the storeroom
to get a big bag of packing peanuts. Then they work on filling 5 –10 boxes half-way full of packing peanuts so that
they are ready to go when the time comes.
“I wonder how much one box holds,” Candice asked Trevor one morning.
“I think that would depend on the box. I think that a tall skinny box would hold less than a wide flat box,” Trevor
said challenging her.
“I don’t. Think about it. Tall may seem like it would hold more, but you can spread out the peanuts in the wide flat
box. I think the wide flat one will hold more.”
“Let’s test it out,” Candice said. “We can fill them and then go back and count all of the peanuts.”
“There is an easier way than that. We can use the dimensions and figure out the volume of each box.”
Candice is a bit puzzled by that. She thinks that counting all of the peanuts would be a quicker way to work. The
two begin a short argument and decide to try out both methods. Candice begins filling boxes and Trevor begins to
work it through mathematically.
Here are the dimensions of the two boxes:
The tall box has a length of 5 inches, a width of 4 inches and a height of 18 inches.
The wide flat box has a length of 12 inches, a width of 6 inches, and a height of 5 inches.
First, we can figure out the volume of both of the boxes. We can do this simply by multiplying the length ×
the width × the height of both of the boxes.
Let’s do the tall one first.

V = lwh
V = 5(4)(18)
V = 360 cubic inches
Now we can find the volume of the wide, flat box.

V = lwh
V = (6)(5)(12)
V = 360 cubic inches
“WOW!” Trevor exclaimed as Candice was still counting.
“What?” Candice asked looking up from one pile of peanuts.
“They have the same volume!!”
Trevor took his piece of paper to show Candice his work. Then he smiled and the two began picking up the
packing peanuts. Use arithmetic was definitely faster in this case!
Guided Practice

Here is one for you to try on your own.
Carla is cleaning out her fish tank, so she filled the bathtub to the rim with water for her fish to swim in while she
empties their tank. If the bathtub is 5.5 feet long, 3.3 feet wide, and 2.2 feet deep, how much water can it hold?
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Answer
First of all, what is the problem asking us to find? We need to find the volume of the bathtub. Is a bath tub a
rectangular or a triangular prism? It is a rectangular prism, so we’ll need to use the area formula for rectangles to
find B.

B = lw
B = 5.5 × 3.3
B = 18.15 f t 2
Now we put this value into the volume formula and solve:

V = Bh
V = 18.15 × 2.2
V = 39.93 f t 3
Carla’s bathtub can hold 39.93 cubic feet of water.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54800

This is a Khan Academy video on solid geometry volume.
Explore More

Directions: Find the volume of each rectangular prism. Remember to label your answer in cubic units.
1. Length = 5 in, width = 3 in, height = 4 in
2. Length = 7 m, width = 6 m, height = 5 m
3. Length = 8 cm, width = 4 cm, height = 9 cm
4. Length = 8 cm, width = 4 cm, height = 12 cm
5. Length = 10 ft, width = 5 ft, height = 6 ft
6. Length = 9 m, width = 8 m, height = 11 m
7. Length = 5.5 in, width = 3 in, height = 5 in
8. Length = 6.6 cm, width = 5 cm, height = 7 cm
9. Length = 7 ft, width = 4 ft, height = 6 ft
10. Length = 15 m, width = 8 m, height = 10 m
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11. Length = 10.5 m, width = 11 m, height = 4 m
12. Length = 12 ft, width = 12 ft, height = 8 ft
13. Length = 16 in, width = 8 in, height = 8 in
14. Length = 12 m, width = 12 m, height = 12 m
15. Length = 24 in, width = 6 in, height = 6 in
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10.11 Volume of Triangular Prisms
Here you’ll find volumes of triangular prisms using formulas.
Have you ever been to an aquarium?

On their day off, Candice and Trevor went to the aquarium. The Berryville Aquarium has a shark tank in the shape
of a triangular prism. There is only one shark in the tank, so right now the tank is only 23 full.
How many cubic feet of water are in the tank?
To figure this out, you will need to know how to calculate the volume of triangular prisms. Pay close attention
and you will see this problem again at the end of the Concept.

Guidance

Previously we worked with rectangular prisms, now we are going to look at volume with triangular prisms.
What is the difference between a rectangular prism and a triangular prism?
A rectangular prism has two parallel faces that are rectangles, then the other faces are rectangles as well. With a
triangular prism, the two parallel faces are triangles and then the other faces are still rectangles. Here is a picture of
a triangular prism.
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We calculate the volume of triangular prisms almost the same way that we find the volume of rectangular
prisms. We still use the formula V = Bh. However, this time the bottom layer of the prism is a triangle, not
a rectangle. Therefore we need to use the area formula for a triangle to find B. Then we can multiply this
amount by the height.
Let’s look at a problem to see how this works.
What is the volume of this triangular prism?

As we have seen, the volume formula for any prism is V = Bh. First we need to find the base area. Because the base
is a triangle, we need to use the formula for the area of a triangle: 12 bh. The height of the triangle, h, is indicated by
a dashed line. The base of the triangle, b, is the side perpendicular to the height. Remember, we use the height and
base measurements for the triangular face, not the height measurement for the whole prism. Look carefully at the
image!
So there are two things that we need to accomplish, we need to find the area of one of the triangular bases and then
we can take that measurement and multiply it with the height of the entire prism.
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V = Bh
1
B = bh
2
1
B = (16)(6)
2
B = 48
V = (48)H
V = (48)(10)
V = 480 in3
The volume of this triangular prism is 480 inches3 .
Find the volume of the following triangular prisms.
Example A

b = 12 in, h = 10 in, H = 15 in
Solution: 900 in3
Example B

b = 7 cm, h = 5 cm, H = 9 cm
Solution: 157.5 cm3
Example C

b = 4 mm, h = 3 mm, H = 5 mm
Solution: 30 mm3
Here is the original problem once again.
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On their day off, Candice and Trevor went to the aquarium. The Berryville Aquarium has a shark tank in the shape
of a triangular prism. There is only one shark in the tank, so right now the tank is only 23 full.
How many cubic feet of water are in the tank?
This problem is tricky because there are two parts to it. First, we have to figure out how much water would be in the
tank if it were full. Then we can figure out two - thirds of that volume.
Let’s begin. Here is the formula for volume of a prism.
V = Bh
Our B is the base of the prism which is triangular. Here is the formula for finding the area of a triangle.
B = 21 bh
B = 12 (120)(80)
B = 4800
Now we can use this measure in the formula for volume.
V = (4800)(100)
V = 480, 000 f t 3
This is the volume if the tank was full. However, we need to figure out two- thirds of this amount.
V = 32 (480, 000)
V = 320, 000 f t 3
This is our answer.
Guided Practice

Here is one for you to try on your own.
Every year Jeanie gets a bottle of her favorite perfume for her birthday. The perfume comes in a bottle shaped like
a triangular prism. She is worried that she might run out of perfume before her next birthday because the bottle is
only half full. How much perfume does she have left?
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Answer
First, let’s think about what the problem is asking us to find. We need to know how much perfume Jeanie has left.
This means we need to find the volume of a full bottle and then divide by 2. Before we can use the volume formula,
we also need to decide what kind of prism this is. The problem tells us that the bottle is in the shape of a triangular
prism, so we’ll need to use the area formula for triangles to find the base area, B.
1
B = bh
2
1
B = (6)(4)
2
B = 3(4)
B = 12 cm2
The base area is 12 square centimeters. Now we can put this into the volume formula and solve.

V = Bh
V = 12 × 9
V = 108 cm3
Now we know that the volume of the perfume bottle is 108 cubic centimeters. This is the amount a full bottle can
contain. Remember, Jeanie’s bottle is only half full. Therefore we need to divide the volume in half:
108 cm3 ÷ 2 = 54 cm3
There are 54 cubic centimeters of perfume left in Jeanie’s perfume bottle.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54800

This is a Khan Academy video on solid geometry volume.
Explore More

Directions: Find the volume of each triangular prism. Remember that h means the height of the triangular base and
H means the height of the whole prism.
1. b = 6 in, h = 4 in, H = 5 in
2. b = 7 in, h = 5 in, H = 9 in
3. b = 10 m, h = 8 m, H = 9 m
4. b = 12 m, h = 10 m, H = 13 m
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5. b = 8 cm, h = 6 cm, H = 9 cm
6. b = 9 cm, h = 7 cm, H = 8 cm
7. b = 5.5 mm, h = 4 mm, H = 4 mm
8. b = 11 cm, h = 9 cm, H = 8 cm
9. b = 20 f t, h = 17 f t, H = 19 f t.
10. b = 20 f t, h = 18 f t, H = 15 f t.
11. b = 18 f t, h = 16 f t, H = 17 f t.
12. b = 24 f t, h = 21 f t, H = 19 f t.
13. b = 24.5 f t, h = 18 f t, H = 16 f t.
14. b = 99 f t, h = 80 f t, H = 75 f t.
15. b = 100 f t, h = 80 f t, H = 110 f t.
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10.12 Volume of Cylinders
Here you’ll learn to find volumes of cylinders using formulas.

“I need a new sports bottle and I have two picked out, but I am trying to figure out which one is better,” Trevor told
Candice one morning between wrapping jobs.
“What makes one better than the other?” Candice asked.
“Well, I want one that holds the most volume,” Trevor said.
“Can’t you figure that out by the number of ounces on the package?” Candice asked.
“Well, I could. But I want to know the cubic inches,” Trevor said. “The one with more cubic inches would be the
better choice. I want to use math to figure it out.”
“Alright, well you need the height and the radius of each bottle to do it that way. It definitely seems like more work
to me, but I can get using math to test it all out.”
“Here are the dimensions that I have,” Trevor said taking out a piece of paper. He handed it to Candice.
On the paper Trevor has written the following dimensions.
Bottle #1 –Height = 7.5" Diameter = 5"
Bottle #2 –Height = 9" Diameter = 3"
“First, you need the radius, so divide each diameter in half,” Candice said looking at the paper.
While Trevor works on this, you will need to take some time to learn about volume and cylinders. In this
Concept, you will learn to use formulas to find the volume of cylinders. Then at the end of the Concept, you
will be able to help Candice and Trevor with the sports bottle dilemma.
Guidance

In this Concept we will learn to find the volume of cylinders. A cylinder is a solid shape that exists in threedimensional space. A cylinder has two faces that are circles. We do not call the side of a cylinder a face because
it is curved. We still have to include its area in the total surface area of the cylinder, however. We see cylinders in
everyday life all the time. Here is the basic shape of a cylinder, think about how many other places you can see them
in the world around you.
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The volume of a cylinder is the measure of how much three-dimensional space it takes up or holds. Imagine a
thermos. Its size determines how much water the thermos will hold. If we fill it with water, the amount of water
tells the volume of the thermos. We measure volume in cubic units, because we are multiplying three dimensions:
length, width, and height. The width of the thermos is the same as the diameter of the circular faces.
There are different ways to examine and think about volume. One way is to use unit cubes. Look at this
diagram of a cylinder to understand this concept.

Here you can see that the unit cubes are being used to fill up the cylinder. Remember that because we are talking
about volume, we are measuring the space contained inside the cylinder. This can be tricky with a cylinder because
the bases are round-squares aren’t exactly round, so we should find another way to measure the volume of a cylinder.
Let’s think about what information we are going to need to gather to figure out the volume of a cylinder. We know
that the two bases are circular, so we are going to need to know the area of the circle to figure out how much space
can be contained on top of it. A cylinder is tall or has height, so we are going to need to know the height of the
cylinder. Then we will know how high the space is inside the cylinder.
First, let’s think about the area of the circular bases. To find the area of a circle, we can use the following
formula.
A = πr2
But we also have the height (h) of the cylinder to figure into this calculation. If we put all of these parts
together, we have the following formula.
V = πr2 h
1089

10.12. Volume of Cylinders

www.ck12.org

Take a minute and copy this formula down in your notebook.
Now let’s look at applying this formula as we work in a few situations.
Find the volume of a cylinder with a radius of 5 cm and a height of 7 cm.
We can start by substituting the values of the cylinder into our formula.
V = πr2 h
V = (3.14)(52 )(7)
V = (3.14)(25)(7)
V = 549.5 cm3
This is our answer. Notice that we measured the volume of the cylinder in cubic units because we are
multiplying three different measurements.
Let’s look at another one.
Find the volume of a cylinder with a diameter of 12 inches and a height of 8 inches.
First, notice that we have been given the diameter and not the radius. We can divide twelve inches in half and
that will give us the radius of the circular base of the cylinder.
Radius = 6 inches.
Now we can substitute the values into the formula and solve for the volume.
V = πr2 h
V = (3.14)(36)(8)
V = 904.32 in3
This is our answer.
Find the volume of each cylinder.
Example A

radius = 3 in, height = 7 in
Solution: 197.82 in3
Example B

radius = 2.5 mm, height = 4 mm
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Solution: 78.5 mm3

Example C

diameter = 14 in, height = 9 in
Solution: 1384.74in3

Here is the original problem once again. Think about what you have learned as Trevor and Candice figure out the
volume of each sports bottle.
“I need a new sports bottle and I have two picked out, but I am trying to figure out which one is better,” Trevor told
Candice one morning between wrapping jobs.
“What makes one better than the other?” Candice asked.
“Well, I want one that holds the most volume,” Trevor said.
“Can’t you figure that out by the number of ounces on the package?”Candice asked.
“Well, I could. But I want to know the cubic inches,” Trevor said. “The one with more cubic inches would be the
better choice. I want to use math to figure it out.”
“Alright, well you need the height and the radius of each bottle to do it that way. It definitely seems like more work
to me, but I can get using math to test it all out.”
“Here are the dimensions that I have,” Trevor said taking out a piece of paper. He handed it to Candice.
On the paper Trevor has written the following dimensions.
Bottle #1 –Height = 7.5" Diameter = 5"
Bottle #2 –Height = 9" Diameter = 3"
“First, you need the radius, so divide each diameter in half,” Candice said looking at the paper.
After dividing each diameter, here are the new dimensions.
Bottle #1 = H = 7.5" Radius = 2.5"
Bottle #2 = H = 9" Radius = 1.5"
Next, we use the formula to find the volume of bottle #1.
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V = πr2 h
V = 3.14(2.52 )(7.5)
V = 147.18 cubic inches
Next, we find the volume of bottle #2.

V = πr2 h
V = 3.14(1.52 )(9)
V = 63.58 cubic inches
Wow! Notice the difference in volumes! Even though the second bottle was taller, the diameter was smaller
and this greatly impacted the volume of the bottle. The first bottle holds more than twice as much as the
second bottle!!

Guided Practice

Here is one for you to try on your own.

A water tank has a radius of 50 feet and a height of 400 feet. How many cubic feet of water will the tank hold when
it is full?
Answer
First, let’s determine what the problem is asking us to find. We need to find the volume of the tank, which is the
amount of water it can hold. What information have we been given? We know the radius and the height of the tank,
so we can put this information into the formula and solve for V , volume.
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V = πr2 h
V = π(50)2 (400)
V = π(2, 500)(400)
V = 1, 000, 000π
V = 3, 140, 000 in.3
The water tank will hold more than 3 million cubic feet of water!
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54800

This is a Khan Academy video on solid geometry volume.
Explore More

Directions: Given the radius and height of each cylinder, find its volume.
1. r = 5 in, h = 8 in
2. r = 4 in, h = 7 in
3. r = 3 f t, h = 5 f t
4. r = 3 f t, h = 8 f t
5. r = 4 cm, h = 9 cm
6. r = 6 m, h = 12 m
7. r = 7 in, h = 14 in
8. r = 5 m, h = 10 m
9. r = 2 m, h = 11 m
10. r = 3 cm, h = 12 cm
11. r = 6 cm, h = 11 cm
12. r = 4 m, h = 14 m
13. r = 13 cm, h = 26 cm
14. r = 8 in, h = 14 in
15. r = 4.5 cm, h = 16.5 cm
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10.13 Heights of Cylinders Given Volume
Here you’ll learn to find heights of cylinders given volume and one other dimension.
Have you ever been in a pool that had an interesting shape?
The cylindrical pool in Trevor’s backyard holds 15,700 cubic feet of water. If the diameter of the pool is 50 feet,
how deep is the pool?
To figure this out, you will need to know how to use the volume of a cylinder to find another dimension. Use
this Concept and you will know how to figure out the solution to this dilemma.
Guidance

Sometimes, you will know the volume of a cylinder and you won’t know the height of it. Think about a water tower
that is cylindrical in shape. We might know how much volume the tank will hold, but not the height of it. When this
happens, we can use our formula to find the missing height of the cylinder.
A cylinder with a radius of 2 inches has a volume of125.6 cubic inches. What is the height of the cylinder?
What is the problem asking us to find? We need to solve for the height of the cylinder. The problem tells us
the volume and the radius. We put these into the formula and then solve for h, the height.

V = πr2 h
125.6 = π(2)2 h
125.6 = 4πh
125.6 = 12.56 h
125.6 ÷ 12.56 = h
10 in. = h
The height of the cylinder is 10 inches.
We used the volume formula to solve for h and found that the height of the cylinder is 10 inches. We can check
our work by putting this number in for the height. We should get a volume of 125.6 cubic inches.

V = πr2 h
V = π(2)2 (10)
V = π(4)(10)
V = 40π
V = 125.6 in.3
Our calculation was correct! Let’s look at another example.
What is the height of a cylinder that has a radius of 6 cm and a volume of 904.32 cm3 ?
Again, we have been given the volume and the radius. We put this information into the formula and solve for
h, the height.
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V = πr2 h
904.32 = π(6)2 h
904.32 = 36πh
904.32 = 113.04 h
904.32 ÷ 113.04 = h
8 cm = h
The height of this cylinder is 8 centimeters.
Find the height of each cylinder given the radius and volume.

Example A

r = 6 in, Volume = 904.32 in3
Solution: h = 8 in

Example B

r = 3 m, Volume = 254.34 m3
Solution: h = 9 m

Example C

r = 5 f t, Volume = 785 f t 3
Solution: h = 10 f t
Here is the original problem once again.
The cylindrical pool in Trevor’s backyard holds 15,700 cubic feet of water. If the diameter of the pool is 50 feet,
how deep is the pool?
To figure this out, we use the formula for finding the volume of a cylinder.
V = πr2 h
Next, we fill in the given information. Notice we have been given a diameter of 50 feet. We need to radius, so we
divide the diameter in half. While the problem is asking for depth, the height would be the depth of the pool because
the pool is cylindrical in shape.
15, 700 = (3.14)(252 )h
15, 700 = 1962.5h
15, 700 ÷ 1962.5 = h
8=h
The depth of the pool is eight feet.
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Guided Practice

Javier wants to construct a cylindrical container to hold enough water for his pet fish. He read that the fish needs to
live in 2,110.08 cubic inches of water. If he constructs a tank with a diameter of 16 inches, how tall must he make it
so that it holds the right amount of water?
Again, the first thing we need to do is decide what the problem is asking us to find. We need to know how tall Javier
must make the tank. In other words, we need to find the height of the cylinder.
What information have we been given? We know that the tank must hold 2,110.08 cubic inches of water. This is
the volume. What about the radius? We know that the diameter of the tank will be 16 inches, so the radius will be
16 ÷ 2 = 8 inches. We put the radius and volume into the volume formula and solve for h, the height.

V = πr2 h
2, 110.08 = π(8)2 h
2, 110.08 = 64πh
2, 110.08 = 200.96h
2, 110.08 ÷ 200.96 = h
10.5 in. = h
In order for his tank to hold 2,110.08 cubic inches of water, Javier must make his tank 10.5 inches tall.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5270

This is a Khan Academy video on the volume of cylinders.
Explore More

Directions: Given the volume and the radius, find the height of each cylinder.
1. r = 6 in, V = 904.32 in3
2. r = 5 in, V = 706.5 in3
3. r = 7 f t, V = 2307.9 f t 3
4. r = 8 f t, V = 4019.2 f t 3
5. r = 7 f t, V = 1538.6 f t 3
6. r = 12 m, V = 6330.24 m3
7. r = 9 m, V = 4069.49 m3
8. r = 10 m, V = 5652 m3
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9. r = 12 in, V = 11304 in3
10. r = 11 f t, V = 3039.52 f t 3
11. r = 10 in, V = 1570 in3
12. r = 9.5 in, V = 1700.31 in3
13. r = 8 m, V = 1808.64 m3
14. r = 14 f t, V = 5538.96 f t 3
15. r = 13.5 in, V = 4005.85 in3
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10.14 Volume of Pyramids
Here you’ll learn to find the volumes of pyramids using formulas.
Have you ever bought perfume in a bottle?
Claire has purchased a perfume bottle shaped like a triangular pyramid. Its base area is 48 square centimeters, and
its height is 28 centimeters.
How much does the bottle hold when it is exactly half full?
To figure this out, you will need to know how to find the volume of a pyramid. Pay attention and you will
know how to do this by the end of the Concept.
Guidance

In this Concept, we will learn to find the volume of pyramids. Pyramids are solid shapes that exist in threedimensional space. A pyramid has sides that are triangular faces and a base. The base can be any shape.
Let’s look at some pyramids.

Like pyramids, cones have a base and a point at the top. However, cones always have a circular base. They have
only one side, and it is curved. Here is a picture of a cone.

Volume is the measure of how much space a three-dimensional figure takes up or holds. Imagine a funnel. Its size
determines how much water the funnel will hold. If we fill it with water, the amount of water tells the volume of the
funnel. We measure volume in cubic units, because we are dealing with three dimensions: length, width, and height.
Let’s start by looking at how we can find the volume of a pyramid.
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We can start by comparing a pyramid with a figure that is similar to it. We know that a prism has a length, a width
and a height. The parallel bases of a prism can be any polygon, this one has a square base we can call it a cube.

Now think about a pyramid. It has a base that can be any polygon and the base of this pyramid is a square.

Wow! These are both similar given that they have square bases. We can think about the volume of a pyramid by
looking at the volume of the cube or prism. Let’s look at this picture of it.

If we were going to find the volume of this cube, we would multiply the base times the width times the height.
To find the volume of the pyramid, we take the area of the base, B and multiply it times the height and then
multiply it by 13 . Here is the formula for finding the volume of a pyramid.
V = 31 Bh
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Yes it does. Thinking about the volume of the pyramid in this way will help you to understand the formula
and why it works.

Take a few minutes and copy this formula down in your notebooks. Make sure to note that this is the formula for
finding the volume of a pyramid.
Now that we have the formula and some understanding about the volume of a pyramid, let’s put what we have
learned to work. We can use the information that we have gathered so far to find the volume of different pyramids.
One thing to keep in mind is that pyramids can be tricky because they can have many different bases. Look at the
formula again.
V = 31 Bh
That capital B means that we need to find the area of the base. If the base is a square, we will need to use one
formula. If the base is a triangle, we would need to use a different formula and so on. Making sure that we have the
correct formula is essential in our work with pyramids.
Let’s look at applying this information.
What is the volume of the pyramid below?
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First, let’s decide what shape the base of the pyramid is. One side is 10 centimeters and the other is 6
centimeters, so it must be a rectangle. We need to use the area formula for rectangles to find B, the base
area.

B = lw
B = 10(6)
B = 60 cm2

The area of this pyramid’s base is 60 square centimeters. Now we multiply this by the height and 13 , according
to the formula.

1
V = Bh
3
1
V = (60)(15)
3
V = 20(15)
V = 300 cm3

The volume of the pyramid is 300 cubic centimeters.
Remember, we measure volume in three dimensions, so we write the answer in cubic units with a3 .
Find the volume of the figure below.
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What is the shape of the base? This time it is a triangle, so we’ll need to use the area formula for triangles
to find the base area. Be careful not to confuse the height of the base triangle with the height of the whole
pyramid!
1
B = bh
2
1
B = (8)(3)
2
B = 4(3)
B = 12 in.2
The base area for this triangular pyramid is 12 square inches. Let’s put this into the formula and solve for V ,
volume.
1
V = Bh
3
1
V = (12)(17)
3
V = 4(17)
V = 68 in.3
The volume of this pyramid is 68 cubic inches.
Find the volume of the following pyramids. You may round to the nearest hundredth when necessary.
Example A

A square pyramid with a base of 8 cm and a height of 6 cm.
Solution: 128 cm3
Example B

A rectangular pyramid with a length of 10 cm, a width of 8 cm and a height of 9 cm.
Solution: 240 cm3
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Example C

A square pyramid with a base of 5.5 in and a height of 4 in.
Solution: 40.33 in3
Here is the original problem once again.
Claire has purchased a perfume bottle shaped like a triangular pyramid. Its base area is 48 square centimeters, and
its height is 28 centimeters.
How much does the bottle hold when it is exactly half full?
First, notice that we have been given the area of the base of the perfume bottle. We don’t have to figure that out.
That is the capital B in our formula.
V = 31 Bh
Now let’s solve for the full volume of the bottle.
V = 13 (48)(28)
V = 31 (1344)
V = 448 cm3
This is the volume of a full bottle. However, the problem tells us that we need to figure out the volume if the bottle
is half full. We can divide our volume by 2.
V = 448 ÷ 2 = 224
The volume of a half full bottle of perfume is 224 cm3 .
Guided Practice

Felice bought the candle below for her friend’s birthday. The package says that the candle burns one hour for every
20 cubic centimeters of wax. How many hours will it take the entire candle to burn?

First, let’s determine what the problem is asking us to find. We need to find the number of hours the candle
will burn. This depends on how big the candle is, so first we need to find its volume. The volume of the candle
is the amount of wax it holds. What information have we been given? We know the dimensions of the base,
which is a square, so let’s use the area formula for squares to find the base area.
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B = s2
B = (12)2
B = 144 cm2
The base area of the pyramid is 144 square centimeters. We can put this information into the formula and
solve for V , volume.
1
V = Bh
3
1
V = (144)(24)
3
V = 48(24)
V = 1, 152 cm3
Now we know that the candle contains 1,152 cubic centimeters of wax. But we’re not done yet! Remember,
we need to find how many hours the candle will burn. Look back at the problem. It tells us that the candle
burns one hour for every 20 cubic centimeters of wax. To find how many hours the candle will burn, we need
to divide the total volume of wax by 20.
1, 152 ÷ 20 = 57.6
The candle will burn for 57.6 hours.
Video Review

Watch this video to learn more about the volume of pyramids.
Explore More

Directions: Find the volume of each of the following pyramids.
1. A square pyramid with a base of 6 ft and a height of 9 ft.
2. A square pyramid with a base of 8 m and a height of 10 m.
3. A square pyramid with a base of 11 in and a height of 13 in.
4. A square pyramid with a base of 9 ft and a height of 14 ft.
5. A square pyramid with a base of 4.5 in and a height of 5 inches.
6. A rectangular pyramid with a base length of 4 in, a base width of 3 in and a height of 5 in.
7. A rectangular pyramid with a base length of 5 ft, a base width of 4 ft and a height of 6 ft.
8. A rectangular pyramid with a base length of 7 m, a base width of 4 m and a height of 9 m.
9. A triangular pyramid with a base length of 5 in and a base height of 4 inches with a pyramid height of 6 inches.
10. A triangular pyramid with a base length of 8 ft and a base height of 7 ft with a pyramid height of 9 ft.
11. A square pyramid with a base of 8 feet and height of 4 feet.
12. A rectangular pyramid with a length of 5 inches, a width of 4 inches and a height of 6 inches.
13. A square pyramid with a base of 3.5 feet and a height of 6.5 feet.
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14. A square pyramid with a base of 6.5 feet and a height of 8.5 feet.
15. A rectangular pyramid with a width of 4 feet, a length of 6 feet and a height of 7.5 feet.
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10.15 Volume of Cones
Here you’ll learn to find volumes of cones using formulas.

Candice and Trevor have been working together for two weeks are getting to be like siblings. Every day there seems
to be an argument of some kind that erupts between the two of them. Today, it was about ice cream cones.
“I think that a plain cone with a pointed bottom holds more ice cream,” Trevor said reaching for more tape.
“I don’t. A sugar cone with a pointed bottom definitely holds more.”
“We can solve this easily if we had the dimensions.”
“Well, on your break walk down to the ice cream parlor and figure this out,” Candice instructed.
So on his break Trevor did exactly that. He walked down to the ice cream corner and came back with some
dimensions on a piece of paper.
“Here we go, now you figure out the volume of the sugar cone and I’ll do the plain one.”
Here are the dimensions that they have to work with:
Plain Cone = H = 3.2500 D = 2.500
Sugar Cone = H = 4.500 D = 200
The two got right down to work.
Now it’s your turn. You will learn all about the volume of cones and pyramids in this Concept. By the end of
it, you will know which cone holds the most ice cream.

Guidance

To figure out the volume of a cone, let’s first look at how we can compare it with another solid figure. The closest
solid figure to a cone is a cylinder. Think about it. Both of them have circular bases. While a cylinder has two
circular bases, a cone only has one. But they are both figures that we can compare.
Here is a cylinder and the formula for finding the volume of a cylinder.
1106

www.ck12.org

Chapter 10. Surface Area and Volume

V = πr2 h
Now let’s think about a cone. How can we find the volume of a cone using the information that we have learned
about cylinders? We know that they are related, but is there a way to see how the volume of the cylinder can be
compared to the volume of a cone? What about if we put the cone inside the cylinder?
Take a look.

Now you can see how they are related. Notice that the base is the same in both the cone and the cylinder. Think back
to the prism and the pyramid!
To find the volume of the cone, we are going to use a formula similar to that of a pyramid, except that we are
going to take into consideration that the base of a cone is a circle. Therefore, we will need to find the area of
the circle to find the volume of the cone.
V = 31 πr2 h
Here we need to find the area of the circle that is the πr2 . Then we can take that measurement and multiply
it by the height of the cone. Next, because the cone fills a portion of the cylinder, we can take one-third of the
product.

Take a few minutes and copy this formula down in your notebook.
Now that you have some understanding about the volume of a cone and about where the formula comes from, let’s
practice using it to figure out the volume of a cone.
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Find the volume of the following cone.

We can start by substituting the given values into the formula.
1
V = πr2 h
3
1
V = (3.14)(52 )(7)
3
1
V = (3.14)(175)
3
1
V = (549.5)
3
V = 183.16 in3
This is our answer. Notice that we rounded it to the nearest hundredth.
Here is another one.
What is the volume of the cone below?

First, we can substitute the given values into the formula.
1
V = (3.14)(32 )12
3
1
V = (3.14)(108)
3
1
V = (339.12)
3
V = 113.04
The volume of the cone is 113.04 cm3 .
Find the volume of each cone using the given values and the formula.
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Example A

A cone with a radius of 2 inches and a height of 4 inches. You may round to the nearest hundredth as needed.
Solution: 16.74 in3
Example B

A cone with a radius of 5 ft and a height of 8 ft.
Solution: 209.33 f t 3
Example C

A cone with a radius of 4 m and a height of 9 m.
Solution: 150.72 m3

Here is the original problem once again.
Candice and Trevor have been working together for two weeks are getting to be like siblings. Every day there seems
to be an argument of some kind that erupts between the two of them. Today, it was about ice cream cones.
“I think that a plain cone with a pointed bottom holds more ice cream,” Trevor said reaching for more tape.
“I don’t. A sugar cone with a pointed bottom definitely holds more.”
“We can solve this easily if we had the dimensions.”
“Well, on your break walk down to the ice cream parlor and figure this out,” Candice instructed.
So on his break Trevor did exactly that. He walked down to the ice cream corner and came back with some
dimensions on a piece of paper.
“Here we go, now you figure out the volume of the sugar cone and I’ll do the plain one.”
Here are the dimensions that they have to work with:
Plain Cone = H = 3.2500 D = 2.500
Sugar Cone = H = 4.500 D = 200
The two got right down to work.
Trevor started with the plain cone. Here is the formula that he used.
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1
V = πr2 h
3
1
V = (3.14)(1.252 )(3.25)
3
V = 5.315 or 5.3 cubic inches
Candice worked on the sugar cone.

1
V = πr2 h
3
1
V = (3.14)(12 )(4.5)
3
V = 4.71 or 4.7 cubic inches
While both cones are very close in size, the plain cone is a little greater in size, so that one would hold more
ice cream.
Guided Practice

Here is one for you to try on your own.
Don put flowers in a conical vase for his mother. If the vase has a radius of 4 inches and a height of 15 inches, how
much water can it hold?
Answer
First of all, what kind of solid figure are we dealing with? The vase is in the shape of a cone. What do we need to
find? We need to find the volume of the conical vase in order to know how much water it holds. What information
have we been given? We know that the radius of the vase’s base is 4 inches and the height of the vase is 15 inches.
Next, we can take the given information and substitute it into the formula for finding the volume of a cone.

1
V = πr2 h
3
1
V = (3.14)(16)(15)
3
V = 251.2
The volume of the vase is 251.2 inches3 .
Video Review

Watch this video on the volume of cones.
Explore More

Directions: Find the volume of each cone.
1. A cone with a radius of 3 inches and a height of 7 inches.
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2. A cone with a radius of 5 ft and a height of 9 ft.
3. A cone with a radius of 6 meters and a height of 10 meters.
4. A cone with a radius of 10 inches and a height of 12 inches.
5. A cone with a radius of 12 mm and a height of 14 mm.
6. A cone with a radius of 5 ft and a height of 12 feet.
7. A cone with a radius of 4.5 inches and a height of 7 inches.
8. A cone with a radius of 3.5 inches and a height of 5.5 inches.
9. A cone with a radius of 7 cm and a height of 13 cm.
10. A cone with a radius of 8 cm and a height of 11 cm.
11. A cone with a radius of 7.5 inches and a height of 11 inches.
12. A cone with a radius of 11.5 inches and a height of 15 inches.
13. A cone with a radius of 12.5 feet and a height of 15 feet.
Directions: Solve each word problem.
14. A cone has a radius of 6 meters and a height of 14 meters. What is its volume?
15. The containers of icing for Tina’s cake decorator are cones. Each container has a radius of 2.4 inches and a
height of 7 inches. If Tina buys containers of red, yellow, and blue icing, how much icing will she buy?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including classifying solid figures,
representing solid figures, surface area and volume with prisms, cylinders, pyramids and cones.
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Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts
on mean, median, mode, range, bar graphs, line graphs, stem-and-leaf plots, box-and-whisker plots, histograms,
misleading statistics, data displays and problem solving with surveys.
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11.1 Mean
Here you’ll learn to find the mean of a set of data.
Have you ever heard of the Iditarod?

The students in Mr. Hawkins class are studying about the Iditarod. Some of the students had never heard of the
Iditarod before, so Mr. Hawkins started off his class by showing them this video about the race.
http://www.iditarod.com/
The students sat through the video in awe. When it was over, the room was so quiet that you could have heard a pin
drop. Marcus was the first one to raise his hand.
“How far is it?” he asked.
“That is a great question,” Mr. Hawkins said. “The race is 1,150 miles from Anchorage Alaska to Nome Alaska.
Men and women have finished it and won it too. This year, there were 10 men who finished on top. One finished in
8 days and the rest in 9 days.”
“How fast did they go?” Karen asked from the back of the room. “I mean, you can’t go very fast on a dog sled,
right?”
“Well, for you and me it might not seem fast, but for those dogs I am sure that it is. This leads us to a great math
problem. Here are the speeds of the top 10 finishers. What is the average speed here?”
Mr. Hawkins wrote these speeds on the board.
4.81 mph, 4.79 mph, 4.76 mph, 4.67 mph, 4.66 mph, 4.64 mph, 4.62 mph, 4.6 mph, 4.58 mph, 4.55 mph.
“Take out a piece of paper and figure this out.”
Marcus took out a piece of paper, but he couldn’t remember how to figure out the average score.
If you remember how to do it, figure it out now. Then go through this Concept to begin learning all about
data and statistics. When you are finished this Concept, you can check your work with Marcus’ work and see
if you have the correct average speed. Look for this problem again at the end of the Concept.
Guidance

Data is one of those words that we hear all the time, especially in math class. We hear about collecting data,
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organizing data, analyzing data, etc. But....
What is data?
Data is numerical information collected in a set.
When we look at data in math and science, we look at information that has been gathered over time or that has been
gathered to evaluate a topic. Learning to look at data is part of the work of people in math and science. Analyzing
data can help scientists predict future events too.
We can analyze numerical data several different ways. We can look for the mean, the median, the mode and
the range of a set of data.
Let’s start with the mean .
The mean is sometimes referred to as the average of a set of data. The mean is the sum of the data values
divided by the number of data values. You often hear about averages with grades or speeds. What is your
average grade in math class? That number determines your final grade or the grade that you received on a
test or quiz. We use averages all the time. Let’s look at the steps to figuring out the mean or average through
this problem.
Find the mean for the set of data: 47, 56, 51, 45, and 41.
Step 1: Add the data values to determine the sum.
47 + 56 + 51 + 45 + 41 = 240
Step 2: Divide the sum by the number of data values in the set. In this case, there are five numbers in the data set,
therefore divide the sum by five.
240 ÷ 5 = 48
The mean is 48.

Take a few minutes and write these steps for finding the mean of a set of values down in your notebook.
You can see that when we follow the steps that we can find the mean or average of a set of numbers quite
easily. Let’s look at another one.
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The chart below depicts the daily temperature in San Diego for the first seven days in August. Calculate the mean
temperature for the first seven days in August.

TABLE 11.1:
Date:
Sunday 8/1
Monday 8/2
Tuesday 8/3
Wednesday 8/4
Thursday 8/5
Friday 8/6
Saturday 8/7

Temperature:
88◦ F
83◦ F
87◦ F
89◦ F
82◦ F
79◦ F
87◦ F

Step 1: Add to determine the sum of the data values.
88 + 83 + 87 + 89 + 82 + 79 + 87 = 595
Step 2: Divide the sum, 595 by 7 because there are seven numbers in the given data set.
595 ÷ 7 = 85
The mean temperature for the first week in August was 85◦ F.
This was a real life example of how averages help us figure out weather. If you think about the weather forecast,
you will often hear data mentioned. The meteorologist will talk about average snowfall or average temperature or
average rainfall.
Sometimes, an average will not be an even number. When this happens, you can round to the nearest whole number.
Now it’s your turn to practice. Find the mean for each data set below. You may round when necessary.

Example A

11, 13, 14, 15, 16, 22, 24, 25, 30, 32
Solution: 20

Example B

34, 36, 38, 41, 43, 44, 50, 53, 50, 50, 62, 66
Solution: 47

Example C

8, 16, 24, 32, 40
Solution: 24
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Here is the original problem once again. Reread it and then compare your answer for the mean with the given
solution.
The students in Mr. Hawkins class are studying about the Iditarod. Some of the students had never heard of the
Iditarod before, so Mr. Hawkins started off his class by showing them this video about the race.
http://www.iditarod.com/
The students sat through the video in awe. When it was over, the room was so quiet that you could have heard a pin
drop. Marcus was the first one to raise his hand.
“How far is it?” he asked.
“That is a great question,” Mr. Hawkins said. “The race is 1,150 miles from Anchorage Alaska to Nome Alaska.
Men and women have finished it and won it too. This year, there were 10 men who finished on top. One finished in
8 days and the rest in 9 days.”
“How fast did they go?” Karen asked from the back of the room. “I mean, you can’t go very fast on a dog sled,
right?”
“Well, for you and me it might not seem fast, but for those dogs I am sure that it is. This leads us to a great math
problem. Here are the speeds of the top 10 finishers. What is the average speed here?”
Mr. Hawkins wrote these speeds on the board.
4.81 mph, 4.79 mph, 4.76 mph, 4.67 mph, 4.66 mph, 4.64 mph, 4.62 mph, 4.6 mph, 4.58 mph, 4.55 mph.
“Take out a piece of paper and figure this out.”
Marcus took out a piece of paper, but he couldn’t remember how to figure out the average score.
By now you understand that the average is the same thing as the mean. The students have been asked to find
the mean speed of the dog sleds on the 2010 Iditarod. They have been given the speeds of the top ten finishers.
This is the data that we will use to figure out the mean.
First, add up all of the speeds.
4.81 + 4.79 + 4.76 + 4.67 + 4.66 + 4.64 + 4.62 + 4.6 + 4.58 + 4.55 = 46.68
Next, we divide this sum by 10 because there were ten dog sleds, so there were 10 different speeds.
46.68 ÷ 10 = 4.668 rounds to 4.67
The average speed is 4.67 mph.
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Guided Practice

Here is one for you to try on your own.
John has the following quiz scores.
78, 90, 83, 88, 67, 90, 84, 69, 56
Given these scores, what is his average for the quarter?
Answer
To begin, add up all of the scores.
78 + 90 + 83 + 88 + 67 + 90 + 84 + 69 + 56 = 705
Next, we divide by the number of scores.
705 ÷ 9 = 78.3
John’s average is a 78.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5450

This is a Khan Academy video on mean, median and mode.
Explore More

Directions: Find the mean for each set of data. You may round to the nearest hundredth when necessary.
1. 4, 5, 4, 5, 3, 3, 6, 7, 8
2. 6, 7, 8, 3, 2, 4, 9, 10, 11, 12
3. 11, 10, 9, 13, 14, 16, 20, 22, 22
4. 21, 23, 25, 22, 22, 27, 18, 20
5. 27, 29, 29, 32, 30, 32, 31
6. 34, 35, 34, 37, 38, 39, 39
7. 43, 44, 43, 46, 39, 50
8. 122, 100, 134, 156, 144, 110, 120, 123, 130
9. 224, 222, 220, 222, 224, 224
10. 540, 542, 544, 550, 548, 547
11. 762, 890, 900, 789, 780, 645, 700
12. 300, 400, 342, 345, 403, 302
13. 200, 199, 203, 255, 245, 230, 211
1117
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14. 1009, 1000, 1200, 1209, 1208, 1217
15. 2300, 2456, 2341, 2400, 2541, 2321

1118

www.ck12.org

www.ck12.org

Chapter 11. Data and Statistics

11.2 Median
Here you’ll learn to find the median of a set of data.
Have you ever wondered how fast a sled dog can travel?
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Given these speeds, what was the median speed on the journey?
To answer this question, you will need to know how to identify and calculate a median. Pay attention and you
will learn how to do this in this Concept.

Guidance

Previously we worked on the mean of a set of data, now let’s move on to the median. If you think about the word
“median” you can think about the median in a road or street. The median of a street is in the middle of the street.
Just like the median of a road, the median of a set of data is the middle value of the set of numbers.
The median is the middle number when the values are arranged in order from the least to the greatest.

Notice that a key to finding the median is that the values must be arranged in order from least to greatest. If they
are not arranged in this way, you will not be able to determine an accurate median score!!!
Here is one to work on.
Find the median for the set of data: 47, 56, 51, 45, and 41.
Step 1: Arrange the data values in order from least to greatest.
41, 45, 47, 51, 56
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Step 2: Determine the number in the middle of the data set. 47 is the median because it is the data value in the
middle of the data set.
The median of the data set is 47.
Median scores are used when analyzing temperature. Take a look.
The chart below depicts the daily temperature in San Diego for the first seven days in August. Determine the median
temperature.

TABLE 11.2:
Date:
Sunday 8/1
Monday 8/2
Tuesday 8/3
Wednesday 8/4
Thursday 8/5
Friday 8/6
Saturday 8/7

Temperature:
88◦ F
83◦ F
87◦ F
89◦ F
82◦ F
79◦ F
87◦ F

Step 1: Arrange the temperatures in order from least to greatest.
79, 82, 83, 87, 87, 88, 89
Step 2: Determine the data value in the middle of the data set. In this case, 87 is the median temperature.
The answer is 87◦ F.
Here is a situation about test scores.
Katie’s first four test scores are 75%, 81%, 80%, and 84%. Determine the median of Katie’s test scores.
Step 1: Arrange the test scores in order from least to greatest.
75, 80, 81, 84
Step 2: In this case, there are two data values in the middle of the data set. To find the median, find the average of
the two data values. Recall that to find the mean, determine the sum of the numbers and then divide by two.

80 + 81 = 161
161 ÷ 2 = 80.5
The median of Katie’s test scores is 80.5%.
Sometimes, you will have median scores that are not whole numbers. When this happens, be sure to include
the decimal in your answer. This means that the median score is between two whole numbers.
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Take a few minutes and write the steps to figuring out the median score down in your notebook.
Find the median score for each data set.

Example A

12, 14, 15, 16, 18, 20
Solution: 15.5

Example B

14, 18, 19, 34, 32, 30, 41, 50
Solution: 31

Example C

5, 10, 23, 20, 7, 9, 11, 18, 35, 16, 22
Solution: 16
Here is the original problem once again.
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Given these speeds, what was the median speed on the journey?
First, let’s write these speeds in order from least to greatest.
7, 8, 8, 9, 10, 12, 12, 15
Now we can find the middle speed. Because there is an even number of speeds, we are looking for a value between
9 and 10.
The median speed is 9.5 mph.
Guided Practice

Here is one for you to try on your own.
Find the median.
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12, 14, 16, 11, 19, 12, 15, 16, 17, 22, 21
Answer
First, let’s write these values in order from least to greatest.
11, 12, 12, 14, 15, 16, 16, 17, 19, 21, 22
The median value is 16.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5450

This is a Khan Academy video on mean, median and mode.
Explore More

Directions: Find the median for each set of numbers.
1. 2, 1, 3, 4, 2, 1, 5, 6, 7, 2, 3
2. 11, 12, 17, 18, 21, 12, 13, 13
3. 20, 22, 21, 24, 25, 20, 19
4. 18, 17, 19, 21, 22, 20, 18, 17
5. 19, 29, 39, 49, 59, 69, 79, 89
6. 4, 5, 4, 5, 3, 3, 2, 3, 3, 2
7. 6, 7, 8, 3, 2, 4
8. 11, 10, 9, 13, 14, 16
9. 21, 23, 25, 22, 22, 27
10. 27, 29, 29, 32, 30, 32, 31
11. 34, 35, 34, 37, 38, 39, 39
12. 43, 44, 43, 46, 39, 50
13. 122, 100, 134, 156, 144, 110
14. 224, 222, 220, 222, 224, 224
15. 540, 542, 544, 550, 548, 547

1122

www.ck12.org

Chapter 11. Data and Statistics

11.3 Mode
Here you’ll learn to find the mode of a set of data.
Remember the sled dogs from the Median Concept? Well, let’s look at the speeds once again.
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Which speed is the mode of this data set?
This Concept is about figuring out the mode of a data set. You will be able to answer this question by the end
of the Concept.
Guidance

Previously we worked on finding the mean and the median, now we can find the mode of a set of data too.
The mode is the value that occurs the most times in a set of data.
Mode sounds like most and that can be an easy way to remember it.
Let’s look at how to find the mode.
The chart below depicts the daily temperature in San Diego for the first seven days in August. Determine the mode
for this set of data.

TABLE 11.3:
Date:
Sunday 8/1
Monday 8/2
Tuesday 8/3
Wednesday 8/4
Thursday 8/5
Friday 8/6
Saturday 8/7

Temperature:
88◦ F
83◦ F
87◦ F
89◦ F
82◦ F
79◦ F
87◦ F

To find the mode, look for the number that occurs most often. In this case, 87 is the mode because it appears
twice in the set of data.
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The mode is 87◦ F.
Now we can find the mode of a set of test scores.
Katie’s first four test scores are 75%, 81%, 80%, and 84%. Determine the mode of Katie’s test scores.
In this case, there is not one number that occurs more than another. Therefore, there is no mode.
Mode = none
Here is another situation where the mode is a useful tool in analyzing data.
Miguel measured the height of eight students in his class in inches. Determine the mode of his classmate’s heights.
51

45

47

51

50

56

52

50

In this case, there are two data values that appear most often, 51 and 50.
The modes of Miguel’s data are 51 and 50.
Name the mode of each data set.

Example A

2, 3, 3, 5, 6, 7, 8, 9, 3
Solution: 3

Example B

12, 15, 67, 45, 44, 88, 90
Solution: No Mode

Example C

13, 13, 45, 45, 67, 89, 13, 67, 67, 67, 13
Solution: 67
Here is the original problem once again.
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Which speed is the mode of this data set?
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There are two speeds that occurred the most in this data set.
The first one is 8 mph - a rather slow speed.
The second one is 12 mph - a rather fast speed.
Guided Practice

Here is one for you to try on your own.
Name the mode in this data set.
2, 4, 5, 6, 2, 3, 4, 2, 2, 2, 7, 8, 9
Answer
Remember, when looking for the mode, we are looking for the value that occurs the most times.
The mode of this set of values is 2.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5450

This is a Khan Academy video on mean, median and mode.
Explore More

Directions: Identify the mode for the following sets of data.
1. 2, 3, 3, 3, 2, 2, 2, 5, 6, 7, 7, 7, 7
2. 4, 5, 6, 6, 6, 7, 3, 2, 6, 5, 5
3. 23, 22, 22, 24, 25, 25, 25, 21, 20, 22, 27
4. 123, 120, 121, 120, 121, 125, 121, 121
5. 678, 600, 655, 655, 600, 678, 600, 600
6. 4, 5, 4, 5, 3, 3, 4, 4, 4, 4, 6
7. 6, 7, 8, 3, 2, 4, 4, 7, 7, 7
8. 11, 10, 9, 13, 14, 16, 11, 10, 11
9. 21, 23, 25, 22, 22, 27, 21, 22, 21, 21
10. 27, 29, 29, 32, 30, 32, 31, 33, 33, 33, 33
11. 34, 35, 34, 37, 38, 39, 39, 34, 34
12. 43, 44, 43, 46, 39, 50, 43, 43, 51, 51
13. 122, 100, 134, 156, 144, 110, 110
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14. 224, 222, 220, 222, 224, 224, 221, 222, 223, 225
15. 540, 542, 544, 550, 548, 547, 547, 550, 550, 548
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11.4 Range of Spread
Here you’ll learn to find the range of a set of data.
Think about those sled dogs from the Mode Concept one more time. We are going to analyze the data about speeds
in a new way.
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Now let’s think about range. What is the range of the data?
This Concept will teach you how to figure out the range of a data set. We will come back to this problem at
the end of the Concept.
Guidance

The range of a set of data is the difference between the greatest and least values.
To find the range of a set of data, subtract the largest data value from the smallest data value.
Let’s look at how to apply this in a problem.
Determine the range for the set of data: 47, 56, 51, 45, and 41.
Subtract the largest data value, in this case 56 from the smallest data value of 41.
56 − 41 = 15
The difference between the largest and smallest number is 15, therefore the range for this set of data is 15.
Now let’s look at another one.
The chart below depicts the daily temperature in San Diego for the first seven days in August. Identify the range in
temperatures.

TABLE 11.4:
Date:
Sunday 8/1
Monday 8/2
Tuesday 8/3

Temperature:
88◦ F
83◦ F
87◦ F
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TABLE 11.4: (continued)
Date:
Wednesday 8/4
Thursday 8/5
Friday 8/6
Saturday 8/7

Temperature:
89◦ F
82◦ F
79◦ F
87◦ F

Subtract the largest value 89 from the smallest value 79.
89 − 79 = 10
The range in temperatures is 10◦ F.
Find the range of each data set.
Example A

12, 14, 15, 16, 18, 20
Solution: 8
Example B

14, 18, 19, 34, 32, 30, 41, 50
Solution: 36
Example C

5, 10, 23, 20, 7, 9, 11, 18, 35, 16, 22
Solution: 30
Here is the original problem once again.
Alaskan sled dogs travel varying speeds during the Iditarod. These strong, wonderful animals can travel at an average
speed of anywhere from 5 to 15 miles per hours.
Here are some speeds from the last Iditarod.
10 mph
12 mph
8 mph
15 mph
9 mph
8 mph
7 mph
12 mph
Now let’s think about range. What is the range of the data?
To find the range, we must figure out the difference between the greatest and smallest values in the data set.
The greatest value is 15.
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The smallest value is 8
Now we find the difference.
15 − 8 = 7
The range of this data set is 7.
Guided Practice

Here is one for you to try on your own.
Think back to earlier Concepts about mean, median and mode. Now add what you have learned to range.
Should mean, median, mode, or range be determined to best analyze the following set of data?

TABLE 11.5: Number of minutes it took five students to complete a math test.
Student:
1
2
3
4
5

Number of minutes:
29
32
40
33
38

Answer
Since there is not a number that occurs most often, the mode is not the best way to analyze the data.
Calculating the range of this data just allows one to see the difference between the students who finished the exam
first and last.
In this case, determining the mean is the best way to analyze this data. The mean gives the average amount
of time it took for the five students to complete the exam. In this case, the mean is 34.4 minutes. It can also be
helpful to look at the median of this data, 33. In this case, the mean and median are close in value.
Remember to think about what the data describes and what your objective is in analyzing the data and this
will help you to choose the best method for analyzing the data.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54798

This is a Khan Academy video on range.
Explore More

Directions: Analyze each data set.
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40

1. Mean –
2. Median –
3. Mode –
4. Range –
The weekly paychecks for ten part-time employees are: $140, $132, $200, $150, $175, $200, $180, $95, $145, and
$155.
5. Mean –
6. Median –
7. Mode –
8. Range –
The data set below depicts the number of points LeBron James scored in the last five NBA games.
25

27

25

29

22

9. Mean –
10. Median –
11. Mode –
12. Range –
Here is the number of days that it took the mushers of the Iditarod to finish the race in 2010.
8 days, 9 days, 9 days, 9 days, 9 days, 9 days, 9 days, 9 days, 9 days, 9 days
13. Mean –
14. Median –
15. Mode –
16. Range –
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11.5 Bar Graphs
Here you’ll learn to make a bar graph to display given data.
Have you ever tried to display data in a bar graph? Take a look at this dilemma.

The students in Mr. Hawkins’ class have continued to learn about the Iditarod. After learning some of the basics
about the distances covered, the students began to research information about the teams, where they come from and
how many teams have entered the race in the past few years. Mr. Hawkins has asked them to create either a bar
graph or a line graph of the data that they discover.
Tommy and Keith decided to investigate where the mushers come from. They do some research on the computer
and discovered that in 2010, that there were a total of 71 mushers who entered the race. They came from several
different states and countries. Tommy and Keith organized their data like this.
46 Mushers from Alaska
13 Mushers from other US states
12 Mushers from other countries
Now they need to put their data into either a bar graph or a line graph.
Yana and Jena have decided to look at how the number of teams has changed over time. They looked at the number
of teams that have entered the Iditarod in 2006, 2007, 2008, 2009 and 2010. Here is how they organized their data.
2006 –83 teams
2007 –82 teams
2008 –95 teams
2007 –67 teams
2006 –71 teams
Now they need to put their data into either a bar graph.
This Concept will teach you all you need to know about bar graphs. When we are finished, you will be able to
1131

11.5. Bar Graphs

www.ck12.org

help the students put the data into a bar graph.
Guidance

Tables and graphs are ways to organize and present information so that they can be easily interpreted by the
viewer. Graphs are created to show the relationship between two variables. For example, a graph may be constructed
to depict the relationship between an object’s mass and volume or the price of gasoline in relationship to location.
A bar graph is a graph that uses columns to show the comparison of quantities or amounts. For example, the
bar graph below depicts the average price of one gallon of gasoline in five states. Looking at the bar graph, you can
conclude that Hawaii has the highest average cost per gallon of gasoline and Missouri has the lowest cost.

This bar graph was completed for you to analyze. Next you can learn how to take a set of data and create your own
bar graph.
Thirty students in grade seven were asked to state their favorite after school activity. The results of this survey are
shown on the table. Create a bar graph to display the information from the data table.

TABLE 11.6:
Favorite Activity:
Watching T.V.
Playing sports/exercising
Reading
Hanging out with friends
Babysitting

To create a bar graph
1. Draw the horizontal (x) and vertical (y) axis.
1132
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2. Give the graph the title “Seventh Grader’s Favorite Activities.”
3. Label the horizontal axis “Favorite Activity.”
4. Label the vertical axis “Number of Students.”
5. Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, since
the range in data is not that great, label the vertical axis 0 –10 by ones.
6. For each activity on the horizontal (x) axis, draw a vertical column to the appropriate value. For example, you
will draw a vertical column to the number “9” for the activity “Watching T.V.”

Here is another situation that uses a bar graph.
The data table below depicts the recommended minimum number of hours of sleep people need by age. Create a bar
graph using the information from the data table.

TABLE 11.7:
Age Group:
Infants (0–1 years old)
Children (2–5 years old)
Children (6–11 years old)
Teens
Adults

Recommended Hours of Sleep:
15 hours
13 hours
11 hours
9 hours
8 hours
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To create a bar graph:
Draw the horizontal (x) and vertical (y) axis.
Since the graph is about sleep, give the graph the title “Sweet Dreams.”
Label the horizontal axis “Age.”
Label the vertical axis “Hours of Sleep.”
Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0 - 16 by twos.
6. For each age group on the horizontal (x) axis, draw a vertical column to the appropriate value. For example,
for “Infants,” draw a vertical column to fifteen hours.

1.
2.
3.
4.
5.

Looking at bar graphs can help us to make conclusions about the data.
Looking at the bar graph “Sweet Dreams,” what can you infer about age and the recommended number of
hours of sleep?
Looking at the graph, you can see that one needs less sleep as they grow older. It is recommended that infants sleep
a minimum of fifteen hours a day. However, it is recommended that adults sleep a minimum of eight hours a day.
This difference of seven hours is also known as the range.

Take a few minutes and write down the steps to creating a bar graph.
Now look back at the bar graph on recommended hours of sleep and answer the following questions.
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Example A

What is the difference between recommended hours of infant sleep and a 2 - 5 year old child’s sleep?
Solution: 2 hours
Example B

What is the recommended hours of sleep for an adult?
Solution: 8 hours
Example C

What is the recommended hours of sleep for a teen?
Solution: 9 hours

Here is the original problem once again. Reread it and then look at the graphs created.
The students in Mr. Hawkins’ class have continued to learn about the Iditarod. After learning some of the basics
about the distances covered, the students began to research information about the teams, where they come from and
how many teams have entered the race in the past few years. Mr. Hawkins has asked them to create either a bar
graph or a line graph of the data that they discover.
Tommy and Keith decided to investigate where the mushers come from. They do some research on the computer
and discovered that in 2010, that there were a total of 71 mushers who entered the race. They came from several
different states and countries. Tommy and Keith organized their data like this.
46 Mushers from Alaska
13 Mushers from other US states
12 Mushers from other countries
Now they need to put their data into either a bar graph or a line graph.
Yana and Jena have decided to look at how the number of teams has changed over time. They looked at the number
of teams that have entered the Iditarod in 2006, 2007, 2008, 2009 and 2010. Here is how they organized their data.
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2006 –83 teams
2007 –82 teams
2008 –95 teams
2007 –67 teams
2006 –71 teams
Now they need to put their data into either a bar graph or a line graph.
Let’s start with the boys. They are looking at the number of mushers from different places. Nothing is
changing in their data over time-therefore it makes the most sense for them to use a bar graph. They are also
looking at the frequency of mushers from each location. Here is a bar graph that best shows their data.

Next, we can look at the girls. The girls are looking at how the number of teams that has entered the Iditarod
has changed over time. They are comparing data that has changed. When we compare data and how it
changes, we use a line graph. That is the best way to show this data.
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Guided Practice

Here is one for you to try on your own.
Look at this graph at the number of hours students volunteered in different grades. In which grade did students
volunteer the most?

Answer
The students in the sixth grade volunteered the most hours.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5290

This is a Khan Academy video on reading bar graphs.
Explore More

Directions: Use the bar graph to answer the following questions.

1. How many different types of vegetables are on the graph?
2. What is the range of the data?
3. What vegetable was the most popular?
4. Which one was the least popular?
5. How many carrots were picked?
6. How many potatoes?
7. How many squash?
8. If ten more zucchini was picked, how would this change the data??
9. If each category doubled, what would the new values be?
10. If each category was divided in half, what would the new values be?
11. What was the total number of vegetables picked?
12. What is the difference between carrots and zucchini picked?
13. What scale was used for this graph?
14. What interval was used in the scale?
15. What is the difference between carrots and potatoes?
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11.6 Multiple Bar Graphs
Here you’ll learn to create multiple bar graphs to display and compare data.
Have you ever collected survey data? Take a look at this dilemma.
Thirty-five girls and thirty-five boys were asked to state their favorite sport. The results of the survey are displayed
on the graph below. You can make several inferences studying the graph “Favorite Sports.”
Here is a bar graph to show the data.

What conclusions can you draw by examining this data?
Use this Concept to learn about multiple bar graphs. When finished, you will be able to look at this bar graph
and draw conclusions.

Guidance

A multiple bar graph is similar to a bar graph, but depicts two or three pieces of information for each item on
the horizontal (x) axis, rather than one.
A double bar graph may be used to compare the survey answers of one group verses another group. A triple bar
graph may be used to compare data recorded over a three day period or over several days.
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Frank’s Farm Stand kept track of the number of pounds of vegetables sold over a three-day period. The results are
listed on the table below. Create a multiple bar graph to display and compare the amounts of vegetables sold over
the three day period.

TABLE 11.8:
Type of Vegetable:
Squash
Zucchini
Corn
Carrots
Romaine Lettuce
Tomatoes

Pounds Sold: Day One
32 lbs.
40 lbs.
56 lbs.
28 lbs.
27 lbs.
44 lbs.

Pounds Sold: Day Two
36 lbs.
33 lbs.
65 lbs.
25 lbs.
31 lbs.
54 lbs.

Pounds Sold: Day Three
36 lbs.
37 lbs.
67 lbs.
23 lbs.
34 lbs.
58 lbs.

To create a multiple bar graph:

Draw the horizontal (x) and vertical (y) axis.
Give the graph the title “Frank’s Farm Stand.”
Label the horizontal axis “Vegetables.”
Label the vertical axis “Pounds Sold.”
Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0 - 80 by tens.
6. For each vegetable on the horizontal (x) axis, draw a vertical column to the appropriate value three times, one
column representing day one, a second column for day two, and a third column for day three.
7. Choose three colors, one to represent the values for day one, one for the values for day two, and finally one to
represent the values for day three.

1.
2.
3.
4.
5.
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You can also draw conclusions about data from multiple bar graphs. These comparisons can help you to
discover patterns and trends about statistics.
Looking at the bar graph “Frank’s Farm Stand Sales,” what can you infer about the difference in sales over
the three day period?
It is apparent that sales of squash, corn, romaine lettuce, and tomatoes increased over the three day period. Zucchini
sales dropped on day two, but increased on day three. However, carrot sales declined on day two and again on day
three. Note that the same amount of carrots and romaine lettuce were sold on day one.

Taylor created a table to compare the amount of gravitational pull on each planet compared to that on Earth. Create
a multiple bar graph to display the information from Taylor’s chart.

TABLE 11.9:
Planet Name:
Mercury
Venus
Mars
Jupiter

Planet’s Gravitational Pull:
0.38 m/s
0.91 m/s
0.38 m/s
2.54 m/s

Earth’s Gravitational Pull:
1.0 m/s
1.0 m/s
1.0 m/s
1.0 m/s
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TABLE 11.9: (continued)
Planet Name:
Saturn
Uranus
Neptune

Planet’s Gravitational Pull:
0.93 m/s
0.8 m/s
1.2 m/s

Earth’s Gravitational Pull:
1.0 m/s
1.0 m/s
1.0 m/s

To create a multiple bar graph:

Draw the horizontal (x) and vertical (y) axis.
Give the graph the title “Planet’s Gravitational Pull.”
Label the horizontal axis “Planets.”
Label the vertical axis “Gravitational Pull.”
Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0-3 by 0.5.
6. For each planet on the horizontal (x) axis, draw a vertical column to the appropriate value. For example, the
vertical column should reach 0.38 for Mercury to show its gravitational pull.
7. Next to each vertical column for each planet, draw a vertical column that reaches 1.0 to represent the gravitational pull on Earth.
8. Choose two colors, one to represent the values for each planet and another to represent the value for Earth.

1.
2.
3.
4.
5.

Looking at the double bar graph “Planet’s Gravitational Pull,” what can you infer about each planet?
This graph compares the gravitational pull on Earth with the other seven major planets. You can see that with the
exception of Jupiter and Neptune, all planets have a gravitational pull less than that of Earth. You can see that
Mercury and Mars both have a gravitational pull of 0.38 m/s. It is apparent that Venus and Saturn are the planets
with a gravitational pull that is closest to that of Earth.
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Write down the steps to creating multiple bar graphs in your notebook.
Now use the graph on planets to answer the following questions.

Example A

Which planet has the greatest difference between the earth’s gravitational pull and the planet’s gravitational pull?
Solution: Jupiter

Example B

What is the measurement of the earth’s gravitational pull for Saturn?
Solution: 1

Example C

Which has the greatest planet gravitational pull, Neptune or Pluto?
Solution: Neptune
Here is the original problem once again.
Thirty-five girls and thirty-five boys were asked to state their favorite sport. The results of the survey are displayed
on the graph below. You can make several inferences studying the graph “Favorite Sports.”
Here is a bar graph to show the data.
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What conclusions can you draw by examining this data?
You can see that soccer was the favorite sport among girls and track was the least favorite. More boys preferred
basketball than any other choice. Equal numbers of boys and girls stated that their favorite sport was baseball.
Guided Practice

Here is one for you to try on your own.
Look at this bar graph once again.

November’s ice cream sales were half of the October sales for Week’s 1, 2, 3 and 4.
Given this information, what were the sales for each of these weeks?
Answer
To figure this out, we will need to read the bar graph.
1144

www.ck12.org

Chapter 11. Data and Statistics

Here are the October sales.
Week 1 = 400
Week 2 = 200
Week 3 = 100
Week 4 = 100
Which means the sales for November were the following:
Week 1 = 200
Week 2 = 100
Week 3 = 50
Week 4 = 50

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5290

This is a Khan Academy video on reading bar graphs. This is a supporting video for this Concept.

Explore More

Directions: The multiple bar graph below depicts the number of Major League Baseball teams in each state, as well
as the number of World Series Championships won by each state. Use the graph to answer the questions.
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1. How many Major League Baseball teams are represented on the graph? _____
2. How many World Championships are represented on the graph? _____
3. How many of states on the graph have won a Major League Championship? _____
4. Which states have equal numbers of Major League Baseball teams? _____
5. Which state has won the greatest number of World Championships? _____
Directions: Twenty students in 6th , 7th , and 8th grade were asked to state how many of each of the following
electronic devices their homes contained.
6. Create a multiple line graph to display the information from the table.

TABLE 11.10:
Name of Device:
Television
DVD Player
Computer
Game System
Video Camera

6th Grade Answers:
35
30
19
15
14

7th Grade Answers:
28
28
20
14
17

7. What is the most common electronic device in the sixth grade?
8. What is the most common electronic device in the seventh grade?
9. What is the most common electronic device in the eighth grade?
10. What is the least common electronic device in the sixth grade?
11. What is the least common electronic device in the seventh grade?
12. What is the least common electronic device in the eighth grade?
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13. What is the difference between the number of sixth graders who watch tv and the number of seventh graders?
14. What is the difference between the number of seventh graders who watch tv and the number of eighth graders?
15. True or false. For computer use, seventh graders have the highest number.
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11.7 Line Graphs
Here you’ll learn to make a line graph to display data over time.
Have you ever thought about tree growth?
Kelsey works at an arboretum. She tracks tree growth over time. Some trees grow at a faster pace than other trees.
Here is some data on one of the trees in the arboretum.
2003 = 2 feet
2004 = 2.5 feet
2005 = 3.5 feet
2006 = 8.5 feet
2007 = 14 feet
If you were going to create a line graph for this data, could you do it?
This Concept is all about using line graphs to show how data changes over time. Pay attention to this Concept
and you will know how to create this line graph at the end of the Concept.
Guidance

Another way to look at data is through a line graph.
A line graph is a series of connected points that displays data or information that changes over time.
The line graph below illustrates the change in temperature over the first seven days in February in Boston, Massachusetts. Looking at the changes of the line, you can see that the temperature rose the first three days, February
1st , 2nd , and 3rd . On February 4th , the temperature began to decline. The temperature was the same on February 5th
and 6th . The temperature began to rise again on February 7th .

Now that you can see how the information is shown in a line graph, the next step is to learn how to make one
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yourself.
The population for the city of Los Angeles has been recorded on the data table below. Create a line graph to depict
the population change from the year 1950 to the year 2000.

TABLE 11.11:
Year:
1950
1960
1970
1980
1990
2000

Approximate Population:
2,000,000
2,500,000
2,800,000
3,000,000
3,500,000
3,700,000

To create a line graph:
Draw the horizontal (x) and vertical (y) axis.
Give the graph the title “Population of Los Angeles 1950-2000.”
Label the horizontal axis “Year.”
Label the vertical axis “Population.”
Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0 –4,000,000 by five hundred thousands.
6. Plot the population for each year on the horizontal axis. For example, put a point at 2,000,000 to show the
population for the year 1950. Above the year 1960, put a point at 2,500,000 and so on. Connect the points as
you go.

1.
2.
3.
4.
5.

Now that you have created a line graph, you can analyze the data and draw conclusions based on the reported
statistics.
Looking at the line graph, what can you infer about the change in population from 1950 to 2000?
It is evident that the population has risen since the year 1950. You can see that the greatest change in population
occurred from the years 1950 to 1960 and again from 1980 to 1990. You can see that the smallest change in
population occurred between the years of 1990 and 2000. From 1990 to 2000, the population only grew by 200,000
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people. Judging by the trend of the graph, you could predict that the population of Los Angeles will continue
to increase over time.
The Electronic Energies Alliance recorded the average cost of one gallon of gasoline in the United States for the
years 2000-2007. Present the information on the data table on a line graph.

TABLE 11.12:
Year:
2000
2001
2002
2003
2004
2005
2006
2007

Average Cost of One Gallon of Gasoline
$1.57
$1.10
$1.46
$1.59
$2.03
$2.25
$3.30
$3.00

To create a line graph:
1. Draw the horizontal (x) and vertical (y) axis.
2. Give the graph the title “Change in Cost of Gasoline 2000-2007.”
3. Label the horizontal axis “Year.”
4. Label the vertical axis “Cost of Gasoline.”
5. Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0 –3.5 by 0.5.
6. Plot the price of gasoline for each year on the horizontal axis. For example, put a point slightly above 1.5 to show
that the cost of one gallon of gas in the year 2000 was $1.59. Place a point slightly above 1 to show that they cost of
one gallon of gas in the year 2001 was $1.10. Use a straight edge to connect the points as you go.

Looking at the line graph, what can you conclude about the cost of gasoline from the years 2000-2007?
The price of a gallon of gasoline has increased approximately $1.50 over eight years. You notice that the price of a
gallon of gasoline dropped in the years 2001 and 2007, but increased in all other years.
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Now let’s practice with a few questions about line graphs.
Example A

True or false. You need a vertical and horizontal axis for a line graph.
Solution: True.
Example B

True or false. A line graph and a frequency table measure the same thing.
Solution: False. A frequency table measures how often something occurs. A line graph measures how data
changes over time.
Example C

True or false. A bar graph compares data while a line graph shows how data changes.
Solution: True
Here is the original problem once again.
Kelsey works at an arboretum. She tracks tree growth over time. Some trees grow at a faster pace than other trees.
Here is some data on one of the trees in the arboretum.
2003 = 2 feet
2004 = 2.5 feet
2005 = 3.5 feet
2006 = 8.5 feet
2007 = 14 feet
If you were going to create a line graph for this data, could you do it?
Here is the line graph to show Kelsey’s data. Notice that the measurement of the tree in feet is the vertical axis. The
years the tree height was recorded creates the horizontal axis.
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This is our answer.

Guided Practice

Here is one for you to try on your own.

Look at Kelsey’s tree growth line graph once again. If the same rate of growth occurs from 2007 to 2008 as did from
2006 to 2007, what will the new growth of the tree be in 2008?
Answer
To figure this out, we have to find the difference between the tree growth in 2006 and the tree growth in 2007. We
can subtract to find this value.
14 − 8.5 = 5.5
The tree grew 5.5 feet from 2006 to 2007.
Now we can add that to the growth in 2007 to get the growth for 2008.
14 + 5.5 = 19.5
If the tree grows at the same rate, then the height of the tree will be 19.5 feet in 2008.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5454

This is a Khan Academy video on line graphs.
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Explore More

Directions: Use this line graph to answer the following questions.

The vertical axis shows the number of vegetables harvested each year. This is recorded as vegetable growth. The
horizontal axis shows the years vegetable growth was recorded.
1. How many vegetables were harvested in 2005?
2. How many vegetables were harvested in 2006?
3. What is the difference in growth from 2005 to 2006?
4. How many vegetables were harvested in 2007?
5. What is the difference in vegetable growth from 2006 to 2007?
6. What is the vegetable growth in 2008?
7. What is the difference in vegetable growth from 2005 to 2008?
8. If the vegetable growth follows the same pattern from 2008 to 2011, what will the new total be?
9. If there is a loss of 50 vegetables from 2008 to 2009, what will the new total be?
10. If there is a gain of 100 vegetables from 2008 to 2009, what will the new total be?
11. If there is a loss of 50% from 2008 to 2009, what will the new total be?
12. True or false. A bar graph shows the same data as a line graph?
13. True or false. A line graph must show how data changes over time.
14. - 15. Use a newspaper to find two line graphs. The business section is a good place to start. Examine the data
and explain what the line graph represents to a friend.
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11.8 Multiple Line Graphs
Here you’ll learn to make multiple line graphs to display and compare given data.
Have you ever thought about temperature? Or about how to measure and display data about temperature? Take a
look.

Eleanor Roosevelt School recorded the daily indoor and outdoor temperature for a period of five days. What
conclusions can you draw from the graph below of the data?

This Concept is about multiple line graphs. Use this Concept and then you will know how to answer this
question about temperature at the end of the Concept.
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Guidance

Recall that a line graph displays changes in data over time. A multiple line graph displays changes in two or three
sets of data over time.
Now let’s look at some situations where we can create multiple line graphs and then interpret the data displayed on
them.
Full-time and part-time enrollment at California State University for the past five years is recorded on the data table
below. Create a multiple line graph to represent the information on the data table.

TABLE 11.13:
Year:
2003
2004
2005
2006
2007

Number of Students Attending
Full-Time:
10,000
9,500
11,100
12,000
13,300

Number of Students Attending
Part-Time:
2,000
2,100
2,050
2,700
2,550

To create a multiple line graph:

Draw the horizontal (x) and vertical (y) axis.
Give the graph the title “Enrollment at California State University.”
Label the horizontal axis “Year.”
Label the vertical axis “Enrollment.”
Look at the range in data and decide how the units on the vertical axis (y) should be labeled. In this case, label
the vertical axis 0 –14,000 by thousands.
6. Use one color pen to plot the data for full-time students first. For example, for the year 2003, place a point at
10,000. For the year 2004, place a point between 9,000 and 10,000 to show that the enrollment was 9,500. As
you continue to plot the enrollment for each year, use a straight edge to connect the points.
7. Use another color pen to plot the data for part-time students. For the year 2003, place at point at 2,000. For
the year 2004, place a point slightly above 2,000 to show that the enrollment for that year was 2,100. As you
continue to plot the enrollment for each year, use a straight edge to connect the points.

1.
2.
3.
4.
5.
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Looking at the line graphs, what can you conclude about enrollment at California State University?
You can see that the number of full-time students enrolled increased by 3,300 students from 2003 to 2007. While
full-time enrollment declined between 2003 an 2004, it increased every other year. The number of part-time students
enrolled increased by 550 students from 2003 to 2007. It is apparent that the increase in full-time enrollment was
greater than the increase in part-time enrollment.
Now answer the following questions about multiple line graphs.
Example A

True or false. A multiple line graph would be useful in showing how data changes from year to year.
Solution: True.
Example B

True or false. You could use a multiple line graph to show how attendance at school changed from one year to the
next for two or three grades of students.
Solution: True.
Example C

True or false. You can use multiple line graphs to show data that is not related.
Solution: False. There must be a relationship to show how the data changes over time and how it can be
compared.
Here is the original problem once again.
1156

www.ck12.org

Chapter 11. Data and Statistics

Eleanor Roosevelt School recorded the daily indoor and outdoor temperature for a period of five days. What
conclusions can you draw from the graph below of the data?

The results of the data collection are presented on the double line graph below. Looking at the graph, you can see
that the indoor temperature was cooler than the outdoor temperature. It can also be concluded that as the outdoor
temperature decreased, the indoor temperature decreased. The same holds true as the temperature increased.

Guided Practice

Here is one for you to try on your own.
Use the following line graph to answer each question.
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What is being measured in this line graph? What was the highest temperature recorded? What was the lowest
temperature recorded?
Answer
This line graph measures how temperature changes from February 1st to February 7th.
The highest temperature was 33 degrees on February 3rd.
The lowest temperature was 26 degrees on February 5th and 6th.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5454

This is a Khan Academy video on line graphs.
Explore More

Directions: The table below shows the number of tickets sold at the Phoenix Zoo and the Seattle Zoo since 1998.
1. Create a multiple line graph using the data from the table.

TABLE 11.14:
Year:
1998
1999
1158

Number of Tickets
Phoenix Zoo:
547,000
562,000

Sold

at

Number of Tickets Sold at Seattle
Zoo:
601,000
602,500

www.ck12.org

Chapter 11. Data and Statistics

TABLE 11.14: (continued)
Year:
2000
2001
2002
2003
2004
2005
2006
2007

Number of Tickets
Phoenix Zoo:
569,000
566,000
569,000
572,000
576,000
575,500
579,000
580,000

Sold

at

Number of Tickets Sold at Seattle
Zoo:
603,700
605,000
604,000
605,100
606,000
605,800
607,000
608,000

2. Which zoo sold more tickets in 2003?
3. Which zoo sold more tickets in 2005?
4. Which was the best year for sales at the Phoenix zoo?
5. Which was the best year for sales at the Seattle zoo?
6. Based on this information, can we say which zoo is more popular? Why?
7. Based on this data, will sales increase or decrease in 2008 at the Phoenix zoo?
8. Based on this data, will sales increase or decrease in 2008 at the Seattle zoo?
9. What is the difference in the quantity of tickets in 2005?
10. What is the difference in the quantity of tickets in 2000?
Directions: The data table below depicts the increase in cost of a movie ticket each year since 2000.

TABLE 11.15:
Year:
2000
2001
2002
2003
2004
2005
2006
2007

Price of a Ticket:
$5.50
$5.75
$6.00
$6.25
$6.50
$7.25
$8.00
$9.25

11. Decide which type of graph, bar or line should be used to represent the information in the data table.
12. Then use the information on the data table to create the graph you’ve chosen.
13. True or false. A multiple line graph is the best choice for this data.
Directions: The data table below depicts the number of newspapers in circulation (in millions) over a period of three
days.
14. Decide which type of graph, bar or line should be used to represent the information in the data table.
15. Then use the information on the data table to create the graph you’ve chosen.
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TABLE 11.16:
Name of Newspaper
Los Angeles Times
New York Times
Chicago Sun
Orange County Register
San Francisco Chronicle

1160

Friday
55
62
47
39
51

Saturday
58
63
49
41
53

Sunday
60
67
49
42
55
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11.9 Stem-and-Leaf Plots
Here you’ll learn to draw and use stem-and-leaf plots.
Have you ever examined the route of a race? Well, the students are now looking at the route of the Iditarod. Take a
look.

During the third day of class on the Iditarod, the students began to examine the routes on the map. The race begins
in Anchorage Alaska and travels 1150 miles of rough terrain to the city of Nome Alaska where it finishes.
While racing, the teams face all kinds of wild weather. There can be blizzards, ice and unbelievable winds not to
mention that the surrounds can be woods or frozen tundra.
“Wow, can you imagine being out there and not seeing anyone?” Sam said to his friend Juan.
“I think they do see people at the checkpoints, isn’t that right Mr. Hawkins?” Juan asked as Mr. Hawkins walked
around the room.
“Yes Juan. The mushers all have to check in at the checkpoints. It helps the race officials to keep track of everyone
as well as check on the dogs, refuel, any precaution can be taken there.”
“How many are there?”
“Well, there are 24, and you can figure out the distances and organize them in a data display. That is the next task
that you are all going to work on,” Mr. Hawkins said taking out a giant ruler. “Then I want you to figure out the
median distance of the checkpoints.”
Juan took out a piece of paper and wrote down the distances that are between each check point. Here are his notes.
20, 29. 52, 34, 45, 30, 48, 75, 54, 18, 25, 59, 112, 52, 52, 42, 90, 42, 48, 48, 28, 18, 55, 22
Juan wants to create a stem-and-leaf plot to show the data. He knows that once he arranges the data in a stem-and-leaf
plot, that it can help him to find the median distance between two checkpoints.
Do you have an idea how Juan can do this? Have you ever created a stem-and-leaf plot? Take the time to learn
about them during this Concept. At the end of the Concept, you will see how Juan created his data display.
Guidance

In this Concept, you will learn another way to display data. This way of organizing and displaying data helps us to
see values according to their size and we can order them accordingly. Think about the base ten number system of
10,100,1000 etc. We can organize numbers by ones, tens, hundreds and thousands. In fact, you think about numbers
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in this way when we work with decimals. Now we are going to look at how to look at the stem of a number so that
we can organize it for a visual display of data.
A stem-and-leaf plot organizes data in order. In a stem-and-leaf plot each data value is split into a stem and a
leaf.
The leaf is the last digit to the right. The stem is the remaining digits to the left. For the number 243, the stem
is 24 and the leaf is 3.

Yes it does. Identifying the leaf will help you to know what the stem is and this will assist you in creating an accurate
stem-and-leaf plot.
Construct a stem-and-leaf plot for the data below.
Science test scores for third period (out of 100%):
97, 92, 77, 82, 96, 75, 68, 80, 79, 96
Step 1: Arrange the data in order from least to greatest.
68, 75, 77, 79, 80, 82, 85, 92, 96, 96
Step 2: Separate each number into a stem and a leaf.

TABLE 11.17:
Stem
6
7
8
9
Step 3: Create a key and give the stem-and-leaf plot a title.
Answer
Science Test Scores: 3rd Period
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8
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TABLE 11.18:
Stem
6
7
8
9
Key: 6|8 = 68

Leaf
8
579
02
2667

If we were to analyze this data, you could see that most of the values cluster around the stem of 9. There are
more numbers in this category.

Here is another situation where a stem-and-leaf plot is helpful.
Three friends began a babysitting service over the summer. The amount of money they made for each appointment
is listed on the data table below. Use the information on the data table to create a stem-and-leaf plot.

TABLE 11.19:
Date:
June 26, 2006
June 27, 2006
July 5, 2005
July 9, 2005
July 15, 2006
July 22, 2006
August 1, 2006
August 5, 2006
August 13, 2006
August 20, 2006

Amount Made:
$17.00
$12.00
$22.00
$23.00
$18.00
$31.00
$40.00
$35.00
$19.00
$8.00

Step 1: Arrange the data values in order from least to greatest.
Since the data values are to the nearest whole number, arrange the data without the decimal points.
8, 12, 17, 18, 19, 22, 23, 31, 35, 40
Step 2: Separate each value into a stem and a leaf.

TABLE 11.20:
Stem
0

Leaf
8
1163

11.9. Stem-and-Leaf Plots

www.ck12.org

TABLE 11.20: (continued)
Stem
1
2
3
4

Leaf
2789
23
15
0

Step 3: Create a key and give the stem-and-leaf plot a title.
Answer

TABLE 11.21: Babysitting Fund
Stem
0
1
2
3
4
Key: 0|8 = 8

Leaf
8
2789
23
15
0

Now that you know how to create a stem-and-leaf plot, let’s look at how we can use it to analyze data and draw
conclusions. First, let’s review some of the vocabulary words that we used in the first lesson of this chapter.
The mean is sometimes also called the average of a set of data. To find the mean, add the data values and then divide
the sum by the number of data values.
The median is the data value in the middle when the data is ordered from least to greatest. Since the data is ordered
from least to greatest on a stem-and-leaf plot, find the data value in the middle of the stem-and-leaf plot.
The mode is the data value that occurs most often. On a stem-and-leaf plot, the mode is the most repeated leaf.
The range is the difference between the highest and the lowest data value.
Data from a stem-and-leaf plot can be used to determine the mean, median, mode, and range for a set of data.
Let’s look at how we can do this.

The stem-and-leaf plot below depicts the weight (in pounds) of the ten trout caught in a fishing competition.
Determine the mean, median, mode, and range of the data on the stem-and-leaf plot.

TABLE 11.22: Weight of Trout Caught
Stem
2
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TABLE 11.22: (continued)
Stem
3
4
5
6
7
8
9
Key: 2|9 = 2.9

Leaf
1
05
2
2
6
3
22

Step 1: Using the key, combine the stem with each of its leaves. The values are in order from least to greatest on the
stem-and-leaf plot. Therefore, keep them in order as you list the data values.
2.9, 3.1, 4.0, 4.5, 5.2, 6.2, 7.6, 8.3, 9.2, 9.2
Step 2: Recall that to determine the mean you add the data values and then divide the sum by the number of data
values.

2.9 + 3.1 + 4.0 + 4.5 + 5.2 + 6.2 + 7.6 + 8.3 + 9.2 + 9.2 = 60.2
60.2 ÷ 10 = 6.2
Mean = 6.2 pounds
Step 3: The data is already arranged in order from least to greatest. Therefore, to determine the median, identify the
number in the middle of the data set. In this case, two data values share the middle position. To find the median, find
the mean of these two data values.

2.9, 3.1, 4.0, 4.5, 5.2, 6.2, 7.6, 8.3, 9.2, 9.2
5.2 + 6.2 = 11.4
11.4 ÷ 2 = 5.7
Median = 5.7 pounds
Step 4: Recall that the mode is the data value that occurs most. Looking at the stem-and-leaf plot, you can see that
the data value that the number 9.2 appears twice. Therefore, the mode is 9.2.
Mode = 9.2 pounds
Step 5: Recall that the range is the difference of the greatest and least values. On the stem-and-leaf plot, the greatest
value is the last value; the smallest value is the first value.

9.2 − 2.9 = 6.3
Range = 6.3
Answer
Mean = 6.2 pounds
Median = 5.7 pounds
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Mode = 9.2 pounds
Range = 6.3 pounds
Now answer a few questions about stem-and-leaf plots on your own.
Example A

What is the stem of the number 25?
Solution: 2
Example B

What is the leaf of the number 56?
Solution: 6
Example C

What is the stem of the number 89?
Solution: 8

Here is the original problem once again. Reread it and then create your own stem-and-leaf plot. Compare your work
with Juan’s.
During the third day of class on the Iditarod, the students began to examine the routes on the map. The race begins
in Anchorage Alaska and travels 1150 miles of rough terrain to the city of Nome Alaska where it finishes.
While racing, the teams face all kinds of wild weather. There can be blizzards, ice and unbelievable winds not to
mention that the surrounds can be woods or frozen tundra.
“Wow, can you imagine being out there and not seeing anyone?” Sam said to his friend Juan.
“I think they do see people at the checkpoints, isn’t that right Mr. Hawkins?” Juan asked as Mr. Hawkins walked
around the room.
“Yes Juan. The mushers all have to check in at the checkpoints. It helps the race officials to keep track of everyone
as well as check on the dogs, refuel, any precaution can be taken there.”
“How many are there?”
“Well, there are 24, and you can figure out the distances and organize them in a data display. That is the next task
that you are all going to work on,” Mr. Hawkins said taking out a giant ruler. “Then I want you to figure out the
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median distance of the checkpoints.”
Juan took out a piece of paper and wrote down the distances that are between each check point. Here are his notes.
20, 29. 52, 34, 45, 30, 48, 75, 54, 18, 25, 59, 112, 52, 52, 42, 90, 42, 48, 48, 28, 18, 55, 22
Juan wants to create a stem-and-leaf plot to show the data. He knows that once he arranges the data in a stem-and-leaf
plot, that it can help him to find the median distance between two checkpoints.
Now Juan is ready to create his stem-and-leaf plot. He begins by organizing his data in order from least to
greatest.
18, 18, 20, 22, 25, 28, 29, 30, 34, 42, 42, 45, 48, 48, 48, 52, 52, 52, 54, 55, 59, 75, 90, 112
Next, he can organize the data in stems and leaves.

TABLE 11.23:
Stem
1
2
3
4
5
6
7
8
9
10
11

Leaves
88
02589
04
225888
222459
5
5
2

Juan can see that the median distance centers in the 40 –50’s mile zone. He makes these notes.
42, 42, 45, 48, 48, 48, 52, 52, 52, 54, 55, 59
The median distance is between 48 and 52 miles. Since there isn’t a check point with a distance of 50 miles, it
is accurate to say that the median is both 48 and 52 miles.
Guided Practice

Here is one for you to try on your own.
Make a stem-and-leaf plot to represent this data.
14, 16, 17, 18, 18, 20, 22, 24, 29, 31, 33
Answer
We have three stems: 1, 2, 3.
Here is the stem-and-leaf plot.

TABLE 11.24: Annual DVD Sales (in millions)
Stem
1
2
3
Key: 2|0 = 20

Leaf
46788
0249
13
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57658

This is a Khan Academy video on stem-and-leaf plots.
Explore More

Directions: Create stem-and-leaf plots and answer the questions on each.
1. Make a stem-and-leaf plot to display the data: 22, 25, 27, 29, 31, 34, 34, 39, 40, and 44.
2. Make a stem-and-leaf plot to display the data: 88, 96, 72, 65, 89, 91, 90, 100, 101, and 86.
The data table below depicts the number of miles ten students commute to school each day.
8

7

11

6

9

15

6

20

12

4

3. Create a stem-and-leaf plot to display the data.
4. Use the stem-and-leaf plot to determine the mean.
5. Use the stem-and-leaf plot to determine the median.
6. Use the stem-and-leaf plot to determine the mode.
7. Use the stem-and-leaf plot to determine the range of the data.
The data table below depicts the final score each basketball game for an entire season.
27

36

31

29

25

39

21

26

34

40

38

29

8. Use the data to create a stem-and-leaf plot.
9. Use the data to determine the mean.
10. Use the data to determine the median.
11. Use the data to determine the mode.
12. Use the data to determine the range.
The stem-and-leaf plot depicts the class sizes for two grade levels at Huntington Middle School. Use the information
on the stem-and-leaf plot to answer the questions below.
7th and 8th Grade Class Size

TABLE 11.25:
7th Grade:
Leaf
98
124
0
Key: 4|2 = 24
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Stem
1
2
3

8th Grade:
Leaf
677
34
2
Key: 1|6 = 16
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13. Identify the stems for this set of data.
14. Which grade level has a greater mean class size?
15. Determine the range in class size for 7th grade and 8th grade.
16. Which grade level has a smaller median class size?
The data on the stem-and-leaf plots below compare the average daily temperature in Austin, Texas and Seattle,
Washington for ten days in January.

TABLE 11.26: Temperature in Two Cities (in Fahrenheit)
Temperature in Austin, Texas
Leaf
9
96631
7421
Key: 1|5 = 51

Stem
4
5
6

Temperature in Seattle, Washington
Leaf
002457
1246
Key: 4|0 = 40

17. What are the stems for the data?
18. What is the coolest temperature in Austin Texas?
19. What is the coolest temperature in Seattle Washington?
20. Which city has the lowest mean temperature?
21. What is the range of the temperatures in Austin?
22. What is the range of the temperatures in Seattle?
23. What are the modes in both cities?
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11.10 Box-and-Whisker Plots
Here you’ll learn to draw and use box-and-whisker plots.
Have you ever studied sled dogs?

Kelly loves dogs. She has been researching the sled dogs connected with the Iditarod. She has noticed that the dogs
are very well loved by the mushers who care for them and that there seems to be a very unique connection between
them.
Kelly was pleased to see that there are veterinary services for the dogs along the trail route. Here the dogs can receive
medical attention if they become injured along the way.
Most of the teams begin with between 12 and 16 dogs, but most don’t finish with that many. Some of the dogs can
become tired or hurt, and sometimes a dog can die along the journey too.
Kelly did some research about the 2010 dog teams and discovered that the top ten teams had arrived back with
somewhere between 7 and 13 dogs.
She wrote these statistics down in her notebook.
11, 11, 12, 10, 9, 10, 13, 7, 9, 7
Kelly wants to create a display of this information. She has decided to create a box-and-whisker plot to show the
number of dogs who finished in 2010 in the top 10 teams.
Do you have an idea how to do this? If you do, then draw a box-and-whisker plot now in your notebook
using this data. If not, then pay attention to this Concept and you will learn all that you need to know about
box-and-whisker plots.
Guidance

Previously we learned all about different ways to analyze and display data. Now we are going to learn about a new
one it is called a box-and-whisker plot.
A box-and-whisker plot depicts the distribution of data items.
Recall that the median is the middle number when the data is arranged in order from the least to greatest. The median
separates the data into two equal parts. On a box-and-whisker plot, the median represents half or fifty percent
of all of the data points.
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Data can then be separated into quartiles. Quartiles divide data into four equal parts. The median is the middle
quartile. The lower quartile is the median of the lower half of the data. The lower quartile represents one fourth or
twenty-five percent of the smaller data points. The upper quartile is the median of the upper part of the data. The
upper quartile represents one fourth or twenty-five percent of the largest data points.

62,

67,

75,

76,

Upper Quartile

78,

81,

81,

Median

83,

85,

88,

90,

92

Lower Quartile

81 = Median
75 = Median of Upper Quartile
88 = Median of Lower Quartile
62 is the smallest value. 92 is the largest value.

Create a box-and-whisker plot to display the data below.
45, 58, 34, 42, 52, 49, 50, 45, 51
Step 1: To determine the median of the set of data, arrange the data in order from least to greatest. Identify the data
value in the middle of the data set. In this case, the median is 49.
34, 42, 45, 45, 49, 50, 51, 52, 58
Step 2: Identify the median for the lower quartile. In this case, two data values share the middle position in the lower
quartile. Recall that when two data values share the middle position, find the mean. To find the mean, add the data
values and then divide by two. The median of the lower quartile is 43.5.

34, 42, 45, 45, 49, 50, 51, 52, 58
42 + 45 = 87
87 ÷ 2 = 43.5

Step 3: Identify the median of the upper quartile. Again, two data values share the middle position. Therefore, you
must determine the mean of the two numbers. Since the numbers 51 and 52 are only one away from each other, the
median is the number in the exact middle of the two. In this case, the median of the upper quartile is 51.5. This
method works whenever the two numbers that share the middle position are one away from each other.

34, 42, 45, 45, 49, 50, 51, 52, 58
51 + 52 = 103
103 ÷ 2 = 51.5

Step 4: Draw a number line. The first value on the number line should be near the smallest number in the data set.
In this case, the smallest number is 34. Therefore, the number line will start at 30. The last value on the number line
should be near the largest number in the set of data. The largest number in the data set is 58. Therefore, the number
line will end at 60. Because the difference in the data values is not that great, the number line will be labeled by
fives.
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The smallest value, 34 is marked on the number line as “I.” The largest value, 58 is marked on the number line as
“I.”
The median of the first, second, and third quartiles are marked as “+.”
Step 5: Draw a box around the first, second, and third quartiles. Draw whiskers from the box to the smallest and
largest values.
Step 6: Give the box-and-whisker plot at title.

Take a few minutes to write these steps down in your notebook. Then continue with the Concept.
The data values on the table below depict the number of televisions sold at a department store each month for nine
months. Create a box-and-whisker plot to display the data.

TABLE 11.27:
April
110

May
98

June
91

July
102

August
89

September October
95
108

November December
118
152

Step 1: To determine the median of the set of data, arrange the data in order from least to greatest. Identify the data
value in the middle of the data set. For this set of data, 102 is the median.
89, 91, 95, 98, 102, 108, 110, 118, 152
Step 2: Identify the median for the lower quartile. Again, since two data values share the middle position, find their
mean. The median for the lower quartile is 93.
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89, 91, 95, 98, 102, 108, 110, 118, 152
91 + 95 = 186
186 ÷ 2 = 93

Step 3: Identify the median of the upper quartile. Remember to find the mean of the two data values that share the
middle position. The median of the upper quartile is 114.

89, 91, 95, 98, 102, 108, 110, 118, 152
110 + 118 = 228
228 ÷ 2 = 114

Step 4: Draw a number line. The first value on the number line should be near the smallest number in the data set.
In this case, the smallest number is 89. Therefore, the number line will start at 80. The last value on the number line
should be near the largest number in the set of data. The largest number in the data set is 152. Therefore, the number
line will end at 160. In this case, label the number line by tens.

The smallest value, 89 is marked with a “I” at the end of the whisker in the lower quartile. The largest value, 151is
marked with a “I” at the end of the whisker in the upper quartile.
The median of the first, second, and third quartiles are marked with a “+.”
Step 5: Draw a box around the first, second, and third quartiles. Draw whiskers from the box to the smallest and
largest values.
Step 6: Give the box-and-whisker plot a title.
The weight of bears varies between species. Weight also varies within species as a result of habitat and diet. The
box-and-whisker plot was created after recording the weight (in pounds) of several black bears across the country.
Use the box-and-whisker plot to answer the questions below.
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The number line is labeled by tens. Notice that each section on the number line has been divided into fifths.
Therefore, each mark on the number line represents two. This is important to note prior to answering the questions
below.
What are the highest and lowest weights represented on the box-and-whisker plot? The lowest value or weight
is 127 pounds. The highest value or weight is 201 pounds.
What is the median weight for a black bear? The median weight is 163 pounds.
What is the median weight for the lower quartile? The median weight of the lower quartile is 129 pounds.
What is the median weight for the upper quartile? The median weight of the upper quartile is 196 pounds.
Now it’s time for you to answer a few questions about box-and-whisker plots.

Example A

True or false. The median is the middle value in a data set.
Solution: True

Example B

True or false. Every box-and-whisker plot has an upper quartile.
Solution: True

Example C

True or false. An outlier can’t be part of either the upper quartile or lower quartile.
Solution: False
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Here is the original problem once again. Reread it and then create a box-and-whisker plot using the data provided.
After that, check your work with Kelly’s box-and-whisker plot.
Kelly loves dogs. She has been researching the sled dogs connected with the Iditarod. She has noticed that the dogs
are very well loved by the mushers who care for them and that there seems to be a very unique connection between
them.
Kelly was pleased to see that there are veterinary services for the dogs along the trail route. Here the dogs can receive
medical attention if they become injured along the way.
Most of the teams begin with between 12 and 16 dogs, but most don’t finish with that many. Some of the dogs can
become tired or hurt, and sometimes a dog can die along the journey too.
Kelly did some research about the 2010 dog teams and discovered that the top ten teams had arrived back with
somewhere between 7 and 13 dogs.
She wrote these statistics down in her notebook.
11, 11, 12, 10, 9, 10, 13, 7, 9, 7
Kelly wants to create a display of this information. She has decided to create a box-and-whisker plot to show the
number of dogs who finished in 2010 in the top 10 teams.
Now let’s create a box-and-whisker plot to display the data. First, we write the data in order from least to greatest.
7, 7, 9, 9, 10, 10, 11, 11, 12, 13
The median of all the data is 10.
The median of the lower quartile is 8.
The median of the upper quartile is 11.5
Here is the box-and-whisker plot.
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Guided Practice

Here is one for you to try on your own.
The box-and-whisker plot below was created after recording amount of time it took for several runners to finish a
5K race. Use the box-and-whisker plot to answer the questions below.

Answer
The number line on the box-and-whisker plot is labeled by twos. Notice that there is only one section in between each
labeled value. Therefore, each mark on the number line represents one. This is important to note when answering
the questions below.
Identify the first and last finish times for the race. The first finish time or the smallest value identified on the
box-and-whisker plot is 12 minutes. The last finish time or largest value on the box-and-whisker plot is 26 minutes.
Identify the median finish time for the race. The median finish time is 17 minutes.
What was the median finishing time in the lower quartile? The median of the lower quartile is 14 minutes.
What was the median finishing time in the upper quartile? The median of the upper quartile is 21 minutes.
Video Review

1176

www.ck12.org

Chapter 11. Data and Statistics

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5455

This is a Khan Academy video on box-and-whisker plots.
Explore More

Directions: Use each set of data to work with box-and-whisker plots.
12, 13, 15, 17, 21, 22, 24, 26, 28, 30, 31
1. What is the median of the set of data?
2. What is the median of the lower quartile?
3. What is the median of the upper quartile?
4. What is the lowest value whisker?
5. What is the highest value whisker?
6. Use the data to create a box-and-whisker plot.
26, 27, 29, 30, 32, 35, 41, 42, 44
7. What is the median of the set of data?
8. What is the median of the lower quartile?
9. What is the median of the upper quartile?
10. What is the lowest value whisker?
11. What is the highest value whisker?
12. Use the data to create a box-and-whisker plot.
100, 105, 107, 109.110, 120
13. What is the median of the data?
14. What is the median of the lower quartile?
15. What is the median of the upper quartile?
16. What is the lowest value whisker?
17. What is the highest value whisker?
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11.11 Frequency Tables to Organize and Display
Data
Here you’ll learn to make a frequency table to organize and display data.
How long is the Iditarod? Do you know? Take a look at this dilemma.

Jasper is curious about how many days it takes a musher to finish the Iditarod. Looking online, he has discovered
that the average is from 10 –15 days, but that isn’t specific enough for him.
“I want to know more details about it,” he tells Mr. Hawkins first thing on Monday morning.
“Well, you have to narrow down your findings. I would suggest you look at the final standings from 2010. Then you
can create a frequency table and a histogram.”
“Alright, that’s a good idea,” Jasper says.
Jasper begins his research on the Iditarod website. He makes notes on the number of days that it took the mushers
in the 2010 Iditarod to finish.
•
•
•
•
•
•

1 musher took 8 days
18 mushers took 9 days
16 mushers took 10 days
6 mushers took 11 days
9 mushers took 12 days
4 mushers took 13 days

Jasper wants to organize this data in a frequency table. However, he is stuck on how to do it. Do you know? This
Concept will teach you all about creating frequency tables using given data. By the end of the Concept, you will
understand how to help Jasper.
Guidance

Previously we worked on different ways to display data. In this Concept, you will learn about frequency tables and
histograms. Let’s start by looking at frequency tables.
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What is a frequency table?
A frequency table is another way of summarizing data. A frequency table depicts the number of times a data
value occurs.
A frequency table is created by making a table with three separate columns. One column is designated for
intervals. The amount of intervals is determined by the range in data values. If the range in data values is not that
great, the intervals will be small. If the range in data values is great, the intervals will be larger. It is important that
the intervals are of equal size and do not overlap.
Another column is created for tallied results. This is where you tally the number of times you see a data value
from each interval.
In the last column, add the tally marks to determine the frequency results.
Let’s look at how we can apply this information.
Twenty people were asked to state the number of hours they sleep each night. The results of the survey are listed
below. Create a frequency table to display the data.
7, 8, 6, 9, 10, 12, 5, 7, 8, 9, 10, 11, 12, 7, 6, 7, 8, 10, 11, 9
Step 1: Make a table with three separate columns.
• Intervals
• Tallied results
• Frequency results
In this case, there is not a wide range in data values, therefore the intervals will be displayed by ones.
Step 2: Looking at the data, tally the number of times a data value occurs.
Step 3: Add the tally marks to record the frequency.

TABLE 11.28:
Number of Hours Slept
5
6
7
8
9
10
11
12

Tally
I
II
IIII
III
III
III
II
II

Frequency
1
2
4
3
3
3
2
2

Now you can see how arranging the data in this way makes it much easier to follow.
The data below depicts the amount of time (in minutes) 20 middle school students spent on the computer each day.
Arrange the data on a frequency table.
10, 32, 8, 55, 5, 0, 30, 20, 25, 45, 40, 60, 45, 15, 5, 56, 47, 12, 15, 20
Step 1: Make a table with three separate columns.
• Intervals
• Tallied results
• Frequency results
In this case, there is not a wide range in data values, therefore the intervals will be displayed by ones.
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Step 2: Looking at the data, tally the number of times a data value occurs.
Step 3: Add the tally marks to record the frequency.

TABLE 11.29:
Number of Minutes on the Computer
0 –5
6 –10
11 –15
16 –20
21 –25
26 –30
31 –35
36 –40
41 –45
46 –50
51 –55
56 –60

Tally

Frequency

III
II
III
II
I
I
I
I
II
I
I
II

3
2
3
2
1
1
1
1
2
1
1
2

Once again, the tally marks in the frequency table can give you a clear picture of the data.
Look at the frequency table above and answer the following questions.

Example A

How many students spent 51 –55 minutes on the computer?
Solution: 1

Example B

How many students spent 0 –5 minutes on the computer?
Solution: 3

Example C

How many students spent 41 –45 minutes on the computer?
Solution: 2
Now let’s go back to Jasper and the frequency table. Here is the original problem once again.
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Jasper is curious about how many days it takes a musher to finish the Iditarod. Looking online, he has discovered
that the average is from 10 –15 days, but that isn’t specific enough for him.
“I want to know more details about it,” he tells Mr. Hawkins first thing on Monday morning.
“Well, you have to narrow down your findings. I would suggest you look at the final standings from 2010. Then you
can create a frequency table and a histogram.”
“Alright, that’s a good idea,” Jasper says.
Jasper begins his research on the Iditarod website. He makes notes on the number of days that it took the mushers
in the 2010 Iditarod to finish.
•
•
•
•
•
•

1 musher took 8 days
18 mushers took 9 days
16 mushers took 10 days
6 mushers took 11 days
9 mushers took 12 days
4 mushers took 13 days

Using this data, Jasper can create a frequency table with three different columns. One that says "Days", one that
says "Frequency" and one that says "Total". Here is the table he can use.

TABLE 11.30:
Days
8
9

10

11
12

Tally
1
11111
11111
11111
111
11111
11111
11111
1
11111
1
11111
1111

Frequency
1
18

16

6
9
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TABLE 11.30: (continued)
Days
13

Tally
1111

Frequency
4

Guided Practice

Here is one for you to try on your own.
The data on the table below depicts the height (in meters) a ball bounces after being dropped from different heights.
Create a frequency table to display the data.
6

9

4

12

11

5

7

9

13

5

6

10

14

7

8

Answer
First arrange the data on a frequency table.
Recall that a table with three columns needs to be drawn: one for intervals, one for tallied results, and another for
frequency results. The range in values for this set of data is nine. Therefore, data will be tallied in intervals of two.

TABLE 11.31:
Bounce Height
3 –4
5 –6
7 –8
9 –10
11 –12
13 –14

Tally
I
IIII
III
III
II
II

Frequency
1
4
3
3
2
2

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54797

This is a video on frequency tables.
Explore More

Directions: Use each set of data to answer the following questions.
There are 175 7th grade students. Here is a list of the number of days that 7th students at Marrimack Middle School
bought lunch.
0 Days = 15 students
1 Day = 13 students
2 Days = 30 students
1182
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3 Days = 21 students
4 Days = 35 students
5 Days = 60 students
1. How many students are in the 7th grade?
2. What is the most popular number of days?
3. What is the least popular number of days?
4. Create a frequency table to show the data.
5. Were any students left out of the count?
6. How do you know?
7. Create a frequency table to display the data below.
2, 5, 3, 1, 6, 5, 7, 8, 3, 1
8. Were there any numbers not represented?
9. What is the most popular number or numbers?
Directions: The following frequency table shows data regarding the number of people who attended different movies
in one week. Use the following frequency table to answer each question.

TABLE 11.32:
# of People at the movies per week
20
50
85
90
120

Frequency
4
3
3
5
2

10. If we were to create a list of this data, is the following list correct or incorrect?
20, 20, 20, 20, 50, 50, 50, 90, 90, 90, 85, 85, 85, 120, 120
11. Would you consider the list in number 1 to be organized or unorganized data?
12. How many showings had 90 people or more in attendance?
13. How many showings had less than 50 people in attendance?
14. How many showings had less than 70 people in attendance?
15. True or false. This data also tells you which showings had the most people in attendance.
16. True or false. There were two showings that had 78 people in attendance.
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11.12 Histograms
Here you’ll learn to make a histogram given a frequency table.
Remember how Jasper made a frequency table in the Frequency Tables to Organize and Display Data Concept?
Well, now he is going to take this frequency table and try to make a histogram. Take a look.

Jasper is curious about how many days it takes a musher to finish the Iditarod. Looking online, he has discovered
that the average is from 10 –15 days, but that isn’t specific enough for him.
“I want to know more details about it,” he tells Mr. Hawkins first thing on Monday morning.
“Well, you have to narrow down your findings. I would suggest you look at the final standings from 2010. Then you
can create a frequency table and a histogram.”
“Alright, that’s a good idea,” Jasper says.
Jasper begins his research on the Iditarod website. He makes notes on the number of days that it took the mushers
in the 2010 Iditarod to finish. Here is the frequency table that he created with his findings.

TABLE 11.33:
Days
8
9

10

II
12
1184

Tally
I
IIIII
IIIII
IIIII
III
IIIII
IIIII
IIIII
I
IIIII
I
IIIII
IIII

Frequency
I
18

16

6
9

www.ck12.org

Chapter 11. Data and Statistics

TABLE 11.33: (continued)
Days
13

Tally
IIII

Frequency
4

Next, Jasper began making his histogram. But as soon as he started to draw it, something did not look right.
Jasper could use some help. In this Concept, you will learn how to take a frequency table and make a
histogram out of it. Pay close attention and at the end of this Concept you will be able to help Jasper create
his visual display.
Guidance

Frequency tables are a great way to record and organize data. Once you have created a frequency table, we can make
a histogram to present a visual display of the information in the frequency table.
What is a histogram?
A histogram shows the frequency of data values on a graph. Like a frequency table, data is grouped in
intervals of equal size that do not overlap. Like a bar graph, the height of each bar depicts the frequency of
the data values. A histogram differs from a bar graph in that the vertical columns are drawn with no space
in between them.
Now let’s look at creating a histogram from a frequency table.
Create a histogram using the results on the frequency table below.

TABLE 11.34: Hours Slept Each Night
Number of Hours Slept
5
6
7
8
9
10
11
12

Tally
I
II
IIII
III
III
III
II
II

Frequency
1
2
4
3
3
3
2
2

To create a histogram:
1. Draw the horizontal (x) and vertical (y) axis.

2. Give the graph the title “Hours Slept Each Night.”
3. Label the horizontal axis “Hours.” List the intervals across the horizontal axis.
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4. Label the vertical axis “Frequency.” Since the range in frequencies is not that great, label the axis by ones.
5. For each interval on the horizontal access, draw a vertical column to the appropriate frequency value. On a
histogram, there is no space in between vertical columns.

Take a few minutes to copy down the steps for creating a histogram in your notebook.
Create a histogram to display the data on the frequency table below.

TABLE 11.35:
Number of Minutes on the Computer
0 –5
6 –10
11 –15
16 –20
21 –25
26 –30
31 –35
36 –40
41 –45
46 –50
51 –55
56 –60
1186

Tally

Frequency

III
II
III
II
I
I
I
I
II
I
I
II

3
2
3
2
1
1
1
1
2
1
1
2
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To create a histogram:
1. Draw the horizontal (x) and vertical (y) axis.

2. Give the graph the title “Minutes Spent on the Computer.”
3. Label the horizontal axis “Minutes.” List the intervals across the horizontal axis.
4. Title the vertical axis “Frequency.” Label the axis by halves (0.5).
5. For each interval on the horizontal access, draw a vertical column to the appropriate frequency value. Recall that
on a histogram, there are no spaces in between vertical columns.

Sometimes, you will be given a set of data that you will need to organize. This data will be unorganized. To work
with it, you will have to organize it by creating a frequency table. Then you can use that frequency table to create a
histogram.
Fifteen people were asked to state the number of hours they exercise in a seven day period. The results of the survey
are listed below. Make a frequency table and histogram to display the data.
8, 2, 4, 7.5, 10, 11, 5, 6, 8, 12, 11, 9, 6.5, 10.5, 13
First arrange the data on a frequency table. Recall that a table with three columns needs to be drawn: one for
intervals, one for tallied results, and another for frequency results. The range in values for this set of data is eleven.
Therefore, data will be tallied in intervals of three.
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TABLE 11.36:
Hours of Exercise
0 –2
3 –5
6 –8
9 –11
12 –14

Tally
I
II
IIIII
IIIII
II

Frequency
1
2
5
5
2

Next, the data needs to be displayed on a histogram. Recall that a horizontal (x) and vertical (y) axis needs to be
drawn. List the intervals across the horizontal axis. Name this axis “Hours of Exercise.” Label the vertical axis by
ones. Title the vertical axis “Frequency.” For each set of intervals, draw vertical columns the appropriate frequency.
Color in the vertical columns and ensure that no space is between them. Title the graph “Hours of Exercise.”

Now let’s make some conclusions based on the information displayed in the histogram.
Looking at the histogram above, you can that equal numbers of people reported that they exercise between six and
eight and nine and eleven hours each week. Two people stated that they exercise between three and five hours per
week. Two people reported that they exercise between twelve and fourteen hours per week. Zero to two is the hours
with the least frequency.
Look at this frequency table and use it to complete the following questions.

TABLE 11.37:
Number of Sodas
0 –3
4 –7
8 –11
12 –15
Example A

Which category is the most popular?
Solution: 0 - 3 Sodas
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Tally
IIIIIIII
IIIIIII
III
II

Frequency
8
7
3
2
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Example B

Which category is the least popular?
Solution: 12 - 15 sodas
Example C

What is the difference between the greatest number of sodas and the least?
Solution: 8 - 3 = 5
Now back to Jasper and the histogram.
Here is the original problem once again. Reread it and then look at the histogram created from the frequency table.
Jasper is curious about how many days it takes a musher to finish the Iditarod. Looking online, he has discovered
that the average is from 10 –15 days, but that isn’t specific enough for him.
“I want to know more details about it,” he tells Mr. Hawkins first thing on Monday morning.
“Well, you have to narrow down your findings. I would suggest you look at the final standings from 2010. Then you
can create a frequency table and a histogram.”
“Alright, that’s a good idea,” Jasper says.
Jasper begins his research on the Iditarod website. He makes notes on the number of days that it took the mushers
in the 2010 Iditarod to finish. Here is the frequency table that he created with his findings.

TABLE 11.38:
Days
8
9

10

11
12
13

Tally
1
11111
11111
11111
111
11111
11111
11111
1
11111
1
11111
1111
1111

Frequency
1
18

16

6
9
4

Next, Jasper began making his histogram. But as soon as he started to draw it, something did not look right.
Then Jasper began to notice that he needed to put the number of mushers on the y axis and the number of
days on the x axis. He included each day instead of a range of days since there were only six possible options
for days to finish.
Here is Jasper’s final histogram.
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Guided Practice

Here is one for you to try on your own.

The data on the table below depicts the height (in meters) a ball bounces after being dropped from different heights.
Create a frequency table and histogram to display the data.
6

9

4

12

11

5

7

9

13

5

6

10

14

7

8

Answer
First arrange the data on a frequency table.
Recall that a table with three columns needs to be drawn: one for intervals, one for tallied results, and another for
frequency results. The range in values for this set of data is nine. Therefore, data will be tallied in intervals of two.

TABLE 11.39:
Bounce Height
3 –4
5 –6
7 –8
9 –10
11 –12
13 –14
1190

Tally
I
IIII
III
III
II
II

Frequency
1
4
3
3
2
2
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Next, the data needs to be displayed on a histogram.
Recall that a horizontal (x) and vertical (y) axis needs to be drawn. List the intervals across the horizontal axis.
Name this axis “Bounce Height.” Label the vertical axis by ones. Title the vertical axis “Frequency.” For each set of
intervals, draw vertical columns the appropriate frequency. Color in the vertical columns and ensure that no space is
between them. Title the graph “Bounce Heights.”

Now what conclusions can we draw from the frequency table and histogram?
You can see that the most frequent bounce heights were between five and six meters. The least frequent bounce
heights were between three and four meters. Three balls bounced between seven and eight meters and nine and ten
meters. Two balls bounced between eleven and twelve meters and thirteen and fourteen meters.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54797

This is a video on frequency tables and histograms.
Explore More

Directions: Use what you have learned to complete each dilemma.
1. Create a histogram to display the data from the frequency table below.
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TABLE 11.40: Monthly Internet Purchases
Data Values
0 –3
4 –7
8 –11
12 –15

Tally
III
IIII
I
II

Frequency
3
4
1
2

2. The data collected depicts the number of letters in the last names of twenty people. Create a frequency table to
display the data.
12

3

5

9

11

2

7

5

6

8

14

4

8

7

5

10

5

9

7

15

3. Create a histogram to display the data.
4. The data collected depicts the number of hours twelve families traveled this summer to their vacation destination.
Create a frequency table to display the data.
7

3

10

5

12

9

8

4

3

11

3

9

5. Create a histogram to display the data.
6. Write a few sentences to explain any conclusions that you can draw from the data.
7. Generate a question that you will use to survey twenty people.
8. Make a table to collect the answers.
9. Display the data on a frequency table
10. Create a histogram to display the data histogram.
Here is a list of the number of students who did not complete their homework in one month.
1, 1, 3, 3, 4, 3, 3, 5, 6, 1, 1, 1, 2, 2, 3
11. Create a frequency table of the data.
12. What is the most popular value?
13. What is the least popular value?
14. What is the range of values?
15. What is the average?
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11.13 Identification of Misleading Statistics
Here you’ll learn to identify and analyze misleading statistics.
Remember the Iditarod? Take a look at this dilemma.
Hayley is investigating the prize money that mushers have earned in the Iditarod. In completing her research, she
finds that the prize money for first place hasn’t changed very much in the past few years and hovers around $69,000.
The overall prize money has changed significantly though.
She notices that there was a big year for race money in 2008 with mushers earning a total of $935,000. She shows
this to her friend Tiffany.
“That is a lot of money,” Tiffany comments.
“Yes, but they all don’t get the same amount. The first place winner receives about the same amount, but then the
other mushers get less based on where they finish. There is less money being given out though this year than last.”
Hayley creates this line graph of the data that she has discovered.

When finished, she shows it to Tiffany.
“Here is the graph that I created,” Hayley says to Tiffany.
“This won’t work. It isn’t accurate.”
“What do you mean?”
Hayley is puzzled by Tiffany’s comment. Do you see what is misleading in Hayley’s graph? Creating graphs
that accurately display data can be a tricky thing. Hayley thought that her graph was accurate, but Tiffany
disagrees.
This Concept is all about misleading graphs and data. By the end of it, you will know why Tiffany made the
comment about Hayley’s graph.
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Guidance

Graphs provide a visual picture of data. Graphs can be used to present, persuade, or even mislead the viewer. The
same set of data can be presented on a graph in different ways. Sometimes, the way that a graph is drawn can present
only one side of the statistics.
Why would this happen?
Sometimes, companies try to sell more of a specific product by creating misleading graphs. These graphs can be
divided to make it look like a product is more popular than another product.
Companies can also do this with purchases by showing that a percentage of people like their product better than
another one. However, if you look at how the graph is divided and created, it will give you an idea whether or not
the statistics represented give a good overall picture of the data.
There are several ways that data can be misrepresented. By the end of this lesson, you will know how to
identify misleading data.
The first way is to show a break in the vertical axis.
A break in the scale on the vertical axis, will show more detail or emphasize an increase or decrease in data values.
A break in the scale means that the vertical axis does not start at zero. If data does not start at zero it is difficult to
determine where the data actually begins and where it ends.
Using a different scale or spacing along the horizontal or vertical axis will also change the appearance of the data.
You may choose to space the values closely together to depict a greater change in the data. Or, you may choose
to spread the values out to depict less of a change in the data. If you can’t detect a change in the data, then it is
misleading.
Let’s look at two situations where this is the case.
A survey was taken to determine people’s favorite fruit. Both graphs depict the results of the survey. Which graph
provides a more reliable view of the data?

The vertical axis scale on Graph 1 is smaller than the scale on Graph 2. The vertical axis scale on Graph 1 is twentyfive. The vertical axis scale on Graph 2 is hundreds. Because the scale is smaller, detecting changes in the data is
easier on Graph 1 than on Graph 2. Therefore, Graph 1 depicts the data in a more reliable manner because it
shows more of the data.
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Both graphs below depict the average monthly water temperature in Hawaii. Which graph provides the most reliable
view of the data?

Graph 2 shows a sharp increase in the change in water temperature. The change in temperature does not vary
greatly from month to month and therefore graph 2 is not a reliable display. Graph 1 reveals the change in water
temperature as more gradual and is therefore more reliable.
Now that you have an idea of a couple of ways that data can be misrepresented, let’s look at identifying why data is
misleading.
Remember, you are looking for a couple of things.
1. Does the data show an accurate change from one piece of information to the next?
2. Does the data start at zero or is there a break in the vertical axis?
3. Is the scale that is being used one that makes sense? Are the sections even or spread too far out?
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Write these three things down in your notebooks under “Data Display Checking.”
Sometimes, you can find something else on a graph too. You can find data that isn’t connected. When you
look for the above three things on a graph, also be sure that the things that are being compared are similar.
Explain why the data compared on the bar graph is misleading.

While the incidence rates of shark attacks are correct, one must take in to consideration several things when
analyzing the data. First, each state on the graph has a different size coastline. For example, Florida’s vast amount
of coastline may contribute to the fact that it has a far higher incidence of shark attacks than any other U.S. state. As
well, California, Florida, and Hawaii are all big beach destination states; therefore the incidence of shark attacks will
be greater than sates such as Alabama. To make the data more reliable, a graph should be created comparing
the incidence of shark attacks among states that are more geographically similar.
Think about misleading data to answer each of the following questions.
Example A

Why would data about ocean swimmers in Michigan be misleading?
Solution: Michigan does not border on an ocean.
Example B

Why would data about temperatures below 32◦ comparing Georgia and Tennessee with North Dakota be misleading?
Solution: Because the climate in North Dakota is much colder than Georgia and Tennessee.
Example C

Why would a graph whose vertical axis starts at 50 be misleading?
Solution: Because it would look like the data started there and not at zero.
Here is the original problem once again. Reread it and then think about why Hayley’s graph is misleading. Read the
comments that Tiffany makes at the end of the problem.
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Hayley is investigating the prize money that mushers have earned in the Iditarod. In completing her research, she
finds that the prize money for first place hasn’t changed very much in the past few years and hovers around $69,000.
The overall prize money has changed significantly though.
She notices that there was a big year for race money in 2008 with mushers earning a total of $935,000. She shows
this to her friend Tiffany.
“That is a lot of money,” Tiffany comments.
“Yes, but they all don’t get the same amount. The first place winner receives about the same amount, but then the
other mushers get less based on where they finish. There is less money being given out though this year than last.”
Hayley creates this line graph of the data that she has discovered.

When finished, she shows it to Tiffany.
“Here is the graph that I created,” Hayley says to Tiffany.
“This won’t work. It isn’t accurate.”
“What do you mean?”
Tiffany looks at the graph over Hayley’s shoulder.
“There are two things wrong with this graph. The first one is that your spacing isn’t even. That means that
the money amounts aren’t clearly represented. It makes it look like the jumps are more drastic than they
are.”
“The second thing is that the graph doesn’t start at 0. Because it doesn’t start at zero, you can’t get a good
idea of how the money has changed over time.”
Hayley looked at her graph again. With Tiffany’s help, she now has an idea how to fix her graph.
Now it is your turn. Look at Hayley’s graph and use Tiffany’s comments to revise the graph. Be sure the
graph is accurate and not misleading.
Guided Practice

Here is one for you to try on your own.
Both graphs below depict the population of five animals on the endangered species list. Explain why Graph 1 is
misleading and Graph 2 is more reliable.
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Answer
Graph 1 has a break in the scale on the vertical axis. You can see that the scale begins at 1,000. This provides
a distorted and misleading view of the data.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/126

This is a video on statistics. It is a supporting video for this Concept.

Explore More

Directions: Answer each question regarding misleading data.
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1. Is this a misleading graph?
2. What is one thing that makes it a misleading graph?
3. What is one thing that you could do to fix this graph?
The data table below depicts the amount of time students at different grade levels spend on homework and studying.
Ensure that the second graph shows that time spent on homework in twelfth grade is triple that of sixth grade.

TABLE 11.41:
Grade
6th
7th
8th
9th
10th
11th
12th

Time
1.75
2
2.25
2.5
2.75
3
3.5

4. Use the data below to create two bar graphs. One that shows the data accurately, that time spent on homework in
twelfth grade is double that of sixth grade.
5. Ensure that the second graph shows that time spent on homework in twelfth grade is triple that of sixth grade.
6. If the students doubled the time that they spend on homework in the 7th grade, how many hours would they be
spending?
7. If the students in the 11th grade spent half as much time on homework, how many more hours of free time would
they gain?
8. True or false. All students spend at least one hour on homework.
The data table below depicts the sales tax rate for several U.S. states.

TABLE 11.42:
State
Alaska
Alabama
Arizona
California
New Jersey

Sales Tax Rate (%)
0
4.0
5.6
6.25
7.0
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9. Use the information on the data table to create two graphs. One graph should depict the data accurately. On this
graph, the sales tax rate for New Jersey is almost double the sales tax rate in Alabama.
10. The second graph should present the data in a misleading manner to suggest that the sales tax rate in New Jersey
is more than triple the tax rate in Alabama.
11. Which state has the highest state tax?
12. If Alaska doesn’t have a state tax, does it make sense to put it on the list?
The data below depicts the daily temperature in Juneau, Alaska for ten days.
64

60

57

55

49

57

58

60

59

56

13. Draw a line graph that depicts a sharp decrease in temperature.
14. Draw another line graph that depicts the decrease accurately.
15. What is the highest temperature on the list?
16. What is the lowest temperature on the list?
17. –20. Look through a newspaper and choose three different graphs. Then write a few sentences about each one
explaining how the data represented is or is not misleading and why.
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11.14 Data Display Choices
Here you’ll learn to associate given conclusions about a set of data given different displays.
Did you know that women race in the Iditarod too?

Kelly wants to learn about the famous women who have raced in the Iditarod.
“There is a lot of talk about the men, but there must have been some famous women,” she said in class one day.
“Actually, that is a good point Kelly,” Mr. Hawkins said. “There is one famous woman in particular. Would you be
willing to do some research and present some information on her?”
“I would,” Kelly said smiling.
“I’ll help,” Tabitha said from across the room.
“Alright, good and the rest of you can continue on your projects.”
Kelly and Tabitha got right to work. After looking up some information on the computer and in a few books on the
Iditarod, they discovered that this famous woman was Susan Butcher. She was an amazing woman who won the
Iditarod in four out of five years.
“Look, she even broke her own record,” Tabitha said.
“Yes, but she died in 2006 from leukemia. That is pretty sad.”
“It is,” Kelly said with a pause. “But she was very committed to her dogs and her racing. She even started a training
facility. Her winning times seem slow compared with today, but they were very impressive then.”
“We can include that in our report. Let’s write down her finish times and make a graph to show them,” Tabitha
suggested.
“That’s a great idea,” Kelly said smiling.
On a piece of paper the girls wrote down the following statistics.
1986 –11 days 15 hours
1987 –11 days 2 hours
1988 –11 days 11 hours
1990 –11 days 1 hour
“How are we going to display this? Which graph makes the most sense?” Kelly asked looking at Tabitha.
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The girls are a bit stumped as to which visual display to create. To answer this question, you will have to think
back over all of the types of data displays that you have learned about in the past few Concepts.
Pay attention and by the end of the Concept you will know how to choose one that will work.
Guidance

When we look at different graphs, we can make conclusions based on the data that we see. Sometimes, you will be
given a graph and a set of conclusions and you will need to analyze the data to choose the correct conclusion. This
can be a bit tricky.
Keep the following points in mind:
1. What information does the data represent?
2. Is the graph misleading or is the information accurate?
3. What is being recorded or compared?
Let’s look at selecting the correct conclusion based on different data displays.
Use the information on the graph to answer the questions below.

The graph shows that between 1950 and 2000, the population increased approximately:
a. 5 billion
b. 3 billion
c. 3.5 billion
d. 4 billion
The answer is “c.” In the year 2000, the population was approximately 6.1 billion. In the year 1950, the population
was approximately 2.5 billion. The difference between 6.1 and 2.5 billion is 3.6 billion.
The smallest increase in population was between the years:
a. 1750 –1800
b. 1800 –1850
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c. 1850 –1900
d. 1900 –1050
The answer is “c.” During 1850 and 1900 the population only increased from 1.5 billion to 1.6 billion.
Let’s look at another one.
The box-and-whisker plot depicts the number of minutes ten people exercise daily. Use the information on the
box-and-whisker plot to answer the questions below.

The median amount of time spent exercising is:
a. 10 minutes
b. 30 minutes
c. 70 minutes
d. 74 minutes
The answer is “b.” 30 is the median of the set of data. 10 is the median of the lower quartile and 70 is the mean of
the upper quartile.
What conclusion can be made about the number of minutes exercised each day?
a. The majority of people exercise between ten and thirty minutes each day.
b. About

2
3

of the group exercise between ten and thirty minutes each day.

c. The majority of the group exercise between thirty and seventy minutes each day.
d. The greatest amount of time spent exercising is seventy minutes.
The answer is “c.” You can see that the majority of the data values fall in the upper quartile. Therefore, the majority
of the group exercises between thirty and seventy minutes.
Think back through all of the different data displays that you have learned about. Different data displays are used
for different reasons. Let’s take a look at some of those reasons.
• Bar graphs best depict unconnected values, where as a line graph depicts a continuous trend among the data.
• A stem-and-leaf plot organizes the data by showing the data values in order. A stem-and-leaf plot is useful
in determining the mean, median, mode, and range for a set of data.
• The distribution of data items is depicted on a box-and-whisker plot in which the data is divided into four
quartiles.
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• A histogram shows the frequency of data on a graph.
The data table below depicts the amount of money Mary had in her savings account each month over the course of
one year. Choose the most appropriate display for the data.

TABLE 11.43:
Month
January
February
March
April
May
June
July
August
September
October
November
December

Deposit
$40.00
$75.00
$145.00
$175.00
$178.00
$237.00
$240.00
$250.00
$260.00
$270.00
$275.00
$280.00

Since the data table depicts data values over time, a line graph would most appropriately display the data.

The table below depicts the mean temperature (measured in Kelvin) of each planet in our solar system. Use what
you have learned in the past Concepts to display the data from the table on a bar and line graph, a stem-and-leaf plot,
a box-and-whisker plot, and a histogram.

TABLE 11.44:
Planet
Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune
1204

Mean Temperature (Kelvin)
452
726
305
285
120
59
48
37
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Looking at the decreasing bars and lines on the graphs, you can conclude that a planet’s location affects its temperature. Planets closest to the sun have a higher temperature. Planets furthest from the sun have the lowest temperatures.
It is evident that Venus has the highest surface temperature. Neptune has the coolest surface temperature.
Stem-and-Leaf Plot
37, 48, 59, 120, 285, 305, 452, 726
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TABLE 11.45: Planet Temperatures (Kelvin)
Stem
3
4
5
12
28
30
45
72

Leaf
7
8
5
0
5
5
2
6

Looking at the stem-and-leaf plot, it can be determined that none of the data share a stem. Therefore, there
is no mode for this set of data.
You can see that the coolest temperature is 37 K and the warmest temperature is 726 K. The difference
between the two extremes or the range is 689 K.
The data values in the middle are 120 and 285. Therefore, the median planet temperature is 202.5 K.

120 + 285 = 405
405 ÷ 8 = 202.5
The mean planet temperature is 254 K.

37 + 48 + 59 + 120 + 285 + 305 + 452 + 726 = 2, 032
2, 032 ÷ 8 = 254
We can create a histogram of the data too. Look at the frequency table and the histogram created below.

TABLE 11.46: Histogram
Temperature
0 –200 K
201 –400 K
401 –600 K
601 –800 K
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Tally
IIII
III
I

Frequency
4
3
0
1
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Now it’s time to draw some conclusions based on our data displays.
Looking at the histogram, it is apparent that most temperatures fall between zero and two hundred Kelvin. Three
planets have surface temperatures that fall between two hundred one Kelvin and four hundred Kelvin. None of the
planets have a surface temperature between four hundred one and six hundred Kelvin. One planet has a temperature
between six hundred one and eight hundred Kelvin.
By looking at the same data in different ways, we become very familiar with the data. One visual way may
make more sense to you than another. No matter which ones you create, you can use visual displays of data to
answer questions and draw conclusions.
Here is the original problem once again. Reread the problem and
underline any important information.

Kelly wants to learn about the famous women who have raced in the Iditarod.
“There is a lot of talk about the men, but there must have been some famous women,” she said in class one day.
“Actually, that is a good point Kelly,” Mr. Hawkins said. “There is one famous woman in particular. Would you be
willing to do some research and present some information on her?”
“I would,” Kelly said smiling.
“I’ll help,” Tabitha said from across the room.
“Alright, good and the rest of you can continue on your projects.”
Kelly and Tabitha got right to work. After looking up some information on the computer and in a few books on the
Iditarod, they discovered that this famous woman was Susan Butcher. She was an amazing woman who won the
1207
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Iditarod in four out of five years.
“Look, she even broke her own record,” Tabitha said.
“Yes, but she died in 2006 from leukemia. That is pretty sad.”
“It is,” Kelly said with a pause. “But she was very committed to her dogs and her racing. She even started a training
facility. Her winning times seem slow compared with today, but they were very impressive then.”
“We can include that in our report. Let’s write down her finish times and make a graph to show them,” Tabitha
suggested.
“That’s a great idea,” Kelly said smiling.
On a piece of paper the girls wrote down the following statistics.
1986 –11 days 15 hours
1987 –11 days 2 hours
1988 –11 days 11 hours
1990 –11 days 1 hour
“How are we going to display this? Which graph makes the most sense?” Kelly asked looking at Tabitha.
“Let’s create a line graph. That way we can show how her times changed over the course of the four races
that she won.” Tabitha suggested.
“Great. The x axis can be the years that she won.”
“Yes, and the y axis can be the times. We can create 15 lines-each one has 11 days as a starter and then we
add the number of hours from 1 –15 with the days.”
Here is the graph that the girls created.

If you look at the graph, you will see that the first time and the last time that Susan Butcher raced and won
the Iditarod were her best times!! She is definitely a hero who never stopped believing or backed down from
a challenge!!
1208
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Guided Practice

Here is one for you to try on your own.
The bar graph below depicts the average price of a gallon of gasoline for five states over a three week period. Use
the information from the graph to answer the questions below.

Answer
Which state had the greatest decrease in price per gallon of gasoline?
a. Missouri
b. Washington
c. Florida
d. California
The answer is “d.” There was a $0.70 decrease in price per gallon over the three week period in California.
In which state did the price per gallon decrease by $0.45 during the first two weeks?
a. Missouri
b. Hawaii
c. Washington
d. Florida
The answer is “a.” The price decreased from $3.00 to $2.55 in Missouri.
What conclusion can be drawn about the price of gasoline in all five states?
a. Hawaii will continue to have highest cost of gasoline.
b. The prices of a gallon of gasoline will start to level off in week four.
c. The price of a gallon of gasoline will continue to decline.
d. Both “a” and “c” are correct.
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The answer is “d.” Looking at the trends on the graph, Hawaii has had the highest price of gasoline all three weeks.
Therefore, it is likely that Hawaii will have the highest price of gasoline in week four. The price of a gallon of
gasoline has decreased all three weeks in every state. Therefore it is likely that the price will continue to decrease in
week four.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/126

This is a video on statistics. It is a supporting video for this Concept.
Explore More

Directions: The graph below depicts the quarterly sales for two competing computer companies. Use the information
on the graph to answer the question below.

1. True or false. Each company has increased its computer sales each quarter.
2. True or false. One company has had a more significant increase in sales between quarters one and two, than the
other.
3. If number two is true, which company has had a more significant increase in sales?
4. What were the average sales for Computer Company 1 in quarter 3?
5. What were the average sales for Computer Company 2 in quarter 4?
1210
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6. Which company did not show much of a change in profits from quarter 3 to quarter 4?
7. What were those average earnings?
The data table below depicts the final score for ten football games played this past season.
48

56

42

59

62

45

36

58

49

50

8. What is the most appropriate display for the data?
9. Create a display of that data.
The data below depicts the number of hours students in seventh grade spent working on a science project.

#1

#2

12

14

#3

#4

11

15

#5

#6
16

#7
13

#8
10

#9

#10

9

16

8

10. Create a bar graph of the data.
11. Create a line graph of the data.
The data table below depicts the amount of weekly allowance received by fifteen teenagers.
25

15

20

30

10

5

8

12

18

23

27

15

18

25

10

12. Create a frequency table of the data.
13. Create a histogram of the data.
14. Create a box-and-whisker plot of the data.
The data table below depicts the magnitude of the last ten earthquakes that occurred in Sacramento, California.
3.8

4.2

4.3

5.1

3.6

4.6

3.6

3.5

4.1

4.5

15. Create a stem-and-leaf plot of the data.
16. Create a histogram of the data.
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11.15 Displaying by Type of Data
Here you’ll learn to collect, organize and display real-world survey data.
Have you ever conducted a survey?

After all of this research about the Iditarod, Thomas is inspired. He wants to conduct a survey of his classmates
about the Iditarod.
First, Thomas has to decide upon a question. He wants to know how many 7th graders would be willing to race in
the Iditarod when they are 18 years old. He knows that a good survey question will use who, what, when, where or
how. He decides to use this question.
“Would you be willing to race in the Iditarod in Alaska when you are 18 years old?”
After learning about the youngest person to ever race in the Iditarod, Thomas decided to make his question very
specific for age. The youngest person to ever race in the Iditarod was Dallas Seavey in 2005. He was just 18 years
old. He has raced it several times since.
Now that Thomas has his question, he needs to figure out which sample he is going to use. He wants to survey 7th
graders like himself. Thomas only wants to survey 7th graders so that his sample will be accurate.
Thomas knows of two great places to survey students. He has narrowed it down to either the 7th grade adventure
program or the 7th grade lunch in the cafeteria. His concern about the adventure program is that not all of the students
are enrolled in it. With the cafeteria, every student in the 7th grade attends lunch at the same time.
Thomas is puzzled. He begins to think carefully about which group is the best survey.
What do you think? Do you have an idea why one sample group might be better versus another? This Concept
is all about surveys. You will learn all about them and why one sample creates a more accurate report. By the
end of this Concept, you will know how to help Thomas with his dilemma.

Guidance

Surveys are used to collect information about a population or group of individuals. When a company would like
to know if a group of people will purchase a new product, they create a survey. When a teacher would like to know
if her students will participate in an after school science club, she creates a survey.
1212
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The first step in surveying a group of people is to write an unbiased question. Good survey questions are short
and concise and usually begin with “Who, What, When, Where, Why, or How.”
The next step is to choose a random sample of participants. In a random sample, each member of a group has
an equal chance at being asked to participate in the survey.
After the results of the survey are in, statisticians analyze the data and use it to make estimates about groups
of people.
Then you can create a visual display of the data.
You have had lots of opportunities to graph data taken from surveys. In this lesson, you will learn to devise a survey
question, to choose a random sample of participants, to choose an appropriate display for the survey results, and to
analyze the data to make predictions about a group of individuals.

Write down the steps to conducting a survey in your notebook. There are four steps to the process.
Now let’s look at a situation that involves a survey.
Twenty-five households were asked to participate in a survey in which they were asked to approximate the number
of hours they watch T.V. each day. The results of the survey are listed on the table below. Determine the most
appropriate display for the given data.
4

7

2

1

0

5

3

4

5

2

1

0

3

4

5

6

3

2

1

2

3

6

4

5

4

A frequency table and histogram will depict the most and least frequent number of hours of television
watched.

TABLE 11.47:
Interval (Hours of Television)
0 –1
2 –3
4 –5
6 –7

Tally
IIIII
IIIIIIII
IIIIIIIII
III

Frequency
5
8
9
3
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Now let’s draw some conclusions based on the data and the display.
Looking at the histogram, you can see that the majority of families that participated in the survey watch between four
and five hours of television each night. Five families watch between zero and one hours of television each night.
Eight families watch between two and three hours of television nightly. Three of the twenty-five families watch
between six and seven hours of television each night.

One hundred people were asked to participate in a survey about cereal. Participants were asked to choose their
favorite from a list of ten cereals. The results of the survey are listed below.

TABLE 11.48:
Cereal
Fruit Flakes
Chocolate Puffs
Oat-O’s
Raisin Delight
Honey Crunch
Bran Loops
Oat Squares
Fiber Max
Fruities
Cinnamon Squares
1214

Amount
12
18
9
3
17
3
9
2
10
17
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Display the results on a bar graph to compare the results for each type of cereal.

A population is a group about which you want information. Because it is impossible to survey an entire
population, a sample or part of the population is chosen to participate in the survey. The results from the sample
group are used to make estimates about the population. Larger samples lead to more reliable estimates about
the population. In a random sample each member of the population has an equal chance of being chosen to
participate in the survey. Using random samples reduce the likelihood of bias.
It is important to create and conduct a survey without bias.
The first way to prevent bias is to ensure that participants are chosen randomly. For example, if surveying
high school students about their favorite sport, it would be bias to take your only sample at the Friday night football
game. Your survey results will be valid and reliable if for example, you survey every fifth student that walks through
the hallway.
A well written survey question is another way to prevent bias. Survey questions should be written clearly and
concisely and should begin with “Who, What, When, Why, Where, or How.”
You would like to conduct a survey to determine what activities middle school students like to do on the weekends.
To ensure an unbiased sample, you should:
a. Go to the mall and survey every tenth person that walks by.
b. Survey middle school students at a local movie theatre.
c. Survey every fifth person leaving each of your classes.
“C” is the best answer. You should avoid taking the survey at the mall and the movies because it is likely that those
participants will all say the mall or the movies as their favorite activity.
Being aware of bias is the best way to ensure that your survey is accurate.
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Here is the original problem once again. Reread it and then read the conclusion to the problem at the end.
After all of this research about the Iditarod, Thomas is inspired. He wants to conduct a survey of his classmates
about the Iditarod.
First, Thomas has to decide upon a question. He wants to know how many 7th graders would be willing to race in
the Iditarod when they are 18 years old. He knows that a good survey question will use who, what, when, where or
how. He decides to use this question.
“Would you be willing to race in the Iditarod in Alaska when you are 18 years old?”
After learning about the youngest person to ever race in the Iditarod, Thomas decided to make his question very
specific for age. The youngest person to ever race in the Iditarod was Dallas Seavey in 2005. He was just 18 years
old. He has raced it several times since.
Now that Thomas has his question, he needs to figure out which sample he is going to use. He wants to survey 7th
graders like himself. Thomas only wants to survey 7th graders so that his sample will be accurate.
Thomas knows of two great places to survey students. He has narrowed it down to either the 7th grade adventure
program or the 7th grade lunch in the cafeteria. His concern about the adventure program is that not all of the students
are enrolled in it. With the cafeteria, every student in the 7th grade attends lunch at the same time.
Thomas is puzzled. He begins to think carefully about which group is the best survey.
When Thomas began to think about the two groups, he started to develop some ideas why one might be a
better survey group than the other. He started with the adventure group.
Adventure Group
-loves outdoor adventure
-probably has heard of the Iditarod
-enthusiastic about outdoor challenges
-not everyone is registered-not an accurate sample of all of the 7th grade
Then Thomas began to think about his question. Because he wants to know how many 7th graders would be
willing to race in the Iditarod when they are 18 years old, he needs to sample the largest group of 7th graders
that he can.
Because every 7th grader eats lunch at the same time in the cafeteria, asking every other person in line for
lunch the question will give Thomas a lot of information for his survey.
Then he call tally his results and report his findings.
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Guided Practice

Here is one for you to try on your own.
Recall that twenty-five families were asked to state the number of hours they watch television each day. Use the
results from the survey to answer the questions below.

TABLE 11.49:
Interval (Hours of Television)
0 –1
2 –3
4 –5
6 –7

Tally
IIIII
IIIIIIII
IIIIIIIII
III

Frequency
5
8
9
3

What percentage of participants stated they watch between four and five hours of television per day?
Answer
Nine participants out of twenty-five stated that they watch between four and five hours of television per day. To
determine the percentage, express nine out of twenty-five as a fraction. This can be converted to an equivalent
fraction with a denominator of one hundred. To do so, multiply the numerator and denominator by four.

9 × 4 = 36 = 36%
36
100
36% of the participants stated that they watch between four and five hours of television each day.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/55

This is a Khan Academy video on surveys and samples.
Explore More

Directions: Use the information provided to answer the following questions.
One hundred people were asked to participate in a survey about travel. Participants were asked to state whether they
had visited each of the cities listed below.

TABLE 11.50:
City
Waikiki
New York City
San Francisco
Chicago
Dallas
Orlando
Atlanta
Seattle
Denver

Number of People Who Visited:
85
80
87
54
35
38
50
44
32

1. Create a bar graph of the data.
2. What percent of the people visited Waikiki?
3. What percent of the people visited Denver?
4. What percent of the people did not visit Dallas?
5. What percent of the people did not visit Chicago?
6. Which city had more people visited than any other city?
7. Which city had less people visited than any other city?
Thirty students were selected at random at Montgomery High School. Each participant was asked to state the
number of textbooks they were carrying at that moment. The results of the survey are depicted below. Choose the
best display to depict the data. Then use the graph you created to answer the questions below.
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8. Which graph is the best display of the data?
9. Create that graph here.
10. What percent of the students had the most common amount of books in their backpack?
11. What percent of the students had between four and seven books in their backpack?
12. How many students had 1 book in their backpacks?
13. How many students had 0 books in their backpacks?
14. What percent had 1 book?
15. What percent had 0 books?
Create a survey question. Decide who will be the sample population. Write a few sentences to describe who will
take part in the survey and how you will administer the survey. Administer the survey, record the results on a table.
Choose the most appropriate display for the data. Use these questions for guidance.
16. What is your sample population?
17. How many people are in the sample?
18. Does your question use who, what, when, where or how?
19. Is your sample biased, why or why not?
20. Are your results what you expected?

Summary
Having completed this chapter, students are now ready to move on to the next Chapter. Each Concept has provided
students with an opportunity to engage and practice skills in many Concepts including mean, median, mode, range,
bar graphs, line graphs, stem-and-leaf plots, box-and-whisker plots, histograms, misleading statistics, data displays
and problem solving with surveys.
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Chapter Outline
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12.2

M EASUREMENT OF P ROBABILITY
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E XPERIMENTAL P ROBABILITY
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12.12
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C OMBINATION P ROBLEMS

12.16

I NDEPENDENT E VENTS

12.17

P ROBABILITY OF I NDEPENDENT E VENTS

12.18

D EPENDENT E VENTS

Introduction
In Math 7, the learning content is divided into Concepts. Each Concept is complete and whole providing focused
learning on an indicated objective. Theme-based Concepts provide students with experiences that integrate the
content of each Concept. Students are given opportunities to practice the skills of each Concept through real-world
situations, examples, guided practice and independent practice sections. There are also video links provided to give
students an audio/visual way of connecting with the content. In this Chapter, students will engage with Concepts
on writing and calculating theoretical probability, experimental probability, disjoint events, complementary events,
overlapping events, tree diagrams, sample spaces, the Counting Principle, factorials, permutations, combinations,
tree diagrams, independent and dependent events.
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12.1 Definition of Probability
Here you’ll learn to calculate simple theoretical probability.
Have you ever been in a talent show? Take a look at this dilemma.

Since the opening of J.S. Middle School, a tradition has been the end of the year talent show. The school opened ten
years ago, and within that time there have been 8 talent shows. There were two years when the school was not able
to host one because there was flooding or repairs were being done in auditorium.
“I wonder if we are going to have the talent show this year,” Carmen asked at lunch one day.
“I am sure that we are,” Tyler said biting into his ham sandwich. “After all, there were only two years that the talent
show did not happen and that was because of the circumstances.”
“Well, are there any circumstances this year?”
“I don’t think so. The probability is high that it is going to happen.”
“What is the probability of the talent show happening?” Carmen asked taking a sip of milk.
Before Tyler answers, let’s think about this. What is the probability of the event happening?
To answer this question, you need to know about probability. This Concept will teach you how to figure out
probability by thinking about favorable outcomes and total outcomes. By the end of the Concept, you will
know how to answer this question.
Guidance

Probability is something that you hear about all the time. Anytime you talk about the chances that something will
or won’t happen, you are talking about probability. The trick about probability is that it isn’t just about talking. It is
also about math. There are mathematical ways of figuring out the likelihood that an event is going to or not going to
occur. But let’s start with an understanding of probability.
What is probability?
Probability is the likelihood that an event will occur. It is a mathematical way of calculating how likely an event
is likely to occur. An event is a result of an experiment or activity that might include such things as:
• flipping a coin
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• spinning a spinner
• rolling a number cube
• choosing an item from a jar or bag
How do we calculate probability?
We calculate probability by looking at the ratio of favorable outcomes to total outcomes in a given situation. In ratio
form, the probability of an event is:
P(event) = favorable outcomes : total outcomes

Write this ratio down in your notebook.
An outcome is a possible result of some event occurring. For example, when you flip a coin, “heads” is one outcome;
tails is a second outcome. Total outcomes are computed simply by counting all possible outcomes.
Keep in mind as you go through this Concept that all outcomes used are presumed to be “fair.” That is –when you
flip a coin, the outcomes of heads or tails are equally likely. When you spin a spinner, sections are all of equal size
and equally likely to be landed on. When you toss a number cube, faces of the cube are the same size and again
equally likely to be landed on. And so on.

For flipping a coin:

total outcomes = heads, tails
= 2 total outcomes
For tossing a number cube:

total outcomes = · 1 · · 2 · · · 3 · · · · 4 · · · · · 5 · · · · · · 6
= 6 total outcomes
For selecting a day of the week:
1222
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total outcomes = Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday
= 7 total outcomes

Favorable outcomes are the specific outcomes you are looking for.
For flipping a coin and having it come up heads:

favorable outcomes = heads, tails
= 1 favorable outcome

For tossing a number cube and having it come with up an even number:

favorable outcomes = · 1 · · 2 · · · 3 · · · · 4 · · · · · 5 · · · · · · 6
= 3 favorable outcomes

For randomly choosing a date and have it land on a weekday:

favorable outcomes = Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, Saturday
= 5 favorable outcomes

To write a ratio, we compare the favorable outcome to the total outcomes. Comparing favorable outcomes to
possible total outcomes is what we call theoretical probability.
Now that you know how to think about theoretical probability, we can look at calculating some simple
probabilities. Remember, that we are going to be writing ratios that compare favorable outcomes with total
outcomes.
The probability of any event is written as P(event). So:
P(A) is the probability that event A will occur.
P(heads) is the probability that heads will turn up on a flipped coin.
P(5) is the probability that a number cube will turn up as 5
Here is another one.
What is the probability of flipping heads on a coin?
To work through this probability, we are going to be writing a ratio that compares the number of favorable
outcomes with the total number of outcomes.
Favorable outcome = 1 since there is one heads on a coin
Total outcomes = 2 since there is the possibility of heads or tails
The answer is 1:2.
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For tossing a number cube and having it land an even number:

Our final answer is 1:2.
To find any probability, follow the steps below.
Problem: What is the probability of the arrow landing on a yellow section?

Step 1: Count the number of favorable outcomes.
There are 2 yellow spaces, so
favorable outcomes = 2
Step 2: Count the number of total outcomes.
There are 5 spaces in all, so
total outcomes = 5
Step 3: Write the ratio of favorable outcomes to total outcomes

P(yellow) = favorable outcomes : total outcomes
=2:5
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Take a few minutes to write these steps in your notebook.
Write each theoretical probability. Be sure to simplify the ratio when necessary.
Example A

What is the probability of rolling a 1 or a 3 on a number cube?
Solution: 2:6 or 1:3
Example B

If there are four blue marbles and one red marble in a bag, what is the probability of pulling out a red one?
Solution: 1:5
Example C

What is the probability of pulling out a blue one?
Solution: 4:5
Here is the original problem once again. Reread it and then answer the following questions about probability.

Since the opening of J.S. Middle School, a tradition has been the end of the year talent show. The school opened ten
years ago, and within that time there have been 8 talent shows. There were two years when the school was not able
to host one because there was flooding or repairs were being done in auditorium.
“I wonder if we are going to have the talent show this year,” Carmen asked at lunch one day.
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“I am sure that we are,” Tyler said biting into his ham sandwich. “After all, there were only two years that the talent
show did not happen and that was because of the circumstances.”
“Well, are there any circumstances this year?”
“I don’t think so. The probability is high that is going to happen.”
“What is the probability of the talent show happening?” Carmen asked taking a sip of milk.
To think about the probability of the talent show happening, we can take the data from the past ten years and
create a ratio.
Probability =

f avorable outcomes
total outcomes

In the past ten years, there have been 8 talent shows. There have been ten possible years to calculate with.
These are the total outcomes. Here is our ratio.
8:10
Guided Practice

Here is one for you to try on your own.
What is the probability of the arrow landing on a silver or pink section?
Answer
Step 1: Count the number of favorable outcomes.
There are 2 silver spaces and 1 pink space, so
favorable outcomes = 3
Step 2: Count the number of total outcomes.
There are 5 spaces in all, so
total outcomes = 5
Step 3: Write the ratio of favorable outcomes to total outcomes
P(silver or pink) = favorable outcomes : total outcomes = 3 : 5
This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57627

This is a Khan Academy video on probability.
Explore More

Directions: Answer each question or solve each problem as it connects to probability.
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For rolling a 4 on the number cube.
1. List each favorable outcome.
2. Count the number of favorable outcomes.
3. Write the total number of outcomes.
For rolling a number greater than 2 on the number cube:
4. List each favorable outcome.
5. Count the number of favorable outcomes.
6. Write the total number of outcomes.
For rolling a 5 or 6 on a number cube:
7. List each favorable outcome.
8. Count the number of favorable outcomes.
9. Write the total number of outcomes.
A box contains 12 slips of paper numbered 1 to 12. For randomly choosing a slip with an even number on it:
10. List each favorable outcome.
11. Count the number of favorable outcomes.
12. Write the total number of outcomes.
A box contains 12 slips of paper numbered 1 to 12. For randomly choosing a slip with a number greater than 3:
13. List each favorable outcome.
14. Count the number of favorable outcomes.
15. Write the total number of outcomes.

For randomly choosing a marble and having it turn out to be orange.
16. Count the number of favorable outcomes.
17. Write the total number of outcomes.
For randomly choosing a marble and having it turn out to be large:
18. Count the number of favorable outcomes.
19. Write the total number of outcomes.
For randomly choosing a marble and having it turn out to be blue:
20. Count the number of favorable outcomes.
1227

12.1. Definition of Probability
21. Write the total number of outcomes.
For randomly choosing a marble and having it turn out to be small:
22. Count the number of favorable outcomes.
23. Write the total number of outcomes.
For randomly choosing a marble and having it turn out to be orange and large:
24. Count the number of favorable outcomes.
25 Write the total number of outcomes.
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12.2 Measurement of Probability
Here you’ll learn to write and predict theoretical probabilities using fractions, decimals and percents.
Remember the talent show in the Definition of Probability Concept? Well, take a look.

Since the opening of J.S. Middle School, a tradition has been the end of the year talent show. The school opened ten
years ago, and within that time there have been 8 talent shows. There were two years when the school was not able
to host one because there was flooding or repairs were being done in auditorium.
“I wonder if we are going to have the talent show this year,” Carmen asked at lunch one day.
“I am sure that we are,” Tyler said biting into his ham sandwich. “After all, there were only two years that the talent
show did not happen and that was because of the circumstances.”
“Well, are there any circumstances this year?”
“I don’t think so. The probability is high that is going to happen.”
“What is the probability of the talent show happening?” Carmen asked taking a sip of milk.
To think about the probability of the talent show happening, we can take the data from the past ten years and
create a ratio.
Probability =

f avorable outcomes
total outcomes

In the past ten years, there have been 8 talent shows. There have been ten possible years to calculate with. These are
the total outcomes. Here is our ratio.
8 : 10
This ratio is what the students came to at the end of the last Concept. Here, the probability is written as a ratio. We
can also write probabilities as fractions, decimals and percents.
Do you know how to write this one as a fraction, decimal and percent?
Use this Concept to learn how to write ratios as fractions, decimals and percents.
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Guidance

Previously we worked on calculating a theoretical probability. Now we can look at the different forms that probabilities can take.
Remember back to our work with ratios in an earlier chapter? You learned that ratios can be written as
fractions, decimals and percents.
1:2 can be written as

1
2

or as a decimal of .50 or as a percent of 50%

Because probability is written as a ratio, we can also write probabilities as fractions, decimals and/or percents.
Here is a situation with probabilities.
A bag contains 5 black ping pong balls, 8 white ping pong balls, and 7 yellow ping pong balls. What is the probability
of drawing a black ping pong ball from the bag?
First, let’s look at writing a ratio.

favorable outcomes
total outcomes
favorable outcomes = 5
P(black) =

total outcomes = 20
P(black) = 5 : 20
=1:4
Now that we have a ratio, we can easily take this ratio and write it as a fraction. Notice that the first value in the ratio
becomes the numerator and the second number becomes the denominator.
1:4 becomes

1
4

Next, we can take this and convert it to a decimal. There are two ways to do this.
The first way is to divide the numerator by the denominator.
.25

4)1.00
The decimal is .25.
The second way is to write a proportion. We can convert one-fourth to a proportion out of 100.

1
2
=
4 100
1
25
=
4 100
Now we can write it as a decimal.
.25
The proportion shows us how to convert the decimal to a percent easily.
.25 or

25
100

= 25%

Now we have written the probability all four possible ways.
Let’s look at another one.
Thinking about the bag with the ping pong balls, what is the probability of choosing a yellow ping pong ball?
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favorable outcomes
total outcomes
favorable outcomes = 7
P(yellow) =

total outcomes = 20
P(yellow) = 7 : 20
Now let’s write this as a fraction.
7 : 20 =

7
20

As a decimal:
7
20

=

35
100

= .35

And as a percent:
.35 = 35%
Remember you can also convert a decimal to a percent by moving the decimal point two places to the right for
hundredths and then adding a percent sign.
A prediction is a reasonable guess about what will happen in the future. Good predictions should be based on
facts. For example, you might predict that it’s going to rain today. Your prediction is reasonable if it is based on
facts and evidence. For example, you might base your prediction on:
•
•
•
•

a reliable weather report you heard
dark clouds in the sky
a satellite photo of your area
a phone call from a nearby friend who lives where it’s raining

The most accurate kinds of predictions are based on probability.

For example, you might predict that a single spin of the spinner above is likely to turn out red. Why? If you assume
that all 5 spinner sections are equal in size and equally likely to be landed on, then the probability of spinning red is:
P(red) =

f avorable outcomes
total outcomes

=

3
5

Since a 3 out of 5 probability is greater than 50 percent, it is reasonable to predict that the spinner is likely to
land on red.
Here are some other reasonable predictions you might make.
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TABLE 12.1:
Reasonable Prediction
The spinner is more likely to land on red than blue.
The spinner is equally likely to land on blue or yellow.
On the average, a ratio of about 4 of 5 spins are likely
turn up blue or red.
Most of the time the spinner will not land on blue or
yellow.

Reason
There are 3 red sections and only 1 blue section.
There spinner has an equal number of blue and yellow
sections –one each.
Four out of 5 sections are blue or red.
Blue and yellow combined make up fewer than half of
the sections.

Not all predictions are reasonable.
For example, take a look at these unreasonable predictions.

TABLE 12.2:
Unreasonable Prediction
The spinner is more likely to land on blue before it
lands on red.
The spinner will never land on blue before it lands on
red.
Three out of every 5 spins will always be red.

Reason
There are fewer blue sections (1) than red sections (3).
The spinner can land on blue before it lands on red; it
just isn’t likely to occur.
On the average, 3 of 5 spins will be red, but on any
given series of spins anything can happen.

When making predictions it’s best to keep in mind that probability predicts only what is likely to happen. All
events are subject to chance. On any given event, anything can happen. If you flip a coin 4 times, you are most likely
to land on heads twice and tails twice.
However, that doesn’t mean that on any given pair of 4 flips you might land on heads zero times, or you might land
on heads 4 times. Neither event is likely, but both are possible and each will happen from time to time.
So now you might ask –what good is probability for making predictions if you can’t rely on it to be true every
time? In fact, the value of probability is very limited in the short term. But over the long term, predictions based on
probability are usually highly accurate.
In general, the greater the number of outcomes you have, the closer a prediction based on probability is likely
to be.
Now it’s your turn to practice. Write each ratio as a fraction, decimal and percent.

Example A

1:5
Solution: 51 , .2, 20%

Example B

2:4
Solution: 12 , .5, 50%
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Example C

4:5
Solution: 45 , .8, 80%
Here is the original problem once again.

Since the opening of J.S. Middle School, a tradition has been the end of the year talent show. The school opened ten
years ago, and within that time there have been 8 talent shows. There were two years when the school was not able
to host one because there was flooding or repairs were being done in auditorium.
“I wonder if we are going to have the talent show this year,” Carmen asked at lunch one day.
“I am sure that we are,” Tyler said biting into his ham sandwich. “After all, there were only two years that the talent
show did not happen and that was because of the circumstances.”
“Well, are there any circumstances this year?”
“I don’t think so. The probability is high that is going to happen.”
“What is the probability of the talent show happening?” Carmen asked taking a sip of milk.
To think about the probability of the talent show happening, we can take the data from the past ten years and
create a ratio.
Probability =

f avorable outcomes
total outcomes

In the past ten years, there have been 8 talent shows. There have been ten possible years to calculate with. These are
the total outcomes. Here is our ratio.
8 : 10
This ratio is what the students came to at the end of the last Concept. Here, the probability is written as a ratio. We
can also write probabilities as fractions, decimals and percents.
Do you know how to write this one as a fraction, decimal and percent?
Now we want to write the ratio as a fraction, a decimal and a percent. Here is the ratio once again.
8 : 10
We can convert this to a fraction and simplify it.
8
10

=

4
5

Now we can convert eight to ten to a decimal.
8 : 10 = .8
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Finally, we convert it to a percent by moving the decimal point two places to the right and adding a % sign.
.8 = 80%
This is our final answer.
Guided Practice

Here is one for you to try on your own.
Make predictions using data and the table. Answer each question.

TABLE 12.3:
Pizza shop
Pizza Town
Hot ’n’ Tasty
Joe Shmoe’s
The Noble Pie

Favorite
10%
25%
35%
20%

Out of 90 orders, predict how many customers will call Pizza Town for pizza? Then find 10% of the total.
Answer
You can see that the percent of people who called Pizza Town was 10%. We know that there were 90 orders. To find
the number of orders from Pizza Town, we need to find 10% of the 90 orders.

10% of 90 = 0.1 · 90
=9
So you would predict that 9 out of 90 customers would order from Pizza Town.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1065

This is a James Sousa video on calculating probability.

Explore More

Directions: Use what you have learned about theoretical probability to answer each question.
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What is the probability of the spinner landing on 9?
1. List each favorable outcome.
2. Count the number of favorable outcomes.
3. Count the total outcomes.
4. Write the probability. Simplify, if necessary.
What is the probability of the spinner landing on 3 or 4?
5. List each favorable outcome.
6. Count the number of favorable outcomes.
7. Count the total outcomes.
8. Write the probability. Simplify, if necessary.
What is the probability of the spinner landing on blue?
9. List each favorable outcome.
10. Count the number of favorable outcomes.
11. Count the total outcomes.
12. Write the probability. Simplify, if necessary.
What is the probability of the spinner landing on a silver number greater than 4?
13. List each favorable outcome.
14. Count the number of favorable outcomes.
15. Count the total outcomes.
16. Write the probability. Simplify, if necessary.
Directions: Answer each question and write the probability as a fraction, a decimal and a percent.
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17. A clothes dryer contains 12 socks. What is the probability of reaching inside the dryer and pulling out a blue
sock?
18. What is the probability of pulling a red sock out of the dryer?
19. What is the probability of pulling a blue or white sock out of the dryer?
20. What is the probability of pulling a blue or red sock out of the dryer?
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12.3 Experimental Probability
Here you’ll learn to recognize and calculate simple experimental probability.
Have you ever tried juggling?

Tyler loves juggling. He has been juggling for a long time and loves working on his juggling. He can juggle three
balls very easily and can also juggle rings and pins. He very rarely drops anything or makes a mistake.
Tyler has decided to enter his juggling into the Talent show. After practicing for a long time, he has decided to work
on juggling four balls instead of three.
“I know this will help me to be a winner,” he tells his Mom.
“It is very impressive, Ty,” She says. “Are you able to do it without dropping any?”
“Well, I’m not sure. Maybe I should do an experiment and see how I am doing.”
Tyler asks his older sister Liz to help him calculate his juggling experiment. Tyler figures that he can attempt to
juggle for three minutes without dropping any balls. He figures twenty attempts will give him a good idea of how he
will do in the show.
Liz helps Tyler keep track.
She notes that after 20 attempts, that Tyler dropped a ball three times. The other 17 times he was able to juggle for
three minutes without dropping anything.
Liz writes this down.
20 attempts
17 successes
3 drops
“How did I do? What is the probability that I will drop a ball?” Tyler asks Liz.
While Tyler and Liz figure out the experimental probability of his dropping a ball, you can take some time to
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learn about experimental probability in this Concept.
Guidance

Probability is based on simple facts. For example, since there are two sides of a coin, heads and tails, and each
side has an equal chance of turning up, it makes sense to say: the probability of heads turning up is 50 percent,
or 1 out of 2.
However, making sense and being true are often two different things. It may make sense to say the probability
of heads is 50 percent, but does a real coin in the real world actually turn up heads 50 percent of the time?
To answer that question, you need to learn about experimental probability.
Experimental probability is probability based on doing actual experiments –flipping coins, spinning spinners,
picking ping pong balls out of a jar, and so on. To compute the experimental probability of the spinner landing on
the red section you would need to conduct an experiment. Suppose you were to spin the spinner 60 times.

Favorable outcomes: red
Total outcomes: 60 spins

Experimental probability : P(red) =

favorable outcomes
number of red
=
total outcomes
total number of spins

Now we can use this data to conduct an experiment.
What is the experimental probability of having the arrow of the spinner land in the red section?

TABLE 12.4:
trial
red
favorable
outcomes
total
spins total
outcomes

1238

1
2

2
3

3
1

4
5

5
2

6
4

Total
17

10

10

10

10

10

10

60
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TABLE 12.4: (continued)
trial
1
experimental x
probability: ratio of
favorable
outcomes
to
total
outcomes

2
x

3
x

4
x

5
x

6
x

Total
17:60

Solve the problem by spinning the spinner 60 times in 6 trials of 10 spins each as shown in the table above. Then
follow the steps below.
Step 1: Total up the number of favorable outcomes –the number of times the spinner landed on red. This is shown
in red in the final column of the table as 17.
Step 2: Add up the number of total outcomes –the total number of spins. This is shown in red in the final column of
the table as 60.
Step 3: Compute the experimental probability –the ratio of favorable outcomes to total outcomes in percent form.
The experimental probability, in ratio form, is 17 to 60.
The answer is 17:60.
A number cube was rolled in a probability experiment 40 times. The results are shown in the table. Compute the
experimental probability of rolling a 5.

TABLE 12.5:
dots
on
number
cube
number of
times cube
landed

·

··

···

··
··

···
··

···
···

1
||||

2
||||

3
||||

4
||||

5
||||

6
||||

x

4

||||
9

|||
8

|
6

||
7

40

x

x

x

6

x

6

x

x

x

x

x

6:40 = 3:20

|
total from 6
tally
favorable
x
outcomes
experimental x
probability: ratio of
favorable
outcomes
to
total
outcomes

Total

Step 1: Add up the tallies to get the number of total number of outcomes. This is shown in red as 40 in the third row
of the table.
Step 2: Find the number of favorable outcomes –the number of times the number cube landed on 5. This is shown
in red and highlighted.
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Step 3: Compute the experimental probability by finding the ratio of favorable outcomes to total outcomes. The
experimental probability of rolling a 5 is 6 to 40. In simplified form, this is a 3:20 ratio.
Most probability experiments are conducted as a process of testing a hypothesis. A hypothesis is a statement
that you want to test to see if it’s true.
Here are some examples of hypotheses.
•
•
•
•

A flipped coin comes up heads 50 percent of the time. True or false?
A number cube will land on three 16 th of the time. True or false?
It rains more on the weekend than it does on weekdays. True or false?
You perform better on math tests when you get a good night’s sleep. True or false?

Clearly, some hypotheses are easier to test than others. It’s much easier to flip coins or roll number cubes than it is
to measure weekend rain data or see how sleep affects math test results. To see how experimental probability is
measured, consider the hypothesis below.
• A flipped coin will land on heads 21 , or 50 percent of the time. True or false?
To compute the experimental probability of the hypothesis you would need to conduct an experiment. Suppose you
were to flip the coin 50 times. To find out how often it lands on heads, follow the steps below.
Step 1: State your hypothesis.
The coin will land on heads 12 , or 50 percent of the time.
Step 1: Compute the theoretical probability
Find the probability of flipping a coin and having it turn up heads. To do this, you need to identify:
• favorable outcomes –the number of times the coin is likely to land on heads
• total outcomes –the total number of flips
Step 2: Make a prediction.
Use theoretical probability to make a prediction. Since there are 2 different outcomes, and 1 of those outcomes is
heads, it make sense to predict that heads will come up 1 out of 2, or 50 percent of the time. (If you need practice in
changing ratios to decimals and percents, see 12.1.3.)

P(heads) =

favorable outcomes 1
= =⇒ prediction:heads = 50%
total outcomes
2

Step 3: Conduct an experiment and collect data. You can use a tally table like the one shown below. Fill in your
predicted values first. Then tally as you conduct the experiment.
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TABLE 12.6:
trial
tally
heads
total flips

1
||||

2

|||||


3
|||

4

5

Prediction
x
25
50

Total
x

5

|||||


Prediction
x

Total
x

5
10

25
50

23
50

Here is what your completed table might look like.

TABLE 12.7:
trial
tally

1
||||

2

|||||


3
|||

heads
total
flips

4
10

5
10

3
10

4

|||||

|
6
10

Step 4: Analyze your data and see how well it agrees with your prediction.
You can see that 23 out of 50 flips came up heads. Does your data agree with your prediction? Not perfectly, but 23
is close to 25, so your results are fairly close to your prediction.
To see how close you are, compare the experimental probability with your prediction in percent form.
Prediction : 50%

Experimental probability :

23
50

= 46%

You can see that your experimental probability of 46% agrees fairly well with your predicted probability
of 50 percent. In general, the more total outcomes you include in your experiment, the more likely your
experimental probability is to agree with your predicted probability.
Now it’s time for you to practice writing an experimental probability for each situation.
Jennifer attempted to juggle three pins for five minutes. She made five attempts and dropped a club twice.

Example A

Write a probability that shows attempts to successes.
Solution:

3
5

Example B

Write a probability that shows drops out of successes.
Solution:

2
5

Example C

What is the percent of success?
Solution:

3
5

= 60%

Here is the original problem once again.
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Tyler loves juggling. He has been juggling for a long time and loves working on his juggling. He can juggle three
balls very easily and can also juggle rings and pins. He very rarely drops anything or makes a mistake.
Tyler has decided to enter his juggling into the Talent show. After practicing for a long time, he has decided to work
on juggling four balls instead of three.
“I know this will help me to be a winner,” he tells his Mom.
“It is very impressive, Ty,” She says. “Are you able to do it without dropping any?”
“Well, I’m not sure. Maybe I should do an experiment and see how I am doing.”
Tyler asks his older sister Liz to help him calculate his juggling experiment. Tyler figures that he can attempt to
juggle for three minutes without dropping any balls. He figures twenty attempts will give him a good idea of how he
will do in the show.
Liz helps Tyler keep track.
She notes that after 20 attempts, that Tyler dropped a ball three times. The other 17 times he was able to juggle for
three minutes without dropping anything.
Liz writes this down.
20 attempts
17 successes
3 drops
“How did I do? What is the probability that I will drop a ball?” Tyler asks.
Tyler and Liz begin to calculate the experimental probability of the event happening. The event is Tyler not
dropping a ball.
Out of 20 attempts, there were 17 attempts where Tyler did not drop a ball.
We can write this ratio to represent the data.
success f ul outcomes
trials attempted
17
17 : 20 =
20

Probability =
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To get a better idea of the likelihood of this event, we can rewrite the ratio as a percent out of 100.
17
20

=

85
100

= 85%

Tyler has an 85% chance of juggling for three minutes without dropping a ball.
Guided Practice

Here is one for you to try on your own.

Use the table to compute the experimental probability of the arrow in the spinner landing on yellow.

TABLE 12.8:
trial
1
number
4
of
times
arrow
landed on
yellow
total
10
number of
spins
experimental x
probability

2
2

3
3

4
1

5
2

6
5

10

10

10

10

10

x

x

x

x

x

Total

Answer
There were 6 x 10 total attempts to have the spinner land on yellow.
Each of those attempts had different results.
If we add up each success out of 10 we have: 4 + 2 + 3 + 1 + 2 + 5 = 17
The total attempts was 60.
17
60

This is our ratio, now we can write it as a percent.
17
60

= .2833 = 28%

The answer is 28%.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1065

This is a James Sousa video on calculating probability.
Explore More

Directions: Use what you have learned about experimental probability to complete each problem.

Use the table to compute the experimental probability of the arrow in the spinner landing on yellow.

TABLE 12.9:
trial
1
number
4
of
times
arrow
landed on
yellow
total
10
number of
spins
experimental x
probability

2
2

3
3

4
1

5
2

6
5

10

10

10

10

10

x

x

x

x

x

1. How many favorable outcomes were there in the experiment?
2. How many total outcomes were there in the experiment?
3. What is the experimental probability of the arrow landing on yellow?
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Use the table to compute the experimental probability of the arrow in the spinner above landing on blue or green.

TABLE 12.10:
trial
number of
times arrow
landed
on
blue
or
green
total spins
experimental
probability

1
4

2
5

3
6

4
5

5
4

10
x

10
x

10
x

10
x

10
x

Total

4. How many favorable outcomes were there in the experiment?
5. How many total outcomes were there in the experiment?
6. What is the experimental probability of the arrow landing on yellow?
Use the table to compute the experimental probability of the arrow landing on any color but blue.

TABLE 12.11:
trial
1
number of 15
times arrow
landed
on
any
color
but blue
total spins
20
experimental
probability

2
17

3
14

4
16

5
16

20

20

20

20

Total

7. How many favorable outcomes were there in the experiment?
8. How many total outcomes were there in the experiment?
9. What is the experimental probability of the arrow landing on yellow?
A number cube was rolled in a probability experiment 40 times. The results are shown in the table. Compute the
experimental probability of rolling a 2.

TABLE 12.12:
dots
on
number
cube
number of
times cube
landed
total from
tally

·

··

···

··
··

···
··

···
···

1
||||

2
||||

3
||||

4
||||

5
||||

6
||||

||||
9

|||
8

|
6

||
7

|
6

4

Total

x
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TABLE 12.12: (continued)
dots
on ·
number
cube
favorable
x
outcomes
experimental x
probability

··

x

···

··
··

···
··

···
···

x

x

x

x

x

x

x

x

Total

10. How many favorable outcomes were there in the experiment?
11. How many total outcomes were there in the experiment?
12. What is the experimental probability of the rolling a 2?
A number cube was rolled in a probability experiment 50 times. The results are shown in the table. Compute the
experimental probability of rolling a 3 or a 4.

TABLE 12.13:
·

··

···

··
··

···
··

···
···

1
||||

2
||||

3
||||

4
||||

5
||||

6
||||

||||

|

||||

||

||

total from 10
tally
favorable
x
outcomes
experimental x
probability

6

9

7

||||
|
11

x

9

7

x

x

x

x

x

x

x

dots
on
number
cube
number of
times cube
landed

13. How many favorable outcomes were there in the experiment?
14. How many total outcomes were there in the experiment?
15. What is the experimental probability of the rolling a 2?
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12.4 Mutually Exclusive Events
Here you’ll learn to recognize disjoint events as having no outcomes in common.
Remember Tyler and the juggling in the Empirical Probability Concept?

Now that Tyler knows the probability of his successfully juggling four balls for three minutes, he is certain that this
is one of the things that he will do for the talent show. After all, he has an 85% probability that he will be successful.
Those are very good odds.
Tyler also knows how to balance a pole on his chin. He can do this for 4 minutes without dropping it. Tyler does
a similar experiment as he did with the juggling balls and discovers that he has a 75% probability of being able to
balance the pole for four minutes. He is a bit concerned about his odds.
“I am not sure if I should do anything,” he tells Liz after figuring out the probability.
“What do you mean?”
“I mean that if my balancing is that off, maybe I shouldn’t do the juggling either.”
“Why not? Juggling and balancing are disjoint events,” Liz said smiling.
Disjoint events? Tyler isn’t sure what she means. He stops to think about this for minute.
Do you know what Liz means?
This Concept is all about different events and their relationships to each other. When we look at events,
knowing how they are related can help us in our work. Take some time to learn about them and then we’ll
revisit this problem at the end of the Concept.

Guidance

Your Aunt Betsy is having a baby! As a mathematician, you realize that this is an opportunity to explore disjoint
events. Disjoint events are two events that have no outcomes in common. Here are two events that have no
outcomes in common.
• Event B: Having a baby boy.
• Event G: Having a baby girl.
Disjoint events are either-or events.
For example, consider flipping a coin. The two events–flipping heads or flipping tails–have no outcomes in common.
You either flip heads or you flip tails.
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The probability of one of the two disjoint events occurring is just the sum of the probabilities of the events.
Since the probability of flipping heads is 12 and the probability of flipping tails is 12 :

P(heads or tails) = P(heads) + P(tails)
1 1
= +
2 2
=1
In other words, all possibilities are covered. The probability of either heads or tails is 1–it will be either heads
or tails 100 percent of the time.
Let’s look at a dilemma so that we can better understand disjoint events.
For a single spin, are events R(red) and B(blue) disjoint events?

Step 1: To see if P(red) and P(blue) or disjoint events, make a list of the outcomes of P(red) and P(blue):
R outcomes: red
B outcomes: blue
Step 2: Now compare the list. If there are no outcomes in common, the two events are disjoint.
R and B are disjoint events because they have nothing in common.
Now it’s time for you to try a few on your own. Consider each pair of events. Tell whether these are disjoint events
meaning that they have no connection to each other.

Example A

At a baseball game, hitting a ball and scoring a home run.
Solution: Not disjoint events

Example B

Eating an ice cream cone and the sun shining
Solution: Disjoint events
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Example C

Wearing sneakers and running a marathon
Solution: Not disjoint events
Here is the original problem once again. Reread it and then look at Liz’s explanation of disjoint events.

Now that Tyler knows the probability of his successfully juggling four balls for three minutes, he is certain that this
is one of the things that he will do for the talent show. After all, he has an 85% probability that he will be successful.
Those are very good odds.
Tyler also knows how to balance a pole on his chin. He can do this for 4 minutes without dropping it. Tyler does
a similar experiment as he did with the juggling balls and discovers that he has a 75% probability of being able to
balance the pole for four minutes. He is a bit concerned about his odds.
“I am not sure if I should do anything,” he tells Liz after figuring out the probability.
“What do you mean?”
“I mean that if my balancing is that off, maybe I shouldn’t do the juggling either.”
“Why not? Juggling and balancing are disjoint events,” Liz said smiling.
“What do you mean?” Tyler asks.
“Disjoint events are events where the outcome of one event does not affect the results of the other event. How
you did juggling does not impact how you do balancing. You can still accomplish one or both of them. How
you do in each of the events is separate. Does that make sense?”
“Yes. I think I will try both even though my probability of successfully balancing is less than successfully
juggling,” Tyler decides.

Guided Practice

Here is one for you to try on your own.
Are these disjoint events? Explain your thinking.
It is going to rain today. I enjoy sailing.
Answer
These are disjoint events. There isn’t a connection between it raining and the fact that the person "I" likes sailing.
These events are not connected, therefore they are disjoint events.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57628

This is a James Sousa video on probability.
Explore More

Directions: Use what you have learned to solve each problem.
1. For a single toss of a number cube, are events F(four) and E(even) disjoint events or overlapping events?
2. For a single toss of a number cube, are T (three) and E(even) disjoint events or overlapping events?
3. For a single toss of a number cube, are O(odd) and E(even) disjoint events or overlapping events?
4. For a single toss of a number cube, are T (two) and L5 (less than 5) disjoint events or overlapping events?
5. For a single toss of a number cube, are S(six) and O(one) disjoint events or overlapping events?
6. For a single toss of a number cube, are F(five) and L5 (less than 5) disjoint events or overlapping events?

7. For a single spin, are R(red) and Y (yellow) disjoint events or overlapping events?
8. For a single spin, are R(red) and L(left) disjoint events or overlapping events?
9. For a single spin, are P(yellow) and P(right) disjoint events or overlapping events?
10. For a single spin, are R(right) and L(left) disjoint events or overlapping events?
11. For a single spin, are L(left) and G(green) disjoint events or overlapping events?
12. For a baby, are B(boy) and R(right-handed) disjoint events or overlapping events?
13. For a baby, are L(left-handed) and R(right-handed) disjoint events or overlapping events?
14. For a baby, are G(girl) and B(brown hair) disjoint events or overlapping events?
15. For a baby, are G(girl) and H(heavier than 8 pounds) disjoint events or overlapping events?
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12.5 Mutually Inclusive Events
Here you’ll learn how to recognize overlapping events.
Have you ever tried to calculate probability using a number cube? Take a look at this situation.
Andy tosses a number cube.
What is the probability that the number that lands up will be both even and less than 6?
In this Concept, you will learn how to calculate the probability of overlapping events. Pay attention and we
will revisit this dilemma at the end of the Concept.
Guidance

Previously we worked on disjoint events, now you can begin to think about all sorts of outcomes. You may think that
all events are disjoint, but this is not the case. There are some events that impact each other or that are overlapping.
They have one or more outcomes in common. Think about this question.
Are all events disjoint events? Not at all, consider the next problem.
For a single spin, are events R(red) and T (top) disjoint events?

Step 1: Make a list of the outcomes.
R outcomes: red-top, red bottom
T outcomes: red-top, blue-top
Step 2: Compare the list. The two events DO have an outcome in common–red-top. So:
R and T are NOT disjoint events.
When events have outcomes in common, they are said to be overlapping events. So:
R and T are overlapping events.
How are they overlapping?
Notice that the events have more than one thing in common. They have color in common, but they also have
the words “top” or “bottom” in common too. Therefore, the events are overlapping events.
Let’s look at another scenario.
1251

12.5. Mutually Inclusive Events

www.ck12.org

For a single toss of a number cube, are events Smaller than 6 and Greater than 4 disjoint events or overlapping
events?
Step 1: Make a list of the outcomes.
Smaller outcomes 1, 2, 3, 4, 5, 6
Greater outcomes: 4, 5, 6
Step 2: The two events have 1 outcome in common = 6.
S and G4 are overlapping events.
Answer the following questions about overlapping events.

Example A

For a single spin, are G(green) and T (top) disjoint events or overlapping events?
Solution: Green and top are disjoint events because they do not have any outcomes in common.

Example B

A number cube is tossed. What is the probability that it will be a two and an even number?
Solution:

1
6

Example C

A number cube is tossed. What is the probability that it will be an even number and a number greater than four?
Solution:

1
6

Here is the original problem once again.
Andy tosses a number cube.
What is the probability that the number that lands up will be both even and less than 6?
Let’s start by listing out the possible total outcomes.
1, 2, 3, 4, 5, 6
Now let’s list out the even numbers.
2, 4, 6
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Next we can list the numbers less than 6.
1, 2, 3, 4, 5
There are two numbers that overlap.
2
6

=

1
3

This is our probability.
Guided Practice

Here is one for you to try on your own.
A number cube is tossed. What is the probability that the number that lands up will be both odd and greater than 3?
Answer
Step 1: List the odd outcomes, outcomes greater than 3, and total outcomes. Mark the overlapping outcomes (if
they exist).
odd outcomes: 1, 3, 5
>3 outcomes: 4, 5, 6
total outcomes: 1, 2, 3, 4, 5, 6
Step 2: Find the ratio of favorable outcomes to total outcomes.
Notice that there is only one overlapping outcome. This is the favorable outcome.
P(odd and > 3) =

f avorable outcomes
total outcomes

=

1
6

Notice that we can find the ratio by combining the overlapping outcomes.

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57628
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This is a James Sousa video on probability.
Explore More

Directions: Write the probability of each overlapping event occurring.
Eight colored scarves are put into a bag. They are red, yellow, blue, green, purple, orange, brown and black.
1. What is the probability of pulling out a red scarf?
2. What is the probability of pulling out a primary color?
3. What is the probability of pulling out a primary color and is either red or blue?
4. What is the probability of pulling out a primary color and is either blue or green?
5. What is the probability of pulling out a complementary color?
6. What is the probability of pulling out a complementary color and is either green or purple?
A number cube numbered 1 - 12 is rolled.
7. What is the probability of rolling an even number?
8. What is the probability of rolling an odd number?
9. What is the probability of rolling an even number or a number less than four?
10. What is the probability of rolling an even number or a number greater than 10?
11. What is the probability of rolling an odd number or a number greater than 5?
12. What is the probability or rolling an odd number or a one?
13. What is the probability of rolling an odd number or a number less than 8?
14. What is the probability of rolling an even number or a number less than 11?
15. What is the probability of rolling an odd number or a number greater than 9?
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12.6 Complement Rule for Probability
Here you’ll learn to recognize complementary events.
Have you ever watched a horse race?
Lucky Seven is a beautiful horse in the Kentucky Derby. Many people say he is a favorite to win. Lucky Seven
might win the race or he might not. He has a 69% chance of winning.
What is the probability that he won’t win the race?
Winning or losing a race is an complementary event. Pay attention in this Concept and you will be able to
figure out this unknown probability.
Guidance

Previously we worked on disjoint events and learned that they are either-or events. When you flip a coin you either
flip heads or you flip tails.
Similarly, for this spinner the events R(red) and B(blue) are disjoint events. The probability of one of the two disjoint
events occurring is just the sum of the probabilities of the events.

P(red or blue) = P(red) + P(blue)
1 1
= + =1
2 2
In other words, one of the two events must occur. The probability of either red or blue is 1. The arrow will
land on either red or blue 100 percent of the time.
When one of two events must occur the two events are said to be complementary. The sum of the probabilities
of two complementary events adds up to 1 or 100 percent of the outcomes of the events.
Here are some situations which involve complementary events.
• Flipping a coin heads or flipping a coin tails.
• Turning on a light switch on or turning a light switch off.
• Locking a door or unlocking a door.
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Though some complementary events are “50-50” events, such as flipping a coin, not all complementary events
are “50-50.”

For the spinner shown:

P(blue or yellow) = P(blue) + P(yellow)
3 1
= +
4 4
=1
For the spinner above, the events B(blue) and Y (yellow) are complementary because their probabilities add
up to 1. But the two complements are not equal in size.
Note that some disjoint events are NOT complementary events. Here, R(red) and B(blue) are disjoint events.
However, their probabilities do NOT add up to 1 or 100 percent:

P(red or blue) = P(red) + P(blue)
1 1
= +
4 4
1
=
2
Since the sum of any two complements is 1, if you know the probability of one complement, you can find the
probability of the other.
1256

www.ck12.org

Chapter 12. Probability

For events A and B, suppose the probability of B is 0.4. That means:

P(A) + P(B) = 1
P(A) + 0.4 = 1
You should be able to guess that the probability of P(A) is 0.6, because:

P(A) + P(B) = 1
0.6 + 0.4 = 1
An easier way to find a complement is to use the following rules.
Complement Rule: For any two complements, A and B, the value of P(A) = 1 − P(B). In practical terms:
Subtract the complement you know from 1 to find an unknown complement.
A and B are complements. P(B) = 0.3. Find P(A).
To figure this out, subtract the complement you know, 0.3, from 1 to find P(B)

P(B) = 1 − P(A)
= 1 − 0.3
= 0.7
You can also learn to find probabilities and make predictions.
Disjoint events are events that have no outcomes in common. The events R(red) and B(blue) for this spinner are
disjoint events.
Overlapping events are events that have one or more outcomes in common. The events R(red) and L(left) for the
spinner are overlapping events because they have the outcome red-left in common.
Complementary events are a pair of disjoint events whose probability sum adds up to 1. The events R(red) and
B(blue) for this spinner are complementary events because the sum of their probabilities is 1:

P(red or blue) = P(red) + P(blue)
1 1
= +
2 2
=1
What is the probability that arrow will land on red, green, or yellow?
The events are disjoint so the probability of one of them occurring is the sum of their individual probabilities.

P(red or blue or green) = P(red) + P(blue) + P(green)
1 1 1
= + +
4 4 4
3
=
4
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We can find the probability of an event when we add the probabilities together.
The probability of the Mets winning tonight’s game is 0.6. Predict how likely it is for the Mets to lose tonight’s
game.
Winning the game and losing the game are complementary events. So you can use the rule:

P(lose) = 1 − P(win)
= 1 − 0.6
= 0.4
We can write this answer as 40%. There is a 40% chance that the Mets will win tonight.
Here are a few problems for you to try on your own.
Example A

A and C are complements. If C is .67, find A.
Solution: .33
Example B

If the Yankees have a 45% chance of winning tonight, what is the probability that they won’t win?
Solution: 55%
Example C

D and E are complements. If D is .2, what is E?
Solution: .8
Here is the original problem once again.
Lucky Seven is a beautiful horse in the Kentucky Derby. Many people say he is a favorite to win. Lucky Seven
might win the race or he might not. He has a 69% chance of winning.
What is the probability that he won’t win the race?
Complementary events have a sum of 1 or 100%. We know the probability of Lucky Seven winning. It is 69%. We
can subtract this from 100 to find the probability of him losing.
100 − 69 = 31
Lucky Seven has a 31% chance of losing the race.
Guided Practice

Here is one for you to try on your own.
Y and Z are complements. If the probability of Y occurring is 14%, what is the probability of Z occurring?
Answer
To figure this out, first you have to remember that complementary events have a sum of 1 or 100%. We know that Y
is 14%. We can subtract from 1 or 100% to find Z.
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100 − 14 = 86
The probability of Z occurring is 86%.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54795

This is a Khan Academy video on complementary events.
Explore More

Directions: Find the complement.
1. A and B are complements. P(B) = 0.15. Find P(A).
2. C and D are complements. P(C) = 0.8. Find P(D).
3. G and H are complements. P(H) = 49%. Find P(G).
4. T and S are complements. P(T ) = 83 . Find P(S).
5. L and K are complements. P(K) = 0.07. Find P(L).
6. A and B are complements. P(B) = 0.125. Find P(A).
7. N and M are complements. P(N) = 96.1%. Find P(M).
8. Q and Z are complements. P(Q) = 51 . Find P(Z).
Directions: Write complementary or not complementary.
9. Percentage of votes that 2 candidates get in a 2-candidate election
10. Percentage of votes that 3 candidates get in a 3-candidate election
11. Winning a game or losing a game
12. Choosing an odd or even number
13. Choosing a number between 1 and 5
14. Passing or failing a test
15. Choosing a color of paint

1259

12.7. Counting Events

www.ck12.org

12.7 Counting Events
Here you’ll learn to use tree diagrams to list all possible outcomes.
Have you ever been in a talent show?

Alicia is going to sing for the Talent Show. She is very excited and has selected a wonderful song to sing. She has
been practicing with her singing teacher for weeks and is feeling very confident about her ability to do a wonderful
job.
Her performance outfit is another matter. Alicia has selected a few different skirts and a few different shirts and
shoes to wear. Here are her options for shirts
Striped shirt
Solid shirt
Here are her options for skirts.
Blue skirt
Red skirt
Brown skirt
Here are her options for shoes
Dance shoes
Black dress shoes
How many different outfits can Alicia create given these options?
This is best done using a tree diagram. Alicia needs to organize her clothing options using a tree diagram.
This Concept will show you all about tree diagrams. When finished, you will know how many possible outfits
Alicia can create.
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Guidance

Nadia’s soccer team has 2 games to play this weekend. How many outcomes are there for Nadia’s team?
A good way to find the total number of outcomes for events is to make a tree diagram. A tree diagram is a
branching diagram that shows all possible outcomes for an event.
To make a tree diagram, split the different events into either-or choices. You can list the choices in any order. Here
is a tree diagram for game 1 and game 2.
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As you can see, there are four different outcomes for the two games:

win-win

win-lose

lose-win

lose-lose

What happens when you increase the number of games to three? Just add another section to your tree diagram.
In all, there are 8 total outcomes.
A tree diagram is a great way to visually see all of the options possible. It can also help you to organize your
ideas so that you don’t miss any possibilities.
To remodel her kitchen, Gretchen has the following choices: Floor: tile or wood; Counter: Granite or formica; Sink:
white, steel, stone. How many different choices can Gretchen make?
First, let’s create a tree diagram that shows all of the possible options.
Step 1: List the choices.
Choice 1 Floor: tile, wood Choice 2 Counter: granite, formica Choice 3 Sink: white, steel, stone
Step 2: Start the tree diagram by listing any of the choices for Choice 1. Then have Choice 1 branch off to Choice
2. Make sure Choice 2 repeats for each branch of Choice 1.
1262

www.ck12.org

Chapter 12. Probability

Step 3: Fill in the third choice. We have left some of the spaces for you to fill in. Double click to check your
answers.

Step 4: Fill in the outcomes. Again some of the spaces are left for you to fill in. Double click to check your answers.
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You can see that there are 12 possible outcomes for the kitchen design.
Calculate the number of possible outcomes in each example. You can draw a tree diagram to help you.

Example A

Jeff has five different pairs of socks and three pairs of shoes. How many possible combinations are there?
Solution: 15 combinations

Example B

Jessie has three sweaters, two turtlenecks and three jackets. How many possible combinations are there?
Solution: 18 combinations

Example C

Kelly has chocolate or vanilla ice cream, three choices of toppings and four sauces.
Solution: 24 combinations
Here is the original problem once again. Reread it and then look at the tree diagram created.
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Alicia is going to sing for the Talent Show. She is very excited and has selected a wonderful song to sing. She has
been practicing with her singing teacher for weeks and is feeling very confident about her ability to do a wonderful
job.
Her performance outfit is another matter. Alicia has selected a few different skirts and a few different shirts and
shoes to wear. Here are her options for shirts
Striped shirt
Solid shirt
Here are her options for skirts.
Blue skirt
Red skirt
Brown skirt
Here are her options for shoes
Dance shoes
Black dress shoes
How many different outfits can Alicia create given these options?
This is best done using a tree diagram. Alicia needs to organize her clothing options using a tree diagram. To
do this, we can take each option and create a diagram to show all of the options.
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Based on this tree diagram, you can see that Alicia has twelve possible outfits to choose from.

Guided Practice

Here is one for you to try on your own.
A local pizza place offers a pizza with several options. On a basic pizza, you can choose one of each option. The
options are a sourdough or whole wheat crust, two types of cheese and eight toppings.
Based on these possibilities, how many possible outcomes are there?
Answer
To figure this out, you can draw a tree diagram or you can simply multiply.
Drawing a tree diagram might look nice, but it can take a lot of time.
To save time, let’s multiply.
Our choices are two crusts, two cheeses and eight toppings.
2 × 2 × 8 = 32
There are 32 different pizza options.

Video Review
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MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/54787

This is a Khan Academy video on probability and outcomes.
Explore More

Directions: Use Tree Diagrams and figure out the total number of possible outcomes for each situation.
1. The Triplex Theater has 3 different movies tonight: Bucket of Fun, Bozo the Great, and Pickle Man. Each movie
has an early and late show. How many different movie choices are there?
2. Raccoon Stadium offers the following seating plans for football games:
• lower deck, middle loge, or upper bleachers
• center, side, end-zone
How many different kinds of seats can you buy?
3. Cell-Gel cell phone company offers the following choices:
• Free internet plan or Pay internet plan
• 1200, 2000, or 3000 minutes
• Premium or standard phone
How many different kinds of plans can you get?
4. Jen’s soccer team is playing 4 games next week. How many different outcomes are there for the four games?
5. The e-Box laptop computer offers the following options.
• Screen: small, medium, or large
• Memory: standard 1 GB, extra 2 GB
• Colors: pearl, blue, black
How many different combinations are there for options?
6. Jesse has four pairs of pants and three shirts. How many different outfits can he make?
7. If Jesse adds three sweaters, how many different outfits can he make now?
8. Kyle has selected three different paint colors and two trim colors for his bedroom. How many different color
combinations can he create?
9. There are four teams playing in a tournament. Each team will play two sports. How many different combinations
are there for teams and sports?
10. Candice can choose between the following electives.
• German
• Gymnastics
• Chorus
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• French
If she can choose two electives, how many different options are there of choices?
11. If we add Track to her options, how many two elective options are there?
12. Miles is making a salad. He wants to put three things on it. Here are his choices.
Tomatoes
Pickles
Onions
Cucumbers
Peppers
How many different salads can he create given these options?
13. If Miles adds cheese, how many different salads can he create given these options?
14. Muffins can have two additions to them. Here are the choices: blueberries, raspberries, nuts, cherries, strawberries. How many muffin combinations can there be?
15. If we add apples and cranberries, how many combinations can there be now?
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12.8 Sample Spaces and Events
Here you’ll learn to recognize all possible outcomes of an experiment as the sample space.
Have you ever tried to use dice to figure out a probability?
Lila rolled six dice at once. Each dice was numbered 1-6. If this is the case, how many numbers are in the sample
space?
Can you figure this out?
This Concept will teach you how to do this. Pay attention and we’ll revisit this question at the end of the
Concept.

Guidance

When you conduct an experiment, there are many possible outcomes. If you are doing an experiment with a coin,
there are two possible outcomes because there are two sides of the coin. You can either have heads or tails. If you
have an experiment with a number cube, there are six possible outcomes, because there are six sides of the number
cube and the sides are numbered one to six. We can think of all of these possible outcomes as the sample space.
A sample space is the set of all possible outcomes for a probability experiment or activity. For example, on the
spinner there are 5 different colors on which the arrow can land. The sample space, S, for one spin of the spinner is
then:
S = red, yellow, pink, green, blue

These are the only outcomes that result from a single spin of the spinner.
Changing the spinner changes the sample space. This second spinner still has 5 equal-sized sections. But its sample
space now has only 3 outcomes:
S = red, yellow, blue
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Let’s look at a situation with sample spaces.
A small jar contains 1 white, 1 black, and 1 red marble. If one marble is randomly chosen, how many possible
outcomes are there in the sample space?
Since only a single marble is being chosen, the total number of possible outcomes, or sample space matches
the marble colors.
S = white, black, red
Sometimes, the sample space can change if an experiment is performed more than once. If a marble is selected
from a jar and then replaced and if the experiment is conducted again, then the sample space can change.
The number of outcomes is altered. When this happens, we can use tree diagrams and multiplication to help
us figure out the number of outcomes in the sample space.
A jar contains 1 white and 1 black marble. If one marble is randomly chosen, returned to the jar, then a second
marble is chosen, how many possible outcomes are there?
This is a situation where a tree diagram is very useful. Consider the marbles one at a time. After the first marble is
chosen, it is returned to the jar so now there are again two choices for the second marble.
Use a tree diagram to list the outcomes.

From the tree diagram, you can see that the sample space is:
S = white-white, white-black, black-white, black-black
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We could also multiply.
Two marble colors and two selections.
2×2 = 4
There are four outcomes in the sample space.
Practice on your own. What is the sample space in each example?
Example A

A spinner with red, blue, yellow and green.
Solution: Sample space = red, blue, yellow, green
Example B

A number cube numbered 1–6.
Solution: Sample Space = 1, 2, 3, 4, 5, 6
Example C

A bag with a blue and a red marble. One marble is drawn and then replaced. What is the sample space?
Solution: S = red-red, blue-blue, red-blue, blue-red
Here is the original problem once again.
Lila rolled six dice at once. Each dice was numbered 1-6. If this is the case, how many numbers are in the sample
space?
Can you figure this out?
To figure this out, we can think logically. Each die is numbered 1-6. If we had rolled the die one time, then we
would have 6 possible outcomes. The sample space would be 1-6.
However, we rolled the die six times.
We can multiply 6 × 6 = 36.
There are 36 possible outcomes. These combinations make up the sample space.
Notice that we could list them all out, but that would take a very long time. To calculate probabilities, we need to
know the number of outcomes in the sample space. This is the most helpful information.
Guided Practice

Here is one for you to try on your own.
June flipped a coin three times. How many outcomes are in the sample space?
Answer
There are two outcomes for each flip of a coin: heads or tails.
June flipped the coin three times. We can multiply to figure out the number of outcomes in the sample space.
2×3 = 6
There are 6 outcomes in the sample space.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/116635

Khan Academy Probability Space
Explore More

Directions: Answer the following questions about sample spaces.
1. What is the sample space for a single toss of a number cube?
2. What is the sample space for a single flip of a coin?
3. A coin is flipped two times. List all possible outcomes for the two flips.
4. A coin is flipped three times in a row. List all possible outcomes for the two flips.
5. A bag contains 3 ping pong balls: 1 red, 1 blue, and 1 green. What is the sample space for drawing a single ball
from the bag?
6. A bag contains 3 ping pong balls: 1 red, 1 blue, and 1 green. What is the sample space for drawing a single ball,
returning the ball to the bag, then drawing a second ball?
7. What is the sample space for a single spin of the with red, blue, yellow and green sections spinner?
8. What is the sample space for 2 spins of the first spinner?
9. What is the sample space for three spins of the spinner?
10. A box contains 3 socks: 1 black, 1 white, and 1 brown. What is the sample space for drawing a single sock,
NOT returning the sock to the box, then drawing a second sock?
11. A box contains 3 socks: 1 black, 1 white, and 1 brown. What is the sample space for drawing all 3 socks from
the box, one at a time, without returning any of the socks to the box?
12. A box contains 3 black socks. What is the sample space for drawing all 2 socks from the box, one at a time,
without returning any of the socks to the box?
13. A box contains 2 black socks and 1 white sock. What is the sample space for drawing all 2 socks from the box,
one at a time, without returning any of the socks to the box?
14. True or false. A sample space is the total possible outcomes.
15. True or false. A sample space is a percentage.
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12.9 Additive and Multiplicative Rules for Probability
Here you’ll learn to find the probability of a specified outcome using tree diagrams.
Do you remember Alicia from the Counting Events Concept? Take a look at the tree diagram of outfits.
Alicia is going to sing for the Talent Show. She is very excited and has selected a wonderful song to sing. She has
been practicing with her singing teacher for weeks and is feeling very confident about her ability to do a wonderful
job.
Her performance outfit is another matter. Alicia has selected a few different skirts and a few different shirts and
shoes to wear. Here are her options for shirts:

• Striped shirt
• Solid shirt

Here are her options for skirts.

• Blue skirt
• Red skirt
• Brown skirt

Here are her options for shoes

• Dance shoes
• Black dress shoes

Here is a tree diagram of Alicia’s outfits.
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What is the probability of Alicia wearing her striped shirt, blue skirt and dance shoes?
To figure this out you will need to know how to use a tree diagram to calculate a specific probability. Pay
attention and you will learn what you need to know in this Concept.

Guidance

Previously we worked on tree diagrams. We have seen how tree diagrams can be very helpful when looking for a
sample space. Tree diagrams can also be helpful when finding probability.
Finding the probability of an event is a matter of finding the ratio of favorable outcomes to total outcomes. For
example, the sample space for a single coin flip has two outcomes: heads and tails. So the probability of getting
heads on any single coin flip is:
P(heads) =

f avorable outcomes
total outcomes

=

1
2

You can see that the sample space is represented by a number in the total outcomes. For example, if you had
a spinner with four colors, the colors by name would be the sample space and the number four would be the
total possible outcomes.
What about if we flipped a coin more than one time?
To find the probability of a single outcome for more than one coin flip, use a tree diagram to find all possible
outcomes in the sample space.
Then count the number of favorable outcomes within that sample space to find the probability.
For example, to find the probability of tossing a single coin twice and getting heads both times, make a tree diagram
to find all possible outcomes.
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The diagram shows there are 8 total outcomes and they are paired with first toss option and second toss
option.
Then pick out the favorable outcome–in this case, the outcome “heads-heads” is shown in red. You could have
selected any of the favorable outcomes for the probability to be accurate.
Now write the ratio of favorable outcomes to total outcomes in the sample space.
P(heads-heads) =

f avorable outcomes
total outcomes

=

1
4

You can see that since 1 of 4 outcomes is a favorable outcome, the probability of the coin landing on heads 2
times in a row is 14 .
Let’s look at another scenario.
What is the probability of flipping a coin two times and getting two matching results–that is, either two heads or two
tails?
First, let’s create a tree diagram to see our options.

Once again, just pick out the favorable outcomes on the same tree diagram. They are shown in red.
You can see that 2 of 4 total outcomes match.
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f avorable outcomes
total outcomes

=

2
4

=
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1
2

You can see that the probability of flipping two heads or two tails is 1:2.
Try a few on your own.

Example A

Look at the tree diagram above. What is the probability of it being heads and then tails?
Solution:

1
4

Example B

What is the probability of tails then heads?
Solution:

1
4

Example C

What is Example A and B as a percent?
Solution: 25%
Here is the original problem once again.
Alicia is going to sing for the Talent Show. She is very excited and has selected a wonderful song to sing. She has
been practicing with her singing teacher for weeks and is feeling very confident about her ability to do a wonderful
job.
Her performance outfit is another matter. Alicia has selected a few different skirts and a few different shirts and
shoes to wear. Here are her options for shirts
Striped shirt
Solid shirt
Here are her options for skirts.
Blue skirt
Red skirt
Brown skirt
Here are her options for shoes
Dance shoes
Black dress shoes
Here is a tree diagram of Alicia’s outfits.
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What is the probability of Alicia wearing her striped shirt, blue skirt and dance shoes?
There are twelve possible outcomes, but only one is the striped shirt, blue skirt and dance shoes.
Our answer is

1
12 .

Guided Practice

Here is one for you to try on your own.
What is the probability of a win-win-win?
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Answer
There are eight possible outcomes for the teams.
There is one option for a win-win-win in all three games.
The probability is 81 .
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5461

This is a James Sousa video on probability.
1278

www.ck12.org

www.ck12.org

Chapter 12. Probability

Explore More

Directions: Answer each question. Use tree diagrams when necessary.

1. What is the probability that the arrow of the spinner will land on red on a single spin?
2. If the spinner is spun two times in a row, what is the probability that the arrow will land on red both times?
3. If the spinner is spun two times in a row, what is the probability that the spinner will land on the same color twice?
4. If the spinner is spun two times in a row, what is the probability that the arrow will land on red at least one time?
5. If the spinner is spun two times in a row, what is the probability that the spinner will land on a different color both
times?
6. If the spinner is spun two times in a row, what is the probability that the arrow will land on blue or green at least
one time?

7. Two cards, the Ace and King of hearts, are taken from a deck, shuffled, and placed face down. What is the
probability that a single card chosen at random will be an Ace?
8. If one card is chosen from the 2-card stack above, then returned to the stack and a second card is chosen, what is
the probability that both cards will be Kings?
9. If one card is chosen from the 2-card stack above, then returned to the stack and a second card is chosen, what is
the probability that both cards will match?
10. If one card is chosen from the 2-card stack above, then returned to the stack and a second card is chosen, what
is the probability that both cards NOT match?
Directions: Look at the tree diagram and figure out each probability as a ratio.
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11. What is the probability of the option tile, steel and granite?
12. What is the probability of either tile, steel, granite or tile, granite, white?
13. What is the probability of Formica being in the option?
14. What is the probability of tile and Formica being in the option?
15. What is the probability of white and Formica being in the option?
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12.10 Basic Counting Rules
Here you’ll recognize and use The Counting Principle to find all possible outcomes.

Remember Alicia’s outfit from the Additive and Multiplicative Rules for Probability Concept? Well, when Alicia
was working on figuring out the number of possible outfits that she could create, we created a tree diagram. A tree
diagram is very useful because it provides us with a visual display of the data.
From the tree diagram, we could count all of the possible outcomes. There are 12 possible outfits for Alicia to choose
from.
What about if we didn’t want to draw a tree diagram? Is there another way that we could have thought about figuring
out the number of outfits possible?
This Concept is all about The Counting Principle. The Counting Principle makes figuring outcomes possible
because of a mathematical method not a tree diagram. Use this lesson to learn about The Counting Principle
and we will apply it to Alicia’s outfits at the end of the Concept.
Guidance

Tree diagrams provide you with a visual way of seeing all of the possible outcomes for a set of particular events.
What if there was a simpler way?
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Sometimes, you don’t want to have to draw a tree diagram to figure out all of the possible outcomes for a series of
events. When this happens, we can use another principle to figure out the possible outcomes.

Molly’s All Star Farm Breakfast features 3 choices of eggs–scrambled, fried, or omelet–plus a choice of bacon or
sausage. You can use a tree diagram to find that there are 6 different choices, or outcomes, for the breakfast.

What if we wanted to look at this in another way?
We could look at the number of possible breakfast options in terms of outcomes.
For the first choice there are 3 different outcomes. For the second choice there are 2 different outcomes.
3 outcomes · 2 outcomes = 6 outcomes
1282

www.ck12.org

Chapter 12. Probability

Yes they are. That is because this is a new principle to figure out the total possible outcomes of a series of
events. We call in the Counting Principle.
Counting Principle: The number of choices or outcomes for two independent events, A and B taken together, is the
product of the total number of outcomes for each event.
Total outcomes for A and B = (number of outcomes for A) · (number of outcomes for B)
Now that you know what the Counting Principle is, you can practice using it. The Counting Principle will work
for 2, 3 even 4 different events. Just follow the procedure of using multiplication to find the number of possible
outcomes.
Now let’s apply the Counting Principle to a scenario.

For buying gum you have the following choices:
• 3 flavor choices–spearmint, peppermint, cinnamon
• 2 sugarless choices–sugarless or non-sugarless
• 2 bubble choices–bubble gum or regular
To find the number of gum choices you have you could make a tree diagram, or you could simply use the
Counting Principle:
3 choices · 2 choices · 2 choices = 12 choices
To check our answer, we can write out all of the possible options for gum:
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spear-sugarless-bubble

pepper-sugarless-bubble

cinnamon-sugarless-bubble

spear-sugarless-regular

pepper-sugarless-regular

cinnamon-sugarless-

spear-non-bubble

pepper-non-bubble

regular

spear-non-regular

pepper-non-regular

cinnamon-non-bubble
cinnamon-non-regular

You can see that the Counting Principle worked out fine for our solution.
Now it’s your turn to practice. Use the Counting Principle to count outcomes.

Example A

Omar is buying a skateboard. He has 5 different skateboard decks to choose from and 4 different wheel choices.
How many different skateboard choices does Omar have?
Solution: 20 skateboard choices

Example B

Ice Stone ice cream shop has 3 different sundae sizes: baby, large, and grand. You can choose from 6 different ice
cream flavors and add 4 different toppings. How many sundae choices are there?
Solution: 72 sundae choices

Example C

Gina tosses a number cube 2 times. How many different outcomes are there?
Solution: 12 outcomes
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Here is the original problem once again. Reread it and then we will look at applying The Counting Principle
to this problem.
Remember Alicia’s outfit? Well, when Alicia was working on figuring out the number of possible outfits that she
could create, we created a tree diagram. A tree diagram is very useful because it provides us with a visual display of
the data.
From the tree diagram, we could count all of the possible outcomes. There are 12 possible outfits for Alicia to choose
from.
What about if we didn’t want to draw a tree diagram? Is there another way that we could have thought about figuring
out the number of outfits possible?
Think back to the lesson about The Counting Principle.
Total Outcomes = (Number of outcomes)(Number of outcomes)
With Alicia’s problem, there are three possible numbers of outcomes. We have the shirts that she selected as
options, there are two of them. We have the skirts that she selected as options, there are three of those. We
have the shoes that she selected as options, there are two of those.
3 × 2 × 2 = 12 possible outfits
You can see that we ended up with the same answer as we did with the tree diagram. The Counting Principle
definitely works.

Guided Practice

Here is one for you to try on your own.
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You’re buying a sweater and have the following choices.
• 5 different color choices–black, yellow, blue, red, green
• 3 different material choices–wool, cotton, fleece
• 4 different style choices–v-neck, crew, button-down, turtle
To find the number of sweater choices you have you could make a tree diagram, or you could simply use the
Counting Principle:
5 choices · 3 choices · 4 choices = 60 choices
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5461

This is a James Sousa video on probability.
Explore More

Directions: Use the Counting Principle to solve each problem.
1. The Cubs have 3 games left to play this year. How many different outcomes can there be for the three games?
2. Svetlana tosses a coin 4 times in a row. How many outcomes are there for the 4 tosses?
3. For a new tennis racquet, Danny can choose from 8 different brands, 3 different head sizes, and 4 different grip
sizes. How many different racquet choices does Danny have?
4. Gina tosses a number cube 3 times. How many different outcomes are possible?
5. Gina tosses a number cube. Buster flips a coin. How many different outcomes are possible for the two events?
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6. Buster flips a coin. Daoud chooses a card from a deck of 52 cards. How many different outcomes are possible for
the two events?
7. Rex spins a spinner that has red, blue, and yellow sections two times. How many different outcomes are possible?
8. Daoud chooses a card from a deck of 52 cards, replaces the card in the deck, then chooses a second card. How
many different outcomes are possible?
9. Patsy’s Pizza features 3 different pizza types, 14 different toppings, and 2 different sizes. How many different
pizzas can you order?
10. Spud has a 2-letter password for his computer using letters only. If there are 26 different letters in the alphabet,
how many different passwords are possible?
11. Doreen has a 3-digit password for her computer using digits only. If there are 10 different digits (including zero),
how many different passwords are possible?
12. Sebastian has a 3-letter password for his computer using vowels (A, E, O, I, U) only. How many different
passwords are possible?
13. If Sebastian had a two - letter password, how many different passwords are possible?
14. If Sebastian had a four - letter password, how many different passwords are possible?
15. If Sebastian had a five - letter password, how many different passwords are possible?
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12.11 Counting Rule to Calculate Probabilities
Here you’ll learn to find probabilities of specified outcomes using The Counting Principle.
Take a look at this dilemma.
Jacob is going to do a magic trick at the talent show. He is going to put four scarves into a hat. The scarves are red,
yellow, blue and green. If he does this trick twice, what are the chances that he will pull out a green scarf both times?
In this Concept you will learn how to calculate this probability. Pay attention and you will see this again at
the end of the Concept.
Guidance

You can use the Counting Principle to find probabilities of events. For example, suppose you wanted to know the
probability of the arrow landing on the same color on both spinners. Keep in mind that for any probability you can
use this ratio.
P(event) =

f avorable outcomes
total outcomes

Here, you can use the Counting Principle to find the number of total outcomes for the two spins with the two spinners.
There are four outcomes on one spinner and three outcomes on the other spinner.

Total outcomes = 4 outcomes · 3 outcomes
= 12 outcomes
Now list those 12 outcomes and mark the outcomes that are the same color for both spins.

red-red

blue-red

yellow-red

green-red

red-blue

blue-blue

yellow-blue

green-blue

red-green

blue-green

yellow-green

green-green

Since there are 3 outcomes that have the same color for both spins:
P(same) =

3
12

=

1
4

The probability of both spinners landing on the same color is 14 .
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You can also apply the Counting Principle to a variety of different probability problems.
Example
Anna flips a coin 3 times in a row. What is the probability that she will get heads all 3 times?
Step 1: Rather than draw a tree diagram, to find the number of total outcomes you can simply multiply the number
of outcomes for each flip

Total outcomes = 2 outcomes · 2 outcomes · 2 outcomes
= 8 outcomes
Step 2: Now list all 8 outcomes and find the number of ways Anna can get heads all 3 times. Clearly, there is only
one arrangement in which all 3 flips result in heads.

heads-heads-heads

tails-heads-heads

heads-heads-tails

tails-heads-tails

heads-tails-heads

tails-tails-heads

heads-tails-tails

tails-tails-tails

Step 3: Find the ratio of favorable outcomes to total outcomes:
P(red-red-red) =

1
8

Use the Counting Principle to find each probability.
Example A

Abra flips a coin 2 times. What is the probability that both flips will match?
Solution:

2
4

=

1
2

Example B

Abra flips a coin 2 times. What is the probability that both flips will NOT match?
Solution:

2
4

=

1
2

Example C

Abra flips a coin 3 times. What is the probability that all 3 flips will match?
Solution:

2
8

=

1
4

Here is the original problem once again.
Jacob is going to do a magic trick at the talent show. He is going to put four scarves into a hat. The scarves are red,
yellow, blue and green. If he does this trick twice, what are the chances that he will pull out a green scarf both times?
There are four possible outcomes in this trick.
Jacob will perform the trick twice.
2×4 = 8
1289

12.11. Counting Rule to Calculate Probabilities

www.ck12.org

There are 8 outcomes possible.
Two of these outcomes could have the scarf chosen be green.
2
8

=

1
4

This is our answer.

Guided Practice

Here is one for you to try on your own.
If Sam flips a coin five times. What is the probability of having it come up heads all at the same time?
Answer
First, let’s figure out the total number of outcomes.
There can be two possible outcomes each time Sam flips the coin.
2 × 5 = 10
There are 10 possible outcomes.
This can only happen one time.
Our answer is

1
10 .

Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5461

This is a James Sousa video on probability.

Explore More

Directions: Find probabilities using the Counting Principle.
1. Abra flips a coin 3 times. What is the probability that all 3 flips will NOT match?
2. Abra flips a coin 3 times. What is the probability that heads will come up exactly 2 times?
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3. Billy spins the spinner twice. What is the probability that blue will come up both times?
4. Billy spins the spinner twice. What is the probability that blue will come up at least one time?
5. Billy spins the spinner twice. What is the probability that blue will come up exactly one time?
6. Billy spins the spinner twice. What is the probability that both spins will match?
7. Cindy tosses a number cube two times. What is the probability that both tosses will match?
8. Cindy tosses a number cube two times. What is the probability that both tosses will NOT match?
9. Cindy tosses a number cube two times. What is the probability that the sum of the two tosses will be 7?
10. Cindy tosses a number cube two times. What is the probability that the number will be three?
11. Tyler rolls a number cube three times. What is the probability that he will roll a two?
12. Tyler rolls a number cube three times. What is the probability that he will roll an odd number?
13. What is the probability that he will roll an even number?
14. If Tyler rolls a number cube once, what is the probability of rolling a two or a five?
15. If Tyler rolls a number cube six times, what is the probability of rolling a two or a five?
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12.12 Permutations
Here you’ll learn to recognize and identify permutations.
Have you ever created an event at school? Look at this collaboration.
Greg and Joanna are in charge of creating an order for the Talent Show. There are 6 sixth graders, 10 seventh graders
and 6 eighth graders who have entered the contest.
The order that the students perform in makes a difference, and the sixth graders will all perform together. Then the
seventh graders will perform and finally the eighth graders will perform.
Greg and Joanna begin with the sixth graders. Since there are six sixth graders who are performing and order does
make a difference, how many different arrangements of the order are possible?
“I don’t have a clue how to figure this out,” Joanna says to Greg.
“I think I do, let me get a piece of paper.”
While Greg gets a piece of paper, it is time for you to think about this problem. Solving it has to do with
something called a “permutation.” This lesson is all about permutations and how to figure them out.
Pay attention and at the end of the Concept you will know how to help Greg and Joanna figure out the order
of sixth graders.
Guidance

You can make all kinds of combinations. Let’s say that you are making a pizza with pepperoni, mushrooms and
peppers. It doesn’t matter which order you put the toppings on the pizza. You will still have the same pizza.
Sometimes, order does make a difference. When you arrange different objects or events and order is important,
we call this a permutation.
This Concept is all about permutations.
Think about spelling.
Consider the word CAT. Clearly, order is important when you spell a word. You can write all of the correct letters,
but if you don’t put them in the correct order, you don’t spell CAT. For example, here are some orders of C, A, and
T that don’t spell CAT;

Incorrect orders:

ACT, ATC,CTA, TAC, TCA

Correct orders:

CAT

This is a situation where a permutation makes a difference. We can also use permutations to solve problems. To use
permutations to solve problems, you need to be able to identify the problems in which order, or the arrangement of
items, matters.
Tomás wants to know how many 3-digit numbers he can write using the digits 7, 8, and 9 without repeating any of
the digits. Does order matter for this problem?
Step 1: Write out a single order.
789
Step 2: Now rearrange the order. Did you change the outcome? If so, then order matters.
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798
This is different from the original number
Each arrangement of digits is a different permutation.
The softball coach needs to determine how many different batting lineups she can make out of her first three batters,
Able, Baker, and Chan. Does order matter for this problem?
Step 1: Write out a single lineup.
Able, Baker, Chan
Step 2: Now rearrange the lineup. Did you change the outcome? If so, then order matters.
Able, Chan, Baker–this order is different from the original
Each arrangement of batters is a different permutation.
Write whether or not order is important for each scenario and why.

Example A

How many 3-letter words can Brenda write using the letters E, T, A without repeating letters?
Solution: Order is important

Example B

Five different cars entered the race painted the following colors: red, orange, blue, white, purple? In how many
different ways can the cars finish the race?
Solution: Order is important

Example C

At the breakfast buffet you can take any three of the following: eggs, pancakes, potatoes, cereal, waffles. How many
different 3-item breakfasts can you get?
Solution: Order is not important
Here is the original problem once again. Reread it and then work through figuring out the permutation.
Greg and Joanna are in charge of creating an order for the Talent Show. There are 6 sixth graders, 10 seventh graders
and 6 eighth graders who have entered the contest.
The order that the students perform in makes a difference, and the sixth graders will all perform together. Then the
seventh graders will perform and finally the eighth graders will perform.
Greg and Joanna begin with the sixth graders. Since there are six sixth graders who are performing and order does
make a difference, how many different arrangements of the order are possible?
“I don’t have a clue how to figure this out,” Joanna says to Greg.
“I think I do, let me get a piece of paper.”
Greg takes out a piece of paper and writes this on it.
6 sixth graders
6 × 5 × 4 × 3 × 2 × 1 = the number o f possible arrangements
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“You see, it makes a difference, so we can use a factorial,” Greg explains. “Now we will know how many
possible arrangements of sixth graders there are.”
6 × 5 × 4 × 3 × 2 × 1 = 720
There are 720 possible combinations. Greg and Joanna probably need to narrow this down a little further
because that is a lot of possible arrangements. They decide to make singers one category. That will help them
with possible combinations.
Guided Practice

Here is one for you to try on your own.
Henry has a combination lock. He can program the combination of his lock using the numbers 1, 5 and 18. Henry
can only choose one arrangement of the numbers.
Is this a permutation? Why?
Answer
Henry and his combination lock is an example of a permutation because there is only one way to order the numbers
and order does make a difference.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5305

This is a James Sousa video on permutations.
Explore More

Directions: Decide whether or not order matters for each of the following scenarios. Briefly explain your reasoning.
1. Doug is going to use the following 5 letters to create his new 3-letter computer password: B, F, G, L, and T. How
many different passwords can he create if he doesn’t repeat any letters?
2. Violin players in the orchestra include Jerry, Kerry, Barry, Mary, Sherry, Harry, Terri, and Perry. How many
different 3-person trios can you make?
3. The 3 different numbers for Arun’s lock are 14, 35, and 20. How many different combinations must Arun try
before he’ll be sure he can open his lock?
4. Mr. Chen has decided that he’s going to give Nikki, Mickey, and Hickey awards for the essay contest. What he
doesn’t know is who will get 1st prize, 2nd prize, and 3rd prize. How many different ways can Mr. Chen give out
the prizes?
5. Five candidates are running for 2 student senate seats: Bo, Jo, Mo, Zo, and Ro. How many different pairs of
senators can there be?
6. Five skaters are competing in the County Championship Finals: Miller, Diller, Hiller, Giller, and Stiller? How
many different ways can they finish first, second, third, fourth, and fifth?
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Directions: Find the number of permutations for each problem.
7. How many 3-letter words can Brenda write using the letters A, B, and C without repeating any of the letters?
8. How many 4-digit numbers can Brenda write using the digits 1, 3, 5, 7 without repeating any of the digits?
9. Doug, Eileen, Francesca, and Garth all entered the swimming race. In how many different orders can the four
racers finish?
10. Miguel is serving soup, salad, pasta, and fish for dinner. In how many different orders can he serve the four
dishes?
11. Mike has 4 different playing cards: Ace, King, Jack, and Ten. How many different 4-card arrangements can he
make?
12. Marlena strung 5 charms on a bracelet–a star, a fish, a diamond, a moon, and a baby shoe. Into how many
different orders can she arrange the 5 charms?
13. Michelle forgot her 6-letter computer password. She knows she used the letters H, I, J, K, L, and M in the
password and that she didn’t repeat any of the letters. How many different passwords must she try before she is sure
to hit the correct one?
14. Seven skaters are competing in the County Championship Finals. In how many different orders can they finish
first, second, third, fourth, fifth, sixth, and seventh?
15. If there are eight skaters competing, how does this change the number of permutations?
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12.13 Permutation Problems
Here you’ll learn to count and evaluate permutations.
Have you ever tried to arrange a group of children?
Kelly is working as a camp counselor. She has to arrange a group of 8 children into the lake three at a time. The
order of the children doesn’t matter, but the number of children that she can take swimming at one time does matter.
How many different combinations of children are there?
Do you know how to figure this out?
This Concept is about counting and evaluating permutations. By the end of it, you will be able to help Kelly
with her problem.
Guidance

Once you decide that the order does matter, you know that you are working with a permutation. It is helpful to know
how to calculate permutations.
Let’s look at a situation to see how to do this.
The softball coach needs to determine how many different batting lineups she can make out of her first three batters,
Able, Baker, and Chan. How many different batting orders are there?
One way to look at this problem is as the product of 3 different choices. For choice 1 you can select any of the
three batters, Able, Baker, or Chan.
Choice 1 × Choice 2 × Choice 3 = Possible Number of Choices
3 is the Choice 1 because you have 3 batters to choose from.
2 is Choice 2 because you selected one batter for Choice 1 leaving 2 choices.
1 is Choice 3 because that is all that is left.
Here is the answer:
3×2×1 = 6
There are six possible choices.
Using the Counting Principle you can multiply the three choices together to get the total number of choices, or
permutations, as 6. Here are the 6 different batting lineups.

Able-Baker-Chan

Baker-Able-Chan

Chan-Able-Baker

Able-Chan-Baker

Baker-Chan-Able

Chan-Baker-Able

Notice that order is important here. Each of the 6 choices, or permutations, is a unique and different batting order.
For example, Able-Baker-Chan is not the same lineup as Able-Chan-Baker.
What happens when you increase the number of players in your lineups by adding Davis? How many different
lineups are there now? Starting over, you can now see that there are 4 choices for the first batter, followed by 3
choices, 2 choices, and 1 choice.
4 × 3 × 2 × 1 = 24 possible choices
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Let’s look at another situation.
How many different arrangements of the letters A, B,C, D, and E can you make without repeating any of the letters?
This is very much like the Able, Baker, Chan, Davis problem only it adds a fifth item. Notice how this extra
item increases the total by a huge amount. In fact, there are exactly 5 times as many permutations of 5 items than
there were of 4 items above.

5

·

choice 1

4
choice 2

·

3
choice 3

·

2
choice 4

·

1
choice 5

=

120
total choices

You can see how the product of all of the choices was figured out in this problem.
You learned how to count permutations that of a certain amount of choices where all of the choices were used each
time. For instance, when you completed the batter line up of three batters in order, you could count the permutations
like this.
3 × 2 × 1 = 6 possible permutations
What happens if you were to have four players, but you only wanted to put three in the line up?
This changes the way that we count permutations.
To accomplish this task, you start counting at 4 and then find the product of the next two values as well.
4 × 3 × 2 = 24 permutations
Notice that we don’t include the 1 because there are four batters taken three at a time. We will still have the
correct number of permutations if we leave out the 1.
Let’s look at another one.
What will happen if Elvis joins team? Now, with 5 players to choose from, how many different 3-player batting
orders are there?
Again, draw a box diagram to show that you still have 3 different choices to make. But this time you have 5
different players for your first choice, 4 players for your second choice, and 3 players for your third choice.
5 × 4 × 3 = 60 options
You can use this method to find any permutation no matter how many options there are.
Taken 4 at a time, how many different arrangements of the letters A, B,C, D, E, and F are there?
First, notice that there are six possible letter choices to work with. You want to take them four at a time.
6 × 5 × 4 × 3 = 360 possible options
Notice that you don’t have to see all 360 options to know that your answer is accurate! If you followed the method
of counting permutations, then your answer is accurate.
You just figured out permutations by arranging numbers. Sometimes you used boxes to organize the numbers and
sometimes you just wrote out the multiplication problem. We can use permutation notation to help us know when
we are working with a permutation.
What is permutation notation?
Permutation notation involves something called a factorial . A factorial is a way of writing a number to show that
we are going to be looking for the product of a series of numbers.
The symbol for a factorial is an exclamation sign.
Here are some factorials.
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8! = 8 − factorial
11! = 11 − factorial
29! = 29 − factorial
2! = 2 − factorial, and so on
To compute factorials, simply rewrite the number before the exclamation point and all of the whole numbers
that come before it.

4! = 4 · 3 · 2 · 1
7! = 7 · 6 · 5 · 4 · 3 · 2 · 1
2! = 2 · 1
11! = 11 · 10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
What are the values of these factorial numbers? To find out, simply multiply.

4! = 4 · 3 · 2 · 1 = 24
5! = 5 · 4 · 3 · 2 · 1 = 120
7! = 7 · 6 · 5 · 4 · 3 · 2 · 1 = 5040
That is all that you need to know. As long as you remember how to find the product of a factorial, you will always
know a short cut for permutations!
Now that you’ve learned how to work with factorials, you are ready see how to use them to calculate permutations. Suppose you have 5 letters –A, B,C, D, and E. You want to know how many permutations there are if you
take 3 letters at a time and find all arrangements of them. In permutation notation you write this as:
5 P3

⇐= 5 items taken 3 at a time

In general, permutations are written as:
n Pr

⇐= n items taken r at a time

To compute n Pr you write:
⇐= total items!
items-items taken at a time)!
To compute 5 P3 just fill in the numbers:
n Pr

=

n!
(n−r)!

=

⇐= (total

5!
⇐= total items!
=
(5 − 3)! ⇐= (total items-items taken at a time)!
5(4)(3)(2)(1) 120
=
= 60
5 P3 =
2(1)
2
5 P3

=

There are 60 possible permutations.
You can use this formula anytime that you are looking to figure out permutations!
Now try a few of these on your own.
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Example A
3 P2

Solution: 6 possible combinations
Example B
5 P4

Solution: 120 possible combinations
Example C
9 P2

Solution: 72 possible combinations
Here is the original problem once again.
Kelly is working as a camp counselor. She has to arrange a group of 8 children into the lake three at a time. The
order of the children doesn’t matter, but the number of children that she can take swimming at one time does matter.
How many different combinations of children are there?
To figure this out, we can use permutation notation.
We have eight children taken swimming three at a time.
8 P3

To compute 8 P3 just fill in the numbers:
8!
⇐= total items!
=
(8 − 3)! ⇐= (total items-items taken at a time)!
8(7)(6)(5)(4)(3)(2)(1) 10080
=
= 84
8 P3 =
5(4)(3)(2)(1)
120
8 P3

=

There are 84 possible combinations of children.
Guided Practice

Here is one for you to try on your own.
9 P5

Answer
Notice that this problem is written in permutation notation. We have figure it out using this notation.
To compute 9 P5 just fill in the numbers:
9!
⇐= total items!
=
(9 − 5)! ⇐= (total items-items taken at a time)!
9(8)(7)(6)(5)(4)(3)(2)(1) 362880
=
= 15, 120
9 P5 =
(4)(3)(2)(1)
24
9 P5

=
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There are 15,120 possible combinations.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5305

This is a James Sousa video on permutations.
Explore More

Directions: Count all of the permutations.
1. Three marbles–red, blue, yellow,–are in a jar. In how many different orders can you pull two of the marbles out
of the jar (without replacing either of the marbles in the jar)?
2. A green marble is added to the jar above, giving red, blue, yellow and green marbles. In how many different
orders can you pull three of the marbles out of the jar (without replacing any of the marbles in the jar)?
3. In a jar with 4 marbles–red, blue, yellow, and green–how many different orders will you have if you pull just 2
marbles from the jar (without replacing either of the marbles in the jar)?
4. In a jar with 5 marbles–red, blue, yellow, green, and white–how many different orders will you have if you pull 3
marbles from the jar?
5. How many 4-digit arrangements can you make of the digits 1, 2, 3, 4, 5 if you don’t repeat any digit?
6. A TV channel has 6 different 1-hour shows to fill 3 hours of time for Thursday night. How many different program
lineups can the channel present?
7. Seven ski racers compete in the finals of the slalom event. In how many different orders can the top 3 skiers
finish?
8. Seven ski racers compete in the finals of the downhill event. In how many different orders can the top 4 skiers
finish?
Directions: Solve each factorial.
9. 5!
10. 3!
11. 6!
12. 4!
Directions: Use permutation notation and the formula to find each permutation.
13. 4 P2
14. 4 P3
15. 5 P4
16. 6 P3
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12.14 Combinations
Here you’ll learn to recognize and identify combinations.
Have you ever been on a decorating committee?

The decorating committee is getting the stage ready for the Talent Show. There was a bunch of different decorating
supplies ordered, and the students on the committee are working on figuring out the best way to decorate the stage.
They have four different colors of streamers to use to decorate.
Red
Blue
Green
Yellow
“I think four is too many colors. How about if we choose three of the four colors to decorate with?” Keith asks the
group.
“I like that idea,” Sara chimes in. “How many ways can we decorate the stage if we do that?”
The group begins to figure this out on a piece of paper.
Is this a combination or a permutation?
Use what you will learn in this Concept to answer this question.
Guidance

In the Permutation Problems Concept, you saw that order is important for some groups of items but not important
for others. Consider a list of three words: HOPS, SHOP, and POSH.
• For the spelling of each individual word, order is important. The words HOPS, SHOP, and POSH all use the
same letters, but spell out very different words.
• For the list itself, order is not important. Whether the words are presented in one order–such as HOPS, SHOP,
POSH, or another order, such as SHOP, POSH, HOPS, or a third order, such as POSH, HOPS, SHOP–makes
no difference. As long as the list includes all 3 words, the order of the 3 words doesn’t matter.
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A combination is a collection of items in which order, or how the items are arranged, is not important. The
collection of one order of the items is not functionally different than any other order.
Combinations and permutations are related. To solve problems in which order matters, you use permutations. To
solve problems in which order does NOT matter, use combinations.
Take a look at this situation.
The winning 3-digit lottery numbers are drawn from a drum as 641, 224, and 806. Does order matter in the way the
three winning numbers are drawn?
Step 1: Write out a single order.
641, 224, 806
Step 2: Now rearrange the order. Did you change the outcome? If so, then order matters.
224, 806, 641 ⇐= different order, same 3 winning numbers
Order does NOT matter for this problem. Use combinations.

Write the difference between combinations and permutations down in your notebook.
Here is another one.
A bag has 4 marbles: red, blue, yellow, and green. In how many different ways can you reach into the bag and draw
out 1 marble, then return the marble to the bag and draw out a second marble?
Step 1: Write out a single order.
red, blue
Step 2: Now rearrange the order. Did you change the outcome? If so, then order matters.
blue, red ⇐= different order, meaning is DIFFERENT
Order DOES matter for this problem. Use permutations.
Write whether you would use combinations or permutations for each example.
Example A

Cesar the dog-walker has 5 dogs but only 3 leashes. How many different ways can Cesar take a walk with all 3 dogs
at once?
Solution: Combination
Example B

Five different horses entered the Kentucky Derby. How many different ways can the horses finish the race?
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Solution: Combination
Example C

How many different 5-player teams can you choose from a total of 8 basketball players?
Solution: Combination
Here is the original problem once again.

The decorating committee is getting the stage ready for the Talent Show. There was a bunch of different decorating
supplies ordered, and the students on the committee are working on figuring out the best way to decorate the stage.
They have four different colors of streamers to use to decorate.
Red
Blue
Green
Yellow
“I think four is too many colors. How about if we choose three of the four colors to decorate with?” Keith asks the
group.
“I like that idea,” Sara chimes in. “How many ways can we decorate the stage if we do that?”
The group begins to figure this out on a piece of paper.
Combinations are arrangements where order does not make a difference. The decorating committee is
selected three colors from the possible four options. Therefore, the order of the colors doesn’t matter. This is
a combination.
Guided Practice

Here is one for you to try on your own.
Is this a permutation or a combination?
Mario’s gym locker uses the numbers 14, 6, and 32. How many different arrangements of the three numbers must
Mario try to be sure he opens his locker?
There is only one way that the numbers can be arranged to open Mario’s locker. This is a permutation because
order does matter.
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Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5306

This is a James Sousa video on combinations.
Explore More

Directions: Write whether you are more likely to use permutations or combinations for each of the following
examples.
1. A bag has 4 marbles: red, blue, yellow, and green. In how many different ways can you reach into the bag and
draw out 2 marbles at once and drop them in a cup?
2. A bag contains 5 slips of paper with letters A, B,C, D, and E written on them. Pull out one slip, mark down the
letter and replace it in the bag. Do this 3 times so you have written 3 letters. How many different ways can you write
the 3 letters?
3. Eight candidates are running for the 4-person Student Council. How many different Student Councils are possible?
4. Mark’s gym locker uses the numbers 24, 36, and 2. How many different arrangements of the three numbers must
Mark try to be sure he opens his locker?
5. Five horn players are running for 2 seats in a jazz band. How many different ways can the two horn players be
chosen?
Directions: Identify each situation as a permutation or combination.
6. The medals awarded for a swimming meet.
7. The order that you put toppings on a pizza.
8. The numbers that open a combination lock.
9. The way that you organize your clothing in a drawer.
10. A baseball line up according to ability.
11. A group of people organized randomly.
12. Walking five dogs three at a time.
13. Walking five dogs with a specific order.
14. Nine candidates are running for the 5-person Student Council. How many different Student Councils are
possible?
15. Twelve candidates are running for the 6-person Student Council. How many different Student Councils are
possible?
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12.15 Combination Problems
Here you’ll learn to count and evaluate combinations.
Remember the decorations in Combinations Concept? Take a look once again.

The decorating committee is getting the stage ready for the Talent Show. There was a bunch of different decorating
supplies ordered, and the students on the committee are working on figuring out the best way to decorate the stage.
They have four different colors of streamers to use to decorate.
Red
Blue
Green
Yellow
“I think four is too many colors. How about if we choose three of the four colors to decorate with?” Keith asks the
group.
“I like that idea,” Sara chimes in. “How many ways can we decorate the stage if we do that?”
The group begins to figure this out on a piece of paper.
Combinations are arrangements where order does not make a difference. The decorating committee is selected three
colors from the possible four options. Therefore, the order of the colors doesn’t matter.
Combinations are the way to solve this problem. Look at the information in this Concept to learn how to
figure out the possible combinations.
Guidance

Once you figure out if you are going to be using permutations or combinations, it is necessary to count the
combinations.
There are several different ways to count combinations. When counting, try to keep the following in mind:
• Go one by one through the items. Don’t stop your list until you’ve covered every possible link of one item to
all other items.
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• Keep in mind that order doesn’t matter. For combinations, there no difference between AB and BA. So if both
AB and BA are on your list, cross one of the choices off your list.
• Check your list for repeats. If you accidentally listed a combination more than once, cross the extra listings
off your list.

James needs to choose a 2-color combination for his intramural team t-shirts. How many different 2-color combinations can James make out of red, blue, and yellow?
One way to find the number of combinations is to make a tree diagram. Here, if red is chosen as one color, that
leaves only blue and yellow for the second color.

The diagram shows all 6 permutations of the 3 colors. But wait–since we are counting COMBINATIONS here
order doesn’t matter.
So in this tree diagram we will cross out all outcomes that are repeats. For example, the first red-blue is no different
from blue-red, so we’ll cross out blue-red.
In all, there are 3 combinations that are not repeats.
This method of making a tree diagram and crossing out repeats is reliable, but it is not the only way to find
combinations.
Let’s look at a situation like this.
James has added a fourth color, green, to choose from in selecting a 2-color combination for his intramural team.
How many different 2-color combinations can James make out of red, blue, yellow, and green?
Step 1: Write the choices. Match the first choice, red, with the second, blue. Add the combination, red-blue, to your
list. Match the other choices in turn. Add the combinations to your list.
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Step 2: Now move to the second choice, blue. Match blue up with every possible partner. Add the combinations to
your list.

Step 3: Now move to the third choice, yellow. There is only one combination left to match it with. Add the
combination to your list.

Your list is now complete. There are 6 combinations.
Sometimes, you won’t want to use all of the possible options in the combination. Think about it as if you have 16
flavors of ice cream, but you only want to use three flavors at a time. This is an example where there are 16 flavors
to work with, but you can only use three at a time. With an example like this one, you are looking for combinations
of object where only a certain number of them are used in any one combination.
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This happens a lot with teams.
Here is a situation with teams.
How many different 2-player soccer teams can Jean, Dean, Francine, Lurleen, and Doreen form?
Step 1: Start with Jean. Add all combinations that begin with Jean to your list.

Combination

List

Jean, Dean, Francine, Lurleen, Doreen

Jean-Dean

Jean, Dean, Francine, Lurleen, Doreen

Jean-Francine

Jean, Dean, Francine, Lurleen, Doreen

Jean-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Doreen

Step 2: You’ve covered all combinations that begin with Jean. Now go through all combinations that begin with
Dean, Francine, and Lurleen.

Combination

List

Jean, Dean, Francine, Lurleen, Doreen

Jean-Dean

Jean, Dean, Francine, Lurleen, Doreen

Jean-Francine

Jean, Dean, Francine, Lurleen, Doreen

Jean-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Dean-Francine

Jean, Dean, Francine, Lurleen, Doreen

Dean-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Dean-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Francine-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Francine-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Lurleen-Doreen

Your list is now complete. There are 10 combinations.
Look at this situation.
How many different 3-player soccer teams can Jean, Dean, Francine, Lurleen, and Doreen form?
Use the process above to go through all of the combinations.
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Combination

List

Jean, Dean, Francine, Lurleen, Doreen

Jean-Dean-Francine

Jean, Dean, Francine, Lurleen, Doreen

Jean-Dean-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Dean-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Francine-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Francine-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Jean-Lurleen-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Dean, Francine-Lurleen

Jean, Dean, Francine, Lurleen, Doreen

Dean-Francine-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Dean-Lurleen-Doreen

Jean, Dean, Francine, Lurleen, Doreen

Francine-Lurleen-Doreen

Your list is now complete. There are 10 combinations.
We can use a formula to help us to calculate combinations. This is very similar to the work that you did in the last
section with factorials and permutations.
Suppose you have 5 marbles in a bag–red, blue, yellow, green, and white. You want to know how many combinations
there are if you take 3 marbles out of the bag all at the same time. In combination notation you write this as:
5C3

⇐= 5 items taken 3 at a time

In general, combinations are written as:
nCr

⇐= n items taken r at a time

To compute nCr use the formula:
nCr

=

n!
r!(n−r)!

This may seem a bit confusing, but it isn’t. Notice that the factorial symbol is used with the number of object
(n) and the number taken at any one time (r). This helps us to understand which value goes where in the
formula.
Now let’s look at applying the formula to the example.
For 5C3 :
5C3

=

5!
3!(5−3)!

=

5!
3!2!

Simplify.
5C3

=

5(4)(3)(2)(1)
(3·2·1)(2·1)

=

120
12

= 10

There are 10 possible combinations.
Here is another one.
Find 6C2
Step 1: Understand what 6C2 means.
6C2

⇐= 6 items taken 2 at a time

Step 2: Set up the problem.
6C2

=

6!
2!(6−2)!

Step 3: Fill in the numbers and simplify.
6C2

=

6(5)(4)(3)(2)(1)
(2·1)(4·3·2·1)

=

720
48

= 15
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There are 15 possible combinations.
Find the number of combinations in each example.
Example A
5C2

Solution: 30
Example B
4C3

Solution: 1
Example C
6C4

Solution: 15
Here is the original problem once again.

The decorating committee is getting the stage ready for the Talent Show. There was a bunch of different decorating
supplies ordered, and the students on the committee are working on figuring out the best way to decorate the stage.
They have four different colors of streamers to use to decorate.
Red
Blue
Green
Yellow
“I think four is too many colors. How about if we choose three of the four colors to decorate with?” Keith asks the
group.
“I like that idea,” Sara chimes in. “How many ways can we decorate the stage if we do that?”
The group begins to figure this out on a piece of paper.
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Combinations are arrangements where order does not make a difference. The decorating committee is
selected three colors from the possible four options. Therefore, the order of the colors doesn’t matter.
We can use combination notation to figure out this problem.
4C3

=

4!
3!(4−3)!

=

4(3)(2)(1)
(3·2·1)(1)

=

24
6

=4

There are four possible ways to decorate the stage.
Now that the students have this information, they can look at their color choices and vote on which combination they like best.
Guided Practice

Here is one for you to try on your own.
5C4

Answer
5C4

=

5!
4!(5−4)!

=

5(4)(3)(2)(1)
(4×3×2×1)1

=

120
24

=5

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1401

This is a Khan Academy video on calculating combinations.
Explore More

Directions: Evaluate each factorial.
1. 5!
2. 4!
3. 3!
4. 8!
5. 9!
6. 6!
Directions: Evaluate each combination using combination notation.
7. 7C2
8. 7C6
9. 8C4
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10. 9C6
11. 8C3
12.

10C7

13.

12C9

14.

11C9

15.

16C14
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12.16 Independent Events
Here you’ll learn to recognize independent and dependent events.
Now back to the Talent Show.

The Talent Show has been a huge success and the judges have had a very difficult task. There are three prizes that
will be given. After a lot of deliberation, the judges have narrowed it down to the following five finalists.
2 Sixth Graders
2 Seventh Graders
1 Eighth Grader
Given these standings, what is the probability that a seventh grader and an eighth grader will be selected for an
award?
This is best solved by thinking about dependent and independent events. Pay close attention to this Concept
and you will know how to figure out the probability by the end of it.
Guidance

Suppose you have two events:
Event A: Spin red on spinner A
Event B: Spin purple on spinner B
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The probability of these events is easy enough to compute. In general:
outcomes
P(event) = favorable
total outcomes
So:

1
4
1
P(purple) =
3
P(red) =

Now a question arises. Does event A affect the probability of event B in any way? That is, does the arrow landing
on red in the first spinner affect the way the arrow lands in the second spinner? If not, then the two events are said to
be independent events.
If the outcome of one event has no effect on the outcome of a second event, then the two events are independent
events.
Events A and B above are independent events. No matter how many times you spin spinner A, the outcome of
spinning spinner A does not affect the outcome of spinning spinner B.
Look at this scenario.
Jeremy flips a coin two times. Event A is the first coin flip. Event B is the second coin flip. Are the two coin flips
independent events?
Ask yourself, Can the outcome of the first event in any way change the outcome of the second event? If not, then
the two events are independent.
Suppose Jeremy’s first flip comes up heads. Does that in any way affect the outcome of the second flip? Is it now
more likely to come up heads or tails?
In fact, the first flip does not affect the second flip. The probability of heads in the second flip is 21 , no matter what
the first flip was. Similarly, the probability of tails in the second flip is also 12 , no matter what the first flip was. So
the two events are independent.
Now that you know about independent events, you can learn about dependent events. If one event does depend on
another event, then the events depend on each other.
Look at this scenario.
Mariko pulls a red sock from the laundry bag. Does this change the probability that the next sock Mariko pulls out
of the bag will be red?
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Here, the act of taking a sock out of the bag changes the situation. For the first sock, the probability of pulling
out a red sock was:
outcomes 3 1
P(red) = favorable
total outcomes = 6 = 2
For the second sock, there are now only 5 socks left in the bag and only 2 of them are red. So the probability
of pulling out a red sock now for the second sock is:
outcomes 2
P(red) = favorable
total outcomes = 5
Clearly, the first event affected the outcome of the second event in this situation. So the two events are NOT
independent. In other words, they are dependent events.
If the outcome of one event has an effect on the outcome of a second event, then the two events are dependent
events.

Write the difference between dependent events and independent events in your notebook.
Try a few of these on your own. Determine whether the events described are dependent or independent events.
Example A

A box contains a penny, a nickel, a dime, and a quarter. What is the probability of pulling a quarter out of the box,
putting it in your pocket, then pulling a penny out of the box?
Solution: Dependent events
Example B

In a laundry bag with 3 red socks and 3 blue socks, Mariko pulls out a blue sock, sees it’s the wrong sock and returns
it to the bag. Now Mariko pulls out a second sock. What is the probability that it will be red?
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Solution: Independent events
Example C

In a laundry bag with 3 red socks and 3 blue socks, Mariko pulls out a blue sock and keeps it out. Now Mariko pulls
out a second sock. What is the probability that it will be blue?
Solution: Dependent events

Here is the original problem once again. Reread it and then begin to work on figuring out the probability
question.
The Talent Show has been a huge success and the judges have had a very difficult task. There are three prizes that
will be given. After a lot of deliberation, the judges have narrowed it down to the following five finalists.
2 Sixth Graders
2 Seventh Graders
1 Eighth Grader
Given these standings, what is the probability that a seventh grader and an eighth grader will be selected for an
award?
Before we even begin to figure out the probability, we first need to decide if these are independent events or
dependent events.
Think about it this way, if we select a seventh grader for an award, then the number of possible finalists for
the next award changes from 5 to 4. One event depends on the other event. Therefore, these are dependent
events.
To figure out the probability of dependent events, we can multiply. We want to figure out the probability of a
seventh and an eighth grader being selected for an award.
P(7th and 8th ) = 25 · 14
We have 2 out of 5 for seventh graders. Then once a seventh grader is selected, we go to four finalists. One is
an eighth grader, so we have a 1 out of 4 chance of having an eighth grader for an award.
Next, we multiply.
P(7th and 8th ) = 52 · 14 =

3
20

What is this as a percent?
3
20

=

15
100

= 15%

There is only a 15% chance of both a seventh grader and an eighth grader as award winners!
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Guided Practice

Here is one for you to try on your own.
Does this situation describe dependent or independent events?
Kelsey has a drawer full of earrings and necklaces. She has four pairs of earrings and six necklaces in the drawer.
Kelsey first takes out a necklace. She isn’t happy with it, so she puts it back into the drawer. What is the probability
of pulling another necklace?
This situation describes independent events because Kelsey put the necklace back in the drawer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/57629

This is a Khan Academy video on independent events.

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1384

This is a Khan Academy video on dependent events.
Explore More

Directions: Write whether each pair of events is dependent or independent.
1. A: Mike rolls a number cube. B: Leah spins a red-blue-green spinner.
2. A: In a game of Go Fish, the probability of one player drawing a Queen from the deck. B: On the next player’s
turn, the probability of drawing a Queen.
3. A: The probability that a randomly ordered pizza will be large. B: The probability that the same randomly ordered
pizza will be deep-dish.
4. A: The probability that a randomly ordered 2-topping pizza will have pepperoni. B: The probability that the same
randomly ordered 2-topping pizza will have mushrooms.
5. A: The probability of flipping a coin tails 5 times in a row. B: The probability of the sixth flip turning out to be
heads.
6. A: In a 4-team league, the probability of the Rockets finishing in first place. B: In a 4-team league, the probability
of the Sharks finishing in first place.
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7. A: On a roll of a number cube, the probability of rolling 6. B: On a second roll of a number cube, the probability
of rolling 6.
8. A: In a spelling bee, the probability of the first contestant being given the word khaki from a list of 10 words. B:
In a spelling bee, the probability of the second contestant getting the word khaki from the same list of words.
9. A: The probability that it will snow on Tuesday. B: The probability that Tuesday will fall on an odd day of the
month.
10. A: The probability that it will be below 32 degrees on Tuesday. B: The probability that it will snow on Tuesday.
11. A: The probability that it will snow on Tuesday. B: The probability that school will be cancelled on Tuesday.
12. A: The probability that the first Wednesday in June will fall on an even day of the month. B: The probability
that the first Thursday in June will fall on an even day of the month.
13. A: The probability that the first Wednesday in June will fall on an even day of the month. B: The probability
that the first Thursday in June will be sunny.
14. A: The probability that a coin will land on heads. B: The probability that a number cube will land on 5.
15. A: The probability that the first spin of a red-blue-green spinner will land on green. B: The probability that the
second spin of a red-blue-green spinner will land on green.
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12.17 Probability of Independent Events
Here you’ll learn to find the probability of two independent events both occurring.
Have you ever wondered if two things can happen at once?
Jana has two decks of cards. Each deck has ten cards in it. There are three face cards in the first deck and four in the
second. What are the chances that Jana will draw a face card from both decks?
This is an independent event. In this Concept, you will learn how to figure out probabilities like this one.
Guidance

Previously we worked on the difference between independent and dependent events. Think about independent
events. If one event does not impact the result of a second event, then the two events are independent. For example,
there are two different spinners A and B. The result of spinning spinner A does not affect the result of spinning
spinner B.
But now we ask a new question. What is the probability of two completely independent events both occurring?
For example, what is the probability of spinner A landing on red and spinner B landing on blue?

We could create a tree diagram to show all of the possible options and figure out the probability, but that is very
complicated. There is a simpler way.
Notice that this probability equals the product of the two independent probabilities.

P(red-blue) = P(red) · P(blue)
1 1
= ·
4 3
1
=
12
Where did these fractions come from?
They came from the probability of the sample space of each spinner. The first spinner has four possible
options, so the probability is 14 . The second spinner has three possible options, so the probability is 13 . The
Probability Rule takes care of the rest.
In fact, this method works for any independent events as summarized in this rule.
Probability Rule: The probability that two independent events, A and B, will both occur is:
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P(A and B) = P(A) · P(B)

Write the Probability Rule in your notebook.
What is the probability that if you spin the spinner two times, it will land on yellow on the first spin and red on the
second spin?

To find the solution, use the rule.

P(yellow and red) = P(yellow) · P(red)
3
P(yellow) =
5
2
P(red) =
5
So:

3 2
·
5 5
6
=
25

P(yellow and red) =

The probability of both of these events occurring is
Now it’s time for you to try a few on your own.
1320

6
25 .

www.ck12.org

Chapter 12. Probability

Example A

What is the probability of spinner A landing on red and spinner B landing on red?
Solution:

1
12

Example B

What is the probability of spinner A landing on blue or yellow and spinner B landing on blue?
Solution:

1
6

Example C

What is the probability of spinner A landing on yellow and spinner B landing on red or green?
Solution:

1
6

Here is the original problem once again.
Jana has two decks of cards. Each deck has ten cards in it. There are three face cards in the first deck and four in the
second. What are the chances that Jana will draw a face card from both decks?
To figure this out, let’s write the probability of picking a face card from the first deck.
3
10

Now let’s write the probability of picking a face card from the second deck.
4
10

=

2
5

Now we can multiply and simplify.
3
10
3
25

× 25

This is our answer.
Guided Practice

Here is one for you to try on your own.
The probability of rain tomorrow is 40 percent. The probability that Jeff’s car will break down tomorrow is 3 percent.
What is the probability that Jeff’s car will break down in the rain tomorrow?
Answer
To find the solution, use the rule.
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P(rain and break) = P(rain) · P(break)
40
2
P(rain) = 40% =
=
100 5
3
P(break) = 3% =
100
So:

2 3
·
5 100
3
=
250

P(rain and break) =

You can see that the probability is very small.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/5463

This is a Khan Academy video on the probability of independent events.
Explore More

Directions: Solve each problem.

1. Mia spins the spinner two times. What is the probability that the arrow will land on 2 both times?
2. Mia spins the spinner two times. What is the probability that the arrow will land on 2 on the first spin and 3 on
the second spin?
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3. Mia spins the spinner two times. What is the probability that the arrow will land on an even number on the first
spin and an odd number on the second spin?
4. Mia spins the spinner two times. What is the probability that the arrow will land on an odd number on the first
spin and a number less than 4 on the second spin?
5. A laundry bag has 8 black socks and 2 white socks. If you pull out a sock, then put it back in the bag and pull out
a second sock, what is the probability that both socks will be black? Write your answer as a decimal.
6. A laundry bag has 8 black socks and 2 white socks. If you pull out a sock, then put it back in the bag and pull out
a second sock, what is the probability that both socks will be white? Write your answer as a decimal.
7. A laundry bag has 8 black socks and 2 white socks. If you pull out a sock, then put it back in the bag and pull out
a second sock, what is the probability that the first sock will be black and the second sock will be white? Write your
answer as a decimal.
8. Dirk has two 52-card decks. Each deck has 4 Aces, 4 Kings, 4 Queens, and so on. What is the probability that
Dirk will pick an Ace out of each deck?
9. Dirk has two 52-card decks. Each deck has 4 Aces, 4 Kings, 4 Queens, and so on. What is the probability that
Dirk will pick a face card (Jack, Queen, King) out of each deck?
10. Dirk has two 52-card decks. Each deck has 4 Aces, 4 Kings, 4 Queens, and so on. What is the probability that
Dirk will pick a card lower than a Jack out of each deck?
11. Karina flips a coin 3 times. What is the probability that she will flip heads 3 times in a row?
12. Karina flips a coin 4 times. What is the probability that she will flip heads 4 times in a row?
13. Karina flips a coin 4 times. What is the probability that she will NOT flip heads 4 times in a row?
14. Karina flips a coin 5 times. What is the probability that she will flip heads once?
15. Karina flips a coin 5 times. What is the probability that she will flip tails once?
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12.18 Dependent Events
Here you’ll learn to find the probability of two dependent events both occurring.
Have you ever tried magic tricks?
Casey has been reading a book on magic. He is especially interested in card tricks. Casey has a pile of cards. There
are four Jacks, four Queens and four Kings. What is the probability that Casey will pull two queens out of the pile?
Do you know how to do this?
This Concept is about probability and about calculating the probability of two dependent events both occurring. You will learn what you need to know in this Concept.

Guidance

Previously we worked on how to find the probability of two independent events. Well, we can use a similar method
to find the probability of two dependent events.
If we go back to our laundry bag full of socks and ask: What is the probability of picking two socks from the bag
and have them both turn out to be red?

The probability of the first sock being red is:
P(red 1st sock) =

3
6

=

1
2

What about the second sock?
Having removed the first sock from the bag, we have changed the number of red socks and the total number of socks
in the bag. So now instead of there being 3 red socks out of 6 total socks, there are only 2 red socks left out of 5 total
socks:
P(red 2nd sock) =

2
5

This gives a probability of both events occurring as:
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P(red 1st sock and red 2nd sock) = P(red 1st sock) · P(red 2nd sock)
1 2
= ·
2 5
2
=
10
1
=
5
The same general method works for calculating any two (or more) dependent events.

A stack of 8 cards has 4 Jacks and 4 Queens. What is the probability of picking 2 Jacks from the stack at random?
Use the Probability Rule to find the probability of the two dependent events.
The probability of the 1st Jack is:
P(1st Jack) =

5
8

Once the 1st Jack is taken, the probability of 2nd Jack is only 4 of 7 because there are only 4 Jacks left out of 7 total
cards:
P(2nd Jack) =

4
7

So:

P(1st Jack and 2nd Jack) = P(1st Jack) · P(2nd Jack)
5 4
= ·
8 7
5
=
14
The answer is

5
14 .

We can use the Probability Rule to find the probability of both independent and dependent events!
Try a few of these on your own.
A bag has three red marbles, three yellow marbles and four blue marbles.
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Example A

What is the probability of pulling two red marbles out of the bag?
Solution:

1
15

Example B

What is the probability of pulling out two blue marbles?
Solution:

2
15

Example C

What is the probability of pulling out two yellow marbles?
Solution:

1
15

Here is the original problem once again.
Casey has been reading a book on magic. He is especially interested in card tricks. Casey has a pile of cards. There
are four Jacks, four Queens and four Kings. What is the probability that Casey will pull two queens out of the pile?
To figure this out let’s begin by writing a ratio to show the number of queens compared to the total number of cards.
4
12

This is the chance of pulling the first queen.
Next, we can write the probability of the second queen.
3
11

Now we can multiply them.
3
12

3
× 11
=

9
132

We can simplify this fraction.
3
44

Finally, we can change this to a percent.
.068 = 6.8%
This is the answer.
Guided Practice

Here is one for you to try on your own.
There are five girls and eight boys in a group. Mrs. Marsh is going to choose two students randomly to lead the line.
What is the probability that she will choose two boys?
Answer
To figure this out, we first have to figure out the total number of students.
5 + 8 = 13
Next, we write a ratio to show the chances of her picking the first boy.
8
13
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Next, we write the ratio of choosing the second boy.
7
12

Now we multiply.
8
13
14
39

7
× 12

This is our answer.
Video Review

MEDIA
Click image to the left or use the URL below.
URL: http://www.ck12.org/flx/render/embeddedobject/1384

This is a Khan Academy video on dependent events.
Explore More

Directions: Use this description to figure out the probability of each dependent event.
A box has eight kittens in it. Three calico, two white and three black.
1. What is the probability of choosing two white kittens?
2. What is the probability of choosing three black kittens?
3. What is the probability of choosing two black kittens?
4. What is the probability of choosing two calico kittens?
5. What is the probability of choosing three calico kittens?
6. What is the probability of choosing one white and then one black kitten?
7. What is the probability of choosing two calico and one black?
8. What is the probability of choosing one calico and one white kitten?
9. What is the probability of choosing a striped kitten?
10. What is the probability of choosing one white kitten and two black kittens?
Directions: Solve each problem.
11. A clothes dryer contains 5 black socks and 1 white sock. What is the probability of taking two socks, one after
another, out of the dryer and having them both be black?
12. A clothes dryer contains 4 black socks and 2 white socks. What is the probability of taking two socks out of the
dryer and having them both be black?
13. A clothes dryer contains 3 black socks and 3 white socks. What is the probability of taking two socks out of the
dryer and having them both be black?
14. A clothes dryer contains 3 black socks and 3 white socks. What is the probability of taking two socks out of the
dryer and having the first one be black and the second one be white?
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15. Bob bought two theater box tickets. The computer randomly assigns the tickets in one of 5 seats: end seat A,
middle seat B, middle seat C, middle seat D, or end seat E. What is the probability that the first ticket is A and the
second ticket is seat B?

Summary
Having completed this chapter, students are now finished with this book. Each Concept has provided students with an
opportunity to engage and practice skills in many Concepts including writing and calculating theoretical probability,
experimental probability, disjoint events, complementary events, overlapping events, tree diagrams, sample spaces,
the Counting Principle, factorials, permutations, combinations, tree diagrams, independent and dependent events.
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